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EVERY REAL SYMPLECTIC MATRIX IS A PRODUCT OF
COMMUTATORS OF REAL SYMPLECTIC INVOLUTIONS

XIN Hou

(Communicated by P. Semrl)

Abstract. Denote by I (I,) the (n x n) identity matrix. A matrix A is symplectic if ATJA =7,
where J = LOIH I(’;
XYX~ 'Y~ where X and Y are symplectic and X*> = Y2 =1. Let R be the real number field.
Denote by trA the trace of A, by A® B the direct sum of A and B. In this article, it is proved that
every 4 x 4 real symplectic matrix except the matrices similar to —L @B for —, # B € Sp(2,R)
and trB > —2, can be decomposed into a product of at most two commutators of real symplectic
involutions, and the exceptional real symplectic matrices are products of three commutators of
real symplectic involutions. Using this result, it is shown that every real symplectic matrix of size
greater than two is a product of a finite number of commutators of real symplectic involutions.

} . A symplectic matrix A is a commutator of symplectic involutions if A =

1. Introduction

An involution in a matrix group is an element A satisfying A> = I. Representations
of matrices as products of involutions and commutators of involutions are interesting
topics and have been studied by many scholars (see e.g. [1,2,4,5,7,8,9, 10, 12, 13, 14,
15]). Denote by Sp(2n,F) the group consisting of all the 2n x 2n symplectic matrices
over a field F'. A commutator of symplectic involutions is a product of two involutions
(an involution and its conjugate). In [1], Awa and de la Cruz proved that every 4 x 4
real symplectic matrix is a product of four real symplectic involutions. In this article,
we consider the problem of decomposing real symplectic matrices into products of
commutators of real symplectic involutions. We wish to determine whether a 4 x 4 real
symplectic matrix is a product of two commutators of symplectic involutions.

Denote by @ the matrix direct sum. Assume that

A11 A12 Bll BIZ
A= 5 B= )
|:A21 Azz} [321 322}

where A;; € R™" and B;; € R"*" for i, j € {1,2}. The expanding sum of A and B is
defined as

Al ®Bi11 A S Bz
AHEHB= .
[Am @ B Ax 69322}
One checks that AH B is permutation similar to A@® B and (ABB)(CHD) = (AC)H

(BD). The main results of this paper are the following theorems.
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THEOREM 1.1. Every 4 x 4 real symplectic matrix except the matrices similar to
—L BB for —I, # B € Sp(2,R) and ttB > —2, is a product of at most two commuta-
tors of real symplectic involutions. The exceptional 4 X 4 real symplectic matrices are
products of three commutators of real symplectic involutions.

THEOREM 1.2. Every 2n X 2n real symplectic matrix is a product of a finite num-
ber of commutators of real symplectic involutions.

The proofs of these two theorems will be given at the end of section 3. We will
give some preliminaries in section 2 first.

2. Preliminaries
To prove our main theorems we need the following remarks and lemmas.

REMARK 2.1. Assume that A = [Al Az

. nxn .
As A4],Where A; € R™" for i € {1,2,3,4}.

Then A is symplectic if and only if
AlAg,AgAZ are symmetric, and AlAZ —A2A3T =1,.
Then the inverse matrix of A is

A_l == AZ{T _Ag .
—A3 A

REMARK 2.2. AHB is symplectic if and only if A and B are symplectic.

REMARK 2.3. Denote by .7 .7 (m) the set of all products of m commutators of
real symplectic involutions.

(a) ¢S I1)CC€S I CCSF(3)C---.

(b) Each element of the sets €.%. (m) is closed under expanding summation,
ie,if Ac €¢I (m), Be €7 (m), then ABB € ¢..9 (m).

(c) Each element of the sets €. (m) is invariant under real symplectic simi-
larity, i.e., if A € €. (m) and P is a real symplectic matrix of the same size as A,
then P~'AP € €. .7 (m).

(d) Ac€.7.7(m) ifand onlyif A~! € €.7.7 (m), ifand only if AT € €. .7 (m).

The following lemma is a direct consequence of the canonical form of [6] Theorem
1,seealso[1, 11].

