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Abstract. In this paper, we consider the compactness and the spectrum of the generalized dif-
ference operator A, on the Banach sequence spaces (>, of bounded sequences, and bv, of
bounded variation sequences, which allows us to generalize and extend some existing results for
the operator A, . Furthermore, the results for the operator A, on ¢ are new even in the case
where A, is reduced to the difference operator A.

1. Introduction and the results

In this paper, we concern ourselves with the generalized difference operator A,y ,
which is defined on a sequence space [ by

Agpx := (agxy, +bk_1xk_1)2°=0, x:=(xx) = (%) po € U,

where b_; =x_; =0. Here, (a;) and (b;) are sequences of real numbers [5]. If a; = 1
and by = —1 for k > 0, then the operator A, is reduced to the difference operator A.
Suppose that A acts on ¢~. The spectrum of A is 0(A, (7)) ={A €C:|A—-1| < 1};
see [9, Theorem 2.12]. If a; = r and by =5 # 0 for k > 0, where r,s € R, then the
operator A, is reduced to the generalized difference operator B(r,s); see [10]. Let us
remark that B(r,s) = —sA+ (r+s)I, where I is the identity operator. Then the spectra
of B(r,s) are obtained from the corresponding spectra of A by the application of the
transformation A’ = —sA + r+s. This is an obvious consequence of the fact, that the
equations
(B(r,s) — A T)x = —sy, (A—ADx=y

are equivalent when A" = —sA + r+s.

We are interested in the boundedness, the compactness and spectra of the gener-
alized difference operator A,, on the sequence space ¢, as well as on the sequence
space bv. That is, we consider a small perturbation of B(r,s) = —sA+ (r+s)I, where
r,s € R, and observe what happens to the spectra in both compact and noncompact
cases of the operator.

Among other Banach sequence spaces, we take up ¢~ and bv. Recall that ¢~
is the Banach space of bounded sequences of complex numbers with the well known
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¢=-norm. The Banach space bv is defined by bv := {x = (xz) : X0 [xx —Xx—1] < oo},
with the norm

[[x[lpy = Z:zo Xk — X1 (x_1:=0).

By the triangle inequality, bv is continuously embedded into ¢*. From the proof of
this proposition, we feel that these two spaces are close to each other. Thus, one of the
aims of this paper is to detect the difference between them in the study of spectra of
Agp -

The spectral problem of infinite matrices, in general, has deserved the attention of
researchers, and some of them are motivated by the numerous applications of this scien-
tific area. For example. Hilbert studied the eigenvalues of integral operators by viewing
the operators as infinite matrices [30, p. 1063]. Further, it is known that infinite system
of linear equations can be represented alternatively by infinite “coefficient” matrix. In
[45] Shivakumar and Wong discussed infinite systems for algebraic equations, while
Chew, Shivakumar and Williams [17] discussed systems of differential equations. In
[44], Shivakumar, Williams and Rudraiah discussed eigenvalues of infinite matrices as
operators acting on ¢! and ¢. Further, Shivakumar and Williams [43] discussed the
existence and uniqueness of solutions to infinite linear systems in ¢~; they obtained
necessary and sufficient conditions for the convergence of certain iteration scheme in
terms of the spectral radius of the associated operator.

Spectral problems for infinite matrices arise frequently in mathematics and engi-
neering. We find the theoretical and computational difficulties both in finite and infinite
cases. For finite matrices, we have some technique both in theory and in computation.
However, for a general infinite matrix, there is no known method for obtaining its spec-
trum. To the authors’ knowledge, Brown, Halmos and Shields started the investigation
of this problem in their paper [15] where they investigated and solved the problem in
the case of the Cesaro matrix C; as an operator on the sequence space /2. More papers
by different authors were devoted to the spectra of C; on the sequence spaces ¢ [32],
co [32,38], £P (1 < p <o) [15, 18, 32], £ [32, 37], bvg [35], bv [36], and to the
Bachelis space N? (1 < p < o) [19] and the weighted (P (1 < p < o) spaces [, 2].
Motivated by the paper [15], in [39], Rhoades started (see also the later papers of Lei-
bowitz [33] and Rhoades and Sharma [40]) to deal with the above problems in the case
of certain classes of Hausdorff matrices. Basar overviewed the extensive literature on
the spectrum of matrix operators in [12]; see also [53] and [34, Chapter 5].

The spectra of the generalized difference operator A, in various sequence spaces
have attracted a lot of attention. For example, we mention the works in ¢ 117, 46, 471,
P (1< p<oo) [8], ¢ [5,6], co [22], bvy [23], h [23] and cs [42]. For the operator
B(r,s), the problem was studied in the Banach spaces co, ¢, * (1 <p <o), by,
(1< p<e), cs, bvg and h; see [10, 13, 21, 23, 25]. The spectra of the difference
operator A was also considered in [3, 4, 9]. In similar investigations [20, 24, 28, 29,
42, 52], the problem was studied for the upper triangular double-band matrix A% as
an operator in the Banach spaces P (1 < p < ), ¢g, ¢, cs and bv, where A% s the
transpose of A,,. We observed that the spectral problem of the generalized difference
operator on ¢ is not completely settled down in the literature.

This work is a continuation of the works by El-Shabrawy and Abu-Janah [23] and
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Sawano and El-Shabrawy [41, 42].

Below, we formally state and discuss our main results in full detail. The proofs of
these results are given in Sections 3, 4 and 5.

The boundedness and the compactness of the operator A,;, are characterized in the
following theorem, which is our starting point in this paper.

THEOREM 1.1.
(1) The operator Ay, is bounded on €7 if and only if

M = sup (|aj\ + ‘bj,1|) < oo,
JENy

If this is the case, the operator norm of Ay, equals to M.

