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DISJOINT HYPERCYCLIC POWERS OF WEIGHTED

TRANSLATIONS ON LOCALLY COMPACT HAUSDORFF SPACES

YA WANG AND HONG-GANG ZENG ∗

(Communicated by G. Misra)

Abstract. In this article, we study the disjoint hypercyclic powers of weighted translations on
the weighted space Lp(G,ω) in two cases, where G is a locally compact second countable
Hausdorff space with a positive regular Borel measure and ω is a weight on G . In addition,
some examples are given to illustrate our results.

1. Introduction

The notion of disjointness in linear dynamics was introduced by Bernal-González
[3] and by Bès and Peris [8] in 2007, respectively. After that, the disjoint hypercyclicity
was studied intensely by many scholars ([4, 5, 6, 7, 18, 20, 21, 22, 23]). For instance,
Shkarin studied the existence of disjoint hypercyclic operators on separable infinite
dimensional topological vector space in [22]. The disjoint hypercyclicity of bilateral
and unilateral weighted backward shifts were characterized by Bès, Martin and Sanders
[5] and by Bès and Peris [8]. In addition, Bès, Martin and Peris in [6] and Martin in
[18] investigated the disjoint hypercyclicity of composition operators.

The notion of disjoint hypercyclicity comes from the much older notion of hyper-
cyclicity in linear dynamics. Let X be a separable, infinite dimensional Banach space
over the complex scalar field C, and L(X) be the algebra of bounded linear operators
on X . An operator T ∈ L(X) is said to be hypercyclic if there is a vector x ∈ X for
which its orbit Orb(T,x) = {Tnx : n ∈ N} (where N denotes the set of non-negative
integers)is dense in X . In linear dynamics, it is well known that an operator T is
hypercyclic if and only if it is topologically transitive. An operator T is said to be
topologically transitive if for any nonempty open sets V0,V1 in X , there is a positive
integer m for which V0 ∩T−m(V1) �= /0. This classical conclusion was put forward by
Birkhoff in [9]. The excellent monographs [2], [15] and [17] provide a great deal of
basic information about hypercyclicity.

Given N � 2, hypercyclic operators T1,T2, . . . ,TN acting on the same space X
are said to be disjoint hypercyclic (in short, d-hypercyclic) if their direct sum ⊕N

m=1Tm
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has a hypercyclic vector of the form (x,x, · · · ,x) in XN . Such a vector x is called a
d-hypercyclic vector for T1,T2, . . . ,TN . If the set of d-hypercyclic vectors is dense in X ,
we say T1,T2, . . . ,TN are densely d-hypercyclic. We say that T1,T2, . . . ,TN in L(X) with
N � 2 are disjoint topologically transitive (in short, d-topologically transitive) if for any
non-empty open subsets V0,V1, . . . ,VN in X , there exists a positive integer m such that
V0 ∩ T−m

1 (V1)∩ T−m
2 (V2)∩ ·· · ∩ T−m

N (VN) �= /0. Similarly, in the disjoint setting, the
disjoint topological transitivity is equivalent to densely disjoint hypercyclicity [8]. A
disjoint Hypercyclicity Criterion (in short, d-Hypercyclicity Criterion) is provided in
[8]. The criterion offers a sufficient condition for densely d-hypercyclicity and it has
the following equivalence relation with disjoint topological transitivity.

THEOREM 1.1. [8, Theorem 2.7] Let T1,T2, . . . ,TN be operators in L(X) with
N � 2. The following statements are equivalent:

(a) The operators T1,T2, . . . ,TN satisfy the d-Hypercyclicity Criterion.

(b) For each integer r � 1, the direct sum operators

r︷ ︸︸ ︷
T1 ⊕·· ·⊕T1, . . . ,

r︷ ︸︸ ︷
TN ⊕·· ·⊕TN

are d-topologically transitive on Xr.

Recently, hypercyclic and disjoint hypercyclic weighted translations on locally
compact groups were studied in [10, 11, 12, 13, 16, 24], which generalized the char-
acterizations of hypercyclic and disjoint hypercyclic bilateral weighted backward shifts
offered in [5], [8] and [19].

Now, we introduce a more general definition of weighted translation, which gen-
erated by a continuous injective map on a locally compact Hausdorff space.

Let G be a locally compact Hausdorff space and λ be a positive regular Borel
measure on G. Let ϕ : G → G be a continuous injective map such that λ is invari-
ant under ϕ (that is, λ (A) = λ (ϕ(A)) for each A in the Borel σ−algebra B(G)).
Let ω : G → R be a positive continuous function such that sup

x∈G

ω(x)
ω(ϕ(x)) < ∞. For 1 �

p < ∞, we consider the weighted space Lp(G,ω) = { f :
∫
G | f (x)ω(x)|pdλ (x) < ∞} of

complex-valued functions on G . Lp(G,ω) is a Banach space with the norm ‖ f‖p,ω =

(
∫
G | f (x)ω(x)|pdλ (x))

1
p . Since a complex Banach space admits a hypercyclic opera-

tor if and only if it is separable and infinite-dimensional [1], we also assume that G
is second countable so that the question of hypercyclicity is meaningful for the space
Lp(G,ω) . A bounded continuous function u : G → C\{0} is called a weight on G.
Now we define a weighted translation Tu,ϕ : Lp(G,ω) → Lp(G,ω) by

Tu,ϕ f (x) = u(x) f (ϕ(x)), f ∈ Lp(G,ω), x ∈ G. (1.1)

We call Tu,ϕ is a weighted translation generated by ϕ and u . Since sup
x∈G

ω(x)
ω(ϕ(x)) < ∞

and u is bounded, it is easy to see that Tu,ϕ is a bounded operator on Lp(G,ω) .
For each integer n with n > 1,

Tn
u,ϕ f (x) =

n−1

∏
s=0

u(ϕs(x)) f (ϕn(x)), f ∈ Lp(G,ω), x ∈ G, (1.2)
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where ϕn(x) = (ϕ ◦ϕ ◦ · · · ◦ϕ)(x) (n− fold).
We also define a self-map Su,ϕ on the subspace Lp

c (G,ω) , which consists of func-
tions in Lp (G,ω) with compact support, by

Su,ϕ f (x) =

{ 1
u(y) f (y) if there exists an y ∈ G such that x = ϕ(y),

0 if x ∈ G\ϕ(G).
(1.3)

Then for any integer n with n > 1 we have

Sn
u,ϕ f (x) =

⎧⎨
⎩

1
n−1
∏
s=0

u(ϕs(y)
f (y) if there exists an y ∈ G such that x = ϕn(y),

0 if x ∈ G\ϕn(G).

