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THE FRIEDRICHS EXTENSION OF REGULAR
SYMMETRIC DIFFERENTIAL OPERATORS

QINGLAN BAO™, GUANGSHENG WEI AND ANTON ZETTL

(Communicated by J. Behrndt)

Abstract. We increase the class of regular symmetric differential operators and find, explicitly,
the boundary conditions which determine the Friedrichs extension of each one of these symmetric
differential operators.

1. Introduction

Consider regular differential equations
My =Awyonl=(a,b), —oc<a<b<e, AcC,0<weLl), (1.1)
where M is a symmetric differential expression, and boundary conditions
UY,p,=0,U € M;»,(C), (1.2)

where M; 5,(C) denotes the I x 2n matrices of complex numbers, / is an integer with
0<1<2n,and U € M;,(C) is a boundary condition matrix. Let

v=| " ,Yu7h=YR:<§EZ;>. (1.3)

y[nfl]

DEFINITION 1.1. Let [ be aninteger 0 </ <2n. Any [ x 2n matrix U € M; ,(C)
with rank [ is called a boundary condition matrix and the equation

UYr=0, (y € Dax) (1.4)

is called a boundary condition. For any such U we define an operator 7(U) from
L%(J,w) into L*(J,w) by
D(T(U)) = {y € Dmax : U Yg =0} (1.5)
T(U) y=Thxy, Y€ D(T(U))~
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When [ =0 we have U =0 and T(U) = Tiax -
We study the operator realizations 7

Toin C T C T* C Tonax (1.6)

of (1.1) and (1.2) in the Hilbert space H = L2(I,w). The quasi-derivatives yl", Ty,
Dmin, T, Thax, Dmax Will be defined below in Section 2.
In 1995 [13, 14] Moller-Zettl constructed symmetric expressions M using the
matrix E € M,(C)
E= ((_1)r5r.,n+l—5)2s=1

where 0 is the Kronicker delta, and proved that the minimal operator realization T,
of the regular equation (1.1) with positive leading coefficient is bounded below.
In 2019 Bao-Sun-Hao-Zettl [ 1] introduced a class of skew-diagonal matrices C €
M, (C) satisfying
cl'=-—c=c (1.7)

and used these to construct symmetric differential expressions M = Mg, where Q is a
matrix function, to be defined in Section 2, satisfying

0=-Cc'gc (1.8)

and used — the same matrices C — to characterize the boundary conditions (1.2) which
determine self-adjoint operator realizations T = T* of (1.6). This class of matrices C
and their use in the construction of Q and M = My, significantly increased the class of
symmetric differential equations (1.1). (The matrix E is a special case.)

In 2020 Wang-Zettl [26], used these same matrices C to characterize the boundary
conditions of the symmetric operators realizations 7 of (1.6). (See also the web page
www . ams . org/bookpages/surv-245 of the book ‘Ordinary Differential Operaotrs’
by these authors.)

In this paper we

1. Prove that the minimal operator Ty, of this much larger class of symmetric differential
expressions M is bounded below.

2. Given any symmetric operator realization T, Tyin C T C T C Thax, of the larger
class of equations (1.1) we find the boundary conditions of its Friedrichs extension
Tr explicitly. The self-adjoint operators are special case.

REMARK 1.2. The study of symmetric operators in Hilbert space has a long and
interesting history dating back about a hundred years. Next we briefly review this and
put it in context. Starting with the well known Von Neumann Theorem.

THEOREM 1.3. (Von Neumann) Let T be a closed densely defined symmetric
operator on a complex separable Hilbert space H, and let N+ and N_ be the deficiency
spaces of T. Then we have

D(T*)=D(T)+N++N-
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An operator S is a closed symmetric extension of T if and only if there exist closed
subspaces Fy of Ny and F_ of N_and an isometric mapping V of Fy onto F_ such
that

D(S)=D(T)+{g+Vg: g€ F;}.

Furthermore, S is self-adjoint if and only if F = N and F- = N_.

Proof. See [5], Naimark [15], or Weidmann [25]. [J

In his seminal 1933 paper Friedrichs [6] proved that every symmetric operator S
in a separable Hilbert space H, which is bounded below, has a self-adjoint extension
which has the same lower bound as S. This came to be known as the Friedrichs extension
which we denote by Sr. His proof can be described as follows:

Let D(S) and D(S*) denote the domains of S and S*, respectively. The domain
Dr(S) of the Friedrichs extension Sr of S consists of all y in D(S*) for which there
exists a sequence y,, in D(S) such that

1. ym—yin H as m — oo,
2. S((ym_yl)a)’m_})l) — 0 as m, [ — oo.

Note that there is no boundary condition mentioned in this description of the
domain of Sg.
In 1935 Friedrichs [7] proved that the Dirichlet boundary condition

y(a) =0=y(b)
determines the Friedrichs extension of
My=—y"+qy=Ayonl = (a,b), —<a<b < .

In the books by Coddington-Levinson [4] and Dunford-Schwartz [5] a linear
differential expression

My = pay™ + pu 1y 4+ poyon 1 (1.9)
with p, # 0 on [ is defined to be symmetric if it is identical with
MFy=(=1)"By") + -+ oy onl (1.10)

i.e. if M™ = M. Clearly if we wish to “test” a given expression M for symmetry by
this definition we need to write M in the same form as M and then compare the
coefficients. To do this we must assume that the coefficients of M are sufficiently
smooth.

