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(Communicated by R. Curto)

Abstract. Let T be a bounded linear operator on a complex Hilbert space H. An operator 7T is
called (n,k)-quasi class Q if it satisfies

1
n+1

IT@*0IP < —— (I (T4 |12+l )

and (n,k)-quasi class Q* if it satisfies
1

T* Tk 2<
i< L

(e rhn) |2+l )

for all x € H and for some nonnegative integers n and k.

In this paper, we will be studying the conditions under which composition operators and
weighted composition operators on L?(u) spaces become (n,k)-quasi class Q operators and
(n,k)-quasi class Q* operators have been obtained in terms of Radon-Nikodym derivative A, .
Some necessary and sufficient conditions for a composition operator Cy on Fock Spaces to be a
(n,k) -quasi class Q operators and (n,k)-quasi class Q* operators have also been explored.

1. Introduction

Throughout this paper, let H be a complex Hilbert space with inner product (-,-).
Let L(H) denote the C* algebra of all bounded operators on H. For T € L(H), we
denote by ker(T) the null space and by T'(H) the range of T. The null operator and
the identity on H will be denoted by O and I, respectively. If T is an operator, then
T* is its adjoint.

We shall denote the set of all complex numbers by C, the set of all positive integers
by N and the complex conjugate of a complex number A by A. The closure of a set
M will be denoted by M. An operator T € L(H) is a positive operator, T > O, if
(Tx,x) >0 forall xe H.

An operator T € L(H), is said to be paranormal [9], if ||Tx||> < ||T%x| for any
unit vector x in H. An operator T € L(H), is said to be *-paranormal [2], if ||T*x||> <
| 72x]|| for any unit vector x in H.
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Mecheri, [18] introduced a new class of operators called k-quasi paranormal op-
erators. An operator T is called k-quasi paranormal if

1T el < T2 T,

for all x € H, where k is a nonnegative integer number. Hoxha and Braha, [10] intro-
duced a new class of operators called k-quasi-*-paranormal operators. An operator T
is called k-quasi-*-paranormal if

7T x| < | 7542 | T,
forall x € H, where k is a nonnegative integer number.

DEFINITION 1.1. [11] An operator T is said to be of the (n,k)-quasi class Q if
1
IT(T40)|P < — (1T (T 0|2+ mll 7).

for all x € H and for some nonnegative integers n and k.

A (1,k)-quasi class Q operator is a k-quasi class Q operator, [13]:
1
1T < 5 (T2 4+ 75 1)

(1,1)-quasi class Q operator is a quasi class Q operator: ||T%x||> < 3(||T3x|> +
I Tx||?); (1,0)-quasi class Q operator is a class Q operator, [7]: ||Tx|]*> < %(HszHz—i-
|x[|?); (n,0)-quasi class Q operator is a n-class Q operator, [20]:

1
n+1

IT]? < (T + nl|x]?).

THEOREM 1.2. [11]An operator T € L(H) is of the (n,k)-quasi class Q, if and
only if
T*k <T*(n+l)Tn+1 _ (n+ l)T*T"—nI) Tk 2 07

where k and n are nonnegative integer numbers.
An operator T € L(H) is said to be (n,k)-quasi paranormal operators if
|7 (TR0l < |7 () | 75 | T 7

forall xe H, [21].
In [1 1] the authors have proved the following Lemma:

LEMMA 1.3. If T is an (n,k)-quasi paranormal operator, then T is an (n,k)-
quasi class Q operator.
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DEFINITION 1.4. [12] Anoperator T € L(H) is said to be (n,k)-quasi class Q*
if
1
n+1
for all x € H and for some nonnegative integer numbers n and k.

17 (T )P < —— (I (TP +all 5

A (1,k)-quasi class Q* operator is a k-quasi class Q* operator, [ 14]:
1
I (TR 2 < 5 (1720 + 74 2) 5

(17> +
(172> +

a (1,1)-quasiclass Q* operatoris a quasi class Q* operator: || T*(Tx)||> <
ITx||?); a (1,0)-quasi class Q* operatoris a class Q* operator: || T*x||? <
[|x[|?); an (n,0)-quasi class Q* operator is an n-class Q* operator, [20]:

L
2
L
2

1
n+1

17> < ("L + nl|x]?).

THEOREM 1.5. [12] An operator T € L(H) is of the (n,k)-quasi class Q*, if
and only if

T+ (T*(”“)T"“ —(n+1)TT* +nl> T > 0,
where k and n are nonnegative integer numbers.