(2) The operator Ay, is compact on £ if and only if

limajz llmeZO
J—roo

j—>o<)
(3) The operator Ay, is bounded on bv if and only if
My = sup <\aj\ + ‘ajJrl —aj—f—bj\ +2:=j+2 lax — ag—1 + br—1 —bk_zo

Jj€Ng
< oo,

If this is the case, the operator norm of Ay, is less than or equal to M.

(4) The operator Ay, is compact on by if and only if

Y olar— a1 +bi i —bps| <eo, lima;=limb;=0.
— j—>°<)

J—roo
In Theorem 1.1, there is a gap between ¢~ and bv as the following example shows:

EXAMPLE 1.1. The operator A, need not be bounded on the space bv even

though (a;) and (by) have finite limits as the example of a; = (_Jr—lik and by = 0 shows.

Before we discuss a more detailed description, we give further examples.

EXAMPLE 1.2. Suppose that b; # 0 for all k and klim ap = ]}im by=0.If A =aq;

for infinitely many j, then A =0 does not belong to the point spectrum; A =a; =0 ¢
Op (Aab7 f'x’) .

It should be observed that if b, = 0 for some k, then we will need to decompose
the action of A, into the direct sum. So to avoid this situation, we assume that by # 0
for any k.
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EXAMPLE 1.3. Suppose that by # 0 for all k£ and I}im a; = klim bi=0.1f A =

an, = 0 for some ny € Ny for finitely many ng, we may not be able to generally deter-
mine whether 0 € 6;,(A,£”) or 0 ¢ 0,(Agp,¢”). This will depend on the choice of
(ak) and (bk)

To avoid the situation in Examples 1.2 and 1.3, it seems natural to assume that
ay # 0 for all k. Thus, the following assumptions are natural.

ASSUMPTION 1.1. Let (a;) and (by) satisfy

arbe#0 (ke Ng),  lim a = lim by = 0. (1)

ASSUMPTION 1.2. Let (a;) and (by) satisfy
2::0 |ar1 — ar + by — br_1| < o.

So, based on Assumption 1.1, we consider the case of the small perturbation of the
Zero operator.
We write

A={a:k=0,1,2,...}. )

Under Assumption 1.1, together with Assumption 1.2 in the case of bv, the oper-
ator A, will be compact in £~ and bv as we will see in the next theorem.

THEOREM 1.2. Suppose we have sequences (ai) and (by) satisfying Assumption
1.1. Let p € {¢°,bv} and assume in addition Assumption 1.2 if i =bv. Then Ay :
U — W is a compact operator and the following hold:

(1) o(Aap, ) =AU{0}.
(2) Op(Awp, 1) =A.
(3) or(Aap, pt) = {0}
(4) oc(Aap, i) = 2.
(5) Mo (A, pt) = {0}.
(6) II30(Ags, 1t) =A.
No wonder that with different assumptions we obtain different results; it is a well-
known fact that if assumptions are different, the results may (although they need not) be

different. This will be demonstrated in determining the point spectrum by the following
example.
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EXAMPLE 1.4. Let (a;) and (by) satisfying limy ...y =0 and ap = a; = ap =
--=0. Suppose that (A —AI)x =0, x = (x¢) € le. Then

Axo =0, bixy — Akarl =0, k € Np.

It is clear that A ¢ op (Agp,fee) for all A # 0. Now, A =0 ¢ o, (Agp, L) Whenever
b #0 forall k€ Ng. But A =0 € 0 (Agp,{-) Whenever by =0 for some k € Np.
Similar results can be obtained in bv.

Note that if bo =b; =by =--- =0 and lim a; = 0, then the results remain valid

—>00

in Theorem 1.2.

Next, we consider another assumption.

ASSUMPTION 1.3. Let (a;) and (b) have finite limits and
by #0 (ke Np), klimakza, klimbk:b;«éo.

In Assumption 1.3, we assumed b; # 0 forany j. This is a reasonable assumption.
In fact, lim b; # O implies b; can be zero only for a finite number of j. Choosing the
J—roo

maximal j with b; = 0, we can decompose the operator Ay, into direct sum of two
operators. One is generated by a finitely supported (small) matrix and the other is an
operator satisfying Assumption 1.3. To avoid the effect of this small matrix, we assume
bj#0 forany j.

If ay =1 and by = —1 for all k € Ny, then Assumptions 1.2 and 1.3 are satisfied.
In this case A, is nothing but the difference operator A.

Now, under Assumption 1.3, let A € dA(q,|b|) ={A € C:|A —a|=|b|}. Then
we have

lim |A —a;| = |A —a| = |b| #£0.

Let N(A4) denote the smallest N € N for which A # a; for all j > N. Based on this
notation, consider the set
< w} .

THEOREM 1.3. Let the sequences (ay) and (by) satisfy Assumption 1.3. Then,
the operator Ay, : £ — L% is a bounded operator with

bi—1
A —da;

Koo := {7L € ANJA(a, b)) : supri,i,v((f))
1

We have the following main result:

|Aap |- = sup {|a;|+[bj-1]} -
JENy

Furthermore, the following hold:

(1) 6(Awp,07) =A(a,|b])U (AN (C\A(a, [b]))).



964 S.R. EL-SHABRAWY AND Y. SAWANO

2) 0p(Aap,£=) = (AN (C\A(a,|b]))) UK.

Some difficulties caused some problems in characterizing the residual and the con-
tinuous spectra of the operator A,y : ¢~ — £ in general. However, we give specific
results; see Theorems 1.4, 1.5, 1.6 and Corollary 1.1 below. We hope to have advances
regarding these results in another publication.

THEOREM 1.4. Assume that Assumption 1.3 holds and that Y3, |ax + bi| is con-
vergent (clearly, in this case a=—b#0). If 0 ¢ 0p(Aup,L7), then 0 € 6:(Agp, £7).