LEMMA 2.4. Each 4 x 4 real symplectic matrix is symplectically similar to one
of the following matrices:

, where A € R\ {0}.
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u—10 0
0 ol o
@) Prop) = |, f)‘ ”“ o | where ace {=1,0,1}, e {~1,1}.
00 1 p
a b 0 0
(3) 5= —ba 0 0 , where a,b € R such that a®>+b*> # 1.

0 0 a/(a®>+b*) b/(a®+b?)
0 0—b/(a®+b?) a/(a®+b?)

cosf sinf O 0
—sinf@ cos® o —ocoth
0 0 cosO sin6
0 0 —sinB cos6

4) Py= , where 0 € (0,2n)\{n} and o € {—1,0,1}.

(5) L5 =AHB for some 2 x 2 real symplectic matrices A and B.

The following lemma is a direct consequence of [1] Theorem 2.

LEMMA 2.5. Let A be a real symplectic matrix. The following are equivalent.
(1) A is a commutator of real symplectic involutions.

(2) there exists a real symplectic matrix B such that B> = A and B is a product of two
real symplectic involution.

(3) there exists a real symplectic matrix B such that B> = A and B is similar to B~!
via a real symplectic involution.

LEMMA 2.6. ([2], Theorem 8) A symplectic matrix A is a product of two sym-
plectic involutions if and only if each number Ny (A, 1) of k x k Jordan blocks of A
corresponding to an eigenvalue A is even.

LEMMA 2.7. ([8], Lemma 2.5) A symplectic matrix A is a commutator of com-
plex symplectic involutions if and only if each number (A, 1) (A # —1) of k x k Jor-
dan blocks of A corresponding to an eigenvalue A is even, and each number M (A, —1)
is divisible by 4.

For a matrix A € R"*" by 6(A) we denote the spectrum of A.

LEMMA 2.8. ([1], Lemma 6) Let A,B € R™" and suppose that M = [g ABT] is

symplectic. If 6(A)No(A~') =0, then M is symplectically similarto AGA™T .
LEMMA 2.9. ([1], Lemma 5) Let A be a 2 x 2 nonscalar real symplectic matrix.

(1) If A is not a diagonal matrix, then A is real symplectically similar to Ly, =

trA 1
[_” O} , for some p € {1,—1}.
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(2) If |tr!A] > 2, then A is real symplectically similar to both Ly and Ly 1. In
particular, A is real symplectically similar to diag(A,A~").

LEMMA 2.10. Let A be a 2 x 2 nonscalar real symplectic matrix. If ttA = —2,

then A is real symplectically similar to [_01 _‘uJ , for some p € {1,—1}.

Proof. Since A is nonscalar and trA = —2, the matrix A must be not a diagonal

matrix. By Lemma 2.9(1), A is real symplectically similar to L, ;, = {:ﬁ IE)L] , for some

we{l,—1}. Let P = [‘lit _01} , which is symplectic. One checks that P~'Ly P =

-1 u .
[O _l],as desired. [

LEMMA 2.11. Let A =[ajjl2x2 € Sp(2,R). If |trA| < 2, then one of the following
statements holds.

(1) A is real symplectically similar to {t_rf} (1)

} for aj; > 0.
. . . trA —1
(2) A is real symplectically similar to 1 0 for ajp <O0.

Proof. Since |trA| < 2 and the determinant of A is 1, ajp must be a nonzero real

number. Let
p |V lanal/ary \/Jar]
- —1 )
—\/|a12| 0

which is symplectic. If ajp, > 0, then PAP ! = [t_rf} (1)] . While if a;» < 0, then
-1 _ tI'A —1
PAP™ = [ 1 0 } .

Now we prove that [t_n? (l)} is not real symplectically similar to [trlA —0 l] for

|trA| < 2. If the two matrices are real symplectically similar, then there exists a real
symplectic matrix

N b1 bn JP trA 1 N trA —1
B = |:b21 bzz] satisfying [_1 O} B_B[ 1 0 ] .