An operator T € L(H) is said to be (n,k)-quasi-*-paranormal operators if
|7 (TR | < (7 () |7 7 7
for all x € H and for some nonnegative integers n and k, [22].
In [12] the authors have proved the following Lemma:

LEMMA 1.6. If T is an (n,k)-quasi-*-paranormal operator, then T is an (n,k)-
quasi class Q* operator.

Let (X,4/,u) be a o-finite measure space. The space L>(X,.</,u) := L*(u) is
defined as

L*(u) ={f: X — C: f is a measurable function and / |f]?du < }.
X

A transformation 7 : X — X is said to be measurable if T-!(B) € &/ for B €
o/ . If T is a measurable transformation, then 77 is also a measurable transformation
for all natural numbers m. A measurable transformation 7 is said to be non-singular
if u(T-'(B)) =0 whenever u(B) =0 for every B € o/. Let T be a measurable
transformation on X . The composition operator Cr : L* () — L?>(u) is givenby Cr f =
foT for f € L>(u). For m € N we have

mf=foT™ for f € L*(1).
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If T is non-singular, then we say that g o7~! is absolutely continuous with respect
to 1. Hence by the Radon-Nikodym theorem exists a unique non-negative essentially
bounded measurable function £ such that

woT \(B) :/hdu forBe of.
B

duoT™!
du
In addition, we assume that / is almost everywhere finite valued or equivalently 7! (=)
C o/ is a sub-sigma finite algebra.
The Radom-Nikodym derivative of the measure p o (T~!')" with respect to u is
denoted by #,, and we have

The function 4 is called the Radon-Nikodym derivative and we have h = hy :=

duo (T~ )"

/,Lo(T’l)m(B):/hmd/,L for B € o/ and h, :=
B du

It can be seen that
hpy=h-hoT V hoT 2. hoT "V and hy, = hyy_y -ho T~ 1.
From [4, 16, Lemma 1] we have
CiCrf = hf and CrCyrf = (ho T)Pf forall f € L*(u), (1.1)

where P is the projection from L?(ut) onto the closure of the range of the composition
operator Cr,

Cr(L2(u)) ={f € L*(u): fis T~' (<) measurable}.

If T~!(&/) C o/, there exists an operator E : LP (/) — LP(T~' (7)) which is
called conditional expectation operator. The conditional expectation operator
E(f|T~'(«)) = E(f) is defined for each nonnegative function f in LP(1 < p < o)
and is uniquely determined by the following set of conditions: E(f) is T~'(.</) mea-
surable and if B is any 7~!(7) measurable set for which [ fdu converges, then we

have
oo

For m > 2 let E,, = E(f|T " (%/)). The conditional expectation operator E has
the following properties:

1. E(g) =g ifand only if g is T~!(<) measurable, [17].

[\

. If g is T~!(«7) measurable, then E(fg) = E(f)g.
E(f-goT)=(E(f)(goT) and E(E(f)g) = E(f)E(g) for f.g € L*(u).

If f<gae.,then E(f) <E(g) ae., for f,g € L>(u).

E(1) =1, and E is the identity operator in L?>(u) if and only if 7~ (&) = /.

wook W
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6. E(f) has the form E(f) = goT for exactly one &/ -measurable function g pro-
vided that the support of g lies in the support of & which is given by o (h) = {x:

h(x) #0}.

7. E is the projection operator from L?(u) onto Cr(L2(u)). So, as an operator on
L?(u), E is the projection P used in relation (1.1), [4].

A detailed discussion and verification of most of these properties may be found in
[19].
The adjoint C; of Cr is given by C;f = hE(f)oT ™!, [4]. For m € N and for
feL*(u), we have
Cr"f =hwE(f)oT™".

2. On (n,k)-quasi class Q and (n,k)-quasi class O* composition operators
on L%(u) space

THEOREM 2.1. Let Cr be the composition operator induced by T on L*>(u).
Then, the following statements are equivalent:

1. The operator Cr is of (n,k)-quasi class Q

Mkt — (n+ 1hgr +nhyg 2 0. (2.1)

Proof. Let Cr be the composition operator induced by 7 on L?(u). By Theorem
1.2, the operator Cr is of (n,k)-quasi class Q if and only if

<c;<"+"“)c;+k+1 f=(n+1)CEkH £y peskek f> >0. (22
For every f € L*>(u), we have
C;(nJrkH)C?*ka _ C;(n+k+1) (f o Ty

= k1 E(f o TnJrkH) o T~ (kL) = Iyt 1 S (2.3)
From above relation and relation (2.2) we have

(Ppgisrf — (n+ Dy f +nlyf, f) > O.