We assert that the class of the operator A, , under the assumptions in Theorem 1.4,
includes in particular the generalized difference operator A, investigated in [7, 46].
The following theorem gives an inclusion region for the residual spectrum.

THEOREM 1.5. Under Assumption 1.3, the following hold:
(1) 6r(Aap, ) U Oe(Aap, €7) = A(a, [b]) \Keo.
(2) {AeC: Y2 o|A —ax—bi| < oo} N\ 0p(Auy, £7) C Or (Agp, 7).
(3) AN (A(a,|b])\K=) € Or(Aup, 7).

Note that {4 € C: X7 ,|A —ax — bi| < oo} contains at most one element.
A complete characterization of the spectra of the difference operator A on ¢ is
settled in the following main theorem of the present paper.

THEOREM 1.6. The following hold:
() oA =)={AeC: A —1|<1}.
2) 6)(A L) =0,
3) oA )={AeC: A -1 < 1}.
4) oA L) =2.
G) ILio(Al)={AeC:|A—-1| < 1}.
6) ILo(A,l*)={AeC:|A—-1]=1}.

Theorem 1.6 can be extended easily for the operator B(r,s);

COROLLARY 1.1. The following hold:
(1) o(B(rs),t=) = {A € C:|A—r| <|s|}.
(2) op(B(rs),07)=2.
(3) 6:(B(rs),67) = {A € C: [ —r <s]}.
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4) o.(B(r,s),0°) =@.
(5) M o(B(rs),t=)={AcC:|A—r|<]s|}.
(6) ILo(B(r,5),0=)={A €C:|A—r|=]s]}.

The reader can easily prove Corollary 1.1 by observing that the spectra of the
operator B(r,s) = —sA—+ (r+s)I are obtained from the corresponding spectra of A by
using the transformation A" = —sA +r+s to the A -plane.

To state the next theorem, we adopt the following additional notation:

Ky = {JL € ANJdA(a,|b|): (Hgii/v((f)) A —b;'+1> - bv}7

Hy = {k € dA(a,|b|): (Hfo A b__ai> € bs :bv*}.

One can easily observe that Ky, C K. C Hy.
For any complex number A € C\ A, let (t,’{” ) be a double sequence which is given
by

m m 1 m k bi
=1 (A)= b_sz:() (Hij 7 —lai) . kmeN,.

and consider the set

F,= {k € C\ (Ala,|b))UA) ssup > " o [ =1y | = oo} :
m
Note that Fi, = @ in the special case where (a;) and (by) are constant sequences.

THEOREM 1.7. Let (ai) and (by) satisfy Assumptions 1.2 and 1.3. Then
(1) 0(Aw,bv) =A(a,|b])U(AN(C\A(a,[b]))) UK.
(2) Op(Awp,bv) = (AN (C\A(a,|b]))) UKp.
(3) 0:(Aup,bv) = A(a, |b]) U ((HyU{a+b})\Kp).
(4) 0c(Aap,bv) = [dA(a, |b])\ (Hy U{a+b})|UF.
(5) M35 (A, bv) = (AN (C\A(a,|b]))) UKp.
(6) Mg (Ag,bv) UTllzg (Agy, bv) = A(a, [b]) U ((Hp U{a +b}) \Kp).
(7) g (Aap,bv) = [0A(a, [b])\ (Hy U {a+b})|UFy.

Further subdivision of the spectrum will be given in Theorem 5.8.

We organize this paper as follows: Section 2 collects some preliminary facts and
results. We prove Theorem 1.1 in Section 3. Section 4 is devoted to the proof of
Theorem 1.2, while Section 5 proves Theorems 1.3—1.7.

Here, we explain the standard notation used in this paper.
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e Denote the set of all natural numbers by N and the set of all nonnegative integers
by N() .

e The set of complex numbers is denoted by C.
e The set of all complex sequences is denoted by /0 = (°(Ny).

e We use the conventions that 7' ¢, =0 and [I}",cx =1, for any n,m € Ny
with n > m. Also, any term with negative index is equal to zero.

e We write 0 :=(0,0,0,...).

e Let r >0 and z € C. Then we write

Alz,r):= {AeC:|A -z <r},
A(z,r):= {AeC:0<|A—2z <7},
Alz,r):= {AL€C:|A—z7 <},
IA(z,r):= {AeC:|A—z]=r}.

2. Preliminary facts and results

To make this paper self-contained, we briefly overview notation used in this paper.

Let u; and u, be two Banach sequence spaces, and let A = (a,x) an infinite
matrix. We identify the matrix A with the linear operator A : u; — U, if for every
sequence x := (x;) € U, the sequence

Ax = ((Ax),) = (2::0 an,ka) )

the A-transform of x, is in . We denote the class of all matrices A that maps | into
Uy by (U : tp). Thus we write A € (U : Up), called matrix transformation from L,
into Uy, if and only if Ax € u, forevery x € ;.

By bs we denote the Banach space of all sequences x = (x;) for which

Ills = sup [ 30y
neNy

is finite. It is known that bv = C @ bvg, where bvy =bvNcy is a subspace of bv. Then,
bv* = C*@bvy = Cdbs =bs. The last isomorphismis given by (L, (x1,x2,x3,...,)) —
(L,x1,%2,%3...), where L = limy_.x;. (cf. [14, 7.5.11(b), p. 385]).

If T : bv — bv is a bounded linear operator with matrix A = (a, ) , then its adjoint
T*:bv* ~ C&bs — bv* ~ C & bs has the matrix representation of the form (cf. [36])

V-V o -V ;- -
Yo Yoo —Vo 1o — Vo 20 — Vo -
Vi ror —VvViriy—vinrn —vy - ’
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where v, = liMy—co Tipn, Op = 20— ¥nm and Y = limy,_co @,
The operator A,, may be considered as a generalized summability method, so that
it can be represented by the infinite matrix

a 0 0 -
boa; O -
Aah:(ank): 0 bl a -+

So, for the generalized difference operator A, acting on bv, we have

a+bay—a—bay+by—a—ba+b,—a—>b---

0 ao b() 0
*h — 0 0 aq bl

0 0 0 as

We assume some familiarity with the basic concepts of spectral theory of bounded
linear operators, principally the spectrum and the classical subdivisions of the spectrum
and we refer to the books by Stone [49], Taylor and Lay [51] and Kubrusly [31] for
basic definitions.

