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EVERY REAL SYMPLECTIC MATRIX IS A PRODUCT OF

COMMUTATORS OF REAL SYMPLECTIC INVOLUTIONS

XIN HOU

Abstract. Denote by I ( In ) the (n×n ) identity matrix. A matrix A is symplectic if ATJA = J ,

where J =
[

0 In
−In 0

]
. A symplectic matrix A is a commutator of symplectic involutions if A =

XYX−1Y−1 , where X and Y are symplectic and X2 = Y 2 = I . Let R be the real number field.
Denote by trA the trace of A , by A⊕B the direct sum of A and B . In this article, it is proved that
every 4×4 real symplectic matrix except the matrices similar to −I2⊕B for −I2 �= B∈ Sp(2,R)
and trB �−2 , can be decomposed into a product of at most two commutators of real symplectic
involutions, and the exceptional real symplectic matrices are products of three commutators of
real symplectic involutions. Using this result, it is shown that every real symplectic matrix of size
greater than two is a product of a finite number of commutators of real symplectic involutions.
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