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BILINEAR CALDERON-ZYGMUND OPERATORS ON TWO
WEIGHT HERZ SPACES WITH VARIABLE EXPONENTS

SHENGRONG WANG AND JINGSHI XU *

(Communicated by C.-K. Ng)

Abstract. In this paper, we obtain the boundedness of bilinear Calderén-Zygmund operators on
two weight Herz spaces with variable exponents.

1. Introduction

We denote by . (R") the space of all Schwartz functions on R” and by .&"(R")
the space of all tempered distributions on R". Let T be a bilinear operator, which
is originally defined on the 2-fold of Schwartz function space . (R"), and its value
belongs to . (R"):

T:7R") x Z(R") — .7 (R").
T is called a bilinear Calderén-Zygmund operator, if it extends to a bounded bilinear
operator from LP! x LP2 to LP with 1/py+1/p>=1/p, and for fi, f» € LZ(R") (the
space of compactly supported bounded functions), x ¢ supp(f1) Nsupp(f>)

T(f1,2)(x) = /RZ" K(x,y1,52) fi(v1) f2(y2)dy1dy2,
where the kernel K is a function in R¥ off from the diagonal x = y; = y, and there
exist positive constants €,A such that

A
(Jx = 1|+ |x = yo| 4 |y1 — ¥2[)?"

K (x,y1,y2)| <

and
Alx— x|

X —y1]+ [x = yo| 4 [y1 — y2|)?F€

|K()C,y1,y2) _K(x/7y17y2)| < (

whenever |x — x| < § max{|x —yi|,|x— 2|}, and the two analogous difference esti-
mates with respect to the variables y; and y; hold.
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Bilinear Calderén-Zygmund operators are a special example of multilinear Calde-
rén-Zygmund operators which were introduced by Coifman and Meyer in 1975 in [2].
In recent decades, multilinear Calderén-Zygmund operators have attracted more and
more attention from many authors. Indeed, in [7, 8], Grafakos and Torres systemati-
cally investigated the boundedness of multilinear Calder6n-Zygmund operators on the
products of Lebesgue spaces, such as multilinear strong type and endpoint weak type
estimation, multilinear interpolation, multilinear 7'1 theorem. Huang and the second
author of the article obtained boundedness of multilinear Calder6n-Zygmund operators
and their commutators on products of variable Lebesgue spaces in [10]. Lu and Zhu
in [13] proved the boundedness of multilinear Calderén-Zygmund operators on Herz-
Morrey space MK:;()))L (R™) with variable exponents.

In [9], Grafakos and Torres obtained the boundedness of the maximal operator as-
sociated to multilinear Calderén-Zygmund operators on products of weighted Lebesgue
spaces. Bui and Duong studied boundedness of multilinear Calderén-Zygmund opera-
tors on products of weighted Lebesgue spaces in [1]. Pérez and Torres gave a weighted
norm inequality for multilinear Calderén-Zygmund operators by sharp maximal func-
tion in [15]. The authors of the paper proved weighted norm inequality of bilinear
Calderén-Zygmund operators on weighted Herz-Morrey spaces MK;((('.)).}?(.)(W) with
variable exponents in [18]. '

Recently, Izuki and Noi introduced two weight Herz spaces with variable expo-
nents in [12]. Motivated by the mentioned works, we will prove the boundedness of
bilinear Calderén-Zygmund operators on two weight Herz spaces with variable expo-
nents. The plan of the paper is as follows. In Section 2, we collect some notations and
state the main result. The proof of the main result will be given in Section 3.

2. Notations and main result

In this section, we firstly recall some definitions and notations, then we state our
result. Let p(-) be a measurable function on R” taking values in [1,o0), the Lebesgue
space with variable exponent L) (R") is defined by

p(x)
LPOR") = {f is measurable on R" : / <@) dx < oo for some A > 0}.

n

Then LP()(R") is a Banach function space equipped with the norm

(x)
Il =it {a>0: [ (L) ar<a}.

The space Lﬁ)(c')(R") is defined by Lﬁ)(c')(R") = {f: fxx € LPV)(R") for all compact
subsets K C R"}, where and what follows, ys denotes the characteristic function of
a measurable set S C R". Let p(-) : R" — (0,e0), we denote p~ := essinfycgn p(x),
pt = esssup,cpn p(x). The set Z(R") consists of all p(-) satisfying p~ > 1 and

pt < ooy Py(R") consists of all p(-) satisfying p~ >0 and pt < eo. L) can be
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similarly defined as above for p(-) € Z)(R"). Let p'(-) be the conjugate exponent of
p(+), thatmeans 1/p(-)+1/p'(:) =1.

DEFINITION 1. Let p(-) € Z(R") and w be a weight. The weight variable
Lebesgue space L) (w) is defined by

LPO(w) == { fis measurable on R" and Hf||L,,(.)(W) = ||fw||L,,(.)(Rn) < oo}

Then LP") (w) is a Banach space.

Let f € L} (R"). Then the standard Hardy-Littlewood maximal function of f is

defined by
Mr) = sup o [ 170y, e R,
Bax |B| /B

where the supremum is taken over all balls containing x in R". In general, the Hardy-
Littlewood maximal operator is not bounded on weighted variable Lebesgue spaces.
Butif p(-) € Z(R") and satisfies the following global log-Holder continuity condition
and w € A, then M is bounded on LPO) (w).

