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PATH-CONNECTED CLOSURE OF UNITARY ORBITS

DON HADWIN AND WENIJING LI1U

Dedicated to Lyra

(Communicated by C.-K. Ng)

Abstract. If o/ and 2 are unital C*-algebras and 7 : ./ — 2 is a unital *-homomorphism,
then %5 (7)™ is the set of all x-homomorphisms from <7 to % that are approximately (unitar-
ily) equivalent to . We address the question of when % (7)™ is path-connected with respect
to the topology of pointwise norm convergence. When & is singly generated and % = B (Zz) R
an affirmative answer was given in [4]; we extend this to the case when &7 is separable. We also
give an affirmative answer when 8 is a von Neumann algebra and </ is AF or homogeneous;
if A is finite &7 need only be ASH.

1. Introduction

In [4] D. Hadwin proved that the norm closure of the unitary orbit of an operator in
B (62) is path-connected. In this paper we address the problem of extending this result
to representations of separable C*-algebras.

Throughout this paper ./ will be a unital separable C*-algebra. If & is a unital
C*-algebra, we define Rep (<7, %) as the set of all unital *-homomorphisms from &/
to %A with the topology of pointwise norm convergence. Suppose {aj,az,...} is a
norm dense subset of the closed unit ball of .<7. We define a metric d = d,/ 5 by

oo

d(mp)= Y 55 17 an) ~p(an)]

n=1

Clearly, d makes Rep (<, %) into a complete metric space. When 2 is finite-dimen-
sional, Rep (<7, %) is compact.

Let %5 denote the group of unitary elements of . If w € Rep(«/, %), we
define the unitary orbit % (1) of T by

Uz (n) ={U'n(-)U:U € Us}.
If T € # we define the unitary orbit % (T) of T by

Uy (T) = {UTU : U € Uy} .
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It is clear that %4 (T') corresponds to %z (7) when 7 is the identity representation of
the identity representation of C* (T').

In this paper we address the problem of when % (7)™ is path-connected in
Rep (o7, %). In Section 2 we discuss special paths in % ()~ . In Section 3 we
provide an affirmative answer (Theorem 3) for the case when <7 is separable and
% =B (62) . We reduce the separable case to the singly generated case by tensoring
with the algebra 2 (62) of compact operators on /2. In Section 4 we give an af-
firmative answer (Theorem 5) when <7 is AF and # has the property that %), is
connected for every projection p € #. We also give an affirmative answer (Theorem
6) when there is an LF C*-algebra & such that &7 C 2 C &/*, and 4 is an arbitrary
finite von Neumann algebra. In section 5 we give an affirmative answer (Theorem 7)
when &7 is abelian (or homogeneous) and 4 is an arbitrary von Neumann algebra.

2. Connectedness of %, and special paths

An internal path in %y ()~ joining 7 to p is a continuous map v : [0,1] —
U (m)” suchthat y(0) =m, y(1)=p and y(r) € %z (w) whenever 0 <7 < 1. A
strong internal path from T to p € % ()" is a continuous map y: [0,1) — %z such

that
lim y(1)"m()y(r) = p.

t—1-

In [4, Theorem 3.9] the first author proved that % (T)~ is always path connected
when 4 =B (62) . Actually a slightly stronger result was proved.

THEOREM 1. [4, Theorem 3.9] Suppose X € B ({?) and Y € %B(ﬂ) (X)~. Then
there is a W such that

1. W is unitarily equivalentto W W & - - -,
2. X @& W is unitarily equivalentto Y W,

3. IfCeB (62) is unitarily equivalent to X @ W, then

(a) Ce %B(ﬂ) (X)7 = %B(fz) (Y)i,
(b) there is a strong internal path in %B(ﬂ) (X)~ from X to C, and

(c) there is a strong internal path in %B(éz) (Y) fromY to C.

There is no reason, a priori, that % (1) is even connected. It is well-known that
if P and Q are projections in a unital C*-algebra % and ||P— Q|| < 1, then P and
Q are unitarily equivalent [8]. It was proved in [3] that two unital representations 7, p
of a finite-dimensional C*-algebra ./ are unitarily equivalent if and only if 7 (p) is
unitarily equivalent to p (p) for every minimal projection p € <.