Since for any f ∈ Lp
c (G,ω) and x ∈ G,

(Tu,ϕSu,ϕ f )(x) = Tu,ϕ(Su,ϕ f )(x)
= u(x)(Su,ϕ f (ϕ(x)))

= u(x)
1

u(x)
f (x)

= f (x),

we have

Tu,ϕSu,ϕ( f ) = f for f ∈ Lp
c (G,ω) .

REMARKS 1.2. (1) The mapping ϕ is continuous injective and Proposition 7.1.5
in [14] imply that for each A in B(G), ϕ(A) ∈ B(G).

(2) The assumption that the mapping ϕ is injective ensures that Su,ϕ is well de-
fined.

(3) Every unilateral or bilateral weighted backward shift on �p(N) or �p(Z) is a
weighted translation with G = N or Z,ϕ(i) = i+1 (i ∈ G) and ω ≡ 1 on G.

(4) If we let G be a locally compact group with a right invariant Haar measure
λ and choose a ∈ G. Define the continuous injective map ϕ and positive continuous
function ω on G by

ϕ(x) = xa−1 for x ∈ G, ω ≡ 1 on G.

Let u be a weight on G and let Tu,ϕ be the weighted translation on Lp(G,ω) generated
by ϕ and u. That is

Tu,ϕ f (x) = u(x) f (ϕ(x)) = u(x) f (xa−1) for f ∈ Lp(G,ω) = Lp(G).

In this special case, Tu,ϕ becomes the weighted convolution operator Ta,u studied in
[10, 11, 12, 13, 24].
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Note that, every unilateral weighted backward shift on �p(N) satisfy that, for each
i ∈ N, i /∈ ϕn(N) when n sufficiently large. Since each compact subset of N is a finite
set, the above assertion is equivalent with that for each nonempty compact subset K of
G = N, K ∩ϕn(N) = /0 when n sufficiently large.

For the weighted convolution operators Ta,u1 ,Ta,u2 , · · · ,Ta,uN (N � 2) acting on
the space Lp(G) of a locally compact group G, Chen showed that if a is a torsion
element (an element a ∈ G is called a torsion element if it is of finite order) then
Ta,u1 ,Ta,u2 , · · · ,Ta,uN are not disjoint hypercyclic (see [13, Lemma 2.1]). Thus, Chen
in [13] and Zhang, Lu, Fu and Zhou in [24] were focus on the aperiodic group element
a ∈ G(an element a ∈ G is called aperiodic if the closed subgroup G(a) generated by
a is not compact). For aperiodic elements, Chen and Chu [11] showed that an element
a ∈ G is aperiodic if and only if for any compact set K ⊂ G, there exists some positive
integer N such that K ∩Ka±n = /0 for all n > N.

Inspired by the above statement, in this paper, we characterize the disjoint hyper-
cyclic powers of weighted translations on Lp(G,ω) in the following two cases.

Case 1: Each compact subset K ⊂ G lies outside ϕn(G) for all sufficiently large
n, that is, for each compact subset K ⊂ G, there exists a positive integer NK such that
K∩ϕn(G) = /0 for all n > NK .

Case 2: The mapping ϕ is onto and (ϕn)n�1 is run away. We call (ϕn)n�1 is run
away, if for each compact subset K ⊂ G, there exists a positive integer NK such that
K∩ϕn(K) = /0 for all n > NK .

The result in the first case generalizes [8, Theorem 4.1], and the result in the second
case generalizes [13, Theorem 2.2] and [24, Theorem 2.1], respectively.

2. Disjoint hypercyclic powers of weighted translations

In this section, let G be a locally compact second countable Hausdorff space with
a positive regular Borel measure λ , where λ is invariant under a continuous injec-
tive mapping ϕ : G → G. We characterize the d-hypercyclic powers of finite weighted
translations generated by ϕ in two cases. Before stating the main theorems, we give a
preliminary result.

LEMMA 2.1. Let f ∈ Lp(G,ω) (1 � p < ∞) with ‖ f‖p
p,ω < ε p+1 for some ε > 0.

Then for any compact subset K ⊂ G with λ (K) > 0 and any non-negative integer n,
there is a subset E ⊂ K such that λ (K\E) < ε and sup

x∈E
| f (ϕnx)ω(ϕnx)| � ε. If ϕ is

onto, we can get the same result for any compact set K ⊂ G (λ (K) > 0) and n ∈ Z.

Proof. Let K be any compact subset of G with λ (K)> 0 and n∈N. Let E = {x∈
K : |ω(ϕnx) f (ϕnx)|< ε}, then ε p+1 >

∫
G | f (x)ω(x)|pdλx �

∫
ϕn(K) | f (x)ω(x)|pdλx �∫

K\E | f (ϕnx)ω(ϕnx)|pdλx � ε pλ (K\E). Thus,

λ (K\E) < ε and sup
x∈E

| f (ϕnx)ω(ϕnx)| � ε.
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If ϕ is onto, then ϕ becomes a bijection by assumption that ϕ is injective. For
each compact set K ⊂ G with λ (K) > 0 and each integer n ∈ Z the above argument is
also valid. Thus, the same result follows. �

Now we are ready to state the main results.