Then we get byy = by and —byy — byy = bystrA. Thus (batrA)? = (—by — by)? >
4by1byy. Since the determinant of B is 1 and by = by, we obtain by1by; =1+
b2,. So (batrA)? > 4by1byy = 4 +4b3,. Recall that |trA| < 2 we get 4 +4b3, <

(b1atrA)? < 4b3,, a contradiction. Thus [trA !

1 0] is not real symplectically similar to
[trA —1] O

1 0
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3. Proof of the main result

cos@ sin6
LEMMA 3.1. Let A = <in® cos 9] € Sp(2,R) for 6 € (0,2n)\ {m}. Then

AHA is not a commutator of real symplectic involutions.

Proof. Since a commutator of real symplectic involutions is a product of two real
symplectic involutions, it suffices to prove that AHA is not a product of two real sym-
plectic involutions. By [1] Theorem 2, there must exist a real symplectic matrix P such
that P~ (ABA)P = (ABA)~!. Write

PP
r=[n ]

where each P; is a 2 x 2 real matrix for i € {1,2,3,4}. Then from (ABBA)P = P(AH
A)~! we get P, = Py and P; = —P;. From Remark 2.1 we know that PP} — P,PI =
I, = —PyP] — PsPI'. Since P5 and Py are real, we get a contradiction. Thus ABA is
neither a product of two real symplectic involutions nor a commutator of real symplectic
involutions. [J

LEMMA 3.2. Let 0< A €R, 0 €[0,27), a € R\ {0}, b,c € R. The following
symplectic matrices are commutators of real symplectic involutions.

[A=1 0 00
0 A'oo
W H=106 "9 20
L0 0 04
[ cos® sin® 0 0 ]
—sinB cos® 0 0
(2) Hy = 0 0 cosO sin6
| O 0 —sin6 cos0 |
[cos6 0 sin® 0
0 cos@ 0O —sinB
() H; = —sin@ 0 cos® O
i 0 sin® O cos@_
[10a 0]
~_|010—a T
(4) Hy = 001 0 and Hj .
000 1 |
[1a ¢ b
|01 b0 T
(5) Hs = 00 1 0 and Hy .
_OO—al_
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Proof. Choose

0 0
0 0
K _=
! 0 0 VAo
0 0 0V
One checks that K is real symplectically similar to its inverse by the real symplectic
involution

00 01
00 —-10
0-100
10 00
Since H| = Klz, by Lemma 2.5, H; is a commutator of real symplectic involutions.
Choose
[ cos(6/2) sin(6/2) 0 0 ]
K — —sin(0/2) cos(0/2) 0 0
2= 0 0 cos(0/2) sin(6/2) |’
0 0 —sin(0/2) cos(0/2)

[ cos(8/2) 0  sin(6/2) 0
0 cos(6/2) 0 —sin(6/2)
—sin(6/2) 0  cos(6/2) 0
i 0 sin(6/2) 0 cos(6/2)
One checks that both K> and K3 are real symplectically similar to their inverse by the
same real symplectic involution

K3 =

0100
1000
0001
0010

Since Hy, = K22 and H; = K32, by Lemma 2.5, H, and H3 are commutators of real
symplectic involutions.

Next let
10a/2 0
{01 0 —a/2
Ki=100 1 o
00 0 1

One checks that Ky is symplectic and K7 = Hy, and that K is real symplectically
similar to its inverse by the real symplectic involution P. Thus by Lemma 2.5, Hy is a
commutator of real symplectic involutions and so is H4T .

Let
la/2 ¢/2 b/2 1
01 »b/2 0 0—
00 { o| ™=l 1 o
00 —a/2 1 00 O

Ks =
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One checks that both Ks and Q are symplectic and K2 = Hy, Q> =1, Q" 'KsQ =

K5 !'. Thus by Lemma 2.5, Hs is a commutator of real symplectic involutions and so is
HI. O
5.

LEMMA 3.3. —1y is a commutator of real symplectic involutions.

2
Proof. Since —Iy = ([_Ol (l)] ) [_01 (1)]) and {_01 (1)} @ [_Ol (l)] is similar to

01

its inverse by the real symplectic involution Tk

Lemma2.5. O

(1) (1)] S2] [ we get the conclusion by

LEMMA 3.4. P is a product of at most two commutators of real symplectic
involutions.