Let X be an infinite dimensional complex Banach space. The set of all bounded
linear operators on X into itself is denoted by B(X). For T € B(X), we use R(T) to
denote the range of 7. Write T, = T — Al, where A4 is a complex number and 1 is the
identity operator acting on X .

There are different types of classification of the spectrum of a bounded linear op-
erator on a Banach space; all of them are based on the possible behaviors of R(7;) and
T[l . The first classification provides a disjoint subdivision of the spectrum into the
point spectrum o, (T,X), the residual spectrum oy (T,X) and the continuous spectrum
0. (T,X). This is the customary classification of the spectrum [49].

Following Appell et al. [11], more subdivisions of the spectrum can be defined;
the approximate point spectrum Gy, (T,X), the defect spectrum o5 (T,X) and the com-
pression spectrum O, (T,X).

Another classification is due to Taylor and Halberg [50]; we can classify the spec-
trum into seven disjoint sets o (7,X), I;0(7,X), ILo(T,X), I0(T,X), Ill;6(T,X),
N6 (7T,X) and l30(T,X).

For the sequel we need the following lemmas.

LEMMA 2.1. [26,27] Let T be a bounded linear operator on a complex Banach
space X . Then I o (T,X) and 136(T,X) are open sets.

LEMMA 2.2. [41, Lemma 2.2] Let T be a linear operator on a Banach sequence
space X that has a lower triangular matrix representation A = (a, ). Then the point
spectrum of T on X is at most countable. More precisely, we have o,(T,X) C {an, :
ne N()}.
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The proof of Theorem 1.1 hinges on the following fact on matrix operators on ¢!
and (.

PROPOSITION 2.1. Let V = (vjx)jren, be aninfinite matrix with complex entries.
The following holds:

(1) The matrix V = (vjx) jren, generates a bounded linear operator on {* into itself
if and only if
(T o) <=

If this is the case, the operator norm of V is equal to T.

7 = sup
JENy

(2) The matrix V = (vji)jreN, generates a compact linear operator on {* into itself
if and only if

L—00

lim {sup (Z::L "jk)} =0.
Jj€Np

(3) The matrix V = (vji)jken, generates a bounded linear operator on 0" into itself if
and only if

I7 = sup <Z:=O|vkj|> < oo,
J€Ny
If this is the case, the operator norm of V is equal to ITT.

(4) The matrix V = (vji) jken, enerates a compact linear operator on 0V into itself if
and only if

SRS

—>00

Proof.

1. Although (1) is recorded in [48, Formula (D], we can quickly prove the assertion
if we test the operator on (¢'® ¢'?1 .. ) for @y, @p,... € R.

2. The “if” part is clear since
Jim [V =V [l =0,

where
Vi = (Xj0.,)(K)vjk) j keng
is a finite rank operator for each L € N.
The converse, or the “only if” part is proved by contrapositive. Assume

lim { sup (ZZ;L vjk)} £0,
J€Ng

—>00



GENERALIZED DIFFERENCE OPERATOR ON THE SPACES (* AND bv 969
so that there exists a constant k¥ > 0 such that

sup (D, [viel) > x>0
J€ENy

for each L € Ny. Thus we can find j; € Ny such that
> ikl > x> 0.
Furthermore, we can also find K; > L such that
S i il > x> 0.
We define a sequence by the recurrence formula:
Ao=1, A1 =Ky, +1 (LeNy).
Then for each L,

Api1—1 Ky
o ikl = 220 ikl > k.

If we set
XL = (Oa e ’O’Sg_n(VjL,AL)’Sg_n(VjL,AL+1), e 7Sg—n(VjL7AL+1—1)7O~ . ~)7

then we have

K,
IVxe =Vap e = Varlle = D0 visl >k (I<SL<L <eo).

This means that {Vx;}7_, is not a Cauchy sequence, while {x; }7_, is bounded.
So, V is not compact.

3. Simply take the transpose of (1) using the duality ¢!(No)—¢(Np) or resort to
[48, Formula (77)].

4. Simply take the transpose of (2) using the duality ¢! (Ng)—¢=(Np). O

3. Proof of Theorem 1.1: Boundedness and compactness of A,

Assertions (1) and (2) are consequences of Proposition 2.1(1)-(2).
We prove (3). We use the isomorphism

k

U () € €' (No) = (3]

.:Oxj> € bv

and its inverse
(xk) €bvi— (xk—xk,l) S El.
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We consider the following commutative diagram.

(Ny) —%— by

f a0

(Ny) —Z— by

‘We calculate

AgpoUx= (ak El;zoxj +br_1 Zf;éx,> € bv
and

Kx=U"! oAgmpoUx
k k-1 k-1 k-2
= (ak Ej:Oxj +bi_q ijoxj —ag—1 Ej:()x‘,' —br_» Ej:OxJ)
k-2
= (aka + (@ — ar—1 +br—1 —b-2) Zfzoxj + (ak — ag—1 + bkfl)xk71>

el
Here K is a linear operator given by
j-2
Kx = (ajxj +(aj—aj_1+bj_1)xj1+(aj—aj_1+bj_1 — bj—2)2k:oxk> )

Using Proposition 2.1(3), we obtain the desired result.
Finally we prove (4). If the conditions in (4) are satisfied, then