Hence, relation (2.1) is proved. [

THEOREM 2.2. Let Cr be the composition operator induced by T on L*(u).
Then, the following statement are uquivalent:

1. Operator Cy is of (n,k)-quasi class Q
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Bniis1 0 TUHD (04 Dhgy o TEHD 4onhgo TF > 0. (2.4)

Proof. Let Cr be the composition operator induced by 7 on L?(u). By Theorem
1.2, the operator Cj. is of (n,k)-quasi class Q if and only if

(cpticr — e e panchcitr )y 2 0. @9)
For every f € L*(u), we have
C¥+k+lc;("+k+1)f _ C;'.H‘H (hn+k+1E(f) o T—(n+k+1)> (2.6)
_ <hn+k+1 o T(n+k+1)E(f) o T—(n+k+1)> oL (27
= hysksr - oTHEDE(). (2.8)
Let uy1 = hyip1 o T — (n+ Dy o TFH - nhy o TF. Since w7 is a

T‘l(Z) -measurable function, then E commutes with M,, .. Also, we know that E
is a positive operator. By these observations and the relation (2.5) we have

<uh,T'f7f> 20,
and we have proved relation (2.4). [

THEOREM 2.3. Let Cr be the composition operator induced by T on L*(u).
Then, the following statement are equivalent:

1. Operator Cr is of (n,k)-quasi class Q*

Bpsist — (n+ Dhg-ho T' % 4 nhy > 0. (2.9)

Proof. By Theorem 1.5, the operator Cr is of (n,k)-quasi class Q* if and only if
(Cr Vet f — (n+ )GH(CrCq) Chf +nCifCEL f) 2 0. (210)

For every f € L*(u), we have
CH(CrCr)Crf = G (CrCr)(foTF) = G (ho T)E(f o TY)
— IGE <(ho T)E(fo Tk)> oT

= mE(hoT)oT*f
= hg-hoT'*. 7.
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From above relation and relation (2.3) we get

<hn+k+1f_ (n+ l)hk-hoTlfk-f+n-hkf,f> > 0.
This proves relation (2.9). [

THEOREM 2.4. Let Cr be the composition operator induced by T on L*(u).
Then, the following statement are equivalent:

1. Operator Cy. is of (n,k)-quasi class Q*

i1 o T — (i 1)ho TF -y o TF + niy o TF > 0. (2.11)
Proof. The operator Cy. is of (n,k)-quasi class Q" if and only if
<c;+k+1c;(”+"+” f— (n+ 1)CE(CLCr) C f +nChCi 1, f> > 0. (2.12)
For every f € L*>(u), we have

Ch(CrCr) G f = Ch(CrCr) (E(f) 0T )
= Cr(h-I4E(f)oT %)
= hoT* - hyoT*-E(f).

By the same reasons that we mentioned in the proof of Theorem 2.2 and the rela-
tion (2.8) we obtain

<hn+k+1or"+k“-f—(n+1>hoT"-hkoT"-f+nhkoT"-f7f>>o. O

3. On (n,k)-quasi class Q and (n,k)-quasi class O* weighted composition
operators on L?(11) space

Let (X,</, 1) be a o-finite measure space and let u be a complex-valued mea-
surable function. Then the weighted composition operator W, 7 on the space L*(u)
induced by u and a measurable transformation 7 is given by

Wirf=Wf=u-foT for f € L*(),

and we have W" f = u,, - f o T™ where m is any number natural and

m—1)

Uy =u-uoT -uoT*-...-uoT! and y, = ty,_1 -uo TV,

The adjoint W* of W is given by W*f =h-E(it- f)oT~', and f € L*(u), we
have
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L W f = hyE (s f) 0 T~
2. WW)f=W*(Wf)=W*(ufoT) =hE(itu- foT)oT ' =hE(|u|*) o T\ f
=Jf
3. WW*)f=W(hE(u-f)oT )= (uh-E(uf)oT ') oT =u(hoT)E(uf);
4. WW™Mf = hyE (Jum|?) o T~ f
5. WW f = wyy (B o T™)E (thm f )3
where Jy, = hyE (Jum|?) o T~™ (J; = J) and m is a natural number, (see [5], [8], [15]).

