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SURGERY OF FRAMES IN HILBERT SPACES

DONGWEI L1 AND JING JIANG

(Communicated by D. Han)

Abstract. Frames which are tight or full spark might be considered optimally conditioned in
applications. This leads to the question of perfect preconditioning of frames. In this paper, we
consider the surgery of frames such that given frames can be manipulated to tight or full spark
frames by removing and adding some elements. We give a necessary and sufficient condition
such that a (r,k)-surgery on a frame results in a tight frame. We also provide a necessary and
sufficient condition such that a (1,k)-surgery on a tight frame resulting in a tight frame with
same bound. Finally, we characterize that a (r,k)-surgery on a frame resulting in a full spark
frame is possible. We obtain a necessary and sufficient condition such that a (r,k) -surgery on a
given frame results in a full spark frame.

1. Introduction

A frame is a sequence of vectors in 7 such that every element in JZ has a
representation as a linear combination of the frame elements and its element are not
necessarily linearly independent. We also call a frame a redundant basis. Due to redun-
dant, frames have wide applications in coding theory [l 1], signal processing [6, 13],
quantum information [3, 5], filter bank theory [8] and neural networks [17].

Frames with nice geometric structures, such as tight or full spark, play an impor-
tant role in signal processing because they provide more robust to erasures, additive
noise, distortions and they also provide stable reconstruction formula. Hence, it is nec-
essary to manipulate a given frame to a tight frame or full spark frame. There are several
methods to manipulate frames to tight frames in Hilbert spaces. Kutyniok et al. intro-
duced and characterized scalable frames such that the vectors can be rescaled to yield
a tight frame [9]. However, not every frame is scalable. For example, a basis in R?
which is not an orthogonal basis is not scalable. An another technique for modification
of a given frame to a tight frame is surgery which is first provided by Han et al. [4]. Itis
possible to generate a new tight frame by adding or removing some elements of a given
frame. Li and Sun proved that every frame can be expanded to a tight frame by adding
an element [10]. Sivaram et al. expanded a frame to a tight frame from the view of
length of elements [14]. They called this surgery the length surgery. Copenhaver et al.
generalized the rusults on surgery from [14] and answered the question of when length
surgery resulting in a tight frame for a finite dimensional Hilbert space is possible [2].
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Full spark frames are increasing interest in applications because they provide max-
imum robustness to erasures [1, 16]. However, at least to the author, there are no con-
venient techniques such that a frame can be modified to a full spark frames.

Our goal of this paper is to study surgery on frames such that a frame can be
modified to a tight or full spark frame by removing some vectors and replacing this set
with other a set of vectors.

Throughout this paper, let 77" be an n-dimensional Hilbert space. A sequence
{x;}1L, is called a frame for .7 if there exist constants 0 < A < B < oo such that

Al < Y 1) P < B|fIIP, YV fesr.

i=1

Here A is the greatest lower frame bound and B is the least upper frame bound. When
A =B, {x;}I", is called a tight frame with bound A. A uniform frame is a frame in
which all the vectors have equal norm. A unit-norm frame is a frame such that each
frame element has norm one.

Let {x;}" | be asequence of vectorsin . . The linearmap ©: 7% — (2({1,---,m})
defined by (Ox); = (x,x;) is called the analysis operator. The adjoint ©* such that
©: (>({1,---,m}) — A is called the synthesis operator. The frame operator S of
a sequence of vectors {x;}”" | (not necessarily a frame) is defined as ©*©. For all

fexn,

Sx=0"0x =Y (x,x;)x;.
i=1
We can verify that S = Y7 | x; ® x;, where x®y is the elementary tensor rank-one
operator defined by (x®y)z = (z,y)x for z € 7.

If a sequence of vectors {x;}, is a frame for ¢ , its frame operator S is a posi-
tive invertible bounded linear operator on 7 . Let {A;}? ; (counted with multiplicity
and arranged in non-increasing order) be the eigenvalues of S, then B=A4; > --- >
Ay = A. The frame operator S = Al if and only if {x;}}", is a tight frame with bound
A.