DEFINITION 2. Let o(-) be a real-valued measurable function on R”.
(i) The function o(-) is locally log-Holder continuous if there exists a constant
C, such that

C
o) =20 < o T T

(ii) The function a(-) is log-Holder continuous at the origin if there exists a con-
stant C, such that

1
, yeR" [x—y| < 5

o) — o0)] < 1o Q2 er

e+ 1/|x|)
Denote by Z,¢(R") the set of all log-Hélder continuous functions at the origin.
(iii) The function o(+) is log-Holder continuous at infinity if there exists 0. € R
and a constant C3 such that

G

— — Vxe R
logle+ )"

|o(x) — 0| <
Denote by 22X £(R") the set of all log-Holder continuous functions at infinity.
(iv) The function o(-) is global log-Holder continuous if ¢(-) are both locally
log-Holder continuous and log-Holder continuous at infinity. Denote by £2!°2(R")
the set of all global log-Holder continuous functions.

DEFINITION 3. Fix p € (1,00). A positive measurable function w is said to be in
the Muckenhoupt class A, if there exists a positive constant C for all balls B in R"

such that
1 1 o\
—/w(x)dx —/w(x) P dx <C.
B /s B /5
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We say w € Ay, if Mw(x) <Cw(x) forae. x. If 1 <p < g <eo, then A, CA,;. We
denote A = U~ 14, . The Muckenhoupt A, class with constant exponent pE (l oo)
was firstly proposed by Muckenhoupt in [14].

DEFINITION 4. Let p(-) € Z(R"), a positive measurable function w is said to
bein A p()> if exists a positive constant C for all balls B in R” such that

1 _
EHW%BHU:(-)HW sl <C.

REMARK 1. In [3], Cruz-Uribe, Fiorenza and Neugebauer showed that w € A,

if and only if the Hardy-Littlewood maximal operator M is bounded on the space
LPO)(w).

To give the definitions of the weighted Herz space with variable exponents, we
use the following notations. For each k € Z we define By := {xeR": |x| < 2%,
Dy =B \Bi_1 = {x e R": 28"V < x| 2%}, u:=apys Hom = 2m» m =1, 2o = X,
We also need the notation of the variable mixed sequence space £40)(LP¢ )( )). Let w
be a nonnegative measurable function. Given a sequence of functions {f;} jez, define
the modular

P (L)) = Zinf{lj:/n(M)p(")dxél},

JEL q(x)
xj

where A1/ = 1. If ¢* < o or g(-) < p(-), the above can be written as

PM ({f/ z H‘f/w‘q H L
JEZ L4a0)
The norm is
H{fj}j”gq(-)(y’(-) =inf{u >0: Pat)(Lr() ({fj/.u}j) 1}.

DEFINITION 5. Let wy, wy be weights on R”, p(-) € Z(R"), q(-) € Zp(R").
Let o(+) be a bounded real-valued measurable function on R”. The homogeneous two

weight Herz space K;f((_'){f(')(whwz) and non-homogeneous two weight Herz space

K;‘((f))_f(') (w1, wy) are defined respectively by

Ko o) = {7 € LD N0} w0) < a1y ) <)
and ():4a()
KI?() ! (W],Wz) {f € Lloc ( ) ||fH (Wl w2) < 00},
where
g9 0y = 1B el 00
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and
||fH )= w1 (B 12 0l ) 100 (o))

Wl wy
For any quantities A and B, A < B represents that there exists a constant C > 0
such that A< CB.If A<B and B < A, we denote A ~ B.

LEMMA 1. (see [12, Theorem 3]) Ler af-) € L*(R"), p(-) € Z(R"), q() €
Po(R"), wy € A, for some r € [1,0) and wy be a weight. If af-) and q(-) are
log-Holder continuous at infinity, then

KI?((.'))’q(')(wl W) = K?E’f’)’qm (wi,w2).

Additionally, if o(-) and q(-) are log-Holder continuous at the origin, then

1

(0)
1 g9 1 (Kzowl<Bk>°‘<°>/"fokHZ(p‘?%(Wz))q

1
(Zm By) O‘N/"Hka’L,, )q )
k>0

The following lemma 2 is well known, for example, see [17, 5, 6].

LEMMA 2. Let w be a weight on R". If r € [1,00) and w € A, then there exist
constants 6 € (0,1) and C > 0 such that for all balls B in R" and all measurable

subsets S C B,

w(B) B\"

ws <<(s) @
() _ °
v <<()
If p(-) € Z'°¢(R")NP(R") and w € A,(.), then p/(-) € Z1¢(R") N P (R") and

wlcA /(- Therefore the Hardy-Littlewood maximal operator is bounded both on
LPO)(w) and LP'0)(w~1). Hence, by Lemma 6 in [1 1], we have the following lemma.

