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NEW BEREZIN SYMBOL INEQUALITIES FOR OPERATORS
ON THE REPRODUCING KERNEL HILBERT SPACE

RAMi1z TAPDIGOGLU

(Communicated by F. Kittaneh)

Abstract. We use Kittaneh and Manasrah inequality and Kian’s functional calculus method to
prove some new inequalities for Berezin symbols and Berezin numbers of operators. In particu-

lar, we prove that
P q
ber (f(A)Z) < ber <& + M)
p q

for all self-adjoint operators A on the reproducing kernel Hilbert space .77 (Q) with spectrum
in J C (—eo,+e0) and all continuous nonnegative functions f defined on J. We also prove new
upper and lower bounds for Berezin numbers of reproducing kernel Hilbert space operators.
Among our results, we prove that if A : 7 (Q) — 7 (Q) is a bounded pseudo-hypornormal op-
erator on the reproducing kernel Hilbert space . (Q), then for all non-negative non-decreasing
pseudo-operator convex function f on [0,e0), we have

' L. A A 1AT
f(ber(4)) < S |If | ‘2 (- L
2 & &
14+ 14+ %

Ber

where ||.||g,, denotes the Berezin norm of operator.

1. Introduction

Let Q be a subset of a topological space X such that the boundary dQ is nonempty.
Let 27 be an infinite-dimensional Hilbert space of complex-valued functions defined
on Q. We say that J7 is a reproducing kernel Hilbert space if the following two con-
ditions are satisfied:

(i) for any A € Q, the evaluation functionals f — f (A1) are continuous on ¢ ;

(ii) for any A € Q, there exists f; € 5 such that f; (1) # 0 (or equivalently,
there is no Ay € Q such that f () = 0 for every f € J¢).

According to the classical Riesz representation theorem, the assumption (i) implies
that, for every A € Q there exists a unique function k; € 5 such that

FA)={fkn)ws f e
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The function k) (z) is called the reproducing kernel of J# at point A. It is well
known that every reproducing kernel Hilbert space is separable. So, if {e, (z)}n>0 is
any orthonormal basis of .77, then (see Aronzajn [2])

By virtue of assumption (ii), we surely have k; # 0 and we denote by Z;L the nor-

malized reproducing kernel, that is k) := ka% Recall that if Z () is the Banach

algebra of all bounded linear operator on .7, then the Berezin symbol A of any oper-
ator A € B () is the complex-valued function defined on the Q by the formula (see,
Nordgren and Rosenthal [24] and Berezin [6])

A(A) = <AE;L,E;L>%, reQ.

The Berezin set of operator A is defined by
Ber(A) = {<AZ;L7Z;L> VS Q} = Range (20 ,
and Berezin number ber (A) of operator A is the following number (see [16, 17])

ber(A) := sup g(l)'
reQ

Since, ‘K (k)‘ < ||A||, Berezin symbol is a bounded function on Q. Also, it is trivial by

Cauchy-Schwarz inequality that ber (A) < ||A||. The Berezin norm ||A||., of operator
A€ B (A (Q)) is defined by (see, [13])

A 1= su HA% H .
4l = sup 4% |

It is easy to verify that ||A||g,, determines a new norm in the algebra # (77 (Q)), since
the set of reproducing kernels span 77" (see [2]). It is also known that the Berezin norm
|A||ge, s not equivalent to the usual operator norm ||A|| (see Englis [7] and [23]), while
the inequality ||A||g., < ||A]| is trivial; also it is obvious that ber (A) < [|A||g, -

In the present article, we prove some new inequalities for the Berezin number
of operators, and also we give some inequality between ||A||g,, and ber(A) for some
operators A. Related results are contained in [3, 4, 5, 8, 9, 10, 13, 11, 12, 27, 28, 29].

2. Berezin symbol inequalities via refinements of the scalar
Young inequality and related inequalities

Recall that an operator A € Z () is called positive if (Ax,x) >0 forall x € 57
In this case we will write A > 0. The classical operator Jensen inequality for the positive
operators S € B () is

(S, x) < () S"x,x), r=1(0<r<1).
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Kittaneh and Manasrah [22] obtained the following result which is a refinement of
scalar Young inequality.

LEMMA 1. Let a,b >0, and p,q > 1 such that 11—7—1-% = 1. Then

11 2 P b4
ab+mm{— —}<a’z’—b3> <47 (1)
P q P q

Note that for p =2, we have equality in (1).

In this section, we will use inequality (1) and a method of the paper [20] to prove
new inequalities for the Berezin number of some operators on the reproducing kernel
Hilbert space ¢ (Q).

Let # (), denote the set of all positive operators in % (), and let Z (),
be the real space of all self-adjoint operators on 7. It is well known (and easy
to verify) that every bounded positive operator on 7 is self-adjoint. So, always
B(H), CB(H),.