In [28] any formally self-adjoint differential operator My of order n can be
expressed in the form

] [251]
My= Y (-1) +Z gy — (g i), (1.11)
Jj=0 Jj=
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where [; are real-valued functions, and g; are complex-valued functions, [d] denotes
the greatest integer < d. Moreover, if the coefficients p; in (1.9) are all real, then the
complex second term in (1.11) vanishes. Hence, a real symmetric expression M given
by (1.9) with sufficiently smooth coefficients p; must be of even order (n =2k, k> 1)
and have the form

My = (—l)j(ljy(j))(j) (1.12)

R

0

J

with [; real, j=0,1,2,... k.

Observe that if the coefficients /;, g; in (1.11) are not sufficiently differentiable,
then (1.11) cannot be reduced to the form (1.9). Nevertheless, as we will see below,
an analogue of (1.11) is symmetric without any differentiability conditions on the
coefficients. So if one wishes to consider general symmetric differential expressions
one is forced to use so-called quasi-differential forms. It turns out that there exist much
more general quasi-differential forms than those analogous to (1.11) or to (1.12) in the
real case.

Very general quasi-differential forms, particularly symmetric ones based on the
matrix C = E, which contained in the recently discovered C in (1.7), were discovered
by Shin in 1938 [18, 19] and 1940 [20]. They were rediscovered, in a slightly different
but equivalent form, by Zettl in 1975 [29]. Special cases of these symmetric
quasi-differential forms have been used extensively by many authors, including Barrett
[3], Glazman [8], Hinton [9], Kogan and Rofe-Beketov [1 1], Naimark [15], Reid [17],
Stone [21], Weyl [24], Walker [23]. For other work on differential operators, see
Halperin [10], Naimark [15], Stone [21], Titchmarsh [22].

The development of the theory of symmetric differential operators in the books
by Naimark [15] and by Akhiezer-Glazman [8] is based on the real symmetric form
analogous to (1.12). Although these authors mention Shin’s more general symmetric
expressions they make no use of them in their books. (Perhaps because Shin’s claim that
there are only two deficiency indices for symmetric higher even order problems (n =
2k), as is the case when k = 1, also holds when k > 1 is false.) In [29] Zettl showed
that the techniques used in the books of Naimark and Akhieser-Glazman, based largely
on the work of Glazman using Hilbert space methods, can be applied to the much larger
class of symmetric operators based on E. Recently Bao-Hao-Sun-Wang-Zettl have
shown that these Hilbert space methods can be applied to the larger class of symmetric
expressions generated by matrices C satisfying (1.7) used here.

For other methods of studying boundary value problems, including boundary
triplets, see the recent book “Boundary Value Problems, Weyl Functions, and
Differential Operators”, by Behrndt, Hassi, and De Snoo [2].

The organization of this paper is as follows: In Section 2 we review the
construction of the symmetric operators M = Mg where Q = —C~'Q*C and the
characterization of their symmetric domains. In Section 3 we prove that the minimal
operator T, is bounded below; this extends the corresponding theorem for C = E
proved by Moller-Zettl in [14]. For any given symmetric operator 7', Tiin CT CT* C
Tmax in (1.6) the boundary conditions determining its Friedrichs extensions are given
in Section 4 and examples of these extensions are given in Section 5.
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2. Symmetric operators

In this section we study the symmetric operator realizations T in (1.6). Let M, (X)
denote the n x n matrices with elements from the set X for each n =2,3,4,... i.e.
My (X) = My ,(X). For the complex number field C, we write C" := M, (C) which is
the n dimensional column vector space.

Let

Zy(I) == {(qr,S)Zpl € Mn(Ll (1)),

qrr+17#0a.e.onl, q;rlJrl € Ll(l), 1<r<n—1,

qrs=0ae.onl,2<r+1<s<n

Grs €ELYD), s#r+1, 1<r<n—1} (2.1)
and C = (¢y5)1<rs<n € Mu(C) denotes any skew-diagonal complex matrix with the

following property:
cl'=-c=c.

Let AC,.(I) denote the set of functions which are absolutely continuous on all compact
subintervals of /. For Q € Z,(I) define the quasi-derivatives y' (0 < r <n):

Voi={y: I —C, yis measurable}, y :=y (y € ),
V= {y eV y € A (1)},

,
W=g 167 =Y gt vV, r=1,2,...n), (2.2)
s=1
where gy, .41 = ¢p,1 . Finally we set
My=i4" yev, i=v-1. (2.3)

These expressions M = M are generated with Q and for the notation V,, we also use
the notations D(Q) and V(M). Since the quasi-derivatives depend on Q, we sometimes
write y[Qr] instead of y[’]7 r=12,...,n.

For the rest of this paper we assume that

0=-cloc, (2.4)

ie.,
qrs = Crnt+1—r qn+1,_y7n+1,r Cntl—s.s5 (2.5)
and call Q a C-symmetric matrix and M = My a C-symmetric quasi-differential or
just differential expression.
Consider the Hilbert space L?(I,w) with inner product (y,z), = fubwadx,
1
[¥llw= ()i and let

D= €L(w): yEDQ) and —MyeP(Lw)},  (6)
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where w € L! (I) is positive on I. We associate the maximal operator Tyax and the
minimal operator T, with the differential expression M = My and note that T;;,,, =
Tiin and Tpax = T, - Let Dy denote the domain of Tiyin and Dpax the domain of
Thax - It is well known that the minimal operator Tp;, is a densely defined symmetric
operator in the Hilbert space L>(I,w), see [1].