THEOREM 3.1. Let W be a weighted composition operator on L*(u). Then, W
is an (n,k)-quasi class Q operator if and only if

Jnskr1 f— (D) Dy f+n-Ji- f 2 0. (3.1
Proof. By Theorem 1.2, the operator W is of (n,k)-quasi class Q if and only if
<(W*(n+k+1)Wn+k+1 _ (n+ 1)w*(k+l)wk+1 +nW*ka)f,f> 2 0 (32)
For every f € L*>(u) we have

W*(n+k+l)wn+k+lf — Jn+k+l f (33)

From relations (3.1) and (3.2) we get

Untkr1 [ =+ Dy f+n-Je- £, ) = O.
Hence, it is proved relation (3.1). [

THEOREM 3.2. Let W be a weighted composition operator on L*(it). Then, W*
is an (n,k)-quasi class Q operator if and only if

(Unskr1hniis10 Tn+k+lE(”n+_k+1f) — (n+ Dugy g1 0 TkHE(”kjrlf)
Frughy o TVE (ur f), f) = O. (3:4)
Proof. By Theorem 1.2, the operator W* is of (n,k)-quasi class Q if and only if
<(Wn+k+lw*(n+k+l) _ (n+ I)Wk+lw*(k+l) +anW*k)f,f> 2 0. (35)
For every f € L*>(u) we have
Wn+k+lW*(n+k+l)f = Uptit1 Mnsit1© T E(upgv1-f) (3.6)
From relations (3.6) and (3.5) we obtain

(Unykr1hniiy10 Tn+k+lE(”n+7<+1f) — (n+ Dugy g1 0 TkHE(”k:rlf)
+nughy o TkE(Lfkf),f> >0,

and this proves relation (3.2). [
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THEOREM 3.3. Let W be a weighted composition operator on L>(i). Then, W
is an (n,k)-quasi class Q* operator if and only if

Inksr - f = (n+ Dy |[E(it) P o T - ho TV f 4 n-Ji- . f) = O. (3.7)

Proof. The operator W is of (n,k)-quasi class Q" if and only if
<(W*(n+k+l)Wn+k+l _ (n+ I)W*k(WW*)Wk —l—nW*ka)f,f) > 0. (3.8)
For every f € L*>(u) we have
W WWHWEf = WEWW*) (uy - foTF)
= W*u(ho T)E(u-uy - f o TX))
= - |E(uug)|? o T~*-hoT' X f. (3.9)

Now our result follows from relations (3.8) and relation (3.9). [

THEOREM 3.4. Let W be a weighted composition operator on L*(u). Then, W*
is an (n,k)-quasi class Q* operator if and only if

(tn st - Pngisr © T E (g1 f ) — (n+ D 0 Ty o TVE (it f)
+nug - b o TRE (it f), f) = O. (3.10)

Proof. The operator W* is of (n,k)-quasi class Q* if and only if
(WL k) G DWW W)W+ aW AW £ F) > 0. (3.11)

For every f € L*>(u) we have

WEW W)W f = wrW*W) (th(uk fo T‘k>
= WH(IIE (i f) o T7F)
= wJ o T*hy o T*E (ity..f ). (3.12)
From relations (3.6) and relation (3.12) we get

(g1 hysgar0 Tn+k+1E(IZn+k+1 J)—=(n+ Do Tkhk o TkE(IZk.f)
+nug - hy o TXE (it f), f) > 0. O

In what follows we will give a necessary and sufficient condition for operator W to
be an (n,k)-quasi class Q operator, using into consideration support of the measurable
function u, which we denote by o (u) = {x € X : u(x) # 0} and expectation . As it is
known, for every f € L?, [y |[E(f)|?du < [y |f*du and o(f) C o(|f]).

LEMMA 3.5. (see [3]) Let o and B be non-negative functions. Then the follow-
ing condition are equivalent:
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1. Forevery f € L*(u),

[elsPau > [ 1E@Pau;
X X

2. o(f)co(a) and E <%zxc(a)> < 1 almost everywhere.

THEOREM 3.6. Let W be a weighted composition operator on L*(1). If W is an
(n,k)-quasi class Q operator, then

1
Y (‘Ik2+1) C 0 (Jnsar1+nJi)

and

Ji+1 )
EFE{———— n < 1.
(Jn+k+1 +nJ it

Proof. Forevery f € L?(u), W is an (n,k)-quasi class Q operator if
<(W*(n+k+1)Wn+k+1 _ (n+ I)W*(k+1)Wk+1 +nW*ka)f7f> > 0.
Respectively
<(W*(n+k+1)Wn+k+1 —|—nW*ka)f,f> > <(n—|— l)W*(kH)Wka,f).
By definition we get
WO WL f) = [ gyl P (3.13)
On the other hand
4+ OW S IWELL ) = (1) [ e P
> [ nlEGIPan = [ EGL, PP, (3.14)

