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RATIONAL ELIMINATION ALGORITHM AND APPLICATIONS

BECHIR DALI AND MOHAMED ELGHAOUI

(Communicated by R. Vandebril)

Abstract. Given a matrix A € R"™", we develop an algorithm called the rational elimination
algorithm which ressembles the algorithm elimination except that the pivot (the leading coeffi-
cient) is a sequence of real independent numbers over Q. This algorithm is used to calculate the
rank of A over Q and to seek rational solutions to any linear system Ax = b with b € R™. We
also present a criterion for testing the density of additive subgroups of R"” which needs the rank
of a certain matrix over Q. Finally, we apply such algorithm for testing the regularity of an orbit
under the linear continuous action of some subgroup of GL(V) where V is finite dimensional
real vector space.

1. Introduction

When solving a linear system Ax = b, where A € R™*" and b € R™, the existence
of solution depends only on the ranks of the matrices A and (A|b). These ranks can
be easily obtained by using Gauss elimination method. In this method the matrix A is
reduced to echelon row form. When both A and b have their entries in Z, and inte-
gral solutions are sought, then the Hermite Normal Form (HNF) can be used ([8]). In
theoretical computer science, the generalized multi-knapsack feasibility problem arises
when we seek a binary solution to real coefficients linear system [6]. In this paper we
are interested in solving real linear system in Q", to this end an algorithm analogue
to the usual Gauss elimination is presented. The main feature of this algorithm is that
the leading coefficient (pivot) in the usual Gauss process is now a tuple of rationally
independent entries.

We now briefly describe the contents of the paper. In Section 2 we present our
algorithm for a matrix A € R”*", and we generalize it in Section 3. In Section 4 we
give applications of the algorithm of column reduction, more precisely we define the
rankg(A) as the dimension of the Q-vector space spanned by the columns of A. Next
we apply the algorithm of reduction to find rational solutions of a real linear system. In
this Section we also apply the obtained results concerning the Q-rank of a real matrix
to test directly the density of additive subgroups of R” (and C") and then we give an
explicit description of the hypercyclicity test of finitely generated abelian subgroups of
GL(n,C). Finally we apply our algorithm to the test of regularity of an orbit under
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the action of a group G = exp (Z’J‘-: 1 RMj) , where exp denotes the matrix exponen-
tial mapping and My,...,M; are linearly independent pairwise commuting square real
matrices acting on a finite dimensional real vector space V.

2. The rational elimination algorithm

Our goal in this section is to introduce an algorithm by which we obtain a column
echelon rational form for any real entries matrix.

DEFINITION 2.1. A matrix M € R™*" is in column echelon rational form if it
satisfies the following conditions:

o All zero columns, if any, are at the rightmost of the matrix.

o There exist s posmve 1ntegers r1 ,12,...,rs such that the first non zero entry in each
of the columns 1+ Z s - Z 1, for 2 <i < s, are on the same row and form a
k=1 k=1

sequence of real independent numbers over QQ called the leading sequence and r; its
length.

e Each leading sequence is in a row strictly below the previous leading sequence above
it.
A similar definition holds for a matrix in row echelon rational form.
As an example, the following matrix

f T 1+4v2 0 000

2 -7 0 000
4 V3 =17 2 V300
T -5 6 —11e°00
-1 3 V7 11 1300

is in column echelon rational form where:
ry = 3, ) = 2.

So let A = (a; j)1<i<m,1<j<n be a non-zero matrix (with real entries). Without loss of
generality we may assume that the first row of A is non zero and choose ay j,,...,ay; in
to be a longest sequence extracted from the list {a Lsees01, n} such that its elements
are independent over Q. Set I; := {j1,...,jr }-

Then we move the columns (C;) ey, to the leftmost of the matrix. In matrix form,
A0 := A is transformed to:

A0 A0 p(1) . 4(1) = (di.j)7

where PU) is a square permutation matrix.
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Now, we write the scalars d; ; for every j = 1+ry,...,n as a rational linear
combination of the real numbers {d; s, k=1,...,r}, ie;

s N D) S
ayj =L, Vi e

where 7’1(',11)v~~~’7j(',1r)1 €Q.