2. Surgery for tight frames

We first give a simple definition of the (r,k)-surgery.

DEFINITION 2.1. A (r,k)-surgery on a finite sequence of vectors X in ¢ re-
moves r vectors from X and replaces them with k vectors.

For two sequences of vectors X = {x;},, ¥ = {y;}*_ |, we say that a (rk)-
surgery on X with ¥ means removing k vectors from X and replacing them with Y.

For the convenience, we always assume that the last r vectors are removed from
X throughout this paper.
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LEMMA 2.1. Given two sequences of vectors X = {x;}™ |, Y = {y;}*_,, a (r,k)-
surgery on X with Y resulting in a tight frame is possible if

1 m=r ) k )
E(E x>+ vill?) = A4,
i=1 i=1
where A is the largest eigenvalue of the frame operator of {x;}!"}".

Proof. Let Sy and Sy be the frame operators of X = {x;}7"" and Y = {y;}%_|,
respectively, and let

m—r k
S=8x+Sy= Z Xi @ x;+ Zyi®yi~
i=1 i=1

Next, we show that it is possible to find a sequence of vectors ¥ = {y;}*_, and a non-
negative constant A such that § = AJ.
We first consider trace of S. Since trace is additive, we have

m—r k
nA = trace(S) = trace(Sy) -+ trace(Sy) = Y. [|xi||* + D il (2.1)
i=1 i=1

Let Sy = AI — Sx . In this case, we calculate eigenvalues of Sy as following:
det(Sy — AyI) = det(Al — Sx — Ayl) = det((A — Ay)[ — Sx) = det(A L — Sx) =0, (2.2)

where A, = A — A,. From the right side of (2.2), det(A/ — Sx) = 0, we have that the
eigenvalues of Sx are {A.}.

We assume that the eigenvalues of Sx are {4}, From (2.2), we have A, =A—A,.
Next, we show A > 0. Since § is positive semi-definite, Sx has n nonnegative real
eigenvalues (counted with multiplicity and arranged in non-increasing order). Hence,
A, is always real. Therefore, we can choose a nonnegative constant A such that A, =
A — A, > 0. Thus there exists a constant A such that A > A;. From (2.1), we have that

m—r k

1
;( S x24Iyl = 4. O
i=1 i=1

Note that a (r,k)-surgery on X with Y resulting in a tight frame with bound A
in Lemma 2.1 if and only if Sy = Al —Sx. Next we give a necessary and sufficient
condition such that Sy = Al — Sy from the view of majorization. We first give the
following conception.

DEFINITION 2.2. [7] Let a = {a;}",, b = {b;}*_, be non-increasing summable
sequences of nonnegative numbers, and let # = min{m, k}. We say that b majorizes a,
noted b > a, if

.

j m k
bi> a;, forlgigjand Zbi:Zai.
— i i=1 i=1

1 1
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THEOREM 2.1. [12] Let a = {a;}!", be a non-increasing sequence of positive
numbers and let T be a bounded positive semi-definite operator on ¢ with eigen-
values (counted with multiplicity and arranged in non-increasing order) A = {4;}_,
Then the following statements are equivalent:

1. a<A.

2. There exists a Bessel sequence Y = {y;}!" | C J€ such that lyill?> = a; for 1 <
i<mand Sy =T

THEOREM 2.2. Given two sequences of vectors X = {x;}™ |, Y = {ni}*_, (ar-
ranged in non-increasing oder under norm), a (r,k)-surgery on X with Y resulting
in a tight frame with bound A if and only if a < A, where a = {||[yi|*}*,, A=
{A—=Xw—iv1 Y], and {N;}! | are the eigenvalues (arranged in non-increasing order)
of Sx =X xi ®x;.