THEOREM 2.2. Let 1 � p < ∞ and integers 1 � r1 < r2 < · · · < rN be given,
where N � 2. For each integer 1 � l � N, let Tul ,ϕ be a weighted translation on
Lp(G,ω) generated by ϕ and the weight ul. If each compact subset K ⊂G lies outside
ϕn(G) for all sufficiently large n, then the following conditions are equivalent:

(1) T r1
u1,ϕ , . . . ,T rN

uN ,ϕ are d-hypercyclic.
(2) For each compact subset K ⊂ G with λ (K) > 0, there is a sequence of Borel

sets (Ek)∞
k=1 in K such that λ (K) = lim

k→∞
λ (Ek) and a strictly increasing sequence

(nk)∞
k=1 of positive integers such that for each 1 � l � N we have

lim
k→∞

∥∥∥∥∥∥∥∥∥
ω ◦ϕrlnk

rlnk−1
∏
t=0

ul ◦ϕt

∣∣∣∣∣∣∣∣
Ek

∥∥∥∥∥∥∥∥∥
∞

= 0 , (2.1)

and for 1 � s < l � N we have

lim
k→∞

∥∥∥∥∥∥∥∥∥

(
ω ◦ϕ(rl−rs)nk

)
·
(

rsnk

∏
t=1

us ◦ϕrlnk−t

)
rlnk−1

∏
t=0

ul ◦ϕt

∣∣∣∣∣∣∣∣
Ek

∥∥∥∥∥∥∥∥∥
∞

= 0 . (2.2)

(3) T r1
u1,ϕ , . . . ,T rN

uN ,ϕ satisfy the d-Hypercyclicity Criterion.
(4) T r1

u1,ϕ , . . . ,T rN
uN ,ϕ are densely d-hypercyclic.

Proof. (1) ⇒ (2). Let K ⊂G be a compact set with λ (K) > 0 and χK ∈ Lp (G,ω)
denote the characteristic function of K. By assumption, there is a positive integer NK

such that K ∩ϕn(K) ⊂ K ∩ϕn(G) = /0 for all n > NK . Since ω is a positive contin-
uous function, c := inf

x∈K
ω(x) > 0. Let k be any fixed positive integer, choose a real

number δk such that 0 < δk < 1
k , 0 < δk

c < 1
k and δk

1− δk
c

< 1
k . By the d-hypercyclicity

of T r1
u1,ϕ , . . . ,T rN

uN ,ϕ , there is a d-hypercyclic vector fk in Lp (G,ω) and positive integer
nk > NK (in fact the selection of nk here can be sufficiently large) such that

‖ fk‖p
p,ω < δ p+1

k (2.3)

and for each integer 1 � l � N,∥∥T rlnk
ul ,ϕ fk − χK

∥∥p
p,ω < δ p+1

k . (2.4)
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Applying Lemma 2.1 N times to (2.3), we can obtain a subset E1
k ⊂K with λ (K\E1

k ) <
Nδk such that for each integer 1 � l � N,

sup
x∈E1

k

| fk (ϕrlnk(x))ω(ϕrlnk(x))| � δk. (2.5)

Applying Lemma 2.1 N times to (2.4), we can obtain a subset E2
k ⊂K with λ (K\E2

k ) <
Nδk such that for each integer 1 � l � N,

sup
x∈E2

k

∣∣Trlnk
ul ,ϕ fk(x)−1

∣∣ω(x)

= sup
x∈E2

k

∣∣∣∣∣
(

rlnk−1

∏
t=0

ul(ϕt(x))

)
fk (ϕrlnk(x))−1

∣∣∣∣∣ω(x) � δk, (2.6)

Applying Lemma 2.1 to (2.4) for any integers s, l with 1 � s < l � N (that is, applying
Lemma 2.1 N · N−1

2 times to (2.4)), we can obtain a subset E3
k ⊂ K with λ (K\E3

k ) <

(N · N−1
2 )δk such that for any 1 � s < l � N,

sup
x∈E3

k

∣∣∣T rsnk
us,ϕ fk(ϕ(rl−rs)nk(x))− χK(ϕ(rl−rs)nk(x))

∣∣∣ω(ϕ(rl−rs)nk(x))

= sup
x∈E3

k

∣∣∣∣∣ω(ϕ(rl−rs)nk(x))

(
rsnk−1

∏
t=0

us(ϕt(ϕ(rl−rs)nk(x)))

)
fk(ϕrlnk(x))

∣∣∣∣∣
� δk. (2.7)

Let Ek = E1
k ∩E2

k ∩E3
k , then λ (K\Ek) < (2N +N · N−1

2 )δk. And by (2.5) and (2.6), for
each 1 � l � N and any x ∈ Ek we have

ω(ϕrlnk(x))∣∣∣∣rlnk−1
∏
t=0

ul(ϕt(x))
∣∣∣∣

� ω(ϕrlnk(x))| fk (ϕrlnk(x))|
1− δk

ω(x)

� δk

1− δk
c

<
1
k
. (2.8)

Also, for any x ∈ Ek and 1 � s < l � N, from (2.6) and (2.7) we can get∣∣∣∣∣∣∣∣
ω
(

ϕ(rl−rs)nk(x)
) rsnk

∏
t=1

us (ϕrlnk−t(x))

rlnk−1
∏
t=0

ul (ϕt(x))

∣∣∣∣∣∣∣∣

=

∣∣∣∣ω (ϕ(rl−rs)nk(x)
)(rsnk−1

∏
t=0

us

(
ϕt
(

ϕ(rl−rs)nk(x)
)))

fk(ϕrlnk(x))
∣∣∣∣∣∣∣∣rlnk−1

∏
t=0

ul (ϕt(x)) fk(ϕrlnk(x))
∣∣∣∣

� δk

1− δk
c

<
1
k
. (2.9)



DISJOINT HYPERCYCLIC POWERS OF WEIGHTED TRANSLATIONS 157

Now condition (2) can be proved by (2.8) and (2.9). Indeed, we just need to take
k = 1,2,3, . . . , and then find the sequences (Ek)∞

k=1 and (nk)∞
k=1 by induction.

(2) ⇒ (3). By Theorem 1.1, we show that for any positive integer r � 1 the direct

sum operators

r︷ ︸︸ ︷
Tr1
u1,ϕ ⊕·· ·⊕Tr1

u1,ϕ , . . . ,

r︷ ︸︸ ︷
T rN
uN ,ϕ ⊕·· ·⊕TrN

uN ,ϕ are d-topologically transi-
tive. Fix r ∈ N with r � 1, let

V0, j,V1, j, · · · ,VN, j ( j = 1, . . . ,r)

be non-empty open subsets of Lp (G,ω) . Our aim is to find a positive integer n such
that

V0, j ∩T−r1n
u1,ϕ

(
V1, j
)∩·· ·∩T−rNn

uN ,ϕ (VN, j) �= /0 for each 1 � j � r.