If %5 is connected, then every % () must be connected. If x € %5 and
[1—x|| < 1, then (—e,0]N0o(x) =@, so A(x) = —ilog(x) € B, A(x) =A(x)",
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and x = ¢ (Here log represents the principal branch of the logarithm.) Since
1+ e17DAM s a path in %z from x to 1, we see that {x € %z : ||[1 —x|| < 1} is
contained in the path component W of 1 in %z. Since W = UuW such that u ¢ W,
we see that W is open in %y . Thus % is connected if and only if it is path-connected.
This means that if % is connected, then % () is path-connected.

LEMMA 1. If & isfinite-dimensional, then for every 9 and every m € Rep (<, A),
Uz () is closed.

Proof. It follows from [3, Theorem 2 (4)] that if p € %z (7)™, then p € %z (7).
|

EXAMPLE 1. B. Blackadar [1, 4.4] showed that in 98 = M, (C (S3)) there are
two projections P,Q that are unitarily equivalent, but are not homotopy equivalent.
Thus %z (P) = %% (P)~ is not path-connected. This implies that % is not con-
nected.

We say that a unital C*-algebra % has property UC if %y is connected. The
algebra % has property HUC if, for every projection P € %, PZP has property UC.

We say that Z is matricially stable if and only if, for every n € N, £ is isomorphic to
M, (A).

LEMMA 2. The following are true:

1. Every von Neumann algebra has property HUC.
2. A direct limit of unital C*-algebras with property HUC has property HUC.
3. Every unital AF algebra has property HUC.

4. If o is a unital C*-algebra and, for every n € N, M, (/) has property UC,
then K (/) = 0.

5. If B is matricially stable, then % has property UC if and only if K| (%) = 0.

Proof. (1). Inavon Neumann algebra .7 every unitary U can be written U = ¢4
with A = A*, and the path g(r) = (!~ connects U to 1 in %, . Thus </ has
property UC. But P<ZP is a von Neumann algebra for every projection P € o/. Thus
</ has property HUC.

(2). Suppose {7, : A € A} is an increasingly directed family of unital C*-subal-
gebras of a unital C*-subalgebra </ with property UC, and o/ = [Uycp ;] . Let E
be the connected component of %, that contains 1. Suppose U € %, and € > 0.
Then there is a A € A and a unitary V € <7, such that ||[U — V|| < €. Since <7 has
property UC, there is a path in %, joining V to 1, implying V € E. Since E is
closed, we see that U € E.
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Next suppose each .o7; has property HUC and P € o7 is a projection. Then there
isa Ap € A and a projection Q € .7}, such that ||P — Q|| < 1, which implies there is a
unitary W € o7 such that P = W*QW . Hence

PAP=W"OQWAIW* QW =W"* (Q/Q)W.
Thus P2/ P is isomorphic to

0 Q = [Up>2,04.0] .

We see, by the previous paragraph, that P.</ P has property UC. Thus ./ has property
HUC.

(3). This follows from (1) and (2).

(4). This follows from the definition of K ().

(5). This follows from (4). O

3. B((?)

In this section we extend Theorem 1 to the case where the single operator is re-
placed with a representation of a separable C*-algebra. The key idea is a result of C.
Olsen and W. Zame [7] that if <7 is a separable C*-algebra, then &/ @ % (62) is singly
generated. This gives us a general technique for relating the separable case to the singly
generated case.

Suppose ¢ is a unital C*-algebra. Let &/ denote the unitization of &/ ® ¢ ({?).

If © € Rep (o7, %) we define n' : &/T — A" by
vl (Al+ (a,-j)) =Al+(rm (a,-j)) .
Let % be the C*-algebra generated by " and {diag (a,a,...):a € o/}.

THEOREM 2. Suppose &/ and % are unital C*-algebras and 1w,p € Rep (<, AB).
Then

1. The map p — p* from Rep (<7, 2B) to Rep (/", ") is continuous.
2. If m,p € Rep (A, A), then
pEUp(m) ifandonlyif p' € Uy (ET)i.
3. If p € Up ()" and there is an internal path in % (7)~ joining 7 to p, then
there is an internal path in % g (ET)f joining ¥ to pT.
4. 1f

(a) B' C & and & is a C*-algebra with ey 1Eey = e B ey,
(b) p1€Us(n")",
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(c) Forevery a € o,
p1(diag(a,0,0,...)) = diag (p (a),0,0,...)