Proof. If A =1, by Lemma 3.2(5) we know that 7] is a commutator of real sym-
plectic involutions. If A = —1, by Lemma 3.2(5) we know that — 7| is a commutator
of real symplectic involutions. By Lemma 3.3, —/; is a commutator of real symplectic
involutions. Thus &) = (—£2)(—1,) is a product of at most two commutators of real
symplectic involutions.

Next we assume that A # 4+-1. We claim that &?; is real symplectically similar to

I 1 —-11
_(tl+rl—t 1t
k=100 141 —t|’
00 -11

where 7 = 2 + A1 —2. Note that

10007 11-11
c_|t1oo[lo1 10
“loo1—| |00 1 0|’

0001 |]|]00—-11
then &) is a product of two commutators of real symplectic involutions by Lemma

3.2(5).
Now we prove that 7] is real symplectically similar to K. Let

b1 . I
m =1 t—1| Y a—1a =1 >

1 222(1 =) 21+ )73 o [1—223(1 = A) 2 (14 4) 73
e Ll e B
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Then we can calculate that

A0 0 —A2A+1)72

_ 02 —(A+1)72 0

(e k(e = |0t AT D

0 0 0 A

Let

A(l+2)! 0 0 0 000 —1
P 0 A(l+2)7! 0 0 p,_ |1000
T 0 0 2714 2) 0 AT 1010 0
0 0 0 A1 +2) 001 0

One checks that (P P,P3P,) "' K(P{PP;Py) = &, . Since Py, P, P;, P, are all real sym-
plectic matrices, we finish the proof of the claim. [J

LEMMA 3.5. (o, W) is a product of two commutators of real symplectic invo-
lutions.

Proof. Since

l1-1oao 10— 0

01 a0||01 0 a
ZAe)=15 0 10|00 1 0]

00 11|00 0 1

by Lemma 3.2(4)(5) it is a product of two commutators of real symplectic involutions.

Let
1-2-a o 20 0 o/4
|2 -3-02a _|-2-1 o/8 =30 /4
K=lo o0 32| ™ P=1¢ o _1pp 1
00 2 1 00 0 -1

One checks that both K and P are symplectic and Z,(o,—1) = P~'KP. Since
P, (a,—1) is real symplectically similar to

100 0O 1 -2-0o
K— 210 0 01 o O

001-2{{00 1 0O}’

000 1 00 21

by Lemma 3.2(5) it is a product of two commutators of real symplectic involutions. [J

LEMMA 3.6. 23 is a product of two commutators of real symplectic involutions.
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Proof. Let A = Va2 +b2_1. Then there exist an angle 6 such that cos@ = al
and sin O = bA . Hence,

A1 0 00] [cos® sin® 0 0
0 A7'00| |—sin@cos® O 0
0 0 A0 0 0 cosO sinf
0 0 0A 0 0 —sin0O cosH

is a product of two commutators of real symplectic involutions by Lemma 3.2(1)(2). [

P3 =

LEMMA 3.7. P4 is a product of two commutators of real symplectic involutions.

Proof. Let
10 —20csc® O cosO sinO 2ocot 200
K — 01 0 ocscO K — —sin@ cos@ 200 —2ocot®
=loo 1 o[> o 0 cos®  sin@
00 0 1 0 0 —sin® cosB
Then &4 = K|K;. Let
V20 0 0 10 20csc® —ocotBeschd
P 01 0 O P 01 —ocotBcescO 0
(00 0 1 00 0 1

One checks that P; and P, are symplectic and

[10 —occsc® 0 cos® sinf O 0

01 0 oacsch —sinf cos® 0 0
00 1 0 0 0 cosO sinf |’
00 0 1 0 0 —sin6O cosH

which are commutators of real symplectic involutions by Lemma 3.2(2)(4). Thus we
get the conclusion. [

PrK P = , Py KoPy =

LEMMA 3.8. For each nonscalar matrices A,B € Sp(2,R), ABB is a product of
at most two commutators of real symplectic involutions.

trA Ly

Proof. By Lemma 2.9(1), A is real symplectically similar to [ w0 0
—H

] and B

trB Uy

is real symplectically similar to O} for py,up € {1,—1}. Thus ABB is real
— U2

symplectically similar to [trA H 1} H [trB K 2} .Let 1 <A eR.

