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ON m—-QUASI-TOTALLY-(c, 3)-NORMAL OPERATORS

R. PRADEEP*, P. MAHESWARI NAIK AND SID AHMED OULD AHMED MAHMOUD

(Communicated by F. Kittaneh)

Abstract. An operator . acting on a Hilbert space is called m-quasi-totally- (o, 8) -normal
O0<a<1<p)if

IS =AW (S =N I IS S = AS =) SIS = A) (S = A

for a natural number m and for all A € C. m-quasi-totally- (¢, ) -normal operator is equivalent
to the study of mutual majorization between (. —A).#™ and (. — A)*.™ for a natural
number m and for all A € C. This article aims to establish various inequalities between the
operator norm and the numerical radius of m-quasi-totally- (¢, ) -normal operators in Hilbert
spaces. Further, this article analyzes spectral and algebraic properties of m-quasi-totally- (o, ) -
normal operators.

1. Introduction

One of the current trends in operator theory is studying natural generalization of
normal operators. Let .7 be a non zero complex Hilbert space and let (#°) denote
the algebra of all bounded linear operators on 7. Let m be a natural number. An
operator ./ € #(H) is called m-quasi-totally- (¢, ) -normal (0 < o < 1 < ) if

(xzfm*(jﬂ—l)*(jﬂ—l)fm < IS = AL —A)r ™

< BLI™(S —A) (L —A)S"

forall A € C. Then
o? (NS =) (L = A) S x,x) KA = A — A) S "x,x)

< [32 (IS = A)(SL =L)X, x)

whence
ol (7 =2)7"x|| < (| = A)" x|
< B —=2) 7"
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forall A € C and for all x € 57.

In 1966, R. G. Douglas [12] proved an equivalence of factorization, range inclu-
sion and majorization of operators, known as Douglas lemma. Inspired by the Douglas
lemma, V. Manuilov, M. S. Moslehian, and Q. Xu [21] investigated the solvability of
the operator equation AX = C for operators on Hilbert C*-modules. M.S. Moslehian,
M. Kian, and Q. Xu [23] characterized the positivity of 2 x 2 block matrices of oper-
ators on Hilbert space. Note that m-quasi-totally- (o, B) -normal operator is equivalent
to the study of mutual majorization between (. — ). and (% —A4)*.™. It can
be said that both (¥ — A).™ majorizes (. — A)*#" and (¥ — A)*.™ majorizes
(7 —A)™ for a natural number m. Using Douglas’ result, it is observed that .% is
m-quasi-totally- (o, B) -normal if and only if ran ((. — A).#™) = ran ((.%¥ — AL)*S™)
orequivalently ker ((. — A).S™) =ker ((. — A)*.™) . In particular (choose A =0),
an operator .7 is called m-quasi- (¢, )-normal (0 < a <1< f) if

azy*WH-lym-‘rl < ym*yy*ym

< ﬁ2y*m+lym+l.
Equivalently
ol " x| < |||
< Bl |
forall x € 7.

The numerical radius @(.%’) of an operator . on (.%7;(.,.)) is given as
o() = sup{| (<x,x) | - [[x| = 1}.

S. S. Dragomir and M. S. Moslehian [10] studied various inequlities between the opera-
tor norm and the numerical radius of (e, ) -normal operators in Hilbert space. Accord-
ing to them, an operator . is called (o, 3)-normal (0 < o < 1 < ) if a>.7*.7 <
LI < B2 . Ttis true from the definition that, m-quasi-totally- (o, B)-normal
operator coincides with (o, 8)-normal operator if m =0 and A = 0. A. Benali and
O. A. M. Sid Ahmed [4] studied structural properties of (¢, 3)-A-normal operators in
semi-Hilbertian spaces.

EXAMPLE 1. Itis obvious that m-quasi-hyponormal operators are m-quasi- (¢, 3)
normal for some appropriate values of o and f3. The following operator .# in %(C?)

is 2-quasi- (a, B)-normal for oo = /(15— /221)/2 and B = /(15 + v/221)/2, which

is not normal, quasi-normal, hyponormal and quasi-hyponormal.