(d) %z is connected, and
(e) there is a strong internal path in Ug (ET)f from AN p1,

then there is a strong internal path in %z ()~ from T to p.

Proof. (1). This is obvious.
(2). Suppose p € %z (7)™ . Then there is a sequence {U,} in % such that, for
every a € o7,
lim [|U, 7 (@)U — p (a)]] = 0.

n—oo

For each positive integer n, let W, = diag (U,,...,Uy,1,1,1,...) in ' (with U, re-
peated n times). Since

[T o lim Wy ()W —p (T)] =0}

is a unital subalgebra containing the operators (A;;) € </ T such that,
{(1,/) e NxN: (i, j) #(0,0)}

is finite, we see that p € % (n') .
Conversely, suppose p' € % (nT)_. Then there is a sequence {V,} in #" such
that, for every T € .o/,

lim ||V,n™ (T) Vv, — pT(T)|| = 0.

Nn—soo n
Since 7' (e11) = pf (e11) = e11, we see that
V}LII}C”VneU —611Vn|| = JLI?}O|‘VnﬂT (ell)V,f —[)Jr (611)H =0.

Hence

V,— {(elanen) +ef‘1Vnef‘l] H — 0.

Since V,, is unitary,
nli_lgH(eanen)* (e11Vne11) — et

= lim [[(e11Vaen) (e11Vaen))" —ent|| = 0.

This implies that, eventually e11V,e1; is invertible in e 1B%ey;. Thus there is a se-
quence {W,} in %z, namely (for sufficiently large n),

x71—1/2
W, = (e11Vaenr) [(en1Vaerr) (er1Vaerr)] 2
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such that

Y L
Thus, for every a € <7,

lim ||W, 7 (a) W, — p (a)| = 0.

Thus p € » (7)™ .

(3). Suppose there is an internal path y:[0,1] — % (x)” joining © to p.
For 0 <t < 1 write y(¢t) =Un ()U with Uy € %%. Foreach 0 <t <1 let V, =
diag (U, Uy,...) € Uypx and let T'(t) = V;mt' ()V,*. Then, forevery T € /7,

lim ||V,e™(T)V; — p™(T)|| =0.

t—1—
(4). Suppose T': [0,1) — % is continuous, and, for every T € <77,

lim |T (1) 7" (T)T (1) — p1 (T)| = 0.

t—1—

Since p; (e11) = p' (e11) = ey, we conclude that
[Jim. IT(#)err —enT (@) = lim [T 7" ()T ()" = pi(en)]| = 0.

Since T'(¢) is unitary, there is a 7o € [0,1) such that, whenever 7o <t < 1, we have
C = e11I'(t) ey is invertible in # and if

U =qlccl ',

then U, € %5 and
t—1-

Since %, is connected, there is a continuous map ¢ — U, € %, for 0 <t <1y so that
Uy = 1. If, for every a € o7, we consider T, = diag(a,0,0,...), it is easily seen that

lim U7 (@)U; =p (@)]| =0. O

THEOREM 3. Suppose </ is a separable unital C*-algebraand 1 € Rep (%,B (62)) .
Then %B( 2) (7)™ is path-connected.

Proof. Suppose p € Uy ) (r)~. Then, by Theorem 2, p' € %B(ﬂ)"' (n)~

But B (Ez)Jr CB(?@®@®---)=&. Also, by [7] there is an operator T € /" such
that /7 = C*(T). Thus p (T) € % (rn(T))”. Apply Theorem 1 to X = ' (T) and
Y =p'(T) tofind W in & and a strong internal paths from ' (T) & W in % (n(T))~
andin % (p (T))~ from p'(T) to n' (T)©W. There is a representation & of C* (T)
such that & (T) =W, and if § (A) =A@ & (A), we have 8§ (T) =T @W. Since ey,
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and O (eg1) =e11 D Op (e11) are projections with infinite rank and infinite corank, there
is a unitary operator V such that V*§ (e;;)V =ej; and VTV € &. Let C=V*6(T)V
and p; () =V*& () V. Itfollows that there is a 0 € Rep (<7, B (¢?)) such that, for every
ac .o,

p1(diag (a,0,0,---)) = diag (6 (a),0,0,---).