[[Aab () = Aan((jo.m) (7)) F=0) [bv

lim  sup =0.
M=o (¢ Yebv\ {0} [[Gxj)[lbv
In fact,
up [[Aan (x;) = A ((Xj0.m (7)X) F=0) llbv
(x;)€bV\ {0} 1| Gx) by
< SUP [ Xfmt1.00) ()|
JENy

+ sup Ximt1,.00) (F + D1 = X 1,00) (1)@ + Xms1,00) ()b
JENp

+ sup D jin 2m ) ()i = X2,y (K) (@1 = bret) = Ajm3.0) (K) oi2].
JENp
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By the triangle inequality,
”Aah(xj) —A h((X[O m]( )xj), 0) [[ov

sup

(x;)€bv\ {0} [1Gej)llov
< osup ajl+lamyr|+ sup aji—aj+bjl
JENoN[m+1,00) JENgN[m+1,00)

+ |am| + lam—1] + [bm| + |bm—1| + |@m—1| + |@m—2| + |bm—1| + |bm—2]
+  sup D o lac— a1+ b1 — b
JENpN[m+1,00)
—0

as m — oo. S0 Ay, is a compact operator.
Conversely, assume that A, is a compact operator. Observe that the j-th elemen-
tary vector e; is mapped to aje;+bje; | foreach j. Thus,if hm na; #0 or hm b;#0

then (aje;+bjejy1) does not have any convergent subsequence In fact, 1f thlS is the
case, there exists k > 0 so that either |a;| > x for infinitely many j or |b;| > x for
infinitely many j. Let us write J for the set of all such j. Thenif j,j € J satisfies
j+2<j . then |lajej+bjej 1 —ajey—byeyi|loy > K. Thus (aje;j+bjeji ) does
not have any convergent subsequence. So the conditions lima; =0 and limb; =0

]—}oc /—}oc J
are necessary for Ay, is compact. Since the compactness of A, implies that A, is
bounded, X7 |a; —aj-1+bj_1 —bjs| <o is necessary as well.

4. Proof of Theorem 1.2: Spectra of A,, (compact case)

We specify the spectra of the generalized difference operator A,, as a compact
linear operator in the sequence space ¢, as well as in the sequence space bv. To the
best of our knowledge, no contribution has appeared so far to study this problem in the
space ¢ even in the case of the operator B(r,s). Theorem 1.2 will be decomposed into
Theorems 4.1, 4.2, 4.3,4.4, 4.5, 4.6, 4.7 and 4.8, which will be proved in the next two
subsections.

4.1. The case of ¢~

Throughout this subsection, we assume that Assumption 1.1 holds. It follows from
Theorem 1.1(2) that the operator A, is compact on £*.

THEOREM 4.1. 0p(Agp, £7) =A.

Proof. Applying Lemma 2.2, we learn that the only possible eigenvalues of A,
are the diagonal elements; o, (Az,¢”) C A. To prove the reverse inclusion, let A = ay,,
for some fixed ny € Ny, and consider the relation (Ay, — Al)x = 0 for some x = (x;) €
¢°(Ny). Then, as a candidate of the solution x, we define (x;)7_ which is subject to
the following recurrence formula

j =n

Xpy = 1, bixy + (axe1 — A)xpe1 =0, for all k > ng,
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where it is understood that ng is the largest k so that A = ax = a,,. Hence a; # ay,
for all k > ng. We also define x; = 0 if j <ng. Since by # 0 for all k € Ny, each x; is
well defined and satisfies x; # 0 as long as k > ny. We see that x € £~ since

by
A —ary1

Xk+1

Xk

lim

k—so0

= lim

k—soo0

=0.

Consequently, we conclude A4 = a,, € 0,(Ag,£). This completes the proof. [

Now, we arrive at one of the main theorems of this subsection.

THEOREM 4.2. 0 (Ay, ) = AU{0}.

Proof. Since A, is compact, the spectrum consists of the point zero together with
the non-zero eigenvalues. [

THEOREM 4.3. 6;(Ayp, ) = {0} and oc(Aw, ) = 2.

Proof. Using Theorems 4.1 and 4.2, we obtain o;(Aup, ) U 0 (Agp, £7) = {0}.
So we need to specify which set does 0 belong to. But, the range of the operator
Agp is contained in ¢p. In fact, let x = (x,) € €. Then y = (y,) = Agpx, wWhere
Vn = apXp + by_1x,—1. Then

] <SPl (] +[bacr) =0 asn oo

That is, R(Au) C co. So, since ¢ is closed in £, R(A,p) is not dense in ¢<. Thus
0 € 0:(Aup,¢). The second statement follows directly from the fact that

GC(Aabagoo) = G(Aabagm)\ (Gp(Aabagoo) U GK(Aabagoc)) .

This completes the proof. [

Furthermore, we have the following:
THEOREM 4.4. The following hold:
(1) Mo (Ag, ) ={0}.
2) M0 (Ag, () = A.
Proof.
(1) AsinLemma 2.1, IIT;6(Agp, £7) is an open set. Meanwhile,
11,6 (Agp, £7) UL 6 (Agpy, £7) = 0¢ (A, £7) = {0}

Thus, II;6(Agp, £7) is empty and I, 0(A4p, £7) = {0} .
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(2) Let A = ap, € 0p(Agp,£7) with ng € Ng. Then R (A, — AI) is contained in

{y:(y07y17~~>yn07~~)65% : 70y0+rly1+"'+rnoyn020}-

for some (ro,...,7n,) € R0\ {0}. So, R(Au — Al) is not dense. Note that
I30(Aup, £7) = @ by Lemma 2.1. Thus, 130(Ayp, 0°) = 1306(Agp, £7) = . It
remains to use Theorem 4.1 and the fact that

0p(Aup, €7) =136 (Aup, £7) U3 6 (Agp, £7) UTTT3 6 (Agp, £7). O

4.2. The case of bv

In this subsection, we assume that Assumption 1.1 holds, as well as Assumption
1.2. That is, the operator A, is compact on bv; see Theorem 1.1(4).