For which matrices U is T = T(U) a symmetric operator in L?(I,w)? This

question is answered by the next Theorem. Let

U=(AB), A, Be M,(C), R=ACA* — BCB*, r = rank(R). 2.7)

THEOREM 2.1. Suppose M is a regular symmetric differential expression and U
is a boundary condition matrix with rank(U) =1, 0 <1 < 2n. Then we have

1. If 1 <n, then T(U) is not symmetric.

2. If l = n, then T(U) is self-adjoint (and hence also symmetric) if and only if
r=0.

3. Let l=n+s, 0<s<n. Then T(U) is symmetric if and only if r = 2s.
Proof. See Theorem 6 and Theorem 11 in [26]. [

3. Boundedness below of the symmetric operators

In this section we extend the Méller-Zettl [ 13, Theorem 7.2] result that symmetric
operators, with positive leading coefficient, generated by Q = CQ*C where C = E
are bounded below and their Friedrichs extension has the same lower bound, to the
larger class of operators generated by Q = CQ*C where C is a class of skew-diagonal
matrices satisfying (1.7).

Since equation (1.1) is regular it follows from the Von Neumann Theorem that
every symmetric operator 7(U) is bounded below if the minimal operator Tp, is
bounded below and every T'(U) is a finite dimensional extension of T, :

Tmin g T(U) g Tmax- (3-1)

Conseqently we can restrict our search to / X 2n boundary matrices U with n <[ =
rank(U) < 2n.

THEOREM 3.1. Suppose the regular even order C-symmetric differential
equation (1.1) has the leading coefficient (—1)X¢y x11qix1 > 0 a.e. on 1. Then Ty
is bounded below.

Proof. This follows from the following Propositions 3.2-3.5. [
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PROPOSITION 3.2. Forr=1,2,...,k, n=2k and y € Diax, we have
(Qn7r+1,n7r+2y[n7r+”7Er,n7r+1y[r71]) + (anr,nfrJrly[nir] ) Cnfr,rJrly[r])
= V"L (i(y[”"],qr,sy[s‘”) +nfl(qnr+1,.s-y[s‘”7y[’])>
s=1 s=1
with

b
Z) :/ yzdx, y, 7 € Dmax.
a

Proof. Since Q € Z,(I) is C-symmetric, from (2.2) and (2.5) it follows that for
vy € Dmax We have

(qn—r+1,n—r+2y[n7r+l] 7Er,n—r+1y[r71]) + (‘In—r,n—r+1y[n7r]
n—r+1

acn—r,r+1y[r])
n r] z qn— r+1, sy

1] Cr,nfrJrly[r_l]) + (anr,nfrJrly[n_r] s Cnfr,rJrly[r])

=Crn r+1y[n r] I 1] |Z ( [nir]a_Er,n—r+1(y[r71])/+cn—nr+lﬁn rn r+1y[r])
n—r+1

_( Z qnfrJrl,sy[S_l] c [r—l])
s=1

) Cr,nfrJrly

n—r+1

_( Z qnfrJrl,sy[S_l]
s=1

=Crn r+1y[n ylr=1] |2 +(y[n7r]75r,n—r+l[ ( Ir= 1]) +‘Irr+1y[]])

7Zr,n7r+ly[r_ 1] )

l])"' 2 (‘In—r-&-l,sy[‘vil]ay[ril])

s=1

b r n—r+1
= Cr,n—r+1y[n7r]y[r71] |a —Crn—r+1 z In=r] f]rsys .

O
PROPOSITION 3.3. For y € Dmax and n = 2k, we have
0", y) = (@ 1y, gy
kK k
= z z(anrJrl,rqnfrJrl,sy[S_l]7y[r_1]) - z Cr,nfrJrly[n_r]y[r_l] |Z .
r=1s=1 r=1
Proof. Since ¢ ,¢1, =1 and ¢, = —¢1,, from Proposition 3.2 and (2.5) we
infer

(y["]ay) - (‘lk,k+1y[k] »Ck,k+1y[k]) = (Cn,ly[n]vcn,ly)
k

- z ((Qn—wrl_n,przy[n—r-&-l]

s 7Zr,n7r+1y[r_1]) +
r=1

- (‘lk,k+1y[k] ) Ck,k+1y[k] )

(anr,nfrJr ly[n_r] ) Cnfr,rJrlym ))
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r=1 s=1

r n—r+1
= Zcrn r+1 (Z [n d fI,sy[S_l])-l- Z (Qn—r+l,sy[s_1],y[r_l])>

k _—
_ 2 cnn_r_i_ly["*r]y[rfl] |Z
r=1

~

= 2 c"n H‘lqrsy[n d y[S7l])
r=1s=1

k n—r+1 k
Z Z CrnfrJrIanrJrl,sy[S_l]7y[r_1])_Zcr,nfrJrly[n_r]y[r_l] |Z

r=1 s= =1
n n—r+1
= Z z (C"*"JrqunfrJrl,sy[r_l]7y[s_l])
r=n—k+1 s=1
k n—r+1

k —_—
+2 2 (c’v"—"+1q"—"+1ysy[l ]7y[r ! _Zcr,n—r-&-ly[nir]y[ril] |Z

r=1 s=1 r=1
n  n—r+l

- Z Z (Cnst1.5Gn—s+1,ry
r=k+1 s=1

k n—r+1 k
+ 2 2 (ch"—i’+1Qn—r+l,sy[S7l],y[ril]) _ z Cr,n—r+1y["7r]y[’71] IZ

r=1 s=1 r=1
n  n—s+1

2 2 (En—r+1,r4n—r+175y[“’*1]’y[rfl])

s=k+1 r=1
k n—r+1

k
+ 2 2 (Cr,nfrJrlLInfrJrl,sy[Sil]7y[r71]) - z Cr,nfrJrly[nir]y[ril] |Z

r=1 s=1 r=1
k n—r+1

=3 Y Coritpn-ri )
r=1s=k+1

k n—r+1

k _
+ 2 2 (Cr,n—r+lfIn—r+1,sy[S71],y[ril]) — 2 Cr,n—r+1y[””]y[’*” |Z
r=1 s=1 r=1

n—r+1  n—r+l . . k ,
Z Z Z CnfrJrl,ranrJrl,sy[S_ ],y[r_ ]) - chn,,urly[n_r]y[’—l] |u
r=1

r=1 \s=k+1 s=1

k k k -
Z Z(En—r+1,rQn—r+l,sy[S_1]7y[r_1]) - Z Cr,n—r-&-ly[n_r]y[r_l] |Z .