From relations (3.13), (3.14) and Lemma 3.5, we obtain that if W is an (n,k)-quasi
class Q operator, then

1
o (sz+l) C G(Jn+k+1 —|—an)

and

Jir1
El ———— <1l. O
(JnJrkJrl +anxjn+k+l+an
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THEOREM 3.7. Let W be a weighted composition operator on L*(1). If W is an
(n,k)-quasi class Q* operator, then

1
o} (s,fhé 0T1k> C 0 (Jnpir1 +nJk)

andE(M )gl.

Jntk1+nJ xJn+k+1 +nJ

Proof. Forevery f € L*(u), W is an (n,k)-quasi class Q* operator if and only if
(WHIHRE Dtk L YW WW YW+ aW W F F) > 0. (3.15)
Respectively
(WD L WS WO L f) > (o W WW WL £).
By definition we get
WO ) — [ gl f P (3.16)
On the other hand
(n+ D)WEWWHWEE, ) = (n+1) /hk E(itug) > o T~ - ho TV f Fdu
> (n+1) / E( ,f 20T k) Pdu
> /X (E(sph3 o T4 f) P,

in which s; = hy - |E (ituy)|> o T~*. By these observations we get that if W is an (n,k)-
quasi class Q" operator, then

1
o} (s,fh% 0T1k> C 0 (Jnpir1 +nJk)

Tnikrt Pl Kwsrrtnd ) S 4

Recall that the Althuge transformation of operator A € L(h), is the operator A de-

fined as follows: A = |A|%U\A\ And for 0 < r < 1, it is defined A, = |A|"'U|A|'~".
In the next result we describe the (n,k)-quasi class Q operators via Althuge transfor-
mation.

THEOREM 3.8. Let T = U|T| be the polar decomposition of the operator T, and
T= |T|%U|T|% If |T| > |T|, then T is an (n,k)-quasi class Q operator:
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Proof. From given conditions and Theorem 2.2 in [1] it follows that T is an para-
normal operator. Every paranormal operator is n-paranormal operator and it is (n,k)-
quasiparanormal operator ([21]). From Lemma 1.3 it follows that T is an (n,k)-quasi
class Q operator. [J

THEOREM 3.9. Let T = U|T| be the polar decomposition of the operator T, and
T= |T|%U|T\% If Hf%\ﬂ%x” > |||T|x||?-||T*x||?, then T is an (n,k)-quasi class Q*
operator.

Proof. First we prove that under given condition operator 7 is *-paranormal. For
this we start from

T2 = [[|T|Tx|| = |||IT12Tx|]?-||Tx||";  from Lemma 2.1 in [1]

T s 12 -1

= |ITIT[2x]]" - ||
TN A 112 —1

= [ITIT > x[]" - || Tx]]
FI3ITI3 412 -1 -1

2 (ITI2T 2 x| ([T ]|~ - || Tx]|

2 2 ~1 ~1
Z T |xl” - (1T (1T |l |- 1T
= || .
Every *-paranormal operator is n-*-paranormal operator and it is (n, k) - *-quasi-

paranormal operator ([22]). From Lemma 1.6 it follows that T is an (n,k)-quasi class
Q* operator. [

In [3], are described the properties of the composition operators via Althuge trans-
formation.

LEMMA 3.10. For a weighted composition operator W we have the following

entities:
Wif = @, fo T |Wilf = \/HE(@})] 0T~ f

‘Wr*|f =P, .f= VrE(Vrf)7

RY -
where @ = u | —ZEW) and v, = 2ol
g (hoT EW?) ) 7’ " YVE(oVhoT )

and

The next results characterized that W, is an (n,k)-quasi class Q operator, via
Althuge transformation.