THEOREM 1. Let f,g be two continuous functions defined on an interval J C

(—oo,4o0) and f,g 2 0. If p>1, £+ 1 =1, then:
AN L 2]~ » a1~

0 G @-+min{3. L (rwf -sw?)] @< [ 4])
for all operators A € B (), with spectrum contained in J and all A € Q;

(ii) ber <f (A)2> ber( LA SAN ) forall A € B (), with spectrum con-
tained in J and all A € Q. ,

P (A)d

(iii) ber (A +m1n{ 1 ;} (f(A)p/2 —g(A)q/2> ) < ber <f(?) ”(2) ) for all

A € B(I),, with spectrum contained in J.

Proof. Let t,s € J. Following Kian [20], noticing that f (z) > 0 and g (¢) > 0 for
all ¢ € J, and putting a = f(¢) and b = g(¢) in inequality (1), we obtain
p q
p q>2<f(t) L 80
p q

roe+min{ 22 (70 @

for all ¢ € J. Using the functional calculus for A to inequality (2), we have that

Whence

(r@e@md) +mind 1A (r)f o)) T )

(e )Rk)

N
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for all A € Q, which means that

— » 2] P q
s @-+min 2 (7 - o) < [T 4808 ),
or equivalently,
(1 btV g < [FA g
G @)+minf 21 (st -e?t)] ) < [FA5 L 208 )
for all A € Q, which proves (i).
Replacing g by f in (3), we get
; fA" | FA]
f(A) () < |:T+T] (L), VA € Q,

which implies by taking sup in both side that
AP A)?
ber (f(A)2> < ber (ﬁ + M) ,
p q

which proves (ii). For the proof of (iii), it suffices to take functions f and g in (i)
satisfying f (¢) g (t) = . The theorem is proven. [

Manasrah and Kittaneh [1] have generalized inequality (1) as follows:

LEMMA 2. If a,b >0 and p,q > 1 such that 11—7—1—5 =1, thenform=1,2,...,

r

(ahh) e (a2 < (£) o @

where ry = min{ } . In particular, if p=q =2, then

11
Pq
1L 1\Mm 1 m m\ 2 _m o, N
(azbz) +2—m<a2—b2> <2 (@ b7
For m=1
11 1/ 1 1 1 1
(a2b2>+§(a2—b2><2 r(a"+b")r.

THEOREM 2. Let f,g be two continuous functions defined on an interval J C
(—oo,+00) and f,g >0, and let p,q > 1 be numbers such that %—l—é = 1. Then, for
m=1,2,..., we have:

(i)

(A),r=1, 5)
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where ro = min{ } , for all operators A € B () with 6 (A) CJ C [0,+e) and
all A € Q;

(ii)

ber (A% - zim (r? —g(A)"ZY) < infber ((M) _> 7

11
rP'q

r>1
for every operator A € (), with 6 (A) CJ C [0,+e0).

Proof. The proof of this theorem uses Lemma 2 and it is quite similar to the proof
of Theorem 1, and therefore, we omit details only saying that the proof of (i) is obtained
from inequality (4) by applying the functional calculus arguments of Kian and for the
proof of (ii), it is enough to choose in (i) functions f and g such that f(z) g (t) =t (for
example f (1) =1"and g(t) =t'"" withO<r<1)and p=g=2. O

Recall that the Schwarz inequality for positive operators reads that
2
[(Ax,y)|” < (Ax,x) (Ay,y) (6)

for all vectors x,y € 7.
Reid [26] proved that for all operators A, B such that A € # (), and AB €
B (), , we have
[(ABx, y)| < [|B|| (Ax,x) , Vx,y € A, )

which is in some sense a variant of Schwarz inequality. Halmos [15] presented his
stronger version of inequality (7) by replacing r(B), the spectral radius, instead of
||B||. Kato [18] introduced a companion inequality of Schwarz inequality (6), called
the mixed Schwarz inequality, which asserts

(B3 < (JAPx,x) (JA P yy) 0<a <L, ®)

for every operators A € Z () and any vectors x,y € 7.
Finally, Kittaneh [21] proved an interesting extension combining both the Halmos-
Reid inequality (7) and the mixed Schwarz inequality (8), which reads that

[{ABx, y)| < r(B) [|f (|A]) [/ [lg (|A™]) ¥ | )

for all vectors x,y € 5, where A,B € () such that |A|B=B*|A| and f, g are non-

negative continuous functions defined on [0, <) satisfying that f(¢)g(t) =¢ (r > 0).
Now by putting x = k; and y = k; in Halmos version of (7), (8) and (9), we

obtain the following important inequalities for Berezin numbers and Berezin norms of

operators:
ber (AB) < r(B)ber(A).