Proof. Let Sy and Sy be the frame operators of X = {x;}"}" and ¥ = {yi}* R
respectively. Assume that {x;}"","U{y;}¥_, is a tight frame with bound A. Let S be the
frame operator of {x;}!", U{y,}l 1 we have S=Sx+Sy =AI. Then S—Sx =Sy 2 0.
We see that the elgenvalues of Sy arranged in non-increasing order are A — A4, > --- >
A—2; > 0. By Theorem 2.1 we have

A=y == A= A1) = (Il el

thus a < A.
Conversely, let @ < A, by Definition 2.2, we have

1 m=r k
= (Xl X i) > 4
i=1 i=1

From (2) of Theorem 2.1, we know that there exists a sequence Sy = {y;}X_, with
frame operator Sy = S — Sy and we are done. [

Note that if a < A in Theorem 2.1, by Definition 2.2, we have

1 m=r ) k )
=;(ZH)@H + 2 vill?) = A,
i=1 i=1
and
1 t 2 .
AZ B lP i), << minn k)

Then we can get a result for a (r,k)-surgery on a sequence of unit norm vectors.

COROLLARY 2.3. Given two sequences of unit norm vectors X = {x;}",, ¥ =
{yi}f-‘: - A (rk)-surgery on X with Y resulting in a tight frame with bound A if and
only if

1 t
2 A’ ) 1 - 2’}’l*i )
max{ 1,1+ / ; +1}
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where 1 <t <min{n,k} and {A;}_ | are the eigenvalues (arranged in non-increasing
order) of Sx = X" x; ® x;.

Proof. The proof is straightforward. [

The author in [15, Lemma 2.3] considered a (r,k)-surgery (r > k) on a unit norm
tight frame resulting in a unit norm tight frame. Next, we provide a necessary and
sufficient condition such that a (1,k)-surgery on a tight frame resulting in a tight frame
with same bound.

THEOREM 2.4. Let X = {x;}!"| be a tight frame with bound A for 7€ and let
Y ={yi {?:1 C H . A (1,k)-surgery on X with Y resulting in a tight frame with bound
A if and only if

| = leysz and  span{x, } = span{y;}i_ .

Proof. 1f X and {x;}7"7' U{y;}*_, are A-tight frames for ., we have

m
Al = ZX,‘@XI', (2.3)
i=1
and
m—1
Al = 2 x,®x,+2y,®y, (2.4)

=

By (2.3)—(2.4) and changing sides, we have
k
X ® X = Y Vi ® Y- (2.5)
i=1

By taking trace of both sides of (2.5), we have

k
[N (7
i=1

We now prove span{x,,} = span{y;}*_,. Let

k
T =X ®@Xm = X, Vi ®Vi.
i=1
We have rank (T) =1 <n. As T is positive, there exists a basis for .7# with respect
to which T is an n X n diagonal matrix with entries A; > A, = --- = 4, = 0 along its
diagonal. The a-th entry along the diagonal of T is given by

Aa —x Eyla
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where x;, and y;, are the a-th entries of x; and y;, respectively. As A, =0 for 2 <a <
n, x;, =y, =0 for 2 < a < n. Hence, dimspan{x,,} <1 and dimspan{yi}f.‘:1 <1.
Since T is diagonal, there exists a vector z € 7 such that Tz #0. As Tz € span{x,, }
and Tz € span{y;}* .

span{x,,} = span{Tz} = span{y;}*_,.

Conversely, if we want to prove that {x;}7-,' U{y;}X_, is a tight frame with bound A,
we only need to show

k
Xm @ Xm = 2)&'@)’1’-
i=1

Assume that

span{x,,} = span{y:}j_i,
then y;--- yx € span{x,,}. Therefore, there exist cy,---,cx € R such that for a =
1,-,n, yi, = CiXm, (i=1,--- k). From [|x,? =3k, HylH2 we have

| = 202\\me|2

and then ¢ +c} +--- +ck = 1. The (p,q) entry of the matrix form of x ®x is x,x;.
Then x,, ® x,, = Zi-‘zl vi ®y; is equivalent to following,

XmpXmg = V1,¥1, +y2,,y2q + - +yk,,ykq~
From y;, = cixm, , we have
_ 2 2 2
V1Y, FY2,¥2, T Vi,V = C1lXmyXimg + CoXmypXimg =+ =+ CiXimyXmy,
= (c% R C]%)xm,,xmq
= Xy, X, -