Since there is an internal path in % (7 (T)) "~ from 7 (T) to p; (T), there is a strong
internal path in % (77:*)_ from 7' to py. It follows from part (4) of Theorem 2 that
there is a strong internal path in %3(52) (m)” from 7 to . Similarly, there is a strong

internal path in %B(ﬂ) (p)” from p to o. Thus there is a path in %B(ﬂ) (m)” =
%B((,Z) (p)” fromrmwtop. O

4. AF algebras

LEMMA 3. Suppose 1 € &/ C & are separable unital C*-algebras, A is a unital
C*-algebra and m,p € Rep(2,94), and suppose V.W € %y such that

1. forevery x€ 9,
2. forevery x € o,

3. Uprp(wry is connected.

Then there is a path t — Uy of unitary operators in B suchthat Uy=V, U =W,
and for every t € [0,1] and every x € o,

Up () Uy = 1 (x).

Proof. We know that, for every x € 7,
Wip (x)W =V*"p(x)V.

Thus VW* =X € p(</)'N%. Thus W = X*V. Since Uy sy is path connected,

there is a path 7 — X; of unitary elements in p (7)' N such that Xo =1 and X; = X .
For t € [0,1] let U, = X,*V. Then U, is a path in %z, Uy =V and U; = X*V =W.
Moreover, for each ¢ € [0,1] and each x € &7,

U'pxX)U=VXpx)X'V=Vpx)V=r(x). O

THEOREM 4. Suppose /) C w5 C --- C & and o/ = [Upen |~ is separable.
Suppose m,p € Rep (o, %) such that, for every n € N,

1. Pl € Up(7|,),
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2. U ALY is connected.

Then there is a strong internal path from T to p.

Proof. For each n € N, choose U,, € %4 such that, for every a € <7,
U,p(a)Un=r(a).

It follows from Lemma 3 that we can define a path ¢t — U, from [n,n+ 1] so that for
n<t<n-+1 and a € <,, we have

U'p(a)Ui = n(a).

Thus the map ¢ +— U, is continuous, and, for every a € U,cn.7, we have
Jim [[Ufp (@)U —m(a)| =0

Hence, if we define m; (-) = U/p (-)U; for t € [0,00) and m.. = p, we have a strong
internal path in %% (n)” from wto p. O

THEOREM 5. Suppose </ is a separable unital AF C*-algebra, % is a C*-
algebra with property HUC, and Tt € Rep (<7 ,P). Then Uz (7)™ is path-connected.

Proof. We can assume that kert = 0, since </ /kerp is a separable unital AF al-
gebra. Since 7 is unital and AF, there is a sequence {<,} of unital finite-dimensional
C*-subalgebras

lee CahC

such that B
n=1

Suppose p € % (m)” . Since each ., is finite-dimensional, where approximate
equivalence is the same as unitary equivalence, we have p|., € %z (m|,) for each
neN.

Fix n € N and write 7, as M, (C)&--- &M, (C) and, for 1 <k <1, let
{eijx:1<i,j<si} be the system of matrix units for My, (C). It is easily seen that
p (<,)' N4 is the set of all

230 ekl (ena) 0 () e

for x € 4. It follows that p (.<7,)' N is isomorphic to

®
2 p(enx) Zp (e11x) -

1<kt

Since 4 has property HUC, we see that p (.<7,)’ 1% has property UC. The desired
conclusion now follows from Theorem 4. []
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COROLLARY 1. If & is a separable unital AF C*-algebra and 2 is either an
AF C*-algebra or a von Neumann algebra, then, for every p € Rep (/' ,B), Uz (p)~
is path-connected.