s=1 r=1

+

[r—1] y[s—l})

<
—

PROPOSITION 3.4. For y € Dy and n =2k, we have

k k
(Tiny,y z Z Cn 1 Gn—r+1, Sy[ ],y[r—l])

r=1s=

+ (=1 (qrjs1y

—

k] Ck,k+1y[k])-
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Proof. From Proposition 3.3 we infer
(Tminy, y)w = (MQy, ) =i"(y",y)

k
Z Z Cn r+1, rdn— r+1, sy[s 1]7y[r—l])

k _—
+ (=DM qrary™, cerse ™) = (“DE Y cppmppy -1
r=1

(_ l)k(EnfrJrl,rqnfrJrl,sy[S_l] 7y[r—l]) + (_ 1 )k(qk,k-‘rly[k] 7Ck,k+ly[k] ) .

I
M=
M=

,g
iR
Il

_

Hence the stated identity follows. [

PROPOSITION 3.5. Let u(x) = (—l)kEk’quk’kH. Assume that the regular
C-symmetric even order differential expression Mg generated by Q has a positive
leading coefficient, i.e., u(x) is positive a.e.:

(—D x>0 ae.. (3.2)

Then minimal operator Ty, in L*(I,w), associated with Q and the weight function w,
is bounded below. Moreover, every symmetric extension of Tnin is also bounded below.

Proof. For y € Dy, from Proposition 3.4 we have

w

_ (y[k]7y[k])u‘

~

(Tminy7 y

=11 i1y,

M=

(_l)k(znfrJrl,rqnfrJrl,sy

1s=1

“
Il

DM~ 71 g~
M~

|(En—r+1,r‘In—r+1.,sy[Sil]ay[ril])|~ (3.3)

N

ls

Il
_

I

For Q € Z,(I), let Qy = (élr.,s)’;s:1 whose columns are the first £ columns of Q =

O, with components in first X rows. Then D(fmin) C D(Tin) C D(Tmax) C D(fmax),
where Tin, and Thmax denote the minimal and maximal operator associated with Qy
in Hilbert space L?(I,u), respectively, i.e. fmaxy = Tr:‘lmy =ikl y[Qi =ik —c K1k ket 1y[Q]
(here y[Qk] =yl By using [12, Theorem 1] we obtain that for any §; > 0 there exists

a K(8)) > 0 such that for all y € D(Tpa) and r=1,2,... k,

l
Yo < 81 (Fonanys Tonan¥)E + K(81) (092 (3.4)

Moreover an application of [12, Corollary 2] yields that for any & > 0 there exists a
K(&) > 0 such that for r, s = 1,2,...k, we have

llcn— r+1,0q9n— r+lsy Hl 52HfmaX)’||u+K(62)HYHW7
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where || -||; = /| -|dx. Combined with (3.4) for any 8 > 0 we have

1

@t @n-re 1.0 < (856, y K + K (83) ()]

Hence together with (3.3) we infer that for each 6 > 0, there exists a K(6) > 0 such
that

|(Tminysy)w — 9, < SGH Y1), + K(8) (v, 3)w-
Therefore for 6 = 1 we have
(Tmin)’7)’)w = _K((S)(%)’)Wa
i.e., Tmin 1S bounded below. Then it follows from the Von Neumann Theorem that every

symmetric extension of Ty, is also bounded below. [

REMARK 3.6. The statement that regular symmetric differential operators with
positive leading coefficient are bounded below was proved by Moller-Zettl [ 14, Lemma
3.11,[13, Theorem 7.2] for the class of operators generated by E = ((—1)"8rnt1-5)"
and Q = EQ*E. In this paper we have shown that for the larger class of skew—diagénal
matrices C and the corresponding Q satisfying

0=Cco'c,c'=—-c=c", (3.5)

the symmetric operators M = Mg are bounded below.

4. The Friedrichs extension of symmetric operators

In this section, for each symmetric differential operator, we find the boundary
condition which determine its Friedrichs extension. If T(U) defined by (1.5) satisfies

rank(UGU™) =2(I —n), n <1< 2n,

. ufCo
G=(-1) (o-c)’ 4.1)

then M = My generates symmetric operators 7. Suppose My has a positive leading
coefficient that (3.2) is satisfied.

Now we introduce some notation and several Lemmas before starting our main
results.

with

Write
U=VJ, V=WV, V,eM,(C), j=1,2, 4.2)
in (1.5), and set .
G=JGJ, 4.3)
with
;000
1 00LO
T=1 o000 | MO
0001~
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where [ denotes the k x k identity matrix. Also .4 (V) denotes the null space of the
matrix V and Z(V) denotes the range of the matrix V.
For y € Dpax let
ol ylkl

o= 2, (4.4)
y[k_l] y[n_l]

Yy

and

£<>

S

Il
ENENES
S Q

/—\E\/—\/—\
o — — —

Note that A
0 C
“DkC = (1) ) Ck
O
with G = (c,’k+s)’f’sz | is a skew-diagonal unitary matrix, that is,

CritsCrirs = L, forr+s=k+1, 1 <r<k; (4.5)
Cri+s = 0, otherwise.