§§

= | =

LEMMA 3. If p(-) € Z'¢(R")N 2(R") and w €Ay, then there exist constants
01, 6 € (0,1) and C > 0 such that for all balls B in R" and all measurable subsets

S CB,
0
Sllzee) o
H% HLP()( ) §C<i> , 3)
”XB”LP(-)(W) ‘B|
ry o)
123112 1) <C<ﬂ> . @
HXB”LI’,(')(W*I) |B|

Our main result is as follows.
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THEOREM 1. Assume that T is a bilinear Calderdn-Zygmund operator and p(-) €
P (R"). Let wy, wy be weights, w=wiwy, w; €A, (), and v € A, for some r € [1,0),
i=1,2. Suppose that p;(-) € P¢(R") N P (R") satisfying 1/p(x) = 1/p1(x) +
1/pa(x) for x € R", o4(-) € L™(R") N ZLERY) N PLERY), qi(-) € ZLER) N
PR, i=1,2. alx) = o)+ 0a(x), 1/9(x) = 1/q1(x) + 1/g2(x), 8a € (0,1)
are the constants in Lemma 3 for exponents p;(-) and weights w;, i = 1,2, respectively.
Let 0 € (0,1) be the constant in Lemma 2. Set

S if o =0 if o >0

w; = .lf v and w;r " lf ‘+ . (5)
roif o <0 o if o <0

If —n&;y <w; o and wi o;" <nbp, i=1,2, then there is a constant C such that for

each f; € I'(Z"((:))’q"(')(v,w,-), i=1,2,

2
1T (f1,/2) Hkﬁ(-)mc)(ww) < Cg /1 ||1'<j_f((j))~qi('>(v,w,-)'

3. Proof of Theorem 1
To prove Theorem 1, we need a series of lemmas.

LEMMA 4. (see [12, Lemma 7]) Let k, L € Z, w € Ay with g € [1,00), 6 € (0,1)
be the constant in Lemma 2, If a(-) € L*(R") and is log-Hdélder continuous both at
the origin and infinity, then for any x € Dy, and y € Dy,

2(,’c—l)nw+ofr if 1<k—1
w(B)* < Cw(B)*) x { 1 if k—1<I<k+1,
pUk=hmwme e s k4]

where o~ and o are similar to (5).

LEMMA 5. (see [12, Lemma 8]) If o(-) € L= (R") and is log-Holder continuous
both at the origin and infinity. then for all k € 7Z and x € Dy,

w(D) ™Y~ w(Dy)™, if k>0,
w(DR) ™™ ~w(D) ™), if k< 1.

LEMMA 6. (see [10, Theorem 2.3]) Ler p(-), pi(:), pa(-) € Po(R") such that
1/p(x)=1/pi(x)+1/pa(x) for x e R". Then there exists a constant C,, p, independent
of functions f and g such that

178l ) < Cppi [F i gl oot

holds for every f € LP'C)(R") and g € L") (R").
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If pe Z(R"), we A,y with w=wwy, then by the Holder inequality, we have

1781l 1p0) () < Copi 111 1010 ) 1811220 (0

The following lemma is a corollary of Theorem 2.8 in [4].

LEMMA 7. Let pi(-), pi(-) € Z(RY), 1< (p)” < (p)* and pi() € POE(R?)
NP (R") satisfying 1/p(x) = 1/p1(x) +1/pa(x) for x e R", i =1,2. Let w; €
Am(.), Wy € Apz(-) and w =wwy. If T is a bilinear Calderon-Zygmund operator,
then

1T (s Pl 20y S 00 g 12120 -

LEMMA 8. (see [106, Proposition 1.2]) Let 0 < p < o, § > 0. Then there is a
positive constant C such that

1/p - I/p
(B (2rrm)) o) o
j=—c0 \k=—o0 j=—o0

for non-negative sequences {a;}

—
This is the position to state the proof of Theorem 1.

Proof of Theorem 1. Let f; and f, be bounded functions with compact support

and write
fi= 2 fiou=Y fu,i=12

[=—oo I=—oc0
By Lemmas | and 5, we have

1 qLO
TGS gt~ ( Z IO TG 1 0,))

—=—o0

1

goo Goo
LPO) (w)

+ (Z [v(B)™""T (fi, f2) 1]
k=0
= E+F.
We decompose f; into three parts as

k+1

ZleJr Z Ji+ Z Jir-

[=—c0 —1 I=k+2

Therefore we decompose T (f1, f») into nine parts. Then we have
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where
—1
El =< Z v(B
k=—oo
—1
E, :< S (B O
k=—o0
—1
E3 = ( Z V(Bk)a(o)/n
k=—oo
—1
£ ;:( S (B O
k=—oo
—1
E5 = ( Z V(Bk)a(o)/n
k=—o0
—1
Eg :( Z v(Bk)“(O)/”
k=—oo
—1
E7 = ( 2 Vv Bk
k=—o0
—1
Eg:= ( Z V(Bk)a(O)/n
k=—o0
—1
E9 :< 2 v(B,
k=—oo
F1 = ( Z V(Bk)a”/n
k=0
F2 = ( 2 V(Bk)aw/"
k=0
B = ( S v(By) /"
k=0
Fy = ( 2 V(Bk)aw/n
k=0
F5:= ( Z V(Bk)ocm/n
k=0