A separable C*-algebra is homogeneous if it is a finite direct sum of algebras of the
form M, (C (X)), where X is a compact metric space. A unital C*-algebra is subhomo-
geneous if it is a unital subalgebra of a homogeneous C*-algebra. Every subhomoge-
neous von Neumann algebra is homogeneous; in particular, if .2/ is subhomogeneous,
then the second dual .&7* of 7 is homogeneous. A C*-algebra is approximately sub-
homogeneous (ASH) if it is a direct limit of subhomogeneous C*-algebras.

A (possibly nonseparable) C*-algebra % is LF if, for every finite subset ' C %
and every € > 0 there is a finite-dimensional C*-algebra 2 of % such that, for every
b e F,dist(b,7) < €. Every separable unital C*-subalgebra of a LF C*-algebra is
contained in a separable AF subalgebra. See [2] for details.

We are interested in a more general property. We say that a unital C*-algebra .o/
is strongly LF-embeddable if there is an LF C*-algebra & such that &7 C 2 C o/*.
It is easily shown that an ASH algebra is strongly LF-embeddable, i.e., if {27, } is an
increasingly directed family of subhomogeneous C*-algebras and &/ = (U;L%;L)_““,

then & C (U #/f*) M= o7*  The proof of the next theorem relies on results in [5].

THEOREM 6. Suppose <f is a separable strongly LF embeddable C*-algebra and
A is a finite von Neumann algebra. Then, for every m € Rep (o, M), Uy (7)) is
path connected.

Proof. Suppose p € % 4 ()~ . It follows that there are weak*-weak* continuous
unital *-homomorphisms #,p : .&7* — _# such that #|,, = 7 and p|,, = p. Since
<7 is strongly LF embeddable, there is a separable unital AF C*-algebra & such that

g C P C A,

It follows from [5, Theorem 2] that p|y € % 4 (#| )~ . We know from Theorem 5 that
Uy (ft| )~ is path connected. Thus there is a path in % 4 (| )~ from #|y to plg.
Restricting to <7, we obtain a path in % 4 (n)” from 7 to p. O

5. Abelian algebras

Suppose .# is a von Neumann algebra and T € .# . In [3] H. Ding and D.
Hadwin defined .# -rank (T') to be the Murray von Neumann equivalence class of the
orthogonal projection 2R (T') onto the closure of the range of 7. We say .# -rank (S) <
A -rank (T) if and only if there is a projection P € .# such that P <R (T) and P is
Murray von Neumann equivalent to 93 (S). They proved that if a separable unital C*-
algebra is a direct limit of homogeneous algebras, and .# acts on a separable Hilbert
space, then for all w,p € Rep(«/,.#), p € % (r)" if and only if, for every x € &7,

M -rank (10 (x)) = .# -rank (p (x)).
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A key ingredient of the proof of this result was a sequential semicontinuity of .# -rank
with respect to the *-SOT that was proved when .# is a von Neumann algebra acting
on a separable Hilbert space [3, Theorem 1]. We extend this to the general case.

LEMMA 4. Suppose # is a von Neumann algebra, A,B € ./ and, for each
neN, B, € # and M -rank(B,) < M -rank(A). If B, — B is the %-SOT, then
M -rank (B) < A -rank (A).

Proof. Let B, =R (B,), OQ=%9(A), and, for each n € N, choose a partial isom-
etry V,, € # such that V*V,, = P, and V,,V," < Q. Let
N =W*({A,B,B1,V1,B2,Va,...}).
Clearly, we have, for every n € N, that
A -rank (B,) < .4 -rank (A).

Because .4 is countably generated, by [10, Corollary 2.4] we may write

®

N = 2%{
icl

with each .47 acting on a separable Hilbert space.
Write

D D D D
A=YA;, B=YBi By=YBui, Vi= Vui

icl icl icl icl
Since R (A) = Y7, R (A;) and R(B) = 32, R (By,), foreach i € I, A;-rank (B,;) <
Aj-rank (A;) and the limit in the *-SOT of B,; is B;. Thus, by [3, Theorem 1], for
eachiel,

i-rank (B;) < Aj-rank (A;).