(1)

2. Inequalities involving numerical radius and operator norm

In this section, the study of some inequalities concerning the numerical radius and
norm of m-quasi-totally- (¢, B)-normal operators form the substance. It is followed by
several inequalities refer the articles [6, 7, 8, 9, 11, 13, 14].
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THEOREM 1. If ¥ € B(H) is m-quasi-totally-(a, B)-normal operator, then

(1+°‘—2r) (5 = 2).7m 2

ﬁ2r
%w[ﬂm*(y—l)zfm]—l—é—é\\ﬁ(ﬂ—l)ym—(y—l)*fm\\z
ifr>1,
S 2 mk 2 om 1 m * cpm||2
0[S~ 2IM] + BB(S —A)S"— (S =AY
ifr<l1.
In particular,

%(D [5”’"*5”’“"‘2] + [g_zz||ﬁym+l _y*ymHZ

aZr) ifr> 1
14+ — merl 2 < =5
( ﬁ2r H H %(D [ym*ym-ﬂ] + ﬁ”ﬁym+l _y*ym“Z

ifr<1.
Proof. We use the following inequality [14],
rlalP??]la —b|?
ifr>1,
lal® + 167" —2la""[|b]"".Re (a,b) < .
15172 |a— b||?
ifr <1,

provided r € R and a,b € 7 with ||a| > ||b|.

Assume that r > 1. Let x € 2 with ||x|| = 1. Applying the above inequality for
the choices a =B (¥ — A)."x, b= (. — A)" ./"x we get

1B (7 = A).S"x|| + || (& = A)* x| >

<PB (L =) "B (S = A).S"x— (S = A) "
2B (L = 2) x| (= A)
xRe (B (S —1).S"x, (S — )" F™x)

forany x € 7 with ||x||=1and r> 1.
Therefore

(a2r+ﬁ2r) ” (y_ A)ymxHh
<PBY (S =) S AP B (S = A) S M= (S = A) S|P
+2B7 (7 = 2) S P2 (S (S = ) S x) .
Taking the supremum over x € 7, ||x|| = 1, we deduce
(a2r+ﬂ2r) ” (y_z’)ym”%
< r2ﬁ2r—2Hﬁ (y_l)ym o (y—k)*Y’”Hz—f—Zﬁz’_lw {ym* (y_)t’)25ﬂm} ,
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which is the first inequality.
If r < 1, then similar substitution yields the second inequality. [J

THEOREM 2. If . € B() is m-quasi-totally- (o, B)-normal operator and if
k € C, then

e 10 S
(1+k|ex)®

o[ (# = 1) S|P <o [ S (S = AP "] L 2Bl

In particular,

ZﬁHmerl _ky*ym”2

aHym+l||2 < [ym*ym+2] + 5
(14 |k|e)

Proof. We use the following inequality [13],

2|all[b]lla —b|I?

Qal+ 1B a,b e A\ {0}.

lalll|b]l < [{a,b) |+

Take a = (% —A)."x and b=k (& — A)* "x to get

(7 =2) 7" x[[lk (- = A)" "]

< (=) "5 k(S = 1)) |

L2AF =) AR S = 1) S| (S = A) S k(S = )T S
(17 = 2) x| + ||k (7 = 2)* ]

From this we deduce that
ol (£ = A)."x|?

S =) S " —k (S =) Y”‘xH2
(14 [k|or)?

< ‘ (7" (=) F"xx) j 1 28I

Taking the supremum over x € 5, ||x|| = 1, we get the desired result. [

THEOREM 3. If . € B() is m-quasi-totally- (o, B)-normal operator and if
k € C\ {0}, then

l (i ﬁ>2

In particualr,
)
(G

I =" < o7 (y—x)zymr.