THEOREM 3.11. Let W be a weighted composition operator in L*(u). Then
W,| = [W| if and only if E(0?) > E(u?).
Proof. Proof of the Theorem follows directly from the above facts. [J

OPEN PROBLEM. The authors didn’t know how to describe the weighted compo-
sition operator W;, to be an (n,k)-quasi class Q" operator, via Althuge transformation.
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4. Examples

EXAMPLE 4.1. Let X = [0, 7], du = dx and X be the Lebesgue sets. Define the
non-singular transformation ¢ : X — X by

_f2x xe[0,3]:
P(x) = {Zx—l xe (5,1],

Easily we get that i(x) = 1 and so hy,(x) = 1, for each m > 0. Thus C, is a bounded

composition operator on L?(X). And so by Theorems 2.1, 2.2, 2.3 and 2.4 we get that

Cyp and Cj, are of (n,k)-quasi class Q and (n,k)-quasi class Qx, for all n,k € N.
Moreover, for each 0 <a < b < 1 and f € L*(X) we have

b+l

/(P T = f Ydx+ / £(x)

—/ { +f<l+x)}dx.
V()

bW =g {re+s (“52) Jrog+ 3 {7 (B50) +rw fx

u(x) = { sin(x) xe€0,3];

sin(x— %) xe(5,1],

Hence

(E(flogr!)(x) =

N =

S E]
=

Direct computations show that u is ¢ ~'(X)-measurable. Since & = 1, then we
have h,, = 1. Consequently, we get that J,,(x) = u2, o T ™. Therefore by Theorem 3.1,
we have that W = uCy, is an (n,k)-quasi class Q operator if and only if

10T "D f— (it D o TV fnagoT ™ f > 0.

Also, by Theorem 3.3 we get that W is an (n,k)-quasi class Q* operator if and
only if

(g pi1 o7 I (e 1) - uPo TP o T X ftn-ugoT ™ £, f) >0

EXAMPLE 4.2. Let X =[0,1], du = dx and X be the Lebesgue sets. Define the
non-singular transformation ¢ : X — X by

[1-2x x€0,%];
o) = {Zx—l xe (L)
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It is easy to see that 4(x) = 1 and similar to example 4.1 we get that

e = 1 1—x 14x
[y fs= [ s [ sas= [ 2 {r (55w (57) e

9

Hence we have

And so
E(F)() = 3100+ £~ 9t y + 512+ Mty
If we put u(x) = 4(x+ 1), then we have
J(x) =2{(2+x)*+ (2 —x)*}.
The operator W*, by Theorem 3.2 is an (n,k)-quasi class Q operator if and only if

(Unrrhnirr o " E (g1 ) = (n+ Dl o T E (w1 f)

+nughy o TXE (i f), f) = O.
And W*, by Theorem 3.4 is an (n,k)-quasi class Q* operator if and only if

(Unsks1 - Ppgisr 0 TnJrkHE(lszrkH-f) —(n+ Do Tkhk © TkE(Izkf)
- hy o TVE ity f). f) > O.

EXAMPLE 4.3. Let X = (0,a], du = dx and X be the Lebesgue sets. Define the

non-singular transformation ¢ : X — X by ¢@(x) = ¢*. Since ¢~!(x) = In(x), then
h(x) = 1. Hence ¢ (x) =Inolnoln....oln(x),m times, /(x) = )ﬁ(x) and h3(x) =
1 _ 1 : : _ 1
T — e And so by induction we get that h,,(x) = T
a

Moreover, ¢~ !(Z) = X and therefore E = I (identity operator). This implies that

1

) = e )

[tm] 0 @™ (x).

Therefore by Theorem 3.1, we have that W = uC,, is an (n,k)-quasi class Q operator
if and only if

oy 0T f— (nt Dug o TV fnufoT™ > 0.

Also, by Theorem 3.3 we get that W is an (n,k)-quasi class Q* operator if and
only if

W T D i 1) fuPo T P o T  ftn-udo T f.f) > 0.
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The operator W*, by Theorem 3.2 is an (n,k)-quasi class Q operator if and only
if

(Unskr1hniiy10 Tn+k+lE(”n+7<+1f) — (n+ Dugy g1 0 TkHE(”k:rlf)
+nughy o TXE (ur f), f) > O.
And W*, by Theorem 3.4 is an (n,k)-quasi class Q* operator if and only if
(Un it i o T (i giegr f) — (n+ D 0 Ty o TVE (it f )
Hnug - hy o TXE (i f), f) = O.
5. On (n,k)-quasi class Q and (n,k)-quasi class O* composition on Fock-spaces
Letz= (217227 e 7Zm) and w = (W17W27 cee ,Wm) bepOintin Cm7 <Z7W> = ZZ;leW_k

and |z| = \/(z,z). The Fock space .72 is the Hilbert space of all holomorphic functions
on C™ (entire functions) with inner product

1-8) = G L, F5 @ H A,

here dA(z) denotes Lebesgue measure on C”, and & ;)m e_%msz(z) is called Gaus-

sian measure on C™. The sequence {e, = 1/%1’“},”61\; forms an orthonormal basis
for .772.