THEOREM 4.5. 0p(Agp,bv) =A.

Proof. The proof is similar to that of Theorem 4.1, and so is omitted. [
LEMMA 4.1. op(A%,,bv") = 0p(A%,,bs) =AU{0}.

Proof. Suppose A’, f = Af for f = (fx) # 0 in bs ~bv". Then

—Afo+ Yy o lax+bi) fis1 =0,
(ak — ) frs1 +bifrar = 0, for all k € Nj.

It is observed that (1,0,0,...) is an eigenvector associated with the eigenvalue A =
0. Thatis, 0 € op(A},,bv"). Moreover, one can easily show that A C o,(A”,,bv").
Furthermore, for all A ¢ AU {0}, we have

Ser1

Sk

A—ap

= lim
by

k—soo0

lim

k—soo0

That is, f = (fx) ¢ bs ~ bv*. This completes the proof. [

Similar to Theorem 4.2, we can specify o(Agp,bv):
THEOREM 4.6. 0 (Ay,bv) =AU{0}.

THEOREM 4.7. 0;(Ayp,bv) = {0} and oc(Ayp,bv) = @.
Proof. Simply observe that

Ot (Aap; V) = 0p(Ayy, bV )N\ Op (Ags, bV),

(cf. [11, Relation 1.56, Proposition 1.3(e)]) and then apply Theorem 4.5 and Lemma
4.1. The second result follows immediately;

Oc(Aup,bv) = 0(Aup,bv)\ (Gp (Agp,bv) U Gr(Aub,bV)) .
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Alternatively, the result follows from the fact that the range of the operator A, is
contained in co Nbv =: bvy, so that the range is not dense in bv. [

Furthermore, the following theorem gives the spectra of A,, on bv, where its
proof is omitted since it is similar to that of Theorem 4.4.

THEOREM 4.8. The following hold:
(1) Mo (Ag,bv) ={0}.
(2) IIz0(Au,bv) =A.
REMARK 4.1. The reader can check that
05 (Aups ) = Oco(Aups 1) = Oap(Ap, 1) = 0(Aup, 1),  p € {£7,bV}.
That is, no subdivision of the spectrum with respect to

{05(Aup 1), Oco(Dap, 1), Oap(Aap 1) }

for each pu € {¢~,bv}. However, under Assumptions 1.2 and 1.3, one will have a
different situation, as presented in the next section.

5. Proof of Theorems 1.3-1.7: Spectra of A,, (noncompact case)
Throughout this section we assume that Assumption 1.3 holds.
5.1. Proof of Theorem 1.3
COROLLARY 5.1. The operator Ay, is in the class (0 : %) with

1 Ao |l = sup {|a;|+[bj-1]}-
JENy

Proof. The proof follows by a direct application of Theorem 1.1(1) [

THEOREM 5.1. The spectrum of the operator Ay is

G(Aahaem) :K(a’ ‘b‘) U (Aﬂ (C\K(a7 |b|))) :

_ Proof. From [6, Theorem 2] (see also [5, Theorem 2.2]), we have 0 (Awp,c) =
A(a,|b])U (AN (C\A(a,|b]))). Now, the required result follows by applying [16,
Lemma 4.8, p. 33]; 0(Aw,c) = 6(Aw,¢~). O

THEOREM 5.2. The point spectrum of Ay, on £ is

Op(Aap, ) = (AN (C\A(a, [b]))) UK-..
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Proof. From Lemma 2.2, we know that the set A = {a;: k € Ny} contains the
eigenvalues; oy (Agp, ) CA. Now, let A € A. That is, 4 = ay, for some ko € Ny.
Consider the eigenvalue problem A,,x = a,x for x = (x;) in £~. We obtain the system

br_1xp_1+ (ak — ako)xk =0, ke Np. 3)

Then, we have two cases; ag, = a, or ai, # a.
If ax, = a, then ay, ¢ o, (Aup,¢”) since, in this case, any nonzero solution for (3)
will not be an element in £°°. In fact, we obtain either x = 6 or

X+ 1
Xk

lim

k—so0

In the other case, ax, # a, we note that ai, = a; # a for finitely many k since
im0 }aj —ak0| = }a—ako} #0. Put

ki = max{k eENp:ar= ako}.
If x;, =0, then x = 6. Otherwise, from (3), we have

b
ako—a '

Xt 1
Xk

lim

k—so0

Therefore, ax, ¢ Op(Aup, L) if ag, € A" (a,|b]), while ay, € 0p (Agp,£7) if ay, €
AN (C\A(a,|b|)). Finally, for ax, € AN JA(a,|b|), we observe that any nonzero
solution satisfies
Xk = x,l Hz =il a

for k > ji. Thus, ai, € o) (Agp, £7°) if ay, € K. This completes the proof. [l

_a1+1

5.2. Proof of Theorem 1.4

To prove Theorem 1.4 we need to review some information about the space f of
almost convergent sequences [ 14, p. 17]:
Let

1
f= {x = (xz) | 1 Z::If X; converges (as n — o) uniformly over p} .

Then f is a sequence space. The notion of convergence generated in this way is called
almost convergence, and the elements of f are called almost convergent sequences.
Further, let

1
fo:= {x = (%) | 1 n+pxk — 0 (as n — oo) uniformly over p}
n

Then fj is a sequence subspace of f.
Important properties of almost convergence are stated in the following lemma.
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LEMMA 5.1. [14, Theorem 1.2.18, p. 17] We have fy G f G (™.

LEMMA 5.2. [14,Lemma2.4.11, p. 56, Exercise 2.9.11, p. 97]We have bs ; fo-
Moreover, the space bs is a proper dense subspace in (fo,||.||s)-

REMARK 5.1. From Lemmas 5.1 and 5.2, we conclude that bs is not dense in £*.