The idea is now to reduce to zero the entries @, j = 1+ry,...,n using the
columns elementary operations:

Il
CieC-YriC. j=l+rn...n
k=1
We can translate matricially the whole step as:
A 4O p(1) _, 4@ p1 1) .= 41 = (4,

where Q1) is the square upper-triangular matrix:

(1) (1)

“Ning o T
o ; o
1 1
- l(ﬁ-)rhrl e _yn(7')l
0 Infrl

The next step is to consider the sub-matrix (al(,n) s<i<m, 14r,<j<ns of AW If this sub-
matrix is zero or of order 1, the process stops otherwise we apply the same procedure
as that done for A%,

At the end of the algorithm, we end up with a matrix AL) verifying only one of

the following statements:

e ri+rn+...+rg=n.

s
e ri+nrn+...4+ry<nand Cﬁ-“)=0f0feveryj=1+2rk7 el
k=1

where CJ(-S) is the j’ column of the matrix A()

Finally, any encountered zero column has to be moved to the rightmost of the
processed matrix. This column permutation should be included in the matrix P*) of
the treated step.

The algorithm produces a matrix U in column echelon rational form. Actually,

we have:

THEOREM 2.2. Given a matrix A € R™" then there exists Q € GL(n,Q) such
that U := AQ € R™" is in column echelon rational form.
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The fact that the matrix Q has rational entries is very important as we will see
later. Moreover such a matrix is not unique.

REMARK 2.3. Our reduction can be treated in an algorithmic process. Indeed, let
A = (aij)1<i<m1<j<n and set
ip=min{l1 <i<m: " row of A is nonzero}.

For k= 1,...,n we let VI.Ek) = Q-span of (a; j)1<j<k» the sequence (Vigk))lgk@ is
nondecreasing. Then we define inductively the sequence ( j]({l))lgkgn by
AV =min{1 < j<n:ai ;#0},
(/kl)l)}’
1)

Set r; = dim@ViE") and J| = {]5 - ..,jgll)}, then for each j ¢ J; one has a unique
decomposition

i = min{ i) < <nsdimg VY > dimgV;

1
ajj = z J/jk )s (Yj('7k))1<k<r1 C Qa

ll]

and then we apply the followmg column operation
5 oD
Ci—Ci= 2 Y%:Ci» J ¢
k=1

Finally we consider a permutation by which the columns Cj,,...,Cj, are moved to
the left. Let A() be the resulting matrix (obtained after this column reduction and
permutation on A). Then the matrix A(!) satisfies in particular:

(al(llf,»)lg j<rn are  Q-linearly independent and for j > 14r, «;’;=0.

If (g (1 ))1+,1<,<m 1+r<j<n 18 the zero matrix or of order 1, then the algorithm stops,
otherw1se we move to the next step which is analog to the preceding one except that the

modifications should be done on the sub-matrix (aglj))1+l‘1<l‘gm A+r<j<n Of A

REMARK 2.4. Note that if the entries of the matrix A are all rational then our
process is the usual Gauss column reduction with r; = 1.

3. The generalized elimination algorithm

In this section we will present a generalization of the algorithm introduced in the
previous section.

Let o be a real algebraic number of order p i.e; p is the largest positive integer
such that 1,¢,...,aP~! are rationally independent, then Q[c] is a subfield of R.

The following lemma characterises the independence of a finite set of real numbers

over Qla].
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LEMMA 3.1. Let (x;)1<i<y be a set of N real numbers. Then (x;)1<i<y are in-
dependent over Qo] if and only if (x;07)1<i<n0<j<p—1 are rationally independent.