(ber (A)) < ber (|A|2°‘> ber<\A*\2<‘*°‘>) L (0<a<).

ber (AB) < r(B) [|f (|A])ller ll8 (A1) l[per
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3. Other inequalities

3.1. Upper bounds for the Berezin numbers

For A € B(), we denote by |A| the absolute value operator of A, that is,
Al = (A*A)% , where A* is the adjoint operator of A. So, |A*| = ( *)% . A continuous
real-valued function f defined on an interval A is said to be pseudo-operator convex if

fleA+(1-a)B) < af(A)+(1-a)f(B)
in the sense that
(aef (A)+ (1 =) f(B)" (A) < (af (A)+ (1 — ) f(B))"(4)
for all A € Q, for all self-adjoint operators A,B with spectra contained in A and all
o €[0,1].

The following lemma is well known, which is called the mixed Schwarz inequality
(see Halmos [15]).

LEMMA 3. If A € B(H), then

D=

[(Ax, )| < (JAlx, %) (JA%[y,)

forall x,y € 7.

LEMMA 4. ([25]) For each o« > 1, we have

o—1

—— <Ino. 10
a—+1 no (10)

Recall that an operator A € % () is said to be hyponormal, if [A*,A] € # (7).,
ie., A*A—AA* >0, or equivalently ||A*x| < ||Ax|| for every x € 7.

Typical examples are subnormal operators and singular integral operators on the
line with Cauchy type integral (see [14]).

DEFINITION 1. We say that an operator A € Z () is a pseudo-hyponormal op-

A*ZAH < HAEL’ , or equivalenty, if [A/*\,X} (A) =0 forall A € Q.

erator if ‘

It is clear that every hyponormal operator is pseudo-hyponormal. The following
example shows that the set of hyponormal operators is a proper subset in the set of
pseudo-hyponormal operators on 57 .

EXAMPLE 1. Let 6 be a non-constant inner function and Ny := Ty (I — T9T9*)
be an operator on the Hardy space H? := H?* (D) over the unit disc ). Then Ny is a
pseudo-hyponormal operator, but it is not hyponormal.
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Proof. Since 0 is an inner function (i.e., |0 (z)| < 1 forall ze D and |6 (§)| =1
for almost all £ € dD), an analytic Toeplitz operator Ty is isometry on H?, that is
T;To = 1. So, it is easy to verify that N3 = 0 and ||[Ng|| = 1, i.e., Np is a nonzero
nilpotent operator on H>. Therefore Ny is not hyponormal operator, because for hy-
ponormal operators their norm and spectral radius coincide (see, for instance, [14]).

However, Ny is pseudo-hyponormal. In fact, for every A € D we have:

[N No] (%) = ( (NgNo — NoNg iz 2. Kire )
= ([I-ToT§) T3 To (I-ToTy) — To (I-ToTg) (I-ToT§) Ty Ry 1, Ky 1)
= (1= 2T Ty + B3T3 Ry Ko 1)
2
=126 +10 (M) = (1-16 (1)) >0,

which shows that Ny is a pseudo-hyponormal operator on H?, as desired. [J

This section motivated by the paper [25], where upper bounds for the numerical
radii are proved. In the present section, we prove the similar results for the Berezin
numbers.

THEOREM 3. Let A € B () be a pseudo-hyponormal operator. Then

1 1 1
ber(A)) < = Al )+ —|A*
w3 (L)oo ()

for all nonnegative non-decreasing pseudo-operator convex f on [0,00), where §|A‘ =
inf { W00 |
AeQ | |A[+|A*|(R)

Proof. Since A is pseudo-hyponormal, we have

. <L4|%i7zz> _ Jfﬂﬁl>
(Al k) 1AT|()

Ber

foreach A € Q. Putting o = ‘%I/‘%)) in (10), we get

—~—

>|A| A1) <, [A](2)
AlHIAr@) ATy

hence
IAI \A*\(%) IAI( )

i Al 1A% 3) \A*|( )

(1)
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We set o
. A= A* (A
§|A| = inf 7‘ ‘/_\|/ |( )
AR A] +|A*[(R)

On the other hand, it is known that (see [30] )

2
<l+(lna 81nb) )\/%ga;—b

for each a,b > 0. N
|AI(4)

By taking a = |;Xv|(7L) and b = \747|(7L), and by considering that &4 < In A

we infer that o
12 |A[1]AY(A
(Riwia) " < AT

2<1+TA>

[A[+]A*[(4)

o),
2 (1)

Now, by taking supremum over A € Q, we get

By applying Lemma 3, we obtain

A|(A) <

1
2(1—1—5@‘/8)

ber (A) < ber (JA]+]47[) < I1A[+ A" Iger -

1
2(1—1—5@‘/8)

Therefore,

2
2 <1+§TA>
Ber

1+T 1+T Ber

This proves the theorem. [J]

Since £, = 0 for any normal operator A € % (%) , then we have from Theorem
3 the following.
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COROLLARY 1.
1 *
(ber(4)) < 5 (AN +F(A™ I ger
for every normal operator A on  (Q).