Since the space Cc (G) of continuous functions on G with compact support is dense
in Lp (G,ω) , for each integer 1 � j � r we can pick f0, j, g1, j, · · · ,gN, j in Cc (G) such
that f0, j ∈V0, j, g1, j ∈V1, j, · · · ,gN, j ∈VN, j. Let K be the union of the compact supports
of f0, j, g1, j, · · · ,gN, j ( j = 1, · · · ,r) and set C := sup

x∈K
ω(x) < ∞. Suppose (Ek)k�1 and

(nk)k�1 be the sequences satisfying condition (2). Let NK be the positive integer such
that

K ∩ϕn(G) = /0 for all n > NK . (2.10)

For each 1 � l � N, we consider the self-map Sul ,ϕ defined as (1.3) on the subspace
Lp

c (G,ω) .
By (2.10), it is easy to calculate that for any integer nk ∈ (nk)k�1 with nk > NK ,

T rlnk
ul ,ϕ

(
f0, jχEk

)≡ 0 on G (1 � l � N,1 � j � r) (2.11)

and

Trlnk
ul ,ϕ Srsnk

us,ϕ
(
gs, jχEk

)≡ 0 on G (1 � s < l � N,1 � j � r). (2.12)

From (2.1), for integers j, l with 1 � j � r and 1 � l � N we have

lim
k→∞

∥∥Srlnk
ul ,ϕ
(
gl, jχEk

)∥∥
p,ω

= lim
k→∞

(∫
ϕrl nk (G)

∣∣Srlnk
ul ,ϕ
(
gl, jχEk

)
(x)ω(x)

∣∣p dλ (x)
) 1

p

x=ϕrl nk (y)
= lim

k→∞

(∫
G

∣∣Srlnk
ul ,ϕ
(
gl, jχEk

)
(ϕrlnk(y))ω(ϕrlnk(y))

∣∣p dλ (y)
) 1

p

= lim
k→∞

⎛
⎜⎜⎝∫G

∣∣∣∣∣∣∣∣
ω(ϕrlnk(y))

rlnk−1
∏
t=0

ul(ϕt(y))
gl, jχEk(y)

∣∣∣∣∣∣∣∣
p

dλ (y)

⎞
⎟⎟⎠

1
p
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= lim
k→∞

⎛
⎜⎜⎝∫Ek

∣∣∣∣∣∣∣∣
ω(ϕrlnk(y))

rlnk−1

∏
t=0

ul(ϕt(y))
gl, j(y)

∣∣∣∣∣∣∣∣
p

dλ (y)

⎞
⎟⎟⎠

1
p

� lim
k→∞

∥∥∥∥∥∥∥∥∥
ω ◦ϕrlnk

rlnk−1
∏
t=0

ul ◦ϕt

∣∣∣∣∣∣∣∣
Ek

∥∥∥∥∥∥∥∥∥
∞

∥∥gl, j

∥∥
∞ λ (K)

1
p

= 0. (2.13)

And for 1 � s < l � N , 1 � j � r, by (2.2) we have

lim
k→∞

∥∥T rsnk
us,ϕ Srlnk

ul ,ϕ
(
gl, jχEk

)∥∥
p,ω

= lim
k→∞

⎛
⎜⎜⎝∫Ek

∣∣∣∣∣∣∣∣
ω
(

ϕ(rl−rs)nk(x)
) rsnk

∏
t=1

us (ϕrlnk−t(x))

rlnk−1
∏
t=0

ul (ϕt(x))
gl, j(x)

∣∣∣∣∣∣∣∣
p

dλ (x)

⎞
⎟⎟⎠

1
p

= 0. (2.14)

Now for any integers j,k with k � 1 and 1 � j � r let

v j,k = f0, jχEk +
N

∑
i=1

Srink
ui,ϕ
(
gi, jχEk

) ∈ Lp (G,ω) .

Since for each 1 � j � r and any x ∈ G,∣∣∣∣∣ f0, jχEk(x)− f0, j(x)+
N

∑
i=1

Srink
ui,ϕ
(
gi, jχEk

)
(x)

∣∣∣∣∣
p

� (N +1)p

(∣∣ f0, jχEk(x)− f0, j(x)
∣∣p +

N

∑
i=1

∣∣Srink
ui,ϕ
(
gi, jχEk

)
(x)
∣∣p) ,

thus

∥∥v j,k − f0, j
∥∥p

p,ω � (N +1)pCp
∥∥ f0, j

∥∥p
∞ λ (K\Ek)+ (N +1)p

N

∑
i=1

∥∥Srink
ui,ϕ
(
gi, jχEk

)∥∥p
p,ω .

Using a similar argument, for any 1 � l � N and 1 � j � r we have∥∥Trlnk
ul ,ϕ v j,k −gl, j

∥∥p
p,ω � (N +1)p

∥∥T rlnk
ul ,ϕ

(
f0, jχEk

)∥∥p
p,ω +(N +1)pCp

∥∥gl, j

∥∥p
∞ λ (K\Ek)

+(N +1)p
N

∑
i�=l

∥∥T rlnk
ul ,ϕ Srink

ui,ϕ
(
gi, jχEk

)∥∥p
p,ω .
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Hence by (2.11), (2.12), (2.13) and (2.14) for each 1 � l � N and 1 � j � r,

lim
k→∞

v j,k = f0, j and lim
k→∞

Trlnk
ul ,ϕ v j,k = gl, j.

Which implies that there is some nk0 ∈ (nk)∞
k=1 such that

V0, j ∩T
−r1nk0
u1,ϕ

(
V1, j
)∩·· ·∩T

−rNnk0
uN ,ϕ (VN, j) �= /0 (1 � j � r).