To define a matrix A € R™*" as being in Q[a]-echelon form, we generalize Defi-
nition (2.1) by replacing the field Q by Q[ct|. The steps of the algorithm of reduction
over Q is then extended to Q[o]. For instance the entries of the leading sequence are
independent over Q[o]. An analog of Theorem (2.2) is now stated:

THEOREM 3.2. Given amatrix A € R"*" then there exists Q € GL(n,Q|ct]) such
that U := AQ € R™" is in Q|c]-echelon form.

1 V2 V3 ﬁ+\/§>
V6V3i-v2 V3 )

If the reduction is done in QQ then:

EXAMPLE 3.3. Let A = (

100 0
U_(lﬂﬁ o) nd o= |010-1
S \WV6 V3 —v2V2 10011
000 1
However in Q[/3], we get:
10 -3 -
U:<1\/§ 0 0) and 0= |01 0 —1
V6 V3 -4v20 00 1 -3
00 0 1

And finally, in Q[v2 ++/3]:

1-v2 23 3
(1 0 00 o 1 %616
U_<\@—\/§00> amd C=1g 0 o
0 0 0 1

We can easily show that v/2,/3 € Q[ﬁ+ \/5} .

4. Applications
4.1. Rank of a matrix over Q

Let us first define the rank of a matrix over Q:

DEFINITION 4.1. The rank of a matrix A over Q denoted by rankg(A) is the
maximal number of rationally linearly independent columns of A, i.e.

rankg(A) = dimg(colsp(A)).
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The reason behind choosing the column definition for the rank is that, unlike the
real case, the dimension over Q of the vector space spanned by the rows of A may be
different from the dimension over @ of the vector space spanned by the columns of

A. Take for example the matrix A = < i g) ; where dimg(rowsp(A)) = 1 whereas
dimg(colsp(A)) = 2.

Let A = (a; ;) € R™*" be a matrix in column echelon rational form having s lead-
ing sequences carried by the rows ij,i,...,is and respectively of length ry,7,...,7s.
Let’s denote e; = (8;)1<i<n € R" so the j™ column of A is equal to Ae;.

With these notations, we have:

14
LEMMA 4.2. colspQ(A) = @QAej where £ =r|+r+...+rg.
Jj=1

¢
Proof. First it is obvious that colspg (A) = Y QAe;.
=1

‘
Now if (* 2 pjAej =0 with p; € Q, then by identifying the # z component of
j=l1
Il
each term, we get 2 pjai;,j=0.As (aj j)i<j<r are the terms of a leading sequence
j=1
so they are rationally independent. Therefore p; =0 for every j=1,...,r and (%)
‘
becomes 2 pjAe; =0.

J=1+r
If we keep on identifying each time the i component of each term in (x) for
i=1p,...,iy while bearing in mind the stairwise property of the leading sequences and

observing that the part of columns above any given leading sequence are zero, then
we end up having p; =0 for every j =1,...,¢ so that (Ae;);<j<¢ is a Q-basis of
colspg(4). O

COROLLARY 4.3. For any matrix A € R™*":

rankg(A 2 Ti

where s is the number of the leading sequences of the matrix obtained after transform-
ing A to column echelon rational form and r; is the length of i'* leading sequence.

Proof. There exists a matrix Q € GL(n,Q) such that U = AQ is in column ech-
elon rational form, so colsp@(A) = colspg(U) and hence rank@(A) =rankg(U). By

Lemma (4.2), rankg (U 2 ri. Therefore rankg (A 2 Ti.
i=1

A final result is now presented which will be used in the last application concerning
the regularity of orbits under linear action. But first, we need the following lemma:
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LEMMA 4.4. Let A € R™" and R € GL(m,R) then
dimcolspg(A) = dimcolspg(RA).