S. WANG AND J. XU

k=2 k-2
YN T(fusfry) )Ck )
[=—00 j=—0c0
=2 e+l
> Y T
5o jok—1
Z Z (f11, f25)x
120 kg2 70
k1
> Z T (fu,f27) Xk
2 j oo 170
kel k1
> Y T(fu.fo)) %k
12k joke1
1 e
> Y T(fu.fo)) Xk
I2k—1 jkt2 70
2 2 (fi1, f2)) )Ck
I=k42 j= o
o kil
> D T(fufa)) Xk
1=k t2 jmhe 1 70
2 2 (f11, f25) Xk
1=k 12 j=kt2
k=2 k-2
> Y T(fll»f2j)%k )
I5 oo oo
k=2 kt1
> > T(fufoi)xe )
oo jok—1
k=2 e
> Y T(fusfo)xe )
2o kg2 70
k1 k=2
> Y T(fufoj)xx )
2k j= oo
Il kel
> Y T(fusfoi) )
=k jok—1

)
)
)
)
)
)
)
)

L

8|"

x\—

8\—

x\—
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o k1 o Goo q%”
= (2 v(B)“M Y Y T(fus o)t ) ,
k=0 I=k—1 j=k+2 LP0) (w)
I oo oo L
Ooo /10 de
:<ZVBk z Z Tfllaf2] ) )
k=0 I=k+2 j=—co LI’(')(W)
o o k+1 oo +
(Z )=/ > > T(fu.fi)x ) ,
k=0 I1=k+2 j=k—1 L0 (w)
1
Geo =
(2"Bk )/ 2 2 (fis f2))% ) .
I=k+2 j=k+2 LP('>(W)

We shall use the following estimates. If [ < k— 1, then by Holder’s inequality,
Definition 4 and Lemma 3, we have

H2kn/ fudyixx S 27l i oy 1w s 12wy
R L7i0) (wy)
—kn -1 -

5 2 ‘Bk‘ Hka HL”§(')(wi’1) ”%Bz HU’ﬁO(W?') Hfl%l”Lm(-)(w )
5 Z(I—k)n5i2 Hfl-IHLm(-)(w,-)' v

If [ = k, then

Hz—kn/ Fadvine <2_k"HXBkHLp, HflleXl“Ll’ )HXIW HLP )
Rr Lpi(l)( )

S 2k Hka HLPi(')(W,-) HxBl ||LI’,,~(')(W.71) I fiza ”LPi(')(w )
S il i - 8)
If I > k41, then

HZ"" [, fudviz

K _
S 27BN i)y Wiwiztal o 1w N e

Ll’i(')(wi)
<2718 i 1281 ll%Bsz
<8l 0y i 0
5 2(sz)n(176,1 ||fil||Lpi(->(w,-)' ©)

By the interchange of f; and f>, we see that the estimates of E>, E3 and Ej are similar
to E4, E7 and Ejg, respectively. Thus we only need to estimate E;, E,, E3, E5, Ejg,
and Ey.

Estimate E;. Since [, j < k—2, we deduce that for i = 1,2,

be—yi = [x] = yi] > 281 —2minthdy > 082y e Dy yy € Dy, y2 €D
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Therefore, for x € Dy, we have

K (x,y1,52)| < C(lx —y1| + [x — y|) "2 < €272,

Thus, Vx € Dy and I, j < k—2, we have

fu)lf2i(02)]
T (f11, f2)) (x /n/n (FE y2|)2nd}’1d}’2

So7n /Rn /Rn )| f2j(v2)|dyidys.

Since 1/p(-) =1/pi(-)+1/pa2(-) and w = wywy, by Holder’s inequality, we obtain

k=2 k=2

> Y T(fu. o))

l——ooj_—oo

L7V (w)
k=2 k=2

> 2 / |fu(yi |dy1/ |2 (72 |dy2)(k

[=—o0 j=—00

2 2 kn/ | fu(v)ldy1

|=—oco

<:2 2kn

J(w)

LP1O) (wy)

Z 2” k"/ |2 (v2)|dy2 xx

Jj=—o0

(10)

LP20) (wy)
Since ¢ (0) = 01 (0) + 02(0) and 1/¢(0) = 1/¢1(0) + 1/¢2(0), by Holder’s inequality,

we have

1
E S ( > v(B)*O

=—o0

q(0)

2 2- k"/ | fu)ldyi xe

[ —
1
4q(0) ) 70
LP20) (wy)

z 2 k"/ | f10 (1) ldy1 X

|=——oco

Lm()( 1)

2 2 k"/ | f2;(v2)|dy2 xx

Jj=—oo

5( 3 (B0

—=—o0

a0) )ql'm)
LP10) ()

42(0) } m
LP20) (wy)

x ( 3 (5“0

k=—oo
:=E11 X Elp,

2 2 k"/ |25 (v2)ldy2 xx

j—_°<’

where

4i(0) )ﬁ
LriC) (w;) .