The implications (3) ⇒ (4) and (4) ⇒ (1) are obvious. �

REMARK 1. If G is discrete, condition (2) in above theorem can be replaced by
the following:

(2’) There is a strictly increasing sequence (nk)∞
k=1 of positive integers such that

for any x ∈ G, if 1 � l � N,

lim
k→∞

ω(ϕrlnk(x))
rlnk−1

∏
t=0

|ul(ϕt(x))|
= 0, (2.15)

and if 1 � s < l � N ,

lim
k→∞

∣∣∣∣∣∣∣∣
ω(ϕ(rl−rs)nk(x)) ·

rsnk

∏
t=1

us(ϕrlnk−t(x))

rlnk−1

∏
t=0

ul(ϕt(x))

∣∣∣∣∣∣∣∣= 0. (2.16)

Indeed, if G is discrete, then each compact subset of G is a finite set, thus (2′) ⇒
(2) is obvious. To prove (2)⇒ (2′), since G is discrete, we fix G := {i1, i2, · · · , ik, · · ·}
and set Gk := {i1, i2, · · · , ik} for each integer k � 1. By condition (2), for each Gk (k �
1), there is a strictly increasing sequence (n(k)

m )∞
m=1 of positive integers such that

lim
m→∞

∥∥∥∥∥∥∥∥∥∥
ω ◦ϕrln

(k)
m

rln
(k)
m −1
∏
t=0

ul ◦ϕt

∣∣∣∣∣∣∣∣∣∣
Gk

∥∥∥∥∥∥∥∥∥∥
∞

= 0 (1 � l � N)

and

lim
m→∞

∥∥∥∥∥∥∥∥∥∥∥

(
ω ◦ϕ(rl−rs)n

(k)
m

)
·
(

rsn
(k)
m

∏
t=1

us ◦ϕrln
(k)
m −t

)

rln
(k)
m −1
∏
t=0

ul ◦ϕt

∣∣∣∣∣∣∣∣∣∣∣
Gk

∥∥∥∥∥∥∥∥∥∥∥
∞

= 0 (1 � s < l � N).
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Then for each integer k � 1, there is a positive integer n(k)
m0 ∈ (n(k)

m )∞
m=1 such that, for

any x ∈ Gk and integer m � m0 we have

ω(ϕrln
(k)
m (x))

rln
(k)
m −1
∏
t=0

|ul(ϕt(x))|
<

1
k

for 1 � l � N, (2.17)

and ∣∣∣∣∣∣∣∣∣∣
ω(ϕ(rl−rs)n

(k)
m (x)) ·

rsn
(k)
m

∏
t=1

us(ϕrln
(k)
m −t(x))

rln
(k)
m −1
∏
t=0

ul(ϕt(x))

∣∣∣∣∣∣∣∣∣∣
<

1
k

for 1 � s < l � N. (2.18)

If we take k = 1,2,3, . . . in above argument and denote n(k)
m0 by nk, then by induction

we can find a strictly increasing sequence (nk)∞
k=1 of positive integers such that (2.15)

and (2.16) hold.

The following two examples are provided to illustrate Theorem 2.2, where G is
discrete in Example 2.3 and G is not discrete in Example 2.4.

EXAMPLE 2.3. Let 1 � p < ∞, N � 2. For each 1 � l � N, let Tl be a unilateral
backward weighted shift on �p(N) with positive weight sequence (al, j) j�1, that is,
Tle0 = 0 and Tle j = al, je j−1 for j � 1, where (e j) j∈N is the canonical basis of �p(N).
If we let G = N and define the injective map ϕ on G by ϕ( j) = j +1 for j ∈ N. For
each 1 � l � N, let ul be a weight on G defined by ul( j) = al, j+1 ( j ∈ N). Then each
unilateral backward weighted shift Tl is the weighted translation Tul ,ϕ on �p(N) given
by

Tul ,ϕ f ( j) = ul( j) f ( j +1) ( f ∈ �p(N)).

Hence, by Remark 1, for any integers 1 � r1 < r2 < · · ·< rN , the operators T r1
1 , . . . ,T rN

N
are d-hypercyclic if and only if there is a strictly increasing sequence (nk)∞

k=1 of positive
integers such that for any j ∈ N,

lim
k→∞

1
rlnk

∏
t=1

al, j+t

= 0 for 1 � l � N, (2.19)

and

lim
k→∞

rsnk−1

∏
t=0

as, j+rlnk−t

rlnk

∏
t=1

al, j+t

= 0 for 1 � s < l � N. (2.20)

Which are the same with [8, Theorem 4.1].
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EXAMPLE 2.4. Let G = {reiθ : 0 < r < ∞,− π
4 � θ � π

4 }. And define the contin-
uous injective mapping ϕ and positive continuous function ω on G by

ϕ(x) = x+ e
π
4 i for x ∈ G, ω(reiθ ) = (

√
3/2)r for reiθ ∈ G.

We define a weight u on G by

u(reiθ ) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

√
2 if 1

2 � θ � π
4 ,

2θ if − 1
2 < θ < 1

2 ,

√
2

2 if − π
4 � θ � − 1

2 .

Let u1 = u2 = u , r1 = 1, r2 = 2 and let Tui,ϕ (i = 1,2) be the weighted translations on
Lp(G,ω) (1 � p < ∞) induced by ϕ and ui (i = 1,2). That is, for i = 1,2,

Tui,ϕ f (x) = ui(x) f (x+ e
π
4 i) = u(x) f (x+ e

π
4 i) ( f ∈ Lp(G,ω)).