Proof. The i column of RA is (RA)e; = R (Ae;) so that colspg(RA) = Rcolspg(A).
Hence rankg(A) = rankg(RA) since R € GL(m,R) i.e. R induces a Q-isomorphism
between colspg(A) and colspg(RA). O

PROPOSITION 4.5. Let A € R™*" then rankg(A) = rankg(A) := r if and only if
there exist P € GL(m,R) and R € GL(n,Q) such that:

I.0
A=P ( 0 0) R.
Proof. There exists amatrix Q € GL(n,Q) such that U = AQ is in column echelon

rational form. If rankg(A) = rankg(A) := r then the first r columns of U are also
independent over R (the remaining columns if any are zero). Hence there exists P €
(10 (L0
GL(m,R) so that U—P<0 O) andsoA-P(O 0) o .
Conversely, suppose there exist P € GL(m,R) and R € GL(n,Q) such that:

1.0
aer (50)
By Lemma (4.4) and using the fact that P~'A € Q"™*", we can write
rankg(A) = rankg (P~ 'A) = rankg (P~ 'A) = rankg(A) =r. O

4.2. Solving a real linear system over Q

Let AX = B be a linear system where A € R”™*" and B € R”. We present an
algorithm to solve this system over the rationals, i.e. X € Q".

4.2.1. Case when the system is homogeneous

Let us first consider the case when A is already in echelon rational form and set
¢ =rankg(A). By Lemma (4.2), the first £ columns are rationally independent (the rest
of the columns if any are zero) so the system AX =0 leadsto x; =0 for i=1,2,...,¢.

Therefore the solution is:

l. X=0if ¢ =n.
2. X =[0,...,0,tp1,..,ta)7 with ty,q,....t, €Qif £ <n.

In the case when the matrix A is not in column echelon rational form, then there
exists a matrix Q € GL(n,Q) such that AQ := U is in echelon rational form. So if
we set ¥ = Q71X € Q" then the system AX = 0 is transformed to the system UY =0
which can be solved as described in the last paragraph. More precisely the rational

n

solutions set of the system AX =0is Y Q(Qe;).
Jj=l+1
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LEMMA 4.6. Let AX =0 be a homogeneous linear system with A € R"™" then
the system admits the trivial solution over Q if and only if:

rankg(A) =n

4.2.2. The general case

As before, there exists a matrix Q € GL(n,Q) such that AQ = U is in echelon
rational form. So if we set ¥ = Q~!X € Q" then the system AX = B is transformed to
UY =B.

Assume that the matrix U have s leading sequences carried by the rows iy,1is, ...,
and respectively of length r,7,...,r; and define the integers 7 (1 <i < n) such that:

7y, =r, forevery k=12,...,s
/mo=0 if i¢{ii,. ...}

Then the first equation of the system UY = B reads:

7
D uryj=bi
j=1

If 7| = 0 then either b; = 0 and so we proceed to the next equation, or b} # 0 and the
resolution stops with no solution found (inconsistent system over Q).

If 7 # 0 then either by is in the spang(uy 1,...,u1 7 ) and so we choose yi,..., 5
are the coordinates of by in the Q-basis (u 1,...,u; 5 ) of this span (these numbers are
independent over Q by construction) or otherwise the resolution stops with no solution
found. This kind of inconsistency is not observed in the case the solutions are sought
in R.

Now the " equation once it is reached during the resolution can be written as:

S; Si—1
D, uigyj=bi— Y uijy;
J=14sim1 j=1

where s; =7+ 7+ ...+ 7.

At this stage of the resolution, the sum in the right hand side is known and so we
can apply the same argument as before.

As expected, three cases can be encountered when we solve a linear system of
equations over Q:

Case 1: The system has infinitely many solutions of the form X, + #"; where
Vv e{XeQ"|AX =0}
and X, is a particular rational solution to AX = B.
Case 2: The system has a unique solution when it is consistent and rankg(A) = n.