Proof of Theorem 1.4. It can be shown that the range of the operator A, is con-
tained in bs. Indeed, let x = (x;) € £~°. Then y = Agpx = (yx), where

Vi = arxg + br_1x,—1.
Then

sup ‘ZZ:O}’k‘ < sup || (2:0 |ax + by| + sup bn|> < oo,
neNy neNy

neNy

Therefore, for all x = (x,) € £, we have Ay,x =y € bs. That is,
R(Aab) - bs.

So
R (Aw) C fo# L.

This implies that R(Ap) is not dense in £~°. The result follows immediately. O

5.3. Proof of Theorem 1.5

Proof.

(1) Theorems 5.1 and 5.2 directly imply that

0t (Aap, ) U Oc(Aup, £7°) = A(a, |b]) \ K.

(2) The proof follows by a similar argument as in the proof of Theorem 1.4.
(3) If A = ay, € A(a,|b|)\ K- for some ny € No, then

R(Aab_ll) g {y: (y07y17'”7yn07'”) egw 3y0+70y1+“'+"n0yn0 :0}7

for some (7o, ..., ) € R\ {0}. Therefore A = ay, € 0¢(Aupp, ). O
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5.4. Proof of Theorem 1.6

Statements (1) and (2) follow immediately from Theorem 1.3 for a; = 1 and b =
—1,forall k € Ny.
Now, we prove Statement (3). The proof is via three steps:

Step 1 The set {1 € C:|A— 1| < 1} is contained in (A, (7).

Indeed, forany A € A(1,1) ={A € C: |2 —1| <1}, A— AI does not have dense
range. In fact, if we let

vo=1=A)xo, yi=—-x0+1—=A)x;, y2=-—-x1+(1—A)x2,...,

then we have
y0+(1—A)y1+(1—k)2y2+~~~:0.

So, the range of A— A1 is included in a closed subspace whose codimension is 1. Thus,
any element in A(1, 1) is the residual spectrum of A.

Step 2 The set {A € C: |A —1| =1} is also contained in o;(A,£7).

Let A € dA(1,1) ={A € C:|A — 1| =1} and define U(x,) = (p"x,) with p =
(1—=2)"'. Then U~ (A—AI)U(x,) = (1 — A)A(x,). Consequently, A € o;(A,¢>)
if and only if 0 € 6;(A,¢~). We will show that 0 € o;(A,¢”) by checking that the
distance d between (1,1,1,...) and the range of A is more than or equal to 1, so that
dA(1) C o:(A, 7).

Let d' > d be fixed and (y,) € £~ be chosen suitably. Then we have |1 — y, +y,_1]
<d', sothat 1 —d’ <Re(y, —y,—1) < 1+d'. If d < 1, then by choosing d’ € (d,1),
we would have Re(y,) — oo. This contradicts (y,) € £~.

Alternatively, from Theorem 1.4, it follows that 0 € o;(A, ().

It follows from Steps 1 and 2 that A(1,1) C 6;(A,£7).

Step 3 The set o;(A, () is actually contained in A(1,1).

It follows from the Neumann expansion that (A, ) C A(1,1).

This completes the proof of Statement (3).

Statement (4) can be easily observed.

To prove Statements (5) and (6) of Theorem 1.6 we need to review some informa-
tion about the minimum modulus of an operator. Let 7 : X — X be a bounded linear
operator, where X is a normed space. Define

u(r) = inf 7.
[lx]=1

We call u(T) the minimum modulus of T [26]. It is non-negative real number. If A is
in the boundary of the spectrum ¢ (7T,X), then u(7T — AI) =0 [26, Theorem 3.2]. For
each scalar A € C, define

D(A) =u(T —Al).
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It is clear that @ is a continuous non-negative function. Further, since @ is con-
tinuous, the set {1 € C: ®(A) > 0} is an open set. We have

{AeC:®(1)>0}=p(T,X)Ullo(T,X);

see [26, page 19]. However, any connected open subset of the set {A € C: ®(1) > 0}
lies entirely in p(7,X) or entirely in IIl; 6(7,X) [26, Theorem 3.4].

PROPOSITION 5.1. [26, Theorem 3.8] Let T : X — X be a bounded linear op-
erator on a normed space X . Suppose ®(Ly) > 0. Let

E={AeC:|A—X|<r},

where .

= {soplutr Ay}
Then E lies either all in p(T,X) orall in Il 6(T,X).

Furthermore, let us recall the notion of the frame of the spectrum.
The set II,0(7T,X) UIl30(7T,X) UILo(T,X) UIII30(T,X) is referred to as the
frame of the spectrum and denote it by Fo(T,X).

LEMMA 5.3. [27, Corollary 2.4] If T is a bounded linear operator on a com-
plex Banach space X, then the frame, Fo(T,X), is a nonvoid compact subset of the
spectrum o(T,X), containing the boundary 0o (T,X).

Now, we are ready to prove Statements (5) and (6) of Theorem 1.6 as follows:
For the difference operator A : £~ — (>, we have

®(1) = p((A-1))=r=1.

One can easily observe that 1 € III;6(A,¢*). Then E ={A€C:|A—-1|<1}
C I o(A, 7). But

ILo(A L) Co(A L) ={AeC:|A—-1| < 1}.
Therefore, since III; 0 (A, (%) is open,
oA ") C{AeC:|A—1|<1}.
This completes the proof of statement (5). Further, since
o (AT)={AeC:|A—-1|< 1}
=1L,0(A,07) UL (A, L7),

then
Lo(A ) ={AeC:|A—1]=1}.
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This completes the proof of Theorem 1.6.
The result in Theorem 1.6(5) asserts that II[; 6 (A, £~°) must be an open set; Lemma
2.1. Further, for the difference operator A : £~ — ¢, we have

Lo(A07) =130(A, 7)) =30 (A, 07) = 2.
This implies that
Fo(A ) =1Lo(A ") ={AeC:|A—-1|=1}.