COROLLARY 2. Let A € B () be a pseudo-hyponormal operator. Then, for all
1 < r<2 we have

ber” (4) < AL+ A" {lper

where —
—A*|(A
g = ot W10
< ||+ |A*|(2)
In particular,
1 *
ber(A) < 7o 1A+ 1A% ger »
2 (1+ A)
and
ber® (4) < |A7A +AA™ |, -

1
~ 2
2<1+—§§>

The following lemma can be proved by slight modification of the proof of Example
3.6 of the paper [19] (the proof is omitted).

LEMMA 5. Let Ay,..A,, be positive operators, then

n r

_EICiAi

Ber

n
Il — inf { Zci<
Ber AeQ | =1

n
for each cy,..c, with Y c¢;=1.
i=1

.
%z,%x>}, r=2, (12

Ai— Zlcj <Aj%/1 @1>
j:

THEOREM 4. Let A € B (), then
ver' ()< 5 ([ e P, fmpen)).
where
£ =<<||A|——(|A|+|A*|< #|we1=5 (a1 T ) 2>%m>, rea
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Proof. Tt is easy to verify that for any A € B ()
1 .
ber (4) < 7 l[lA]+ |A™llper

or equivalently,
1 2
ber? (4) < 7 141+ A" s (13)

Taking n, r =2, ¢y =c> = 3, Ay = |A| and A; = [A*| in inequality (12) in Lemma

5, we infer
N~
) (4)

4]+ 14" e <2 <HA2+ AP~ inf { <||A| 2 (o) + 1))

e

+ (’A* 2 (A + A7)

It follows from (13) that

*(12
1Al + A" [[ger

<||A+|A*|||§er—ggg{ <\|A|—§ (141(3) +[a%l))

) o))

ber? (A) <

= &l

<
2

N\~
)(/1)

+ <\|A*|—§(X<x>+2*’|m)

This proves the theorem. [J

Note that inf; cqo &(A) > 0 if and only if

~

|4 (A Iw) @

~

41— (IAI)+AT )~ ()

)

0 ¢ closBer (

3.2. Lower bounds for the Berezin numbers

Here we give some lower bounds for the Berezin numbers of operators.

THEOREM 5. Let A € B (), then

1 AP
lA]] 1——H1—— < ber(A). (14)
per 201 AN | per
Proof. 1t is easy to see that
1] x y 2 1
szl S o sy (15)
20l il [l vl
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for every x,y € . If we choose ||x|| = ||y|| =1 in (15), we have

1
=5 e=yl* < [l (16)
Now taking x:a and y = A% in (16 , we infer
[k ]
~ 2 ~
1|~ Ak ~ Ak
1=k — == < (ko =2 )]
L |4
or equivalently,
2
~ ~ Ak,

< ’X(A)’ 17)

forall A € Q. Since HAEH < J|Allger» We get from (17) that

o~ 2 ~
b (13- ) <l

for all A € Q. Hence, by taking supremum over A € Q, we deduce the required in-
equality (14). The theorem is proved. [J

The following lemma is proved in [25].

LEMMA 6. Let x,y,z;, i = 1,...,n be nonzero vectors and <Zj,Zi> #0, then

2
_ ) < lIvlI? 2 |(x
<’“ §§!<z,-,z,->;z”y> R R e

THEOREM 6. Let A € B () be an invertible operator. Then

W)

inf E2(A) +ber’ (4) < A (18)
‘@2@,@ —(Ab k)
i

Proof. Simplifying (17) for the case n = 1, we find that (see [25])

(g o L
R T

where

)=

+

12 < el fv11

'<x7y>_
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Apply these consideration to x = Ax, y = A*x and z = x with ||x|| = 1, we obtain

Now

forall A € Q. We denote &(A) :=

‘<A2x,x> — <Ax,x>2)
|A%x]

+ (A, x)[* < [|Ax] . (19)

let us put x =k, in (19). Then, we have that

)Zﬁ(x)—ﬁ(w‘ T
10 ~ 1 X A
HA*"AH +‘A()L)) <HAk H (20)

A2(A)—A()2

el AeQ.

Then, inequality (20) implies that

inf £2(3) + ‘X(A)’z < HA%AH2, Vi €Q,

and thus, by taking the supremum over all points A in €, we have the desired inequality

(18).

The theorem is proven. [
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