Hym+1||4 < [ym*ym+2]2.
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Proof. We use the following inequality [9],

1

Wllallzlla—kb\\z,

lal*[b]I* < [ {a,b)|” +

provided a,b € 7 and k € C\ {0}.
Choose a = (& — A).S"x,b= (S — L)".S"x, to get

(7 =2) "5 (= A)" x|
<H(F =1) ™, (S —A) S"x)

—1 *
+|k|2||(y_k)ymxH2H(y_k)ym)f—k(y—l) |2
This gives

(= 2) Lt = o (L = 2) x| (1 + kI B)

1
e |
<| <5ﬂm* (7 — A)2ymx,x> 2,
Taking the supremum over x € 5, ||x|| = 1, we get the desired result. O
THEOREM 4. If .7 € B(H) is m-quasi-totally- (¢, ) -normal operator, then
20((F - 1) S0 [(F 1) " <B| (L -1) S|P+ o [ym* (7 — A)zy’"] .
In particular,

20 [merle w[y*ym] < ﬁHmerlH2_|_w [ym*ym+2] )

Proof. We use the following inequality [6],
2[(a,e) (e;b) | < lall[|b]| +[{a,b)]

forany a,b,e € S with ||e|| = 1.
Let x € 27 with ||x| = 1. Pute=x, a= (¥ —A)."x, b= (% — 1) "x in
the above inequality to get

21{(S = A)S"x,x) (x, (S = X)L "x) |
<N (=) " [(F = 2) "3 + (L = 4) S, (S = A) ™) .

Hence
(S = A).F"x,2) (P (S — W) x,%) |
<BlI(F—1) 7|2 + ‘ <5ﬂm* (y—x)zymx,x> ‘

Taking the supremum over x € 7, ||x|| = 1, we obtain the required inequality. [J



1060 R. PRADEEP, P. MAHESWARI NAIK AND S. A. O. A. MAHMOUD

THEOREM 5. If .V € B(I) is m-quasi-totally- (o, B)-normal operator and if
p =2, then

(I+a?) | (7 =2) 7"
< %(||(y—x)ym+(y—/1)*ym||l’+ [(F = A) ™= (F = A) ™|P).

In particular,

1
(L+a?) 7™ )P < S (L™ 4+ 77| 4 7™ =7 m|17).

Proof. We use the following inequality [11],

lall? +16]1” < 5 ([la+&]” + [la = b]|7)

N —

forany a,b € 5 and p > 2.
Now, if we choose a = (. — 1) /"x,b = (. — A)" #™x, then we get

(7 =2)S"x|P + | (£ = A)" x|
1
< 3 ([(£=2)I"x4 (S = 1) " I"x||P + || (L = A) S "x— (S = L) "x||)P) .
Since . is m-quasi-totally- (¢, ) -normal operator, we have
(I+a?) [ (£ =A)7"x|”
1
< 3 ([[(.£ =2)I"x+ (S = 1) " L"x||P + || (L = 2) S"x — (S — L) S"x||F) .

Taking the supremum over ||x|| =1 in this inequality, we get the desired result. [

THEOREM 6. If ¥ € B(H) is m-quasi-totally- (o, B) -normal operator. If p >
2, then

o {5”’”* (S =A) (S = A) L4 ™ (y—x)(y—x)*ymr’
2

1

< (=2 7"+ (=) P+ (S =2) " = (L =2) 7"|7).

In particular,

o [ym+l*ym+l +ym*yy*ym:| %
2

< (Hmerl—l—y*yme—l— Hmerl —5”*5”'"“1’),

N
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Proof. We use the following elementary inequality,
al+b7 =2 (a+b)

for a,b>0and g > 1.
Substitute a = || (¥ = 1)."x||>, b= (# = 1)" #"x|* and g = & to get,
P « m P
(17 =2)2"x17)* + (| (£ = 4)* "x]*) 2
> 275 (| (7 = 4) P+ | (aS’—%)*Y"WIIz)’7
whence
(7 =1)Z"x||P + ]| (£ = A)" x|
P
> 2175 (| (7 = M) P+ | (= A) )

Applying Theorem 5,

% (17 =2) S"x+ (S = 1) S"x||P + || (& = L) S"x— (S = L) S"x||P)