Then T r1
u1,ϕ ,T r2

u2,ϕ satisfy condition (2) in Theorem 2.2. Indeed, if we let K be any
compact subset of G with λ (K) > 0, then there exists a positive integer NK such that
for any integer n > NK , if reiθ ∈ K +ne

π
4 i then 1

2 < θ � π
4 . Since K is compact, there

is a positive integer r0 such that, sup
x∈K

|x| < r0. Thus for any integers l,n with 1 � l � 2

and n > NK +1 we have∥∥∥∥∥∥∥∥∥
ω ◦ϕrln

rln−1
∏
t=0

ul ◦ϕt

∣∣∣∣∣∣∣∣
K

∥∥∥∥∥∥∥∥∥
∞

= sup
x∈K

ω(x+ lne
π
4 i)

u(x)u(x+ e
π
4 i) · · ·u(x+(ln−1)e

π
4 i)

� (
√

3/2)r0+ln

(
√

2
2 )NK+1(

√
2)ln−1−NK

→ 0 as n → ∞,

and for s = 1, l = 2, ∥∥∥∥∥∥∥∥∥

(
ω ◦ϕ(rl−rs)n

)
·
(

rsn
∏
t=1

us ◦ϕrln−t

)
rln−1

∏
t=0

ul ◦ϕt

∣∣∣∣∣∣∣∣
K

∥∥∥∥∥∥∥∥∥
∞

= sup
x∈K

ω(x+ne
π
4 i)

u(x)u(x+ e
π
4 i) · · ·u(x+(n−1)e

π
4 i)

� (
√

3/2)r0+n

(
√

2
2 )NK+1(

√
2)n−1−NK

→ 0 as n → ∞.

Next we consider the second case.
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THEOREM 2.5. Let 1 � p < ∞ and 1 � r1 < r2 < · · · < rN , where N � 2, ri ∈
N, i = 1, · · · ,N. For each 1 � l � N, let Tul ,ϕ be a weighted translation on Lp(G,ω)
generated by ϕ and the weight ul. If ϕ is onto and (ϕn)n�1 is run away, then the
following conditions are equivalent:

(1) T r1
u1,ϕ , . . . ,T rN

uN ,ϕ are densely d-hypercyclic.
(2) For each compact subset K ⊂ G with λ (K) > 0, there is a sequence of Borel

sets (Ek)∞
k=1 in K such that λ (K) = lim

k→∞
λ (Ek) and a strictly increasing sequence

(nk)∞
k=1 of positive integers such that for 1 � l � N,

lim
k→∞

∥∥∥∥∥∥∥∥∥
ω ◦ϕrlnk

rlnk−1
∏
t=0

ul ◦ϕt

∣∣∣∣∣∣∣∣
Ek

∥∥∥∥∥∥∥∥∥
∞

= lim
k→∞

∥∥∥∥∥∥
(
ω ◦ϕ−rlnk

) · rlnk

∏
t=1

ul ◦ϕ−t

∣∣∣∣∣
Ek

∥∥∥∥∥∥
∞

= 0, (2.21)

and for 1 � s < l � N,

lim
k→∞

∥∥∥∥∥∥∥∥∥

(
ω ◦ϕ(rl−rs)nk

)
·
(

rsnk

∏
t=1

us ◦ϕrlnk−t

)
rlnk−1

∏
t=0

ul ◦ϕt

∣∣∣∣∣∣∣∣
Ek

∥∥∥∥∥∥∥∥∥
∞

= 0, (2.22)

lim
k→∞

∥∥∥∥∥∥∥∥∥

(
ω ◦ϕ(rs−rl)nk

)
·
(

rlnk

∏
t=1

ul ◦ϕrsnk−t

)
rsnk−1

∏
t=0

us ◦ϕt

∣∣∣∣∣∣∣∣
Ek

∥∥∥∥∥∥∥∥∥
∞

= 0. (2.23)

(3) T r1
u1,ϕ , . . . ,T rN

uN ,ϕ satisfy the d-Hypercyclicity Criterion.

Proof. (1) ⇒ (2). Let K ⊂G be a compact set with λ (K) > 0 and χK ∈ Lp (G,ω)
denote the characteristic function of K. By assumption there is a positive integer NK

such that

K ∩ϕn(K) = /0 for n > NK . (2.24)

Since ω is a positive continuous function, c := inf
x∈K

ω(x) > 0. Let k be any fixed posi-

tive integer, choose a real number δk such that 0 < δk < 1
k , 0 < δk

c < 1
k and δk

1− δk
c

< 1
k .

By densely d-hypercyclicity of T r1
u1,ϕ , . . . ,T rN

uN ,ϕ , there is a d-hypercyclic vector fk in
Lp (G,ω) and a positive integer nk > NK (in fact, the selection of nk can be sufficiently
large) such that

‖ fk − χK‖p
p,ω < δ p+1

k (2.25)
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and ∥∥Trlnk
ul ,ϕ fk − χK

∥∥p
p,ω < δ p+1

k (1 � l � N). (2.26)

Applying Lemma 2.1 N + 1 times for (2.25) and 2N +N(N− 1) times for (2.26), we
can obtain a subset Ek ⊂K with λ (K\Ek) < (3N +1+N(N−1))δk such that for each
1 � l � N,

sup
x∈Ek

| fk (ϕrlnk(x))− χK(ϕrlnk(x))|ω(ϕrlnk(x))

= sup
x∈Ek

|ω(ϕrlnk(x)) fk (ϕrlnk(x))| � δk, (2.27)

sup
x∈Ek

| fk(x)−1|ω(x) � δk, (2.28)

sup
x∈Ek

∣∣Trlnk
ul ,ϕ fk(x)−1

∣∣ω(x) � δk, (2.29)

sup
x∈Ek

∣∣T rlnk
ul ,ϕ fk(ϕ−rlnk(x))

∣∣ω(ϕ−rlnkx)

= sup
x∈Ek

∣∣∣∣∣ω(ϕ−rlnk(x))

(
rlnk

∏
t=1

ul(ϕ−t(x))

)
fk(x)

∣∣∣∣∣� δk, (2.30)

and for s, l with 1 � s < l � N,

sup
x∈Ek

∣∣∣T rsnk
us,ϕ fk(ϕ(rl−rs)nk(x))− χK(ϕ(rl−rs)nk(x))

∣∣∣ω(ϕ(rl−rs)nk(x))

= sup
x∈Ek

∣∣∣∣∣ω(ϕ(rl−rs)nk(x))

(
rsnk−1

∏
t=0

us(ϕt(ϕ(rl−rs)nk(x)))

)
fk(ϕrsnk(ϕ(rl−rs)nk(x)))

∣∣∣∣∣
� δk, (2.31)

sup
x∈Ek

∣∣∣T rlnk
ul ,ϕ fk(ϕ(rs−rl)nk(x))− χK(ϕ(rs−rl)nk(x))