—t1 0 —H2 0
A ] g (0B w] _ (A m@A+A~ = A" wA)] o [A po(d+2 7" -2 uB)
—u; 0 —U 0 —\ |0 At 0 At

) A4+A71 ,ull‘l 0 A2t ,LLQ)L_l
—wmA 0 —mwA 0 '
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By Lemma 2.9(2), the two symplectic matrices on the right side of the above equation

are all real symplectically similar to B )ﬁ 1] H K)L /101} . Then by Lemma 3.2(1), we

get the conclusion of this lemma. O

LEMMA 3.9. If —I, # B € Sp(2,R), then I, BB is a product of at most two
commutators of real symplectic involutions.

Proof. By Lemma 2.9(1), B is real symplectically similar to {t_rﬁ ’S
pe{l,~1}.Let 1 <A €R. Since

(s )

(Lo dl=a )

and the two symplectic matrices on the right side of the above equation are all real

symplectically similar to [g x(z 1] H [g kq 1} by Lemma 2.9(2). Then by Lemma

3.2(1), we get the conclusion of this lemma. [

] for some

LEMMA 3.10. Let A= (—L)H®B, where —I, # B € Sp(2,R). If ttB > —2, then
A is a product of three commutators of real symplectic involutions and no fewer.

Proof. By Lemma 2.7, A can not be a commutator of real symplectic involutions.
Suppose that A = AjA; where A} and A; are commutators of real symplectic involu-
tions. Since each number of Jordan blocks of Ay (k € {1,2}) is even, the degree of the
minimal polynomial of A; is at most 2 by Lemma 2.7. So there exist a monic poly-
nomial py(x) of degree two such that py(A;) = O and the characteristic polynomial of
Ay equals pi (x). Since the determinant of symplectic matrix is 1 and each number of
Jordan blocks of Ay (k € {1,2}) is even, one can set p;(x) = x> — q;x+ 1 for some
a; € R. One obtains A —l—A,;1 = ayl since pr(Ax) = O. Write

ajy apz a3 dai4

b1y b2 as| ay a3 as
B— €Sp(2,R), A= € Sp(4,R).
[bzl by P2.R), az) az azs ass P(4.R)

a41 Q42 A43 Q44

Then from Remark 2.1 one get

as ag3 —ajz —as

~1 by —bia “1 azq  daq —a14 —axy
A :(—Iz)EEl b b 5 Al =

—by bn —az; —as1 a4z

—az; —agp ap  axn
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Compare each entry on both sides of the two matrix equation A —l—Af1 = aily one
obtains
ay +azy =ax +asy = ai,

apy = —ags,

ayy = azs, (3.1
ax| = —asa,

az = as).

Since Ay = AflA, compare each entry on both sides of the two matrix equation A, +
Ay = a»l, one obtains

a1 +azz = —axnbxn +axubr +apbiy — asubi = —as,

aip = —ayba +agsbyy,

a1y = —ayby +aysbya, (3.2)
azy = az1by1 — asbyy,

az4 = az by —asbyo.
Combining the last four lines of equation systems (3.1) and (3.2), one gets

ax3by1 = as3(1+b1y),
ax3(1+ba2) = agzbia,
ar1bay = ag1 (14 by1),
ax1 (1 +bx) = aq1bin

which is equivalent to

14+by —bpn a23_ _ 0 14+by —bin a| 0
by 1+bu] |asz| |0]’ —by1 1+bu| |as| |0]°

If trB > —2, one checks

14+by —bpn
0
—by; 1+bpy 7&
since B € Sp(2,R). Thus
app =days =ax| = a3 =az = azs = a4 = a3 = 0. (3.3)

If wrB = —2, then by Lemma 2.10, B is real symplectically similar to Jg :=

[—Ol _.Ul] for some p € {1,—1} since —I, # B € Sp(2,R). By Remark 2.3(c), it
suffices to prove that (—/>) BJp , is a product of three commutators of real symplectic
involutions and no fewer. Replacing B by Jp,, we obtain the following equation
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system from (3.2).

air+az3 = axy + Has +ass = —ay,

ajy = —ays,

a4 = axs + fays, (3.4)
azx = as,

asqy = —az) — Hayy.