6= %)

(G0

REMARK 4.1. Here G satisfies

Hence from (4.3) we have

with

LEMMA 4.2. Suppose n <1 < 2n. Then the operator T which is defined on
D(T) ={y € Dyax: V¥u =0,V € M;5,(C)}, (4.6)

is a symmetric operator with | dimensional restriction of Tmax if and only if there exists
amatrix N € M(y,_1)2,(C) satisfying

rank(N) =2n—1,  NGN* =0, 4.7)
and V is a complete solution of the matrix equation

NV* =0, (4.8)
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i.e., V satisfies the equation (4.8) with rank(V) =1. Moreover, the domain of its adjoint
operator T* is characterized by

D(T*) = {y € Dmax : NGY,j =0}, (4.9)

where G € My,(C) is defined as (4.3).

Proof. First let us assume that N € M(y,_;)2,(C) satisfies (4.7) and (4.8). We
show that T defined on (4.6) is symmetric. Note that T(U) = T(VJ) with U =VJ
and JA(U) = A (V), from [26, Lemma 14] and Theorem 2.1 we only need to prove
N (V) C R(GV*),ie.,

;7}7GYa,b — 0
forall y, z€ D(T) with
Yi(a) Zi(a)
> Y(b) | 5 Zi(b)
Yop = % s Lap = 5
u Yi(a) ! Zi(a)
k(D) %(D)

If y, z€ D(T), in view of (4.8) there exists a column vector ¢ € C**~! such that ZaJ, =
N*Z and a column vector ¢ € C2 such that f’aJ, = N*¢. This yields

2; ,GY,p = (NGN*)E =0. (4.10)

Since V is a complete solution of matrix equation (4.8), it follows that rank(V) = /.
From Theorem 1.3 we also see that 7 is a [ dimensional restriction of the maximal
operator Tyax. Clearly the converse also holds. In fact, if 7 which is defined on (4.6) is
symmetric, then from Theorem 2.1 we obtain that rank(UGU*) =2(I —n), n <1< 2n,
with U = VJ. Combined with Naimark Patching Lemma [26, Lemma 6] and (4.10)
there exists a matrix N € M(2n71)72n(c) such that (4.7) is satisfied. Moreover (4.8) also
holds.
Next we prove that (4.9) holds. Note that

Dmin - D(T) c D(T*) - Dmax,

since T is a [ dimensional restriction of the maximal operator Tpax, this shows that the
deficiency index of T is (I —n) and, therefore, T* is a 2n — [ dimensional restriction
of the maximal operator Tpn.x. On the other hand, we obtain

0= (Tva)W - (y7 T*Z)W = ZZ,hGYaJJ = Z:;hGA?GJN

where y € D(T) and z € D(T*). It should be noted that, for any ¢ € C**~/, there exists
a function y € D(T) such that ¥,, = N*¢. It leads to (NG*)Z}, =0 if z € D(T*).
By the fact rank(NG*) = 2n — [, we know that the dimension of the space solutions of
equation (NG*)Z;‘J, =0 is [. Therefore, combined with G* = —G, we obtain that (4.9)
holds. The proof is complete. [l
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We decompose N = (N; N2) with matrices Ny, N € M3,y ,(C). Then
NG = (=1)(=N,G} NiGy).

Since D(T) C D(T*). This implies that NG can be represented by a linear combination
of row vectors of V. By the elementary matrix transformation of rows, we can rewrite

V as
VK Vit Vi2
V=(-1) (—NzG’{ NGy ) (4.11)

where Vi1, Vi2 € M(_34),(C).

LEMMA 4.3. Let T be a symmetric operator as stated in Lemma 4.2. Then V
can be represented as (4.11) with

rank(Vyp) =1 —n.

REMARK 4.4. Let rank(N;) = r1(< (2n—1)), by the above Lemma, there exists
a nonsingular matrix P of order [ so that the matrix V, defined by (4.11), also can be
represented as follows.

‘:/'11 Via
_ p-1 Va1 0
V=Pt gm0 | (4.12)

—Ny G} Ny Gy

where V,, € Mg_py(C), 1, s =1,2 and rank(V51) = rank(Vip) =1 —n. In the

following proof we use the notation “ — ” to denote this multiplication process, eg.
(4.13).

Proof. For N = (N1 N;) with Ny, Ny € M(5,_),(C) being given, if rank(N;) =
r(< (2n—1)), and B € M(,_,,),(C) is a complete solution of the matrix equation
NiB* =0, it is easy to see that rank(B) = n—r;. Since V is a complete solution
of matrix equation NV* = 0, it follows that the row vectors of (B 0) can be linear
expressed by the row vectors of V. This implies that there exists a matrix (V;; Vj») and
a nonsingular matrix of order / such that

Vll ‘712
Vﬁ<B o)’ (4.13)

with 0 € M(,_,,) , and rank(Vy;) = rank(Vi) = —n+r;.

On the other hand, in view of rank(N;) = ry, we obtain by the elementary matrix
transformation of rows that
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where rank(Ny2) =2n—1—ry, Nag, Noo € My o(C), O isa (2n—1—r;) xn zero
matrix. Moreover, it is easy to see that

(—1\/2(7161\/1(31)2<_NI2Gl 0 )

—N2Gi Nay Gy
Since NGN* =0 and rank(ﬁzl) = r, we get that the row vectors of (—NIQG]‘ 0) and
(—NQQG’{ N>1G1) can be linear expressed by the row vectors of (B 0) and (Vi Vi)

in (4.13), respectively. This together with (4.11) and (4.13) yields (4.12), where
rank(V}2) = [ — n. This also shows that rank(V5;) = [ — n. The proof is complete. [J

LEMMA 4.5. For y € Dmax and n =2k, we have

k
(Tmaxy,y) 2

r=1s

+ (= D¥ a0 core ™) + (% (@) Y2 (2)) Gy <§]1:EZ;)

=11 ylr-1y

M»

Cn r+1, rdn— r+1, sy
1

Proof. From Proposition 3.3 we obtain this identity immediately. [l

LEMMA 4.6. Let T be a symmetric operator as stated in Lemma 4.2. Then there
exists a constant matrix H € M,,(C) such that for y € D(T) we have

) V(@) \ _ gy pe Yi(a)
w@rone (F) - w@rom (). @
Proof. From the proof of Lemma 4.2, we have
D(T) = {y € Diax : Tup =N, € Cz"‘l} .