∣∣∣ω(ϕ(rs−rl)nk(x))

= sup
x∈Ek

∣∣∣∣∣ω(ϕ(rs−rl)nk(x))

(
rlnk−1

∏
t=0

ul(ϕt(ϕ(rs−rl)nk(x)))

)
fk(ϕrlnk(ϕ(rs−rl)nk(x)))

∣∣∣∣∣
� δk. (2.32)

Using a similar argument as in (2.8), by (2.27) and (2.29) one can deduce

sup
x∈Ek

ω(ϕrlnk(x))∣∣∣∣rlnk−1
∏
t=0

ul(ϕt(x))
∣∣∣∣

<
1
k

for 1 � l � N. (2.33)
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From (2.28) and (2.30), an easy computation shows that

sup
x∈Ek

∣∣∣∣∣ω(ϕ−rlnk(x))
rlnk

∏
t=1

ul(ϕ−t(x))

∣∣∣∣∣� δk

1− δk
c

<
1
k

for 1 � l � N. (2.34)

From (2.29), (2.31) and (2.32), repeating a similar argument as in (2.9), we can obtain
that for 1 � s < l � N,

sup
x∈Ek

∣∣∣∣∣∣∣∣
ω
(

ϕ(rl−rs)nk(x)
) rsnk

∏
t=1

us (ϕrlnk−t(x))

rlnk−1
∏
t=0

ul (ϕt(x))

∣∣∣∣∣∣∣∣<
1
k

(2.35)

and

sup
x∈Ek

∣∣∣∣∣∣∣∣
ω
(

ϕ(rs−rl)nk(x)
) rlnk

∏
t=1

ul (ϕrsnk−t(x))

rsnk−1
∏
t=0

us (ϕt(x))

∣∣∣∣∣∣∣∣<
1
k
. (2.36)

Now, the proof of condition (2) can be completed by (2.33), (2.34), (2.35) and (2.36).
(2)⇒(3). The proof of this implication is similar to that in Theorem 2.2. We just

need to replace (2.10) with

K ∩ϕn(K) = /0 for all n > NK ,

replace (2.11) with

lim
k→∞

∥∥Trlnk
ul ,ϕ

(
f0, jχEk

)∥∥
p,ω = lim

k→∞

(∫
Ek

∣∣∣∣∣ω(ϕ−rlnk(x))
rlnk

∏
t=1

ul(ϕ−t x) f0, j(x)

∣∣∣∣∣
p

dλ (x)

) 1
p

= 0

for any 1 � l � N,1 � j � r.
And replace (2.12) with

lim
k→∞

∥∥T rlnk
ul ,ϕ Srsnk

us,ϕ
(
gs, jχEk

)∥∥
p,ω

= lim
k→∞

⎛
⎜⎜⎝∫Ek

∣∣∣∣∣∣∣∣
ω
(

ϕ(rs−rl)nk(x)
) rlnk

∏
t=1

ul (ϕrsnk−t(x))

rsnk−1

∏
t=0

us (ϕt(x))
gs, j(x)

∣∣∣∣∣∣∣∣
p

dλ (x)

⎞
⎟⎟⎠

1
p

= 0

for any 1 � s < l � N,1 � j � r .
(3)⇒ (1). This implication is obvious. �
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REMARK 2. The same argument as used in Remark 1 gives that: if G is discrete,
condition (2) in Theorem 2.5 can be replaced by

(2’) There is a strictly increasing sequence (nk)∞
k=1 of positive integers such that

for any x ∈ G, if 1 � l � N,

lim
k→∞

∣∣∣∣∣∣∣∣
ω(ϕrlnk(x))

rlnk−1
∏
t=0

ul(ϕt(x))

∣∣∣∣∣∣∣∣= lim
k→∞

∣∣∣∣∣ω(ϕ−rlnk(x)) ·
rlnk

∏
t=1

ul(ϕ−t(x))

∣∣∣∣∣= 0,

if 1 � s < l � N,

lim
k→∞

∣∣∣∣∣∣∣∣
ω(ϕ(rl−rs)nk(x)) ·

rsnk

∏
t=1

us(ϕrlnk−t(x))

rlnk−1
∏
t=0

ul(ϕt(x))

∣∣∣∣∣∣∣∣= 0

and

lim
k→∞

∣∣∣∣∣∣∣∣
ω(ϕ(rs−rl)nk(x)) ·

rlnk

∏
t=1

ul(ϕrsnk−t(x))

rsnk−1

∏
t=0

us(ϕt(x))

∣∣∣∣∣∣∣∣= 0.

The next example illustrates that the result in case 2 generalizes the works on
disjoint hypercyclicity by Chen in [13] and by Zhang, Lu, Fu and Zhou in [24].

EXAMPLE 2.6. Let G be a locally compact group with a right invariant Haar
measure λ and let a be an aperiodic element in G. The continuous injective mapping
ϕ and positive continuous function ω be defined by

ϕ(x) = xa−1 for x ∈ G, ω ≡ 1 on G.

Given N � 2, for 1 � l � N, let ul be a weight on G and Tul ,ϕ be the weighted
translation on Lp(G,ω) generated by ϕ and ul. In this case, each Tul ,ϕ is the weighted
translation Ta,ul studied in [24, Theorem 2.1] (or [13, Theorem 2.2]). By Theorem 2.5,
for any integers 1 � r1 < r2 < · · · < rN , Tr1

a,u1 ,T
r2
a,u2 , . . . ,T

rN
a,uN are disjoint hypercyclic

if and only if for each compact subset K ⊂ G with λ (K) > 0, there is a sequence of
Borel sets (Ek)∞

k=1 in K such that λ (K)= lim
k→∞

λ (Ek) and a strictly increasing sequence

(nk)∞
k=1 of positive integers such that for 1 � l � N,

lim
k→∞

sup
x∈Ek

∣∣∣∣∣∣∣∣
1

rlnk−1
∏
t=0

ul(xa−t)

∣∣∣∣∣∣∣∣= lim
k→∞

sup
x∈Ek

∣∣∣∣∣
rlnk

∏
t=1

ul(xat)

∣∣∣∣∣= 0,
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and for 1 � s < l � N,

lim
k→∞

sup
x∈Ek

∣∣∣∣∣∣∣∣
rsnk

∏
t=1

us(xat−rlnk)

rlnk−1
∏
t=0

ul(xa−t)

∣∣∣∣∣∣∣∣= 0,

lim
k→∞

sup
x∈Ek

∣∣∣∣∣∣∣∣
rlnk

∏
t=1

ul(xat−rsnk)

rsnk−1

∏
t=0

us(xa−t)

∣∣∣∣∣∣∣∣= 0.