P
2

=

<<ym* CRDCa FAl s W—M(“—“*“’”>x,x>

Taking the supremum over x € 5, ||x|| = 1 gives the desired result. I

THEOREM 7. Let . € HB(H) be an m-quasi-totally- (o, B) -normal operator. If
pe(1,2) andif k,l € C, then

(k[ +BID I = A) ™[ + max ({[k] — ||, ox[l] = [K[}) |7 — .|
k(S =A) I+ —A) S|P+ k(L = A) S (S —A) S|P
Proof. We use the following inequality [1 1],
(lall +1121)" + (llall = [15ID” < lla+bI|” + lla— b1

forany a,b € 5 and p € (1,2).
Puta=k(S —A)."x and b=1(./ — L)" S"x to get

(I (7 =2) "l + |1 (" = 2)" #"x]|)"
+([k (7 = 2) "% = |1 (7 = A)" "x]|)"
<Nk (SL = L) I"x+1(SL = L) L"x|P + |k (S = L) S"x =1 (S — L) S"x|P.
Since . is m-quasi-totally- (¢, B)-normal operator, it follows that
(Kl +BID" I (7 = A)."x||P + max {|k| — [I|B, ecll| = [k[}] [|.7 — A.7"x]|?
<Nk (L =A)I"x+1(SL = L) L"x|P + |k (S = L) S"x =1 (S — L) S"x|P.

Taking the supremum over x € 77, ||x|| = 1 gives the desired result. [J
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THEOREM 8. Let .7 € B(H) be an m-quasi-totally- (o, B)-normal operator,
r>0and A € C\{0}. If

k(7 =2)" 7" = (S =)™ <7

and -
S inf{[| (" = 2)"7"x] : [|xl] = 1},
then
o (7= 2).7"|F < o[ 7™ (y—x)zyf"r+% (S =2).".
In particular,
2|t < o [ym*ymﬂf_’_ %yzﬂ-&-l;

Proof. We use the following inequality [7],
2
Iyl llall? < [Re (v,a))* + 7 y]|?

provided ||y —al| < r < ||a]|-

Setting a =k (. — A)".#"x and y = (' — 1).#"x to get,

17 =2) 7 x|? ||k (# = 2)" 7"x]?
< [Re((F =) ",k (S = 1) "]+ P2 (L = A). x|
Hence
2

ko] (7 — ) #™x||* < |k[? [Re<5ﬂm* (y—x)zymx,xﬂ 2 (S =) ™
Taking the supremum over x € 7, |[x|| = 1, we get the desired result. [J

THEOREM 9. Let .¥ € B(H) be an m-quasi-totally- (a, B)-normal operator,
r>0and 2 € C\{0}. If ||k (S — 1) S — (S — L) S™|| < r, then

2

m ms m r
of (' =4)7 H2<w[5ﬂ (S - AP }+m

In particular,
2

merl 2 g ym*ym+2 r_
o7 P < o I+

Proof. We use the following reverse of the Schwarz inequality [8],

2
;
111l all < [Re v, a)] + =
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provided |ly —al <r.
Setting a =k (% —A1)" "x and y = (¥ — 1) "x to get

r2
|7 =2) " x|[k(# = )" "] < [Re((# = 2).S"x k(= 2)" ") + 5.

From this we obtain

2
Klad| (7 = 2). 7> < Kl [Re (5™ (# = 2. #™x.x) |+ 5.

Taking the supremum over ||x|| =1 in this inequality, we get the desired result. [

3. Algebraic and spectral properties

The following theorem gives a characterization of m-quasi-totally- (o, ) -normal
operators. Using this result we obtained several important properties of this class of
operators.

THEOREM 10. Let ¥ € B() such that ™ does not have a dense range, then
the following statements are equivalent.

(1) & is a m-quasi-totally- (o, B) -normal operator.

(2) &= (13 2) on J = ran(S™) @ ker(S*™), where A = 5”|W is a totally

=

(a, B)-normal operator and C™ = 0. Furthermore ¢(*) = o(A)U{0}.