Combining equation systems (3.1) and (3.4), we get ajp = azp = aq1 = aqp =as3 =0
and a1 +a33 =axp+au=a; =—a;=trB/2=—1. Since A; € Sp(4,R), by Remark

2.1,
T T
ayy app| |asz ass aiz aie| |azrazz| |10
— = . (3.5)
ar) ax| |a43 asq ars ax4| |as1 as 01
Comparing the (4,4)-entry of both sides of equation (3.5) we obtain apyass = 1 (recall
that ajp = azy = a41 = asp = asz = 0). Combining ay +ag = —1 and axragy =1,

we obtain ay> and ay4 are not real numbers. Thus in this case, there does not exist
real symplectic matrix A; such that A =A;A; and A and A, are commutators of real
symplectic involutions.

Next we prove this lemma for trB > —2. In this case, we can write A| as

A= [an an} 5 [azz azﬂ
asy ass as ass
since equation (3.3) holds. Now we write A; = Ao H B, where
Ay— [an an} B = [azz azﬂ '
asy ass as a4
Then A, = A, 'M B, for B, = Bl’lB . Since A; and A; are symplectic, one easily get
that Ag,B1,—A, I B, are symplectic by Remark 2.2.

If one of A; and A, has real eigenvalues, then by Lemma 2.7, either A; or A;
has eigenvalues 4,A4,A1~!,A~! for some real number A < 0. Denote it by A3. Recall
that A; and A, are commutators of real symplectic involutions. By Lemma 2.5, there
must exist a real symplectic matrix C such that C?> = A3 and C is a product of two
real symplectic involutions. Since A3 has negative eigenvalues A,A,A =1, A=, C must
have eigenvalues v/—Ai, —v/—24i,v/—A~1i,—vV/—21-Ti. By Lemma 2.6, we get that
A = —1. In this case, one of A} and A, is —I; and the other is /H (—B) by Lemma
2.7. Since B # —L, B (—B) can not be a commutator of real symplectic involu-
tions by Lemma 2.7, a contradiction. Thus both A; and A; have no real eigenvalues.

So pi(A1) = pi(Ao) = pi(B1), pa(A2) = pa(=Ag") = pa(B2), ttAg = By = a1 =
—tr(—Ay') = —trBy = —ay and |a;| < 2, |as| < 2. Then by Lemma 2.11, Ay is real

—10 1 0

a11
—-10

symplectically similar to either [al 1} or {al _1] ,and so is B;. We suppose that Ay

is real symplectically similar to ] . The other case can be proven similarly. Then



REAL SYMPLECTIC MATRIX 1501

—daj 1

1 O} by Lemma 2.11. In this case, B; must

—Ay ! is real symplectically similar to [

ay —

1 0

lar to some symplectic matrix described in Lemma 3.1 with 6 = arccos(a;/2), which

is not a commutator of real symplectic involutions. For the same reason, B, must be
—ay —

1 0

be real symplectically similar to [ ! . Otherwise A is real symplectically simi-

real symplectically similar to [ . So we can find a real symplectic matrix

P =P BP, such that P~'A|P = [fll (l)} H [6111 _01} . Since A = (-L)HB =A A,

0 1
-1 —daj]

a1—1 A

P AP = [ ] M B, where By = P, 'ByP,. Then B := P, 'BP, = [ L o8

and B, is real symplectically similar to [—la ! _01} . Suppose the first row of B, is

[x,y] for x,y € R. By Lemma 2.11, y < 0. We can calculate the second row of B,
since trBy = —a; and detB, = 1. So

By = . Y
27 oy M4 ax+x2) —a —x|

~ ar —1| -«
trB:trB:tr([l1 O]Bg)

— e —1 X y
- 1 0| |-y 'd+ax+x?) —a;—x
—apx+y (1 +ax+x*)+y

=—2+y7! <<x+“71(”1))2+(y+1)2—7“%(y+1)2> .