Since each point evaluation is a bounded linear functional on ﬂ‘n% ,foreach we C™
there exists a unique function u, € %2 such that (f,u,) = f(w) for all f € .72.

The reproducing kernel functions for the Fock space are given by u,,(z) = e<_z‘2‘1> and
w2

| = "5

For a given holomorphic mapping ¢ : C" +— C", the composition operator Cy :
Fa— FLis given by Co(f) = fo¢, f€ .2, so (Cof)(z) = f(¢(z). The multi-
plication operator M,, induced by an entire function u on .%2 is defined as M, f(z) =
u(z)f(z) for an entire function f.

LEMMA 5.1. [6, Lemma 2] If f(z) = Az+ B, where A is an m x m matrix with
|All < 1 and B is an m x 1 vector and if (AE,B) = 0 whenever |AE| = |&]| then
C;j = M,,C:, where ©(2) = A*z and My, is the multiplication by the kernel function
up.

THEOREM 5.2. A composition operator Cy is an (n,k)-quasi class Q operator
on F2 if and only if

Mubo‘rk .. ~Mubor"+/"c¢"+k“or"+k+l - (l’l + I)Muborkcd)/"“o‘r/"“ +l’lC¢kOTk 2 0.
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Proof. A composition operator Cy is an (n,k)-quasi class Q operator on .%2 if
and only if

C:;(n+k+1)c$+k+1 (n+l)C (k+1)Ck+1+ C:{,ka 0. 5.1

By Lemma 5.1 we have

C*

Syt =,

n+k n
S (M, CoC )Ty

Since CyCr = Crop we have

;" (cpeg )t = " (M, o)l = C

k
[0} ¢(n+ )(Muhc¢n+k+lo.[).

Again by using into consideration Lemma 5.1, we obtain

C(’;("""k) (C;‘)C¢)Cg+k = C;;(n-’_k_l)MuhCT (Muhc¢n+k+lo7:) .

Since
CTMM,, = uho‘L'CT

then

;M (CyCo)CuH = €My, MyyorConiti

otr2*

Continuing this way we obtain

C:;(n+k+1)cg+k+1 My, Muyor - - My, oonikConsit g pnsir - (5.2)

From relations (5.1) and (5.2) we have: Cy is an (n,k)-quasi class Q operator on
Z2 if and only if

M Mubo‘[ Muh0171+kc¢n+k+lofn+k+l

_(n+ I)Mu,,MuhoT~~M ch¢k+1o,rk+1 +nMu,,Mu,,oT~~~M qucq)kork >0,

upo Upo

hence

MubOTk . .Muh01)1+kc¢n+k+101)1+k+l - (n + l)M ch¢k+lork+1 +an)koTk 2 O ‘:l

upo

THEOREM 5.3. A composition operator Cy is an (n,k)-quasi class Q" operator
on F2 if and only if

M, o1k - My, oonikConiirigpniiet — (n+ l)MubOTkM o000tk Cokoropork +MChkore = 0.

Proof. A composition operator Cy is an (n,k)-quasi class Q* operator on .72 if
and only if

;T (04 1)CRH(Cy € )Ch + nCyCh > 0. (5.3)
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By Lemma 5.1 and since C:M,,, = M,,0:Cr, CyCr = Crop we have

C3'(CoC4)Ch = C3 (CoMu,C)Cl = Cg Muya9Cpi
(k1)

oTo@
*
= My,Myor... MuhoTkMu,,o(I)o‘rqu)koToq)o‘rk'

MMhM"bodJofchkorijor

From above relation and from relations (5.2) and(5.3) we have: Cy is an (n,k)-
quasi class Q operator on .%2 if and only if

Mu/,MMhOT “ee Muh0171+kc¢n+k+lofn+k+l

U u

—(n+1)M Myyor... M, bo‘r"Mubod)orkC(pko‘roq)ork +nMy,My, oz ... M, bor"*lc¢kork >0,

hence

M, ook - My, o onikContiiigpntirn — (n+ 1)MuboTkMuth)OTkC¢kOTO¢OTk +nCyrop 20. U

Data Availability. No data were used to support this study.

Conflicts of Interest. The authors declare that there are no conflicts of interest
regarding the publication of this paper.

REFERENCES

[1] ARIYADASA ALUTHGE, DERMING WANG, w-hyponormal operators, I, Integral Equations Operator
Theory 37 (2000), no. 3, 324-331.

[2] S.C. ARORA ANDJ. K. THUKRAL, On a class of operators, Glasnik Math., 21 (41) (1986), 381-386.