Case 3: The system has no solution.
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4.3. Hypercyclicity of finitely generated abelian subgroups of GL(n,C)
4.3.1. Density of additive subgroups of R” and C"

The following proposition characterizes the density of additive subgroups Zu; +
<.+ Zuy of R":

PROPOSITION 4.7. ([7], Proposition (4.3), Chapter II) Let H = Zuy + ...+ Zu,
with uy €R", k=1,...,p. Then H is dense in R" if and only if for every (si,...,sp) €

77\ {0} :

P
As explained in [4], we assume that p > n+ 1 and Z Ru; = R, otherwise H
k=1
is not dense in R”. To be able to apply the results of this paper, we need to proceed
differently from [4].

THEOREM 4.8. Let H=Zu\+...+Zuy and assume that p > n+1 and (ty,. .. up)
n
is a basis of R". If uy = ¥, oy ju;, for every k > n+1, then H is dense in R" if and
i=1
only if
anJrl,l anJrl,n

rankg | Ip—p = p.

(Xp71 coo Opp

Proof. The rank condition in Proposition (4.7) can be written as:

1 0...0 1,1 -+ OCp71
0 . S

rankpg 0 =n+1, 4.1
0...0 1 Opy1pp--- Opy
L) Sn Sp+1 - Sp

which, by elementary row operations, simplifies to:
10...0 Ch41,1 (Xp71
0"
rankg [ * -. .. 0 : : : =n+1,
0...01 Oy 11,0 Olp.n

n
0...... 0 Sp+1 — ZsianJru s Sp— Zsiocp,i
i=1 i=1
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but this condition is true for every (si,...,s,) € Z”\ {0} if and only if the linear system
of equations in the variables si,...,s,:

n
Sk—ZS,‘(XkJ':O; k:n—i—l,...,p

also written in matrix form as

—Opy11 oo —Opt1n 10...0 S1
0 - —0
—0p1 ... —Opy 0... 01 Sp

has no solution in Z” other than the trivial solution. As the system is homogeneous,
the last claim is also true (equivalent) when we replace Z” by QF. Then by applying
Lemma(4.6) and swapping the columns, we get the required result (once we scale the
columns containing the o/’s terms by —1). [

REMARK 4.9. We note that when p = n+ 1, we recover the well-known result
(see forinstance [5, 4, 71): H = Zuy + ...+ Zuy41, with (uy,...,u,) abasis of R” and

Up+1 = Y, O, is dense in R” if and only if (1,0y,...,0,) are rationally independent
i=1

or equivalently rankg ( 16,...6, ) =n+l=p

REMARK 4.10. In the same way, when n =1 and p > 2, we get the following
classical result: H = a1Z+ ...+ a,Z with a; # 0, is dense in R if and only if there
. g . .
exists k € {2,...,p} such that — is irrational.

a
Indeed, in this case o | = ag/a; forevery k=2,...,p and the matrix in Theorem

(4.8) becomes:

10 .OZ—?
A= 0
N
0...0 1a—"
It is clear that r; € {1,2} forevery i € {1,...,p— 1}, s0 rank@(A) p if and only if

“lTig

there exists ip € {1,...,p — 1} such that r;, = 2 or equivalently %0 i jrrational.

a
REMARK 4.11. Let H = Zuy + ...+ Zu, with u; € C".

To test the density of H in C", we proceed as follows: we define (by reali-
fication) the real additive subgroup HCR™ as H = Ziy +. ..+ Zu, where uk =

(R(ur), 3(ug))" forevery k=1,...,p. Then H is dense in (C” if and only if H is
dense in R?". Finally, we use Theorem (4.8) to test the density of H in R?".



RATIONAL ELIMINATION ALGORITHM AND APPLICATIONS 669

EXAMPLE 4.12. The following example is taken from ([4], Example 3.6.).
Let H = Zu; + ...+ Zuy, where u; = (1,0,0)", ur = (0,1,0)", u3=(0,0,1)T,

1y = (1,\/5,1)T, us = (0,1,v3)", ug= (ﬁ,ﬁ,l)T, 1y = (1,ﬁ,ﬁ)T.