Thus, for each i € I, there is a partial isometry W; € .4; such that
W W; = R (B;) and W;W" <R (A;).
Then W = Zf’é ; Wi is a partial isometry in 4" such that
W*'W =R (B) and WW* <R (A).
Since we also have W € .# , we conclude .# -rank (B) < .4 -rank (A). O

COROLLARY 2. If & is a unital C*-algebra, .# is a von Neumann algebra and
n € Rep (o, M) and p € Uy ()", then, for every a € <,

M -rank (7t (a)) = A -rank (p (a)).
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Proof. Suppose a € o . There is a sequence {U, } in %, 4 such that
lim [[U; 7w (A)Un — p (A)|| = lim [[7(a) = Unp (@) Uy || = 0

Also A -rank (Ur (a)U,) = A -rank (7t (a)) and A -rank (U,p (a)U;) = A -
rank (p (a)) for each n € N. Thus, by Lemma 4,

A -rank (p (a)) < A -rank (7 (a)) and .4 -rank (7 (a)) < .4 -rank(p (a)). O

REMARK 1. Corollary 2 can also be proved without Lemma 4, but instead us-
ing Theorem 1.3(2) from [9], which states that two normal operators S,T in a von
Neumann algebra are approximately equivalent if and only if, for every open subset
U C C, we have yy (S) and yu (T) are Murray von Neumann equivalent. Since M -
rank (m (a)) (resp., A -rank(p (a))) is the Murray von Neumann equivalence class
of X(0.) (m(a)" m(a)) (resp., X(0,0) (p(a)"p(a))), Corollary is an immediate conse-
quence.

Suppose 7 is a unital C*-algebraand .# is a von Neumann algebraand 7 : o7/ —
A is aunital *-homomorphism. Then there is a unique *-homomorphism 7 : &/** —
A that is weak*-weak* continuous (see [6]).

LEMMA 5. Suppose (X,d) is a compact metric space, 4 is a G -finite von Neu-
mann algebra, and w,p : C(X) — M, p € Uy (7). Then there is a sequence
T\, Fa,... of finite disjoint collections of nonempty Borel sets such that

1. ZEG&’-‘}, ﬁ(XE) = ZEEJn XE) =1,

(
2. {a(xp)Ec Z} Csp({f(yr) : F € Fys1}) and
{p(xe):Ec Fu} Csp({p(xF): F € Fuia}),

3. Forevery E € %,, and
diam(E) < 1/n.

4. Forevery E € Uyen%, 7 (xe) and p (xg) are Murray von Neumann equivalent.

Proof. Let Bor(X) be the C*-algebra with the supremum norm. We then have
C(X) CBor(X)cC(x)*

and 7[or(x)> P|Bor(x) are unital *-homomorphisms.

Let Z= {U CX:Uisopenand 7t <7CU\U> =p (%U\U> = 0}. It is easily shown
that if U,V € £, then U\V, UUV, UNV € . Moreover, if a € X and S(a,r) =
{xe X :d(a,x) =r} forall r> 0, it follows from the fact that .# is o -finite that if

={re(0,%): & (Xs(a)) =P (Xs(a,)) =0}, then (0,e0)\ E, is countable.
We can assume that diam (X) < 1 and we can let %] = {X}.
Suppose n € N and .%,, has been defined.
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For each a € X, there is an r, € E,; N (0, m) Since X is compact and
{ball(a,r,) : a € X} is an open cover with sets in X, there is a finite subcover {Uy,...,Us} .
We let Vi = Uy, and Vi = U\ U< U for 1 <k <s. Then {Vi,...V,} is a disjoint
family of open sets in X with union V' such that

f(xv)=p(v)=1

‘We now let
T ={V,inW: 1< j<s,WeF,VinW £},

If U C X is open and nonempty, then there is a continuous f : X — [0, 1] such that
f(x) =0 if and only if x € X \ U. Thus the sequence f'/" 1 ¥y, which means

fl/n _>%U

weak*in C(X)™. Thus 7 (£)"/" 1 # (xv) and p ()" 1 p (xv) in the weak* topology.
Thus 7 (yy) is the projection onto the closure of the range of 7 (f) and p ()y) is the
projection onto the closure of the range of p (f). It follows from Corollary 2 that
#(xu) and p (xu) are Murray von Neumann equivalent. [

THEOREM 7. Suppose < is a separable unital commutative C*-algebra and M
is a von Neumann algebra. If © € Rep (o, #) then Uz (%)~ is path-connected. In
fact, for every p € % 4 (%)~ there is a strong internal path from T to p.