We decompose N = (N; N2) with Ny, Ny € M3,y ,(C). Then
Yk(a) N i}k(a) N
(Yk(b)> =M (Ak(b) - e

(¥ (@) ¥; ()G (ggbi) _F (NGNS @.15)

This implies that

We prove (4.14) holds throughout the following two cases.
Case 1. rank(N;) =2n—I. In this case, since (2n—1) < n, it follows that (N|N7)

is nonsingular and left multiplying (?‘EZ; ) = N;¢by (NINj)~'N; gives
k

e= vy (155
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This together with (4.15) shows that (4.14) remains true when
H = ((MN})~'N1) (M GIN3 ) (N1 NT ) ™'V

Case 2. rank(N;) = r; < 2n—1. In this case, according to the proof of Lemma
4.3, there exists an (2n — 1) X (2n — ) nonsingular matrix P so that

0 Nia
PNi={ o |, PN, = 12, 4.16
1 (N) : (N) (4.16)

where Nay, Ny € M, ,(C) and 0, Ny, € M(24—1—r),n(C). Without loss of generality,
we assume N; and N have the forms of the right hand side of (4.16). Forany y € D(T),

) € C*! satisfying

—

C1

there exists a column vector ¢ = (c
2

“ ¢ S
) =i 8 () = + s

2n—I—ry)

where ¢, € C! and ¢, € C"'. Similar to the argument in Case 1, we get

e e e (Yia
¢y = (N1 N3p) "Ny (Yigb;) . 4.17)
Note that from (4.7) and (4.16) we have
0=NGN*
(1) (59 (5 8)
Nai Ny -G} 0 Ni, N3,
—(—1 k(A 0 . —1Y12G1‘1Y§‘1 . )
N21G1Nf2 _N22GTN§1 +N21G1N§2 ’

which implies Ni2G]N;, = 0. Furthermore, together with (4.16) we infer

* N Ve
NGINy = (NZ) Gi(0N3)
(0 NUGTN;I) (0 0
0 N»oGN3, 0 N»GiNy, )

Therefore, we infer

% *\ =2 el 0 0 ¢
¢ (N1GIN; )¢ = (¢ ¢3) <0 N21G1N;2> <Z;>

=& (N1 G1N3,) .
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This, together with (4.15) and (4.17), shows that (4.14) remains true when
H = (Na185)) " Na1)* (N21G1 N3,) (N1 N3,) ™ .
The proof is complete. []

Now we state our main Theorems:

THEOREM 4.7. Let the notations and assumptions be as in Proposition 3.5 and
assume that T defined by

D(T) ={y € Dmax: V¥ =0,V € M;5,(C)}, n<1<2n, (4.18)

is a symmetric extension of Tmin. Then V can be rewritten as

‘:/11 Vio
- Va1 0 S _
B T S e IR D

—N»n G} N1 Gy

with rank(Vzl) = rank(Vlz) =1l—n, n<1<2n and N»y, Ny € M;, »(C) with
rank(]%l) =r = rank(]%z), ri <2n—1. Here 0 is a (2n—1—ry) X n zero matrix
and Ny € Mu—1—r)n(C) in (4.12). Then T is bounded below and the Friedrichs

extension Tr of T is defined on the domain

P = {y DT P (2&1;) = 0} (4.20)
- {y € Dmax 1 Va1 (283) =0, NGY,), = 0} : 4.21)

where N € M(2n,l)72n((C) is a complete solution of the matrix equation
NV* =0,

and satisfies NGN* = 0.

Proof. 1t is obvious that (4.19) follows from Lemma 4.3 and Remark 4.4.
Moreover from Proposition 3.5 we infer that T defined on (4.18) is bounded below.
Now we define an operator Ty with D(T;):

p(ty) = {yeir): o (15} =o}.

Here V5 € M(;—y),»(C) is a submatrix of (4.19) satisfying

rank(Vo;) =1—n, n <1< 2n.
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Denote by
[ Va 0
A=(=1) (—NzGT NlGl)’

where N = (N N,) satisfies (4.7) and (4.8), then

D(T,) = {yeDmax: 4 (%;) :0}'

It is easy to ensure that D(T) C D(Ty) C D(Tiax) C D(fmax), where T is defined as
in the proof of Proposition 3.5. Since NV* = 0, it follows from (4.19) that N, V5, = 0.
Furthermore, by Lemma 4.2 and Lemma 4.3 we infer rank(A) = n, also combined with
G1G| =1, we have

re [ Va0 0 G\ (Vs —GIN;
AGA” = (—NQG’{ N1G1> (—G’{ 0 ) ( 0 GiN;

B 0 216G, V5, —GIN;

~ \ -NiG\G; —~N,GiG, 0 GiN;

B 0 V21G1GN}

~ \ —Ni1G,G}V5; NiGG;G\N; — N,GG,GN;

_ 0 Vlef —0
—~NV5; NGN* :

Thus combined with [1, Theorem 1.1] we know that the operator T is a self-adjoint
extension of 7 which is defined on (4.18).