Thus x, ® X, = Zf-‘zly,- ®y;. Hence {x,-};’:ll U {y,-}i-‘=1 is a tight frame for .77 with
bound A. O

EXAMPLE 1. Let
1 1 1
le{O},M: é , X3 = _i .
2 2
It is easy to verify that {x;,x2,x3} is a tight frame with bound % . Let

V3 _ 6
[4]-[3]
6

2

w

By removing x3 from {xy,x;,x3} and adding y1,y,, it is easy to verify that ||x3]|*> =
[il? + Iyl and  span{xs} = span{y,y2}, and {x1,x2,y1,y2} is also a tight frame
for R? with bound %

From Theorem 2.4, the following result is straightforward.
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COROLLARY 2.5. Let X = {x;}!" | be atight frame with bound A for 7 and let
ye A . A (r,1)-surgery on X with y resulting in a tight frame with bound A if and

only if

m

2 2
D IxlP=Il* and  span{y} =span{xi}L, ,.;.
i=m—r+1

3. Surgery for full spark frames

DEFINITION 3.1. [1] A sequence {x;}" , is called a full spark frame for ¢, if
forany o C {1,---,m} with |o| =n, {x,},ecy is a frame for 7 .

The following proposition is straightforward but important.

PROPOSITION 3.1. A sequence X = {x;}!" | is a full spark frame for ¢ if and
only if every n elements of X are linearly independent.

We can see that a frame is full spark if any n of its members make up a basis for
¢ . Hence it is possible to take surgery on a basis resulting in a full spark frame.

PROPOSITION 3.2. A (r,0)-surgery on a full spark frame results a full spark
frame if r <m—n.

Proof. Let X = {x;}!" | be a full spark frame, by Proposition 3.1, every n elements
of X are linearly 1ndependent If r<m —n then every n elements of {x;}/"," are
linearly independent, and then span{x;}/" " = . . Thus {x;}!"" is a full spark frame
for 7. O

LEMMA 3.1. A (r,k)-surgery on a frame {x;}!" | resulting in afull spark frame
is always possible if the {x;}"|" is linear independent and k > n+r—

Proof. Since any linear independent set can be expanded to a basis for .7, and
k > n+r—m, then it is possible to expand span{x;}!"," to a full spark frame. [J

COROLLARY 3.1. A (rk)-surgery on a frame {x;}!" | resulting in a full spark
frame is impossible if the {x;}!"|" is a linear dependent set.

Next, we give a condition such that a (r,k)-surgery on a frame {x;}”" , results in a full
spark frame.

THEOREM 3.2. Let X = {x;}!" | be a frame and let Y = {y, L CH . A (m—
n,k)-surgery on X with Y resultmg in a full spark frame if and only if Ty is invertible
and all minors of TXTITY are nonzero, where Ty and Ty are the synthesis operators of

{xi}, and {y;}*_,, respectively.
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Proof. (<) Let F be an n x (n+ k) matrix consisting of {xi,--+,Xu, V1, =,V }»
thus F = [Ty/|Ty]. If we want to prove that {xj,--+,Xu, 1, -,V is a full spark frame,
by Proposition 3.1, it is equivalent to proving that every n vectors of {xy,---,%,, V1, -, Yk}
are linearly independent. If Ty, is invertible, we have

—1 -1
To'F = [E|Ty, Ty

Next, we show that every n columns of TX’,IF =[E |TX’,1TY} are linearly independent
if and only if all minors of TX_,lTy are nonzero. The idea of the proof is simple and

we shall just illustrate it by proving that the top right / x [ submatrix B of TX’,ITY is
nonsingular, where 1 <! < min{n,k}. Take the matrix F " consisting of the last n — [
columns of E and the first / columns of TX_,lTyi

3.1)

Then det(F’) = det(B). Hence, det(F') is nonzero if and only if det(B) is nonzero.
This means that every n columns of 7, 'F=E| Ty, 'Ty] are linearly independent if and
only if all minors of TX_,lTy are nonzero.