Here n =3 and p =7 and the matrix in Theorem (4.8) is given by:

1000 1 V2 1
0100 0 1 V3
0010v2V3 1
0001 1 V22

Transforming A to column rational echelon form:

1v20 0 0 0 0
~ 01 1v/3000
0v30 1 120
0v20+/20 1 1

We have:
rir=rn=r3=2 and rs=1.

So rankg(A) = 7 and by Theorem (4.8), H is dense in R?.

4.3.2. Hypercyclicity test

.
Let r € No:=N\ {0} and n = (n1,...,n,) € Njj such that ¥ n; =n. Then denote
i=1

o 4y, (C)= {diag(Tl,...,Tr) eM,(C): T, €T, (C), k= 1,...,r}ﬂGL(n,(C),
where T, (C) is the set of all lower-triangular matrices over C, of order n and with only
one eigenvalue.

° 1y = (6171,...,€r71)T € C", where ¢ | = (1,0,...,0)T eC™, 1<k<r

T
.e<k):<0Cn1,...,o(c,zk,1,e,ﬁl,ocnkﬂ,...,ocn,) eCr, 1<k<r

In this section, we shall study the notion of hyperciclicity, to this end we first recall
the following

DEFINITION 4.13. Let G be an abelian subgroup of GL(n,C). We say that G is
hypercyclic if there exists a vector x € C" such that the orbit of x under the action of
G is dense in C".

In [1], the authors proved the following

PROPOSITION 4.14. ([1], Proposition 6.1.) Let G be an abelian subgroup of
GL(n,C), then there exists P € GL(n,C) such that G = P~'GP is a subgroup of
oy r(C), for some 1 <r < nandn e€N.
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THEOREM 4.15. ([1], equivalent version of Theorem 1.3) Let G be an abelian
subgroup of GL(n,C) and P € GL(n,C) such that P~'GP C ,%/* AC). Assume that G

is generated by Ay, ...,A,. Then G is hypercyclic if and only if 2 ZBrug+2im Z Ze™)

is a dense additive subgroup of C", where P~'A\P = ¢P1,. P '\ pP = eBI’ with
By,....Bp € ,(C).

COROLLARY 4.16. Let G be an abelian subgroup of GL(n,C), generated by
Ai,...,Ap and P € GL(n,C) such that P"'GP C oy (C). If p+1<2n, then G has
no dense orbit.

So let G be an abelian subgroup of GL(n,C) generated by Aj,...,A,.

In [5], the authors gave a complete algorithm to test the hypercyclicity of finitely
generated abelian subgroups of GL(n,C). In this paper, this algorithm is only used to
get the expression of the complex additive subgroup H(G) := Z ZByug+2ir Z Ze®

k=1
stated in Theorem (4.15). To test the density of H(G) in C" and subsequently the

hypercyclicity of G, we refer to Remark (4.11) and Theorem (4.8).
The following example is taken from [5].

EXAMPLE 4.17. Let G be the subgroup of GL(3,C) generated by A;,A>, As,
Ay, As and Ag, where:

e3—2e+i-24e—i 1 —242eV21—¢V?
Ai=|0 24i —1-i |, Ay=|0 e 0
0 1+ —1 0 0 e\/§
e‘ﬁ —26‘/5 +2¢ e‘ﬁ —¢
Az = 0 ¢l 0
0 0 el
V5 V2(V2+i)e—2eV5 V5 — (14iV2)e
Ag=1| 0 (1+iV2)e —l\/_e
0 iv2e (l—i\/z)e
e 2—2e+\VT+iV2 e—1—-VT1—iV2
As=|0 1+V7I+iV2 —VT—iV2
0 VI+iv2 1-V7—-ivV2
1 V2 —iV2
A= 01+ivV2 —iv2
0 V2 1-iV2