On the other hand, we prove that 7y is the Friedrichs extension of T. Let y € D(T).
From the proof of Proposition 3.5 combined with Lemma 4.5 and Lemma 4.6 we obtain
that for each € > 0, there is a K(€) > 0 such that

(Ty,y)w < €M 3H9), + K (&) (3, )w

and thus it yields
I I < Col(T +K)y,y)w, (4.22)

forall y € D(T), where K = K(€) and Cy is a positive constant.
According to Lemma 4.5 and Lemma 4.6 we also infer that there exists a constant

Ky such that
k—1

(Ty,y)w = 0939, + Ko Y (1, )
r=0

forall y € D(T). Moreover we have
k=1
¥ O ST + Ky, (4.23)
r=0

where K| = K;(€) and C; is a positive constant.
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Now suppose y € D(TF). Then we see that y € D(T*) and there exists a sequence
{ym} C D(T) such that

Ym—y in L*(I,w), (4.24)
and

(T (ym = Y1) Ym = y)w — 0, (4.25)
as m, | — co. Applying (4.22) to (y,, —y;) instead of y, and together with (4.24) and

(4.25) show that y,[,li] converge uniformly on interval / to some continuous function z;

in L>(I,u). For r=0,1,2,...,k— 1, from (4.23) there are continuous functions z, such

that yi — z, in L*(I) € L2(I,u). For r = 0 we also have y, — y in L2(I,w) which

implies that we may assume y = zg. Moreover, the sequence
Yim(a 0 k—1 0 k—1 T
(o)) = (@) @bl )
is convergentin C". That is, there is a unique column vector B € C" satisfying

i (7(80) =B = Gola) -+ 51(0) 006) -+ a5

m—oo

Forafixed t € T, let
¢k('at) = ((bk,r,s(';t))];is:l

be the fundamental matrix of ¥, = Qi¥; with ¢ (¢,1) = I, Ox = (q,’s)’r‘_s:1 . Here Qy is
defined as in the proof of Proposition 3.5. Note that

e — 01,k

ka - yQ Y
[k _ c (4]
Yo, = Ck1qki+1Yg -

Combined with [26, Corollary 1] and [13, Corollary 2.7] we have for o & [ and r=
0,1,....k—1,

k X
W) = X btk @)+ [ g g 0,
s=1 o

with ¥, (o) = &, for ¢, € C¥, m € N, and by taking limits we obtain
k X
zr(x) = Z¢k,r+1,s(X,OC)Zs—1(O€)+/ Ok r+1,k(X,1) Che 1 Qi1 (1) 2k (2)dlt .
s=1 o

In particular, for r =0, y = z¢ is the unique solution of the initial value problem

y[gl = C_k,lqk,k+lzka y[r](a) :ZV(a)7 r:O717"'ak_ L.



FRIEDRICHS EXTENSIONS 231

Andfor r=1,...,k— 1, we have y[’] = z,. In particular, since a is the left endpoint of
I and b is the right endpoint of 7, we have

Wlia) = 1im yi(a) = z:(a), Y(b) = Tim y (b) = z.(b).

n—oo m—oo

Hence we get

Ykmgag
Yim(b) |
v };}km(a) =0
Ykm(b)
This implies
Yim(a)
o oo | Tor®) | (Hnl@)) o (1)
=0 @ | = 21<Ykm(b>)* zl(mb))'
fvkm(b)

The fact that V5, (%Z; ) =0 shows y € D(T;) and thus D(Tr) C D(Ty). On the other
k

hand, we have proved that D(T) is the domain of a self-adjoint extension Ty of T.
Consequently, the self-adjointness of Ty leads to Ty = Tr. The proof is complete. [

THEOREM 4.8. Let the assumptions be as in Theorem 4.7 and let the symmetric
operator T be given by (4.18). Then the domain D(Tr) of its Friedrichs extension T
is characterized by

Yi(a)

D(Tr) = {y € D(Tan) : Tu € Z(GV), (Yk<b>

) € Gle*(,/V(VGV*))}, (4.26)
where V, is given by (4.2).

Proof. Observe that V =UJ = (V; V») and JGU* (AN (UGU*)) = GV* (N (VGV*)),
(4.26) is obtained easily from property (7) in [26, Lemma 14] combined with the proof
of Theorem 4.7. [

REMARK 4.9. Under the assumptions of Theorem 4.8 we also have

D(Ty) = {y € D(Toae) ¢ Tup € B(GV?), (%;) e vll,@(vz)} |
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REMARK 4.10. Let C=FE = ((—1)’5,7%1,‘@):?:1 in Theorem 4.8 and Remark
4.9, 1i.e.,
A 0 Gy
¢ (—GT 0 )

Gp:enk(ﬁ*g),%zm

then we obtain the Moller-Zettl results in [14] as a special case. Moreover in this case
if / =2n in (4.18), we obtain the Friedrichs extension of the minimal operator in [13,
Theorem 8.1]. Also Niessen-Zettl [16, Theorem 2.1] found a special case for this E
and a certain matrix Q.

with

REMARK 4.11. Itis clear that the characterization of the Friedrichs extension in
Theorem 4.7 and Theorem 4.8 should be equivalent to each other. However Theorem
4.7 is more explicit than the result in Theorem 4.8. For a better understanding of our
main results we give some simple examples for the special case n = 2, 4 in the next
section.

5. Examples
In this section we consider the Friedrichs extension 7 of the symmetric operator
T for some special cases. Throughout this section the minimal operator T, is bounded
below and thus its symmetric extensions are also bounded below.