(=) If {x1, -, %0, y1, -,y } is a full spark frame for 7, then Ty is invertible.
From [16, Lemma], we deduce that TX_,lF =[E |TX_,1TY} is also a full spark frame for
¢ . From (3.1), we know that all minors of TX_,lTy are nonzero.

Hence, {x{, -+ ,Xn,y1, -+ ,yx} is a full spark frame for JZ if and only if Ty is
invertible and all minors of TX_, 1 Ty are nonzero. [

EXAMPLE 2. We now give an example for Theorem 3.2. Let {x; le be a frame
for R3, where

1 0
x1=|0|, =1, x3=10
0 1

Let

y1= y Y2 = , Y3 = , Y4 =

D | =] —
NN | —
=\ —=n|—

IS 0] b —

It is easy to verify that all minors of 7' are nonzero, where columns of 7" are consisting
of {y1}%,. Thena (2,4)-surgery on {x;};_, with {y;}}_, results in a full spark frame
for R?. In fact, we can compute that:

(a) xi, yj, yx are linearly independent, where i =1, 2, 3, j, k=1, 2, 3, 4 and
J#k;

(b) xi, x;j, yi are linearly independent, where i, j=1,2,3 and j# j, k=1,2,3,4;

(¢) yi, ¥j, yx are linearly independent, where i, j, k =1,2,3,4 and i # j # k;
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(d) x1, x2, x3 are linearly independent.
Note that if » > m —n in Theorem 3.2, and {x;}?"" are unit vectors, then the
minors of 7y may be not all non-zero.

EXAMPLE 3. Let X = {x;}’", be a frame for R”, where x; = (1,0---,0)" and
x2=(0,1---,0)7. Let T be a Vandermonde matrix as follow:

1 1 ... 1
ag a ... di
2 2 2
_ a a oo a _
T = 1 2 k _[y17y27"'7yk]'
n—1 n—1 n—1
a - @ i

We will show that a (m — 2,k)-surgery on X with {y;}*_| results in a full spark frame

if ay,...,a; are k distinct nonzero elements. Let
10 1 1 ... 1
01 ai a ... dg
2 2 2
F =[xy, nl=100 a @& ... a

n—1 n—1 n—1
00a]” ay ... q

Any n x n matrix, say U, consists of any n columns of F. If U is a submatrix of T,
then det U # 0 because ay,...,a; are k distinct elements. Next, we will prove that
the matrix U contains first p (0 < p < 2) columns of F. Without loss of generality,
assume that U consists of first p columns of F and first n — p columns of T'.

Casel. p=1
Assume that U contains xj, then

1 1 | I |

aq ay ...dp—1
0 a a3 a?

detU = 1 2 - Yp—1| = H aj H (al_aj)#o
- Do : I=1,n—1  ij=lin—1
. . . . . i>j
-1 n—1 -1

Oay ay " ...a,_,

Assume that U contains x;, then

o1 1 ... 1

1 aé a% ...ag_l el
detU = 0 a a ...a4p, :—Zal...ai_lai+1...an_1 H (a,-—aj);éo.
R L. i=1 iJ

n—1 _n—1 n—1
0d|™ ay " ...a,_
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Case?2. p=2
Assume that U contains x1,x;, then
10 1 1 ... 1
01 a ay ...a,-2

2 2 2
detU =100 ai a ...a 5| I & [] (a—a;+0.

: oL I=1,.n—2  ij=ln-2

n—1 n—1 n—1
00a]” ay  ...a,_,

Therefore, all n x n submatrices of F' are non-singular. Thus every n vectors of
{x1,%2,y1,--,yx} are linearly independent. Hence, {x;,x2,y1,---,yx} is a full spark
frame for .77 . But there exists a minor of 7T is zero. Let a = —2 and az = 2. We can

see that a minor of order 2 of T', such as '1

44 , 1S zero.
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