[3] CHARLES BURNAP, IL BONG JUNG, ALAN LAMBERT, Separating partial normality classes with
composition operators, J. Operator Theory 53 (2005), no. 2, 381-397.

[4] J. T. CAMPBELL AND P. DIBRELL, Hyponormal powers of composition operators, Proc. Amer. Math.
Soc., 102 (1988), 914-918.

[5] J. CAMPBELL AND J. JAMISON, On some classes of weighted composition operators, Glasgow Math
J., 32 (1990), 87-94.

[6] B.J. CARSWELL, B. D. MACCLUER AND A. SCHUSTER, Composition operator on the Fock space,
Acta Sci. Math. (Szeged), 69 (2003), 871-887.

[7]1 B.P.DUGGAL, C. S. KUBRUSLY AND N. LEVAN, Contractions of class Q and invariant subspaces,
Bull. Korean Math. Soc., 42 (2005), no. 1, pp. 169-177.

[8] H.EMAMALIPOUR, M. R. JABBARZADEH, AND Z. MOAY YERIZADEH, Separating partial normality
classes with weighted composition operators on L*, Bull. Tranian Math. Soc. vol. 43 (2017), no. 2, pp.
561-574.

[91 T. FURUTA, On The Class of Paranormal Operators, Proc. Jap. Acad., 43 (1967), 594-598.

[10] 1. HOXHA AND N. L. BRAHA, A note on k-quasi-*-paranormal operators, Journal of Inequalities
and Applications 2013, 2013:350.

[11] I. HOXHA AND N. L. BRAHA, On (n,k) -quasi class Q operators, Note di Matematica 39 (2019) no.
2, 39-56.

[12] 1. HOXHA AND N. L. BRAHA, On (n,k)-quasi class Q* operators, preprint.

[13] V. R. HAMITI, On k-quasi class Q operators, Bulletin of Mathematical Analysis and Applications,
vol. 6 Issue 3 (2014), pp. 31-37.

[14] V. R. HAMITI, SH. LOHAJ AND Q. GJONBALAJ, On k-Quasi Class Q* Operators, Turkish Journal
of Analysis and Number Theory, 2016, vol. 4, no. 4, 87-91.



188 N. L. BRAHA, I. HOXHA AND U. ESTAREMI

[15] M. R. JABBARZADEH AND M. R. AzIMI, Some weak hyponormal classes of weighted composition
operators, Bull. Korean Math. Soc. 47 (2010), no. 4, 793-803.

[16] D. HARRINGTON AND R. WHITLRY, Seminormal composition operators, J. Operator Theory, 11
(1984), 125-135.

[17] A.LAMBERT AND B. WEINSTOCK, Descriptions of conditional expectations induced by non-measure
preserving transformations, Proc. Amer. Math. Soc., 123 (1995), 897-903.

[18] S. MECHERLI, Bishop’s property B and Riesz idempotent for k-quasi-paranormal operators, Banach
J. Math. Anal., 6 (2012), no. 1, 147-154.

[19] M. M. RAO, Conditional measure and applications, Marcel Dekker, New York, 1993.

[20] D. SENTHILKUMAR AND S. PARVATHAM, Aluthge Transformation Of quasi n-class Q and quasi
n-class Q* operators, European Journal of Pure and Applied Mathematics, vol. 11, no. 4 (2018),
1108-1129.

[21] JIANGTAO YUAN, GUOXING J1, On (n,k) -quasiparanormal operators, Studia Math. 209 (2012), no.
3, 289-301.

[22] Q. ZENG AND H. ZHONG, On (n,k)-quasi- x-paranormal operators, Bull. Malays. Math. Sci. Soc.
d0i:10.1007/s40840-015-0119-z.

(Received September 19, 2020) Naim L. Braha
Department of Mathematics and Computer Sciences

University of Prishtina

Avenue “George Bush” nn Prishtiné, 10000, Kosova

and

Ilirias Research Institute

Janina, No-2, Ferizaj, 70000, Kosova

e-mail: nbraha@yahoo.com

Iimi Hoxha

Faculty of Education

University of Gjakova “Fehmi Agani”

Avenue “Ismail Qemali” nn Gjakové, 50000, Kosova
e-mail: ilmihoxha0ll@gmail .com

Usef Estaremi

Department of Mathematics and Computer Sciences
Golestan University

Gorgan, Iran

e-mail: estaremi@gmail.com

Operators and Matrices
www.ele-math.com
oam@ele-math.com