We start to consider the Friedrichs extension 7r for regular Sturm-Liouville
differential operators. In this case, n =2 in (1.1) and (1.2). Assume that

Ty=w""'(=(p1y)' + poy) (5.1)

on I. Here the coefficients w, pg, p; all are real valued functions satisfying
1 1
—, po, we L (I), and p;, w>0a.e. onl.
D1

It is obvious that (5.1) generates a minimal operator Ty, and a maximal operator Tiax
with domains Dy, and Dp,x , respectively. The symmetric operator realizations 7' of
(1.1) in the Hilbert space L*(I,w) satisfy

Tmin CT=T"C Tmax;

these operators T differ from each other only by their domains.
Let the operator T defined by

D(T) ={y € Dyax : V¥, =0, rank(V) =3, V € M34(C)} (5.2)
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be a symmetric operator (not minimal) with 3 dimensional restriction of Ty,x , Where

s

o y

Yao = | (y')(a)
() ()

Then by Lemma 4.2 there exists a matrix N = (a; a2 az as) € M; 4(C) satisfying
rank(N) =1 and NF;N* =0, where

0010

000-1
B=1 1000 | (.3)

0100

and V € M3 4(C) is a complete solution of matrix equation NV* = 0. Moreover from
Lemma 4.3 it follows that V' in (5.2) has the form

V=1 ba by bz by |,bse€C (5.4)
—da3 d4 da; —dap

with

aibyi+azb1p =0,
aibay + azba + azbyz + asbrs =0,
ajaz — aras — azay + araq = 0.

Then from Theorem 4.7 we obtain the following Corollary:
COROLLARY 5.1. Let T be a symmetric operator defined by (5.1)—(5.4), which

is a 3 dimensional restriction of Tmax. Then the boundary conditions of its Friedrichs
extension Tr are characterized by

buy(a) +bioy(b) = 07} (5.5)

—azy(a) +asy(b) +ai(py')(a) —az(py')(b) = 0.

Obviously these are equivalent to

¥(a)
D(TF) =9 Y€ Dmax : V21 (igzg) =0, NF4 (p);(/l;()a) =0,
(py')(b)

where Vo1 = (b1 by2).
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It is easy to see that if both b;; and by, in (5.5) are not vanishing, then the
boundary conditions involve coupled self-adjoint conditions. We give an example for
this case.

EXAMPLE 5.1. Let N=(—21 —5+41 —7—2i). Then T defined by (5.2) with

1 2 0 0
V= 0 5+i 1 O
5—-1-7-21-2 -1

is a symmetric operator with 3 dimensional restriction of the maximal operator Tiax.
By using Corollary 5.1, the boundary conditions of its Friedrichs extension are:

y(a) +2y(b) = 0,}

(5~ i)y(a) + (—7— 2i)y(b) —2(py) (@) — (py')(B) = . 60

By a simple calculation, we obtain that the canonical form of (5.6) is the real
coupled self-adjoint boundary conditions:

((pyygl)?()b)> :K<(pyy(’;l()a)> with K= (é% —02)'

Next we consider the case n = 4. Assume that M has the familiar form

My =[(p2y") — (p1y)) + poy =Awy on I, (5.7)

where the coefficients w, p; for j=0,1,2 all are real valued functions defined on the
interval [ satisfying

1
—, p1, po, we LY (I), and py, w >0, a.e. on 1.
P2

For a given matrix N € M(g_; g(C) satisfying

rank(N) =8 —1, NRN*=0, 4<I<8, (5.8)
where
01r 0 O
(0 U .~ 100 0
Fg—(_j40) with Jy = 00 0 —1
00-1 0

If Ve Mg(C) is a complete solution of the matrix equation NV* = 0, then by
Lemma4.2 T generated by (5.7) is a symmetric operator with [ dimensional restriction
of Thax - The domain of T is equivalent to

D(T) = {y € Dmax : V¥, =0}, (5.9)
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with the boundary matrix

‘:/11 ‘712 N
V= Vo 0 |, VyweMy45(C), rns=12 (5.10)

—NoJy NiJy

with rank(V},) = rank(V) =1 —4 for 4 <1< 8, and

N

T
Pup= (y[‘” (@) ! (@) Y1 (6) Y1 () Y2 (@) yPN(a) yP (b) yP! (b)>
Here

y[O] =y, yll] =y, y[2] — pz(y“])'7 y[3] — ply“] _ (y[2])/.
By Lemma 4.2 we also have

D(T*) = {y € Dinax : NFs¥,;, =0}. (5.11)
Combined with Theorem 4.7 we infer:
COROLLARY 5.2. Let 4 <1< 8. Assume that T defined by (5.9) is a symmetric

operator with | dimensional restriction of the maximal operator Tmax. Then the
boundary conditions of its Friedrichs extensions Tr can be characterized by

ym( a)
N (@) | _
Y [O](b) =0 (5.12)
yl(b)
(=N2Jy NiJs) ¥, = 0.

Here Vs is a submatrix of (5.10).

In the following, we give an example for Sturm-Liouville operator of order four.

EXAMPLE 5.2. Let

and

(5.13)

—_— == O
—_—— O =
—_
DN = = =
D) =t b
—
—

1
1
0
2 22
2255-2-222
33105-3-333

Observe that N satisfies (5.8) and V is a complete solution of matrix equation NV* =0.
The operator Ty = %My, where My is defined by (5.7), is a symmetric operator with 6
dimensional restriction of Tj,,x with the domain

D(T) = {y € Dyax : V¥, =0},
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where V is denoted by (5.13). Furthermore according to (5.11) we obtain that

. 2255-2-222)\ .
D(T >:{y€Dm‘”‘: (33105—3 —333) Y“”’:O}'

Then using Corollary 5.2 we obtain

N 10-10
V21_<01—10)'

Thus the Friedrichs extension Tr of T is characterized by the following mixed
boundary conditions
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