E17,-:=< _21, v(By) %04

k=—oo

Z 2—kn/ | fir i) i

|=——oco
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Since nd; —w; ;" >0, by (7), Lemmas 4, 5 and 8 we obtain

—1 (1—kyns, 4i(0) 20
El,i,s{ T w(B,) O (zz |l ) }

k=—co [ —
—1 4i(0) .1
+ 4;(0)
{3 (z 20 o) O il ) )
k=—c0 \l=—co
0
ai
{ZH CORT
|=—oo
N”ﬁ” al ))‘h VW)
Thus, we obtain
E1< Hle ‘11 ‘il ||f2|| 0‘2 ( 2)
Estimate FE;. Since [ <k—2, k— 1< j<k+1 fori=1,2, then we have

|x_y1| 2 |x|_|yl| 22]{_2’ XeDk, Y1 6Dl'

Therefore, for x € Dy, we obtain

IT(fu, foj)(x |</n/n |}lf11yf|1l||]}22,(§22)||) dyidy,

<22 [ il 0a)lddye.

Since 1/p(-) =1/pi(-)+1/pa(-) and w = wywy, by Holder’s inequality, we obtain

=2 Kkl
2 2 (f11,J2)) Xk
[=—o0 j=k LP0) (w)
k=2 ktl
Z 2" k"/ |f11(y1)|dy12_k"/ |2 (v2)|dy2 xx
I=—oo j=k— R" R 170 (w)

Z z_k"/ |fu(ro)ldy x

J—
k+1 .

2 "/ |25 (v2)ldy2 xx
Jj= k 1

P10) (wy)

X

(1)

£720) ()
Since a(0) = ;(0) + 0(0) and 1/¢(0) =1/g;(0) +1/42(0), by Holder’s inequality,

we have

—1
E < ( > v(Br)™©

k=—oco

q(0)

Z 2- k"/ [fu(v)ldyr xe

|=—oo

LP10) (wy)
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_L

4(0) ) 4(0)
LP20) (wy)

2 2" k"/ |1 (y)ldy1 xe

|=—oco

k+1

2 2" k"/ |2 (v2)|dy2 xx

J=k=

<( 3 v(BYHO)

k=—oco

X

q1(0) )ﬁ
P10 (wy)

K+l 02(0) )Flo)
L£720)(w)

> Tkn/ |2 (v2) |dy2xx

J=k=1

—1
X( T ()@ OR0)/

k—=—oo

= E271 X E272.

It is obvious that

Er1=Ei1 SAl, £ 0a10)
1()

(vw1)’

Since néy —w;y & > 0, taking (7), (8) and (9) together, then by Lemmas 4 and 5, we
have

k+1
v(By) %20/

2 k"/ |f2j(v2)|dy2 xx

j:k

< V(Bk)az( )/nz—(n522—wz o) | oxi—1 HLI’Z(')(WZ) +v(Bk)Otz(O)/nHfzkaLpz(_)(wz)
+v(B) O R i s oy

S 2w |y ) eO/n p a0 gy F 1V (Bt /"f2%k||m )

+2" 020 (B 1) 2O o x| s oy
k+1

< X 2B faj ey ) (12)

j=k—1

L1728 (wy)

Estimate E> 5. By (12), we have

1

1 kel 20\ 5o
mas] 3 (3 e ) L

k=—co \ j=k—1

1
42(0)
{ 2 H (By) az /anXk|Lp2) }qz

k=—oco

S 2l geatrar0

P2 () V:WZ) '

Thus, we obtain
E2< Hle 111 ).q1 (- ||f2|| 012 )sa2()

1)1() I’2 )

Estimate E3. Since [ < k—2, j > k+ 2, then we have

(vwp)”

be—y1] = x| = [v1] = 2572, [x—y2| = [yao| — x| > 2772, x € Dy, y1 €Dy, y2 €D;.
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Therefore, Vx € Dy, | <k—2, j > k+ 2, we obtain

Lol f2;(v2)]
, < dyd
PURENONS fo o Tl ey m 1

s27a i [ Gl arldndys.

Since 1/p(-) =1/p1(-)+1/p2(-) and w = wyw,, by Holder’s inequality, we have

2 > T s o) e
[=—c0 j=k+2 LPU) (w)
2 2 2 k"/ |f1(y1)|dyi12™ J"/ |2 (v2)|dy2 xx
[=—o0 j=k+2 LPU) (w)
=2
S| 2 k"/ Lfu(yo)ldy xx

LP10) ()

17700

2 2 J"/ |25 (v2)ldy2 xx

Jj=k+2

Since a(0) = ;(0) + 0 (0) and 1/¢(0) =1/g;(0) +1/42(0), by Holder’s inequality,
we have

1
E3§< > v(By)

k=—oco

(13)

LP20 (w)

q(0)

2 2- k"/ |fu)ldyrxe

|=—oo

110 m)
1

4(0) ) 70
120) ()

z 2_kn/ Lfu(r)ldy

|=——oco

2 27 / |2 (v2)|dy2xx

Jj=k+2

< ( 3 (B0

k=—oo

q1(0) ),,11(0)
LP10) (w))

—1 42(0) #0)
x ( D y(By) %02 o )) 2
1720) (s

—=—o0

Z 2- jn/ |2 (v2)ldy2 xx

j=k+2

= E371 X E372.