Proof. Suppose p € % 4 (7). Since & is separable, there is a sequence {U,} €
%y such that, for every a € o7,

lim [[U;/ 7 (a) U, — p (a)|| = 0.

n—oo

Let /" =W*(n(«)Up ()U{U,,U,,...}). Then .4 is a countably generated von
Neumann algebra, and ,p : &7 — .4 . Hence we can write

D
N =3 N,

icl

where each .#; acts on a separable Hilbert space, and we can write

® ®
m=Y mandp =Y pi

iel iel
We also have
o o
=Y fiandp = pi.
icl icl
For each i € I, we can choose a sequence .%#,; of families of nonempty open

subsets as in Lemma 5. Since, for each i € I and each n € N and each E € .%,; we
know 7; (xr) and p; ()xg) are Murray von Neumann equivalent in .4; and since

N wmi(xe)= Y, pi(xe)=1,

Ec%, Ec%,
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there is a unitary U, ; € .4; such that
U, % (Xe) Ui = Pi (XE)

for every E € .%,;. Foreach n € N, let U, = Z% U,, for each i € I, and let &, =
Si2rsp ({7 (xe) 1 E € Fnj}). Since UyUyr, | € 7, we know from the proof of Lemma
3 that the map n — U, on N extends to a continuous map ¢ +— U; = Z??E ;Ui such that
Up = 1, and such that, for every n € N, for every i € I, every n <t < oo, and every
E e fnﬂ'
Uit (xe) Ui = Uy i (XE) Uni = P (XE) -

Suppose f € C(X) and € > 0. Since f is uniformly continuous, there is a positive
integer ng such that, if x,y € X and d (x,y) < 1/ng, then |f (x) — f ()| < &/2.

For each i € I and all E € .%,,; we choose x;,,r € E. Since diam(E) < 1/no,
we then have

LS = F Cong.ie) ] 2| < €/2,

SO

m(f) = X f(gir) W(xe) || < e/2,
Eef%no’i
and

pi(f) = D f(mir)pi(xe)|| <e/2.

Eet%,oj

Thus, for r > ng, we have

U m (AU —p (Nl = S_lEl?HU:ini () Ui = pi ()]

<sup||U5 |mi(f)— Y, f (Sngie) i (xE) | Ui

i€l E€Tn,;

+sup|| D, f (%ngik) (Ui (XE) Uri — pi(xE)]

iel Ee=gn0,i

+sup|| Y f(xugie) Pi (xe) — pi(f)

i€l E€Fn,

<g/2+0+¢/2 =¢.

Thus, the map ¢ — U is continuous on [1,e0), and, for every f € C(X),
lim [Uiz (f)Ur =p ()| =0. O

COROLLARY 3. Suppose </ is a separable unital homogeneous C*-algebra and
M is a von Neumann algebra. If m € Rep (<, M) then U 4 (%)~ is path-connected.
In fact, for every p € % 4 (%)™ there is a strong internal path from T to p.
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Proof. We give the proof when 7 = M, (C(X)) for some compact metric space
X.If p ey (m)" . In the obvious way we have M, (C) C M, (C(X)). Since

Pl ) € Za (Thayc)

it follows from [3] that 7|y, () and ply,(c) are unitarily equivalent in .. Since
.4 is path-connected, there is a path in %, (1) joining 7 to a representation whose
restriction M, (C) coincides with py,c). Hence we can assume that 7|y, c) =
Plu,(c)- Since m(M,(C)) is an isomorphic copy of M, (C), so there is a von Neu-
mann algebra & such that .# =M, (Z) and the map 7 from M, (C) C M, (C (X)) to
M, (C) € M, (2) is the identity map. In this case there are unital *-homomorphisms
Oz,0p : C(X) — Z such that, for every A = (fi;) € M, (C (X)),

7 (A4) = (o (fij) and 7 (A) = (0 (fij)) -

It is clear that 6, € %4 (0Ox). The rest follows from Theorem 7. [
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