6
Then the complex additive group H(G) = Y. ZByug+2mi Ze) +2mi Ze, where e; is
k=1

the i™ vector of the C”-standard basis and uy = e; + 5.
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8
As shown in [5], H(G) = Y, Zu; where
k=1

T T

w=(1,04+5)"  w=(0v20) , us=(v3i0)", us= (iV5,1,%2)
T T

s = (1,0,§+§i) g — (0,0,%) 1wy = (210,0,0)7 , ug = (0,27i,0)"

~ 8
Therefore, the real additive group H(G) = Y, Zu; where:
k=1

T
ﬁlz(l,O,%,O,O,%)T, 112 (O,\/E,0,0,0,()) 5 ﬁ3:(\/§7070707170)T7
T T T
@:(0,1,0,%,0,@) , ils (1,0,470707%5) ,ﬁ6:<0707070707§) ,
i7 = (0,0,0,27,0,0)",  dg=(0,0,0,0,27,0)"

The vectors ii; and iig can be expressed in the basis (i, iy, ..., i) as
_ V10 _ V5 V5
7 = —U—ilp + 20— iy — 2T — i
5 5 5
B TV3+V21 _ B V34421 VA2 =221+ 7V6—2V3 _
iig = —ﬂful—l—Zﬂ:ug—I—nfm—f—ﬂ 5 iig

To test the density of H (G) in RS, we evaluate first the matrix in Theorem (4.8):

10 0 —adlo2m$ o o3

01 —glBN2L g 27 0 g¥32l pVB2ValiTve-2V3

A=

Transforming A to column rational echelon form:

_ [1-a¥loz$o 0 0 0 0
A =
0 0 0 1 gl og g V3Ol 5 VB 2VITE2YS
We have:

rr=3 and rp,=>5.

So rankg(A) = 8 and by Theorem (4.8), H(G) is dense in R. Then we conclude that
H(G) is dense in C? and finally G is hypercyclic.

4.4. Regularity of orbits under linear actions

DEFINITION 4.18. ([2]) Let G be a topological group acting continuousily on a
topological space, the orbit of a point is said to be regular if the relative topology of
the orbit coincides with the quotient topology that the orbit carries as a homogeneous
space.
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Asin [2, 3], we let
(i) V afinite dimensional real vector space with dimV =n,

(i) My,...,M; linearly independent pairwise commuting square matrices of order n
and G = exp (X5_; RM;) , where exp denotes the matrix exponential mapping.

The group G is acting on V via

k k
GxV—YV, (g:eXPZIij,V)»—)g,v:ezjzltijv.

j=1
If Gv denotes the G-orbit of v € V, Gv is in bijection with G/G,, where
G, ={geG:g-v=v}

is the stability subgroup of v in G which is closed in G. On other hand, the quotient
topology on G/G, is Hausdorff and the orbit Gv is regular if the natural bijection
G/G, — Gv is a homeomorphism. Following [3], let g = Z’;Zl RM; which is realized
as a space of lower triangular complex matrices, simultaneously in block form, with the
Jj-th block having scalar diagonal part given by a linear form

A,j g— (C, M — AJ(M) = OCj(M) +lﬁj(M)

The functionnals ()<< are called the roots of g. For each matrix M € g, let n(M)
be the nilpotent (strictly lower triangular) part of M, so we write the decomposition
M =d(M)+n(M) where d(M) is diagonal and n(M) is nilpotent (with d(M)n(M) =
n(M)d(M)). Put
k
g0 = ﬂ kera;.
J=1

Thatis gg is the subspace of g consisting of those M whose eigenvalues have vanishing
real part. Next, for each v € V, let

n(v) ={M € go:n(M)v=0}.