It is obvious that

Es1=Ein S ||f1||Ka1(<-)>>ql<->(viwl)~
Pt |

Estimate E3 5. Since w; 0 +ndy; >0, by (9), Lemmas 4, 5 and 8, we obtain

. . ©20)Y 5y

E372§{ z v(By) az < 2 k= 1||f2j||L172(')(W2)) }
k=—oco Jj=k+2

1

—1 oo (k- 5 42(0) 4, (0)
${ 3 (3 e ) Ol ) |

k=—co \ j=k+2
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1
()/n 42(0)
{ 2 Iv( az S ‘LPZ )}

j—_°<’

< Hf2HKsz((-))>q2(-)
pat

(V1W2).

Thus, we have

E3<Hf1H 111 )1 (- ||f2|| 012 112 ( )
Ko "2

Since a(0) = 01 (0) + 02(0) and ndp —w; Ocl-+ > O, i=1,2,by Lemmas 4 and 5
and 7, we obtain

k1 k+1
(BN N T(fu, o)k
I=k—1 j=k—1 L70) (w)
o k1 k+l
SJV(Bk)a( )/n 2 2 ||fll||LP1(‘)(wl)||f2j||Lpz(‘)(W2)
I=k—1 j=k—1
o (0)/n s —(np—w o) oy (-)/n
Sv(BK)™ Z ||f2j||LP2(-)(W2)<2 2O [v(By)™ flllk—lHLm(-)(Wl)
j=k—1
+ HV(Bl)al(')/nfllkaLpl(')(Wl) + ”V(Bl)al(')/nfllxwrl ||LI’1(')(W1)>
k+1 k+1
(Bk)a2( ) 2 ||f2j||LP2 WZ 2 H Bl al / fll”Lpl Wl
j=k—1 I=k—1
k1 k+1
5 z z H (Bl)wl fllHLpl W1 H( )az /nf2JHLP2 Wz) (14)
I=k—1 j=k—1
Estimate Es. Since 1/¢(0) =1/41(0)+1/42(0), by (14) and Holder’s inequality,
we have
-1 oo Kl ktl 4(0) 70
E5§< > v(B)* OO NN T (fu, fo) )
S— I=k—1 j=k—1 L70) (w)
—1 / ktl 710y 7o
S92 X B full o,
(w1)
k=—o0 \I=k—1
1 okt 20\ 5o
A (2 e o) |
k=—oo \ jmk—1

1
q1(0)

{ 2 H (B) al /nfx HLPI } |
1

a2(0)
X{ 3 o= LA >}qz

——o0

<||f1|| k1) Hf2H sz qz ( )
1() "2
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Estimate Eg. Since k—1 <[ <k+1 and j > k+ 2, then we obtain
- 262 x— 2772 D D D;
X —y1] > s =yl > y X€ D, y1 €Dy, y2 € Dj.

Thus, Vx € Dy, k—1 <I<k+1 and j > k+ 2, we obtain

Lfuyo)llf2;(02)]
(fur, f2)) N/ / dyidy;
r 2 nJre (Jx—y1] =+ [x — ya| )2

s2 i [ Gl arldndys.

Since 1/p(-) =1/p1(:)+1/p2(-) and w = wyw,, by Holder’s inequality, we obtain

k1
Y 2 T(fi1,/2)) Xk
I=k—1 j=k+2 LPC) (w)
1 e
S Y X2 kn/ |fu(vi)ldyi2™ j"/ |2 (v2)|dy2 xx
I=k—1 j=k+2 LPC) (w)
k+1
N 2 k"/ |fiu(vn)|dy xx
22 1 Owy)
X 2- m/ |2 (v2)|dy2 xx (15)
Jj= k+2 L20) (wy)

Since ¢ (0) = 01 (0) + 02(0) and 1/¢(0) = 1/¢1(0) + 1/¢2(0), by Holder’s inequality,

we have
—1 k+1 . 4(0)
E¢ S < Y, v(By)” Yy 2 "/ |fu(vi)ldyr xx
ke —oo I—k—1 LP10) (w))
q(0) 70
2 2” J"/ |25 (v2)ldy2 xx )
j=k+2 2720 (ws)
1 - S q1(0) IO}
S ( Y, (B OOy 2 "/ |11 (v1) 1y X )

fe=—oo I=k—1 R L710) (wy)

1

92(0) )qz(O)
LP20) (wy)

By the interchange of fi and f>, we see that the estimate of Eg; is similar to the

Z 2- ’n/ |2 (v2)ldy2 xx

j=k+2

><< _21 v(By)2(0)a

k=—oco
= E671 X E672.

estimate of E>5 and Egy = E35.
Estimate Eo, since [, j > k-+2, then we get

x—yi| > 252 xe Dy, y1 €Dy, y2 €D,
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Therefore, Vx € Dy, [, j > k+ 2, we have

|fu(n Hij(y2)|
i) dyid
‘ (fll 2] ‘N/n/n |x y1|+|x y2|)2n }’1 )’2

s27m2in [t vy

Since 1/p(-) =1/p1(:)+1/p2(-) and w = wyw,, by Holder’s inequality, we have

S S G Bl

1=k42 j=k 2
S| X Z 2 ln/ |fu(yo)ldy12” j"/ | f2;(v2)dy2 xx
I=k+2 j=k+2 LPC) (w)
S| 2 [ 1uenln
1=k+2 10 (wy)
Z 2- ’"/ | f2 (v2)|dy2 )0k . (16)
Jj=k+2 LP20) (wy)