Thus

2 4

Note that y~! < 0 and @} < 4 we get that trB < —2, a contradiction. Thus A can not
be expressed as a product of two commutators of real symplectic involutions.

Now we prove that A is a product of three commutators of real symplectic invo-
lutions. If B# I, —A is a product of at most two commutators of real symplectic
involutions by Lemma 3.9. Then A = (—A)(—1I4) is a product of three commutators of
real symplectic involutions since —I4 is a commutator of real symplectic involutions
by Lemma 3.3. If B=1I,, then

amsogrin= ([ ) ([ =)

and [(1) _11] H [(1) i] is a commutator of real symplectic involutions from Lemma
-1 -1

3.2(4), it suffices to prove that [ 0 1

] H [1 _11} is a product of two commutators of
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real symplectic involutions. Let 1 <A € R. Then

o B )

1-1] [A=A"1[a10]
01| |0At]|0 Al
. —-1-1 1 —1]. . .
One can easily check that 0 —1 H 01| real symplectically similar to the prod-
A A1 A2t A71o (A= 0]
uct of {O A-1 ] H [0 /1_1} and [4% 2 H 0 A . By Lemma 2.8, these two

matrices are all real symplectically similar to diag(4,A, AL A~1), which are commu-

0 —1 01
product of two commutators of real symplectic involutions, as desired. [

tators of real symplectic involutions by Lemma 3.2(1). Thus 1 _l] H [l _1} isa

LEMMA 3.11. Let A= (—L)HBB. If tB < —2, then A is a product of two com-
mutators of real symplectic involutions.

Proof. Let x =+/—2—trB. By Lemma 2.9, all the real symplectic 2 x 2 matrices
whose traces are equal to trB, are real symplectically similar since the similar relation
is transitive. So B is real symplectically similar to

—1-x> x| _ Jo-1 x -1
x =1 |1 0] [14+x*—x|"

whose trace is equal to trB. Thus A = (—1I,) B B is real symplectically similar to

(o=l (Bl =he )

x =1, . . 0—1 01
ByLemma?2.11, [l 42 —x} is real symplectically similar to [1 0 } . Thus [_1 0] H
[ | j_cxz :)lc] is real symplectically similar to _01 (1) B (1) _Ol » which is a commuta-

tor of real symplectic involutions by Lemma 3.2(3) with 6 = /2. Thus A = (—1,)HB
is a product of two commutators of real symplectic involutions. []

Proof of Theorem 1.1. By Lemma 3.10, we know that each matrix which is similar
to —LHB for —, # B € Sp(2,R) and trB > —2, is a product of three commutators of
real symplectic involutions. For other 4 x 4 real symplectic matrices, by Lemmas 2.4,
34,3.5,3.6,3.7,3.3,3.8,3.9 and 3.11, we get the conclusion. [J

LEMMA 3.12. Let n > 1 and v € R* # 0. Every positive transvection T =
by, +ow! Iy, for some positive real number o is a product of two commutators of real
symplectic involutions.
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Proof. By Theorem 9 of [1], there exists P € Sp(2n,R) such that P(y/av) =
e1, where e; is the first column of Iy,. Since PTP~ ' =, B, » and L, BL is a
product of two commutators of real symplectic involutions by Lemma 3.9, we get the
conclusion. [l

Proof of Theorem 1.2. By Theorem 20 of [3], every 2n X 2n real symplectic matrix
can be expressed as a product of at most 2n + 3 positive transvections. Then we get
the conclusion since each positive transvection is a product of two commutators of real
symplectic involutions by Lemma 3.12. [

In [8], it is proved that every complex symplectic matrix of size greater than 2 can
be decomposed into a product of at most three commutators of symplectic involutions.
In this paper, we get the conclusion that every 4 x 4 real symplectic matrix is a product
of at most three commutators of real symplectic involutions. It is an open problem for
the real case and n > 2 to determine if the number of factors is also three. It is also an
open problem to give a necessary and sufficient condition in terms of the Jordan Form
like Lemma 2.4 and 2.5 in [8], for a real symplectic matrix to be a commutator of real
symplectic involutions.
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