Proof. (1) = (2). Consider the matrix representation of . with respect to the
decomposition 57 = ran(S™) @ ker(S*™): S = (g 2) . Let P be the projection
A0
00
(o, B) -normal operator, we have then

onto ran(.™). Then ./ = ( ) =.P=PP. Since .7 is an m-quasi totally-

azp<y*m(y— L) (S — x)ym>1> < P(y*m(y—m(y—m*w)P
< /32P<y*m(y—x)*(y—x)ym>p
That is
Q2(A—A)"(A—A) < (A—A)A—A)" <ﬁ2<(A—/1)*(A—/1)),

forall A € C. Hence A is a totally- (o, ) -normal.
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On the other hand, let x = x| +x, € J€ = ran(./™) @ ker(.7*"). A simple com-
putation shows that

(C"x2,0x2) = (S (I = P)x, (I - P)x)
= (I-P)x,""(I—-P)x) =0.
So, C" = 0.
Since 6()U T =0c(A)Uo(C), where 7 is the union of the holes in ¢(.¥)

which happen to be subset of 6(A) N o (C) by Corollary 7 of [16], and 6(A) No(C)
has no interior point and C is nilpotent, we have o(.%) = o(A4) U{0}.

(2) = (1) Suppose that .¥ = (g g) onto .7 = ran(S™) @ ker(/*"), with

tfm—avm—w><m—wXA—w*<W(m—arm—AQ,

forall A € C and C" =0.
—1
A" mz A/BC* 1
Since .S = j=0 ,

0 0
(A—A)(A—2) (A—A)B
(S =A) (S =)= ( )
B*(A—A) B'B+(C—2A)*(C—A)

and

(y_k)(y_k)*:<(A—/l)(A—/l)* B(A—2)" )

(A—A)B*  BB*+(C—A)(C—A)B*

Further

m—1 ) m—1 AN
AkATk 4 ( > AJBCk11> ( > AJBC“J) 0
M prm Jj=0 Jj=0

:<§g).

—1 m—1 *
where D = AFA* ( Y AJBC"IJ) ( Y AJBC"IJ) — D*.
j=0 =0

0 0
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Hence for all A € C we have

A SIS L) (S = L)) LSS
oa’D(A— 1) (A—A)D O

0 0

< (PATPRAPE) — (- - ay) s

< (ﬁzD(A—}\g*(A—A)D 8) _ B25ﬂm§ﬂ*m((§ﬂ_A)*(y_l))ymy*m

It follows that

a2ymy*m((5ﬂ_)L)*(y_l))ymy*m
SIS M((F =AY —A)) S

<
< BZymy*m((y_l)*(y_A))ymy*m

This means that

QPSS = A) (S = 1) S <SS = A) (S = A)T) S

<
<P M(F 1) (S 1)

on S = ran(S*") @ ker(S™).
Consequently, .7 is a m-quasi-totally- (o, ) -normal.

COROLLARY 1. Let . € L(H) be an m-quasi totally- (o, B) -normal operator.
IfA=Y ——m ran(7m) 18 invertible, then 7 is similar to a direct sum of a totally- (o, 3) -

normal operator and a nilpotent operator.

Proof. By Theorem 10 we write the matrix representation of . on ¢ = ran(#™)
Dker(.*M) as follows .77 = <g g) where A = y/ran(/m) is a totally- (¢, ) -normal
operator and C"™ = 0. Since A is invertible, we have 6(A) N o (C) = 0. Then there ex-

ists an operator X such that AX —XC = B. Hence

~1
AB IX A0 I X
7=(5¢)=(o7) (5¢)(07) o
We say that an operator . doubly commutes with .7 if . commutes with .7
and J*.