Since ¢ (0) = 01 (0) + 02(0) and 1/¢(0) = 1/¢1(0) + 1/¢2(0), by Holder’s inequality,
we have
s 4(0)

2- "/ | fru(y)ldyi xe

—1
B < ( S (B0

k=—oco I= k+2 LP1 (wy)
\ 10 N\
Z 27 / |25 (v2)ldy2 xx )
J=k+2 LP20) (wy)
-1 . q1(0) ﬁ
5( D v(By)®1© Z 2" "/ |f1 () ldy xx )
k=—oo I=k+2 L0 (wy)
-1 72(0) ﬁ
X ( S v(B)*O 2 2" ’"/ |f2j (v2)|dy2 xx )
ja— J=k+2 L20) (wy)

= E971 X E972.

Obviously, the estimate Eo; is similar to that of E3, fori=1,2.
Taking all estimates for E; together, i = 1,2,---,9, we obtain

E<Hf1|| 061 a1 () ||f2|| 062 qz ( )
10 w2

Finally, we estimate F. By the interchange of f| and f;, we see that the estimates
of F,, F3 and Fg are similar to those of Fy, F; and Fg, respectively. Thus we only
necessary to estimate Fi, F», F3, Fs, Fg, and Fy.
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Estimate Fj, since [, j <k—2, 0o = 0o + 0o aNd 1/Goo = 1 /G100 + 1 /G200, bY
(10) and Holder’s inequality, we have

<ZVBk awq‘”/"

{oo

2 2" k"/ |fu(y)ldy xx

[=—oo
1
e L
L2t ‘2))

2 2 kn/ |fuyo)ldyr xx

|=—oo

LP1Y (wy)

2 2" k"/ |2 (v2) |dy2xx

Jj=—oo

(i (By) almfjlm/"

qles ) i
LP10) (w))

@200 ) e
L720) (wy)

(i Bk 052«»42«»/"

ke
2 k"/ |2 (v2)|dy2 xx

j——oo

= F171 X F172.

where

F (Z v Bk Ohool]:m/"

Estimate Fj ;. By (7), Lemmas 4 and 5, we obtain

2 kn/ ‘.fll yz |dyLXk

17700

LPiC) (wy)

Fué{Z( 2 Iv(B) 061 /nleHLp o (k=1)(w o —nédp2)

k=0

|=—oo

3 k—D)(wi ot —n§ dies fh%o
+ 2 ”V(Bl)ai(')/nfil||L1’i(-)(w,-)2( —D(w o —n i2)> }

=0

1
. Gico ql—w
: { Z ( Z [v(B1) oc, /nleHLp, k= l)(wjalf_n5i2)> }

k=0

|=——oco

3 S + ot Gieo i
{Z (Z ”v Bl oc, /nftlHLP 2(k=D)(w; ey —n5,~2)> } !

k=0 \I=0
=:11+1.
Estimate 1. Since w;" o —ndp < 0, we have

S i)/ S (k=1) (w7 o5 ~néin) k=
Iy=13 Z VB full i ¢ % o

k=0

|=——oco

o ~1 Gimo Y 7
k=0)(wi " —n; i
SR A L
pi(- v

k=0 \l=—co
5 ||‘fl ”Ka'(())q’()(vw) N
pi(- o
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Estimate 5. Since w;

1
i Tiew
15:{Z<ZII (B fall 0 205

ot —ndp < 0, then by Lemma 8, we have

k=0 \i=0
e
Gico
{zn @ sl )
<If
< i Hkﬁj)xqi(-)(v’wl_)'
Thus, we get
F1<Hf1H 111 ).q1 (- ||f2|| 012 112
Koo (uwa)
Estimate F>. Since | <k—2, k—1 < j<k+1, Oo = 0o+ 0o and 1/ge =

1/q10+ 1/q2e, by (11) and Holder’s 1nequa11ty, we have

Gos

—1
ps( 3 s S

k=—oco

2 k"/ |1 (1) ldy1 xx

4o ) =
1720()

1) (wi)

z—_oo

k+ .
2 "/ |2 (v2)dy2 xx
=1<

X
J
1
—1 X qleo oo
5( D v(By) =1 Z 2" "/ [ f1(v1)|dy1 xe )
oo [ L"l(')(wl)
—1 el 92es e
% ( 2 (Bk)azqum/n 2 2= "/ |f21 y2 |dy2)(k )
S k1 LP20) (wy)
= F2,1 X F272.