This asserts the fact that Fo(A,¢~) must be compact and containing the boundary of
the spectrum; do (A, £7).

5.5. Proof of Theorem 1.7

In this subsection, we assume that Assumption 1.2 holds as well as Assumption
1.3. It follows directly from Theorem 1.1(3)-(4), that A, is bounded but not compact
on bv. Theorem 1.7 will be decomposed into Theorems 5.3, 5.4, 5.5, 5.6 and 5.7, which
will be presented as follows.

THEOREM 5.3. 0p(Agp,bv) = (AN (C\A(a, [b]))) UK.

Proof. The proof is omitted since it is similar to that of Theorem 5.2. In fact, the
proof can be easily adapted to the space bv. [

LEMMA 5.4. 0,(A],,bv") = A(a,|b]) U (AN (C\A(a, |b]))) UH, U {a+ b}.

Proof. Suppose that A’, f =Af for f € bv", where f = (f;) # 0 and bv* = bs.
Then, we have

(@a+b—A)fo+ 2, o (@n+byi1—a—b)fu1=0,

and

A—ap_
1= (Tkl) S, k> 1.
k-1

There are five possibilities:

()Let A =a+b. Itfollows that f = (1,0,0,...) € bs is an eigenvector associated
with the eigenvalue A = a+b.

(2)Let A €A, sothat A = ay, # a+b forsome kg € No. Then, = (fo, f1, />, -,
fro+1=1,0,0,...) € bs is an eigenvector associated with the eigenvalue A = a,. Thus
A={ar ke N} C op(A],,bv").

(3)Let A € A(a, |b|)\ (AU{a+b}). Then

_l—a
b

Jir1

Ji
Thatis, f = (fx) € cs C bs. Thus A(a, |b|) C op(A],,bv").

lim <1.

k—soo
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(4)Let A € H\\ (AU{a+b}). Then,

A—
sup |Zk 2fk}— sup ‘Ek 2( k , )fl

and so, f = (fx) € bs is the desired eigenvector. Thus Hy, C 0,(A},,bv™).
(5) Tt is now easy to observe that A ¢ op(Ay,,bv") for all A ¢ A(a,|b|) U
(AN (C\A(a,|b]))) UHyU{a+b}. O

THEOREM 5.4. 0;(Ayp,bv) = A(a,|b]) U (HyU{a+b})\Kp).
Proof. This follows from the fact that 6;(Az,bv) = 0, (A%, bV )\ 0p (A, bV).

We apply Theorem 5.3 and Lemma 5.4. [

Using Lemma 5.4, we deduce that

Ala, [b]) U (AN (CN\A(a, b)) € 6(Agp,bY).

Now, we will give the result concerning the spectrum of the operator A, on bv.

THEOREM 5.5. 0(Ag,bv) =A(a,|b|) U (AN (C\A(a, [b]))) UK.

Proof. Suppose that A ¢ A(a, |b|)U (AN (C\A(a, |b]))) UF,, namely, ﬁ‘ <1,

A ¢ Fy, and A # g forall k € Ny. Once we check that (A, — JLI)f1 € B(bv), we will
have A ¢ 6(Aup,bv).

Since A # a; for all k € Ny, it follows that A, — AT is lower triangular and has
inverse at least formally, which is given by the matrix (dn,k) , where d,, ; = 0 for k>n
and

D)™ by [ s (A
dyy = ! SRR § (R
mk b, HJ:k aj— A b, HJ:k A— a;

for k <n.

We need to apply the result in [48, Formula (99)] for the matrix (dn,k) . Firstly,
since (dmk) is a lower triangular matrix, condition (1) of the result in [48, Formula
(99)]is satisfied; ¥;” d, « is trivially convergent for all n € Ny. Next, we aim to prove
that sup,,,cry, Gn < oo, where

Cn=,_ 1)2 dy—1k— nk)‘

One can show that
_ ©° m m
Cn = Zk:o i =1,

where
1

m m k bi
1 :b_kzj:() (Hijl_ai)» k,m € Ny.

Since A ¢ Fy,, then sup,, Gy = sup,, X5 [t7' — 11" || < . Thus A & & (Ag,bv). This
completes the proof. [
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THEOREM 5.6. 0c(Ayp,bv) = [0A(a, |b|)\ (HpU{a+b})|U Fp.
Proof. Simply observe that 0 (Agp,bv) = 6 (Agp, bY)\ (0p (Agp, bV) U G (Agp, bv)) .

It remains to apply Theorems 5.3, 5.4 and 5.5 [

Other spectra of the operator A, are given in the following theorems.

THEOREM 5.7. The following hold:
(1) Mg (Agy,bv) = (AN (C\A(a, |b]))) UKp,
(2) Ml (A, bv) Ullhg (Agp,bv) = A(a, |b]) U (Hy U{a+b})\Kp),
(3) o (Awp,bv) = [9A(a, [b|)\ (Hy U{a+b})|UF,.
THEOREM 5.8. The following hold:
(1) Gap (Aap,bv) = (Ala, |b])\1ML15 (Agp,bv)) U (AN (C\A(a,|b]))) UF,
(2) 05 (Aap,bv) = A(a, |b]) U (AN (C\A(a, |b]))) UF,
(3) Ceco (Aap,bV) = Ala, [b]) U (AN (C\A(a, |b]))) UHy U{a+b}.

REMARK 5.2. In comparison with Remark 4.1, it is noted that a subdivision (not
necessarily disjoint) of the spectrum with respect to

{0-5 (Aab7 bV)7 Oco (Aab,bV) 5 O-ap (Aab7 bV) }

exists properly.
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