THEOREM 11. Let A, € B(H) are doubly commuting. If 7 is an m-
quasi- (o, ) -normal and 5 is an m-quasi-(o/,B')-normal, then 1.5 is an m-
quasi- (oo’ ,BB’) -normal



1066 R. PRADEEP, P. MAHESWARI NAIK AND S. A. O. A. MAHMOUD

Proof.
Q! [(1.5)" x| = 0! LS | < o LA AP
BB AR AR 2
and

175757 A7 A7 x| < Bl L2757 S| = B2 x|

B
BB 3 .

<
<
< () A" < BRIl 3. O

ad||(A5)" x|

THEOREM 12. Let (o, ) € R? such that 0 < oo < 1 < B and let ¥ € B(H)
such that ran(S™) = ran(*"). If .7 is an m-quasi- (o, 3)-normal, then ./ is

1
m-quasi- (— —) -normal.

B o
Proof. Since . is m-quasi- (¢, B)-normal, it follows that
ol 7 S"x|| < ||| < Bl S|, Vxe A
This means that
of| LS| < || LF x| < B, Vxe A
Combining these inequalities,

1

* *m *m 1 * *m
BIIJ” S| <N < Nl

11
So, ./ is m-quasi- <—, —) -normal. [
B«

COROLLARY 2. Under the same conditions of Theorem 12, if o3 = 1 then . is
m-quasi- (o, B)-normal if and only if /* is m-quasi- (o, B)-normal.

THEOREM 13. Let . be an m-quasi-totally- (o, 3) -normal operator. If /™
has dense range, then . is totally- (o, B) -normal.

Proof. Since . has a dense range, it follows that ran(.7") = 7. Let y € €.
Then there exists a sequence (x,) in .7 such that ./ (x,) —y as n — co.
Since . is m-quasi-totally- (¢, § ) -normal operator, we have

af| (7 =2) " < (7= A2)" "5l < Bl (7 = A).7"x]

forall x € 27 and forall A € C.



ON m-QUASI-TOTALLY- (¢, ) -NORMAL OPERATORS 1067

In particular,
o[ (= 1) x| <[ (L= A) " xall < B (S = A) " x|

forall x, € 5# andforall A € C.
It follows that

ol (=)< (=AY <BIIS = 2)yll
forall y € 5 and for all A € C. Therefore . is totally- (e, B) -normal operator. [

COROLLARY 3. Let .¥ be an m-quasi-totally- (o, B)-normal operator. If /™ #+
0 andif . has no nontrivial /™ -invariant closed subspace, then . is totally- (o, 3) -
normal.

Proof. Since . has no nontrivial invariant closed subspace, it has no nontrivial
hyperinvariant subspace. But ker(.#") and ran(.#™) are hyperinvariant subspaces,

and . # 0, hence ker(.”") =0 and ran(.™) = 7. Therefore .7 is totally-
(o, B)-normal operator. [J

EXAMPLE 2. Let .¥ be the diagonal positive operator define on the Hilbert space
1
H =13(C) by Sej= e VjeN={1,2,---}, where {e;, J =1,2,---} denotes

the canonical basis of ¢%(C). It easily to show that .# is an m-quasi-totally- (e, 3)-
normal operator.

1\m
F> e; and hence, ¢; = (j!)".7™e;, forall j €N,

By observing that .#""e; — (
it easily to see that ran(.#") contains the span of {e;, j=1,2, ---,} and

span{ej, j=1,2,---,} zﬂlz\l(C).

However ran(.#™) = (}(C). Therefore . is totally- (¢, 8) -normal.
1
Note that ran(.#™) is not closed. In fact, by choosing uy = (—) X € 14(C)
Iz
1
and x = (x;)j>1 such that ug = .""x, we obtain = and hence x; = (" —1)!
for j=1,2,---. So x ¢ ¢%(C) and therefore . is not surjective. Hence ran(.#™) #

ran(.#™) i.e, ran(.#™) is not closed. Since ran(.#) = (%(C), it follows that .7 has
no nontrivial . -invariant closed subspace.

COROLLARY 4. If .7 is such that a+b.% is m-quasi-totally- (o, ) -normal op-
erator for all scalars a and b, then . is totally- (o, B) -normal.