It is obvious that
Bi=F S Al £ 0ar0)

1)1()

(nw1)’
Estimate F> . By (12), we have

_L

SN o)/ o)
Ras {3 (X @)= i) |

k=0 \ j=k—1
e
n - 920

{IZOH V(B o[, )}

< .
< Il K220 )

V22N
Thus, we obtain

F2<Hf1H £ 0a10) ||f2|| 062 qz ( )
p10) "2
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Estimate F3. Since [ <k—2, j 2 k+2, Oo = 0o + 0o and 1/¢oc = 1/q10o +
1/¢2-, by (13) and Holder’s inequality, we have

oo

—1
R < ( > v(B)l

k=—oco

2 2- k"/ |fu(v)ldyr xe

|=—o0
1
qes =

L720) (w 2))

ke
2 k"/ |f11(v1)ldy1 xx

z—_oo

)

Z 2” ’"/ | f2j (v2)|dy2 1

Jj=k+2

—1
5( 2 V(Bk)anooqloo/"
k

—=—o0

. ) i
110 wy)

4200 ) e
1r2() (w2)

2 J"/ |2 (v2)ldy2 xx
Jj= k+2

—1
x( 2 V(Bk)azooqzm/n

k=—oo
= F371 X F372.

It is obvious that
Fs1=F1 S | fillgeoa0

P1()

(V.,Wl).

Estimate F3 . Since w, o, +n61 > 0, by (9) and Lemma 8, we obtain

1
4200 Do
F3,25{2( Y 2N )|y g yeaCingy ) Wz)) }

k=0 \ j=k+2
1

920
5{2” O sl (wz)}

< Hf2HKsz((-))>q2(-)
pat

(V7W2) '

Thus, we get
F3< Hle 111 )saq (-

1)1()

||f2|| 012 112

f’2

o Jvwn)’

Estimate Fs. Since Oto = Olfeo + 0o and ndjp — w; Oci+ >0,i=1,2, by Lemmas
4 and 5 and 7, we obtain

k+1 k+1

) > > T(fu.foi)x
I=k—1 j=k—1 LPO) (w)
K+l k1
zSV(Bk)aw/n 2 2 ”fll”LPl(‘)(wl)||f2j||LP2(')(W2)
I=k—1 j=k—1
s (B o) )/
Sv(Bk)(XZm n 2 HfszLPZ(')(wz) (2 nop—wy 0y ||V(Bl)051 nleXk—l”LPl(')(wl)
j=k—1

+ HV(Bl)al(')/nflllk||LP1(-)(W1) + HV(Bl)al(')/nflleH HL”I(')(WI)>
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k+1 k41
5wmw"zwmmW22HBﬂ/ﬁmmm
Jj=k—1
k+1  k+1
,S 2 2 ”V(Bl)al(.)/nfllHLPl H ( )OQ /f2jHLP2 Wz) (17)
I=k—1 j=k—1

Since 1/¢e = 1/q1e+ 1/ 2, by (17) and Holder’s inequality, we have

1

k1 k+1 o 7=
> Y T(fushoi)x )
k=0 I=k—1 j=k—1 L0 (w)

FS,S <2V Bk aoon/n
o/ okt 3 91 71z
OC
{Z( > v(B) i " full o) W1)) }
I=k—

1

oo k+1 o)/ 922 s
A3 (2 M sy ) |

1

5{2|\V(Bk)al /nflxk|2: oo )}qlw

k=0
1
{znm%/%mww NS
S Ao 01 Hsz 209020 (-
P1() P2() w2

Estimate Fg. Since k— 1 <I<k+1and j 2 k+2, Oo = Moo+ Moo, 1/Ge =
1/q10+ 1/q2e, by (15) and Holder’s inequality, we have

oo

ki1
Y 27k"/Rn |fu(v1)ldy1 X

I=k—1
qoo ) _q(lx,
U’Z(')(wz)

~1
F S ( S v(By) %=l

k=—oco

LP1O) (wy)

2 2" ’"/ |2 (v2) |dy2xx

Jj=k+2
—1 Bl 1o T
S ( > v(By) =i/ >y 2 n/ |fu () dy xe )
J— I=k—1 R" LP1O) (wy)
—1 G200 ,12%0
% ( z (Bk)azwlhoo/n z 2~ jn/ ‘f2] y2)|dy2)(k )
k=—oco j=k+2 L20) (wy)
= F6’1 X F6’2.

By the symmetry of f| and f,, we can know that the estimate of Eg ; is similar to that
of E1» and Egr = E35.
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Estimate Fy, since I, j > k+2, = o + Mooy 1/qoo = 1/q100+ 1/q2e, bY
(16) and Holder’s inequality, we have
_1 oo Goo
ps( 3| 32 [ e
k=—co I=k+2 R7 LP10) (wy)

1
- . Geo =
x| Y 27""/ | f2j (v2)|dy2 xx )
j=k+2 R” £720) (wy)
=1 oo ; qleo ,,1%0
5( > v(B)u=nen Y 27"/ |fu(v)|dy1 xx )
[ — I=k+2 R7 L210) (wy)

P20 ) e
720 (wy)

Obviously, the estimate of Fy ; is similar to that of F3, for i=1,2.
Taking all estimates for F; together, i =1,2,---,9, we obtain

—1
« ( Z v(By) 062»«112eo/"

k=—oco

Z 2” ’"/n | f25 (v2)dy2 xx

Jj=k+2

= Fg’l X Fg’z.

F < '
Hle 5‘11()‘11 ( 1||f2||Kg§())q2()(V,w2)

This completes the proof. [l
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