The subgroup expn(v) acts on v by rotations, and regularity of the orbit Gv is reduced
to regularity of expn(v)v ([3], Theorem 3.6 p.8). It follows that Gv is regular if and
only if

dimg spang{A;,,, } = dimg spang{4;,, }. 4.2)

For simplicity of notation, let {Ny,...,N,} be abasis in the R-space n(v) and {A,,...,
Ay} be the set of roots of g, then one has

A(Ng) = iB(Ns) iR (F=—-1), r=1,....q, s=1,....p.
Let A = (a; ;) be the real matrix whose entries

a,-h,':ﬁj(]\’,-), i=1,...p, j=1,...,n.
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Then the regularity condition (4.2) is traduced as follows:

Gv is regular if and only if rankg(A) = rankg (A).

EXAMPLE 4.19. Let V =R® =R? x R? x R? and g = RM with

a00 000
1a0 0 00
000—-b0 O
M = 00b 000 |’ a,b,c e R.
000 0 0—c

0000 cO

The eigenvalues of M are a,=+ib,+ic. We can easily check, that there is a non singular
(complex) matrix P such that

a00 0 0 O
laO 0 0 O
00ib 0 0 O
000 —-ib0 O
000 O ic O
000 0 O —ic

PMP~! =

The roots of g are A;,A;,A3 = X2, Aa, s = Aa, with
M(M)=a, Ao(M)=ib, A(M)=ic, (*=-1).

The only real root of g is oy (M) = a. For any v = (vi,...,vs) € V the orbit Gv of v
is given by

Gv={eMy, 1eR}={(e"v, e (tvi+v2),ePv3,e vy, e vs,e " v6), t € R}
Now assume that a = 0, then go = g and let v = (0,v,,v3,v4,Vs,V6), then
n(v) ={M € go: n(M)v =0} = g = go,
In this case the matrix A is
A= (b —bc —c) .
Consequently, Gv is regular if and only if » and ¢ are rationally dependent.

EXAMPLE 4.20. In this example we shall consider the space V = R7 = R3 x C?
and g = RM; & RM, & RM5; with

0000 O O O 000 0 0 0 O
0000 O O O 000 0 0 0 O
1000 0 0 O 010 0 0 0 O
Mi=]1000ia O 0 O |, My=]1000+ic 0O 0O O |,
0000 —ia 0 O 000 0 —icO O
0000 0 b O 000 0 0 id O

0000 O O —ib 000 0 O O —id
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and
000 0 O

000 0 0
000 0 0
000 +ie 0
000 0 —ie
000 0 0 if
000 0 0 0 —if

It is clear that dimg = 3 and the roots of g are given by

M; ; a,b,e,dye, f ER.

el eNelNeNe]
[eNeNeNeNe]

)

M (M) = ia o Ay(My) = ib .
A'l = 07 2’2(M2) =ic ) 2'3 = 2’27 1‘4(M2) =id ) 2'5 = 2'4~
M (M3) = ie (M) =if

On the other hand, for any v = (vy,...,v7) € V the orbit Gv is given by
Gy = {MTMAiMsy, oy ) 13 € RY.
Now let v = (0,0,v3,v4,vs,v6,v7), hence
n(v) ={M € go : n(M)v =0} = g = go,
In this case the matrix A is
Oa—ab —b
A=10c¢c —cd —d
Oe—ef—f

As r:=rankg(A) € {1,2} then Gv is regular if and only if:

o cither r =rankg(A) =2. In this case (ad —bc,cf —ed,af —be) # (0,0,0). Assume

for example that ad — bc # 0 then

01-100

ab0 10000 000 1-1
A=1cdO0 01000 00100
ef1 00000 10000
00001

By Proposition (4.5), no other condition is needed.

b
e or r =rankg(A) = 1. In this case (ad —bc,cf —ed,af —be) = (0,0,0) and — € Q
a

where we assume that @ # 0 so that (a,c,e) # (0,0,0) then

01 -1

00 0

o~ oconl™>
|
= e Py
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