Which are the same with [24, Theorem 2.1] or [13, Theorem 2.2].

Now we offer two examples, which are particular cases of Theorem 2.5 but not
particular cases of Theorem 2.1 in [24] or Theorem 2.2 in [13].

EXAMPLE 2.7. Let G = {1,2}×Z with the discrete topology and define the in-
jective map ϕ and the weight ω on G by

ϕ(i, j) = (i, j +1) for (i, j) ∈ G, and ω ≡ 1 on G.

Let u be a weight on G given by

u(i, j) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

2 if j > 0,

1 if j = 0,

1
2 if j < 0.

Let u1 = u2 = u and let Tui,ϕ (i = 1,2) be the weighted translation on Lp(G,ω) (1 �
p < ∞) generated by ϕ and ui (i = 1,2). Then Tu1,ϕ ,T 2

u2,ϕ satisfy condition (2’) in
Remark 2. Indeed, for any (i, j) ∈G and integers n, l with n > 2| j|+1 and l = 1,2 we
have ∣∣∣∣∣∣∣∣

1
ln−1
∏
t=0

ul(ϕt(i, j))

∣∣∣∣∣∣∣∣ =
1

ln−1
∏
t=0

u(i, j + t)

� 1

( 1
2 )| j|+1 ·2ln−| j|−1

→ 0 as n → ∞,

∣∣∣∣∣
ln

∏
t=1

ul(ϕ−t(i, j))

∣∣∣∣∣ =
ln

∏
t=1

u(i, j− t)

� 2| j| ·
(1

2

)ln−| j| → 0 as n → ∞
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and for s = 1, l = 2 we have∣∣∣∣∣∣∣∣
sn
∏
t=1

us(ϕ ln−t(i, j))

ln−1
∏
t=0

ul(ϕt(i, j))

∣∣∣∣∣∣∣∣=
1

n−1
∏
t=0

u(i, j + t)
→ 0 as n → ∞

and ∣∣∣∣∣∣∣∣
ln
∏
t=1

ul(ϕsn−t(i, j))

sn−1
∏
t=0

us(ϕt(i, j))

∣∣∣∣∣∣∣∣=
n

∏
t=1

u(i, j− t)→ 0 as n → ∞.

EXAMPLE 2.8. Let G = C. The continuous injective mapping ϕ and positive
continuous function ω on G are defined by

ϕ(reiθ ) = re−iθ +1 for reiθ ∈ C, ω(reiθ ) =
(1

2

)r
for reiθ ∈ C.

Let u be a weight on G defined by

u(x) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

2 if Re x > 1,

2Re x if −1 � Re x � 1,

1
2 if Re x < −1.

Let u1 = u2 = u and Tui,ϕ (i = 1,2) be weighted translations on Lp(G,ω) (1 � p < ∞)
induced by ϕ and ui (i = 1,2). Then Tu1,ϕ ,T 2

u2,ϕ satisfy condition (2) in Theorem 2.5.
Indeed, let K be any compact subset of G with λ (K) > 0. Then by the definition of ϕ ,
there is a positive integer NK such that for any integer n with n > NK and any reiθ ∈ K
we have Re (ϕn(reiθ )) > 1 and Re (ϕ−n(reiθ )) < −1. Since K is compact, there is a
positive integer r0 such that, sup

x∈K
|x| < r0. Hence, for any integers l,n with 1 � l � 2

and n > NK +1 we have∥∥∥∥∥∥∥∥
ω ◦ϕ ln

ln−1
∏
t=0

ul ◦ϕt

∣∣∣∣∣∣∣∣
K

∥∥∥∥∥∥∥∥
∞

= sup
reiθ∈K

∣∣∣∣∣∣∣∣
ω(re(−1)lniθ + ln)

ln−1
∏
t=0

u(re(−1)t iθ + t)

∣∣∣∣∣∣∣∣
�

( 1
2 )ln−r0

( 1
2 )NK+1 ·2ln−NK−1

→ 0 as n → ∞

and ∥∥∥∥∥
(

ω ◦ϕ−ln
)
·

ln

∏
t=1

ul ◦ϕ−t

∣∣∣∣∣
K

∥∥∥∥∥
∞

= sup
reiθ∈K

∣∣∣∣∣ω(re(−1)lniθ − ln)
ln

∏
t=1

u(re(−1)t iθ − t)

∣∣∣∣∣
�
(1

2

)ln−r0 ·2NK ·
(1

2

)ln−NK → 0 as n → ∞.
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And for s = 1, l = 2 we have∥∥∥∥∥∥∥∥
(

ω ◦ϕ(l−s)n
)
·
(

sn
∏
t=1

us ◦ϕ ln−t

)
ln−1
∏
t=0

ul ◦ϕt

∣∣∣∣∣∣∣∣
K

∥∥∥∥∥∥∥∥
∞

= sup
reiθ∈K

∣∣∣∣∣∣∣∣
ω(re(−1)niθ +n)

n−1
∏
t=0

u(re(−1)t iθ + t)

∣∣∣∣∣∣∣∣
→ 0 as n → ∞

and ∥∥∥∥∥∥∥∥
(

ω ◦ϕ(s−l)n
)
·
(

ln
∏
t=1

ul ◦ϕsn−t

)
sn−1
∏
t=0

us ◦ϕt

∣∣∣∣∣∣∣∣
K

∥∥∥∥∥∥∥∥
∞

= sup
reiθ∈K

∣∣∣∣∣ω(re(−1)niθ −n)
n

∏
t=1

u(re(−1)t iθ − t)

∣∣∣∣∣→ 0 as n → ∞.
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