Proof. If . is m-quasi-totally- (¢, B)-normal operator but not totally- (o, 3)-
normal operator, then . is not invertible. It is possible to find scalars a and b # 0
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such that .7 = a+b.¥ is invertible m-quasi-totally- (o, B) -normal operator. Therefore
Z is totally- (a, B) -normal operators.

T =a+bs¥ = =—-(T —a).

S =

Therefore .7 is also totally- (¢, ) -normal. [

101
EXAMPLE 3. Let ¥ = [ 20 | € #(C?). Then it is 3-quasi- (c, §)-normal
001
and (o, 3)-normal for o =0.03 and 8 = 1.8.
10 .. .
EXAMPLE 4. Let . = 70) € PB(l, ®1p). Then it is 1-quasi- (o, B)-normal

but not (¢, B)-normal for ¢ =0.5 and f = 1.5.

PROPOSITION 1. Let . be an m-quasi-totally- (o, ) -normal operator. If a,b
are non-zero eigenvalues of . such that a # b, then ker (¥ — a) Lker (¥ — D).

Proof. Let x € ker( —a) and y € ker(” —b). Then .x = ax and .’y = by.
Therefore a(x,y) = b{x,y), and so (a — b){x,y) = 0. Hence ker(. —a)L
ker(¥—0b). O

THEOREM 14. Let . be an m-quasi-totally- (o, B) -normal operator. If k is a
complex number, then ker( — k) reduces . and ./ is normal on ker(% —k).

Proof. We first prove that ker (.# — k) C ker (.#* — k) for each k # 0.
Suppose #x = kx. Since . is m-quasi-totally- (o, ) -normal,

ol (£ =2) "y < (S =2) "y < B (7 = 2) L]
forall y € 5 and forall A € C. In particular,
ol (7 = k) S| < | (7 = k)" "x]| < Bl (7 — k) 7"x]|.
It follows that
ol (= k) K"x]| < ([ (= k)" K"x]| < Bl (" — k) K"x]).

Therefore
o (= k)xl| < | (& = k)" x| < Bl (£ —k)x]|.

This clearly forces x € ker (& —k)".

For any x € ker (¥ —k), we have (. —k)(“x) = 0, which implies that .*x €
ker (& —k).

Therefore .7 (ker (% —k)) C ker (% — k).
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Also, for x € ker (. — k), we have (. —k) (.”*x) = 0, which means that ."*x €
ker (.7 —k).

This gives .*(ker (.7 —k)) C ker (- — k). Hence ker (. —k) reduces .7 .

For x € ker (. —k), we have ..*x = |k|’x = .#*.%x, i.e. .7 is normal on
ker( —k). O

Let 0,() and 0,(~”) denote the joint point spectrum and point spectrum of
7, respectively. It is known that, if . is normal, then ¢;,(.) = 0,(-'). Of course,
if .7 is m-quasi-totally- (a, B) -normal operator, then 6;,(.7) \ {0} = 0,(”) \ {0}.

COROLLARY 5. If .7 is a pure m-quasi-totally-(a,3)-normal operator, then
op(L) =9

Proof. An operator . is pure if it has no reducing subsapce on which it is normal.
Suppose that 6,(.7) # ¢ . By Theorem 14, we have .7’ is normal on ker (. — k), itis
a contradiction to pure. []

We say that an operator . has the single valued extension property at Ao € C, if
f =0 is the only solution to (. —A) f(A) = 0 that is analytic in an open neighborhood
of A. The operator . is said to have SVEP if it has SVEP at every point A in the
complex plane.

THEOREM 15. If .7 is quasi- (o, B) -normal operator, then ¥ has SVEP,

Proof. Suppose x € ker(.#?). Then .#?x = 0. Since .¥ is quasi- (c, 3)-normal
operator,
ol x| < || x| < Bl x|

forall x € 5. Therefore ||.7*.%x|| =0, and hence x € ker(.7*.%). But ker(./*./) =
ker(.7), hence x € ker(.7). Hence .7 has finite ascent. Therefore . has SVEP by
Theorem 3.8 of [1]. [

THEOREM 16. If .7 is m-quasi- (o, ) -normal such that af =1, then
oSS S S L gmtl < B2 g o M
Proof. . is m-quasi-totally- (a, B)-normal if and only if
PSS M | <SS SIS PR
Therefore
ot L gpml o2 oms p e pm 2 B2 piml gl

and
ﬁ2a2y*m+1ym+l < ﬁ25pm*5p5p*5pm < ﬁ45p*m+lym+l.
Combining these inequalities,

a2ym*y5ﬂ*ym < <y>km+l5ﬂm+l < ﬁZym*yy*ym. 0
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PROPOSITION 2. Direct sum of two m-quasi- (¢, ) -normal is also m-quasi- (o, B)
-normal but tensor product of two m-quasi- (o, ) -normal is m-quasi- (062 B 2) -normal.

Proof. Suppose that .} and .%; are m-quasi- (o, ) -normal.
Let x = x; ®xp € S & S such that ||x|| = 1. Then

ol (#1 @)™ | < (A @ 52) (18 )" < Bl @ S)" a].
Let x =x; X xp € # ® J such that ||x|| = 1. Then
o?(A @A) < (#1©2) (A e A) " < BI(#©5)" X O

Let .,.7 € B(). .# and .7 have mutually majorized each other if o>.7.%* <
TT <P (0<a<1<B).

THEOREM 17. If .#? and .7*.% have mutually majorized each other and if T
is an unitary operator such that 7 = 7. and S*T = T .*, then (.7 )* and
(ST (ST) have mutually majorized each other:

Proof. Since 7 is unitary operator, . *.9 = 7 .7* = 1. Therefore
a2(yy)*2(yg)2 _ a2y*2g*292y2 _ a2y*2y2

and
(SINNS TS TS T) =SS T TS =SS SIS
Hence (#.7)? and (. 7)*(#7) have mutually majorized each other. [J
THEOREM 18. If "+ and %™ have mutually majorized each other and if

T is self-adjoint such that . T = 7.7, then (% T)" " and (T )* (.S T)" have
mutually majorized each other for a natural number m.

Proof. Since .#"*! and .#*.%™ have mutually majorized each other, we have
for x € J7,

a||ym+lym+le < ”y*ymym+le < ﬁ||ym+lym+1x”'
On the other hand,

Hy 5”"9'"“)6\\2 <5p ymngrlxy <Epngerl >
— (TSNS TV, TS (S T)")
= (L) (7T )|

This implies o[|(.% 7 )" x| < | (L) (% T)x|| < BI(£ T)™ x|, O
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THEOREM 19. If "+ and #*.#™ have mutually majorized each other and if
T is unitary equivalent to .57, then T\ and T* 7™ have mutually majorized each
other for a natural number m.

Proof. Let 7 be an operator unitary equivalent to .. Then .7 = % *.% for
some unitary operator % . Therefore

o|[ 7" x| = al (% U)X = al|lwt S U x| = ol S U
|| S"Ux|| = ||U S S UX|| =W S U U U )X
=TT "x||
and

|72 7" = "2y (s u)"s| = |7 " Ux| = |9 " Ux|
< Bl x| =Bl x| = Bl (s w )
= B[.7" " x].

Hence 7"+ and .7*.7" have mutually majorized each other for a natural number
m. U

THEOREM 20. The set { € B(H) : o> gmtl L gm g g gm
Bl mtl and (0 < oo < 1< B)} is arcwise connected for m € N.

Proof. Itis enough to prove that k. is m-quasi- (a, ) -normal operator for every
non zero complex number k. Now for x € .77,

(& (k)™ (kS )" x,x,) < ((F)™ (kS ) (kS ) (kS )", x)

<
< <B2(k5p>*m+l (ky)m+1x’x> )

Therefore OCZy*m-‘rlym+l < PME o Pk pm < BZy*m-‘rlym-&-l-
This implies that the class of m-quasi-(a, 3)-normal operator is arcwise con-
nected. [J
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