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AN INTERPOLATION PROPERTY OF REFLECTIONS
INVOLVING ORTHOGONAL PROJECTIONS

YUAN LI, YANAN WANG AND HONGKE DU

(Communicated by I. M. Spitkovsky)

Abstract. Let A be a complex Hilbert space. We consider the interpolation problem: describe
the pair (W, L) of subspaces of .7 such that there is a reflection J on .7 satisfying J(W) C L.
We show that two subspaces W, L have this interpolation property if and only if dim(W NL*) <
dim(LNW), which is equivalent to that there exists a conjugation C on .7 such that C(W) C
L. Moreover, we study the least upper bound of these interpolating reflections.

1. Introduction

Let % and ¢ be separable complex Hilbert spaces, and #(°,.%") be the set
of all bounded linear operators from .5 into .%". An operator A € () is called
positive, if A > 0, meaning (Ax,x) >0 forall x € 7, where (,) is the inner product of
. Moreover, if P = P* = P2, then P is called an (orthogonal) projection. We denote
by P () the set of all orthogonal projections on 7. As usual, the operator order
(Loewner partial order) relation A > B between two self-adjoint operators is defined
as A—B > 0. An operator U € B(°, %) is said to be unitary if U is invertible
with U~! = U*. The set of all unitary operators from .7 onto .# is denoted by
U (A, ). For an operator T € B(#°,.#),N(T),R(T) and R(T) denote the null
space, the range of T, and the closure of R(T), respectively.

An operator J € #() is said to be a reflection (or self-adjoint unitary operator)
if J=J"=J"'. In this case, J* = % and J© = % are mutually annihilating or-
thogonal projections. If J is a non-scalar reflection, then an indefinite inner product is
defined by

[xhﬂ = <Jx’y> (x’y € %)

and (J7,J) is called a Krein space ([1]). We denote by Ref(7) the set of all reflec-
tions on JZ. A map C: 7 — S is called a conjugation if (a) C is anti-linear, i.e.
C(ax+y) =aCx+Cy forall x,y € # and a € C, (b) C is invertible with C~! =C
and (¢) (Cx,Cy) = (y,x) forall x,y € 5. For U € % (), if both of PU = UQ and
UP = QU hold, then U is called an intertwining operator of orthogonal projections P
and Q.
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It is well-known that orthogonal projections on a Hilbert space are essential in
operator theory (see [2-7, 1011, 13—17] and therein references). Avron, Seiler and
Simon ([4]) obtained that if P,Q € (%) with | P—Q ||< 1, then there exists an
intertwining operator for P and Q. A sufficient and necessary condition under which
there exists an intertwining operator of P and Q has been given in [17, Theorem 6].
More recently, Simon ([16]) by “supersymmetric”” approach presented a more elegant
proof of [17, Theorem 6]. In particular, Dou et al. ([9]) and Béttcher et al. ([5]) have
characterized the set of all intertwining operator of orthogonal projections P and Q.
According to [9, Theorem 3.1] or [5, Theorem 5], an easy observation is that there exists
an intertwining operator of P and Q if and only if there exists a reflection J € Re f ()
with JPJ = Q (which is equivalentto J(R(P)) = R(Q)). Thatis, there exists a reflection
J € Ref () with J(R(P)) = R(Q)) if and only if dim(R(P)NN(Q)) = dim(N(P)N
R(Q)). Also, Liu et al. ([12]) have given some sufficient and necessary conditions
for the existence of a conjugation C with C(R(P)) = R(Q). Moreover, Jorgensen and
Tian in [15] presented the reflection-positivity and structures of admissible reflection
between orthogonal projections.

The aim of the present paper is to consider the interpolation problem for reflec-
tions between two projections P and Q. We mainly characterize the pairs (W,L) of
subspaces of . such that there is a reflection J € Ref(.7°) with J(W) C L. The mo-
tivation to study this interpolation problem stems from the specific structures and de-
compositions of reflections which was been studied in [13,14]. Also, we want to know
whether there is some connection between the interpolation problem of reflections and
conjugations. In Section 2, we show that for the pairs (W,L) of subspaces, there is a
reflection J € Ref () with J(W) C L if and only if dim(W NL*) < dim(LNW+),
which is also equivalent to that there exists a conjugation C on ¢ such that C(W) C L.
Moreover, the supremum (with respect to the operator order) of the reflection J with
JPJ = Q and PJP > 0 (J is called reflection positivity) are presented for two orthogo-
nal projections P and Q. In Section 3, we mainly consider two example and a charac-
terization of reflections involving three orthogonal projections, which has been studied
in [15].

2. Interpolation property of reflections

To show our main results, we need the following lemma which is another form
of Halmos’ two projections theorem ([10]). Also, we use P, to denote the orthogonal
projection onto the closed subspace L.

LEMMA 1. ([8, Lemma 1] or [6, Theorem 1.2]) Let W and L be two closed
subspaces of 7. Then Py and Py have the operator matrices

Py=01L®0LH0l4P s H 0l 2.1)
and .
i 1
QO Q(% (15 - QO) 2D> (22)

PL211@012@13@OI4@< 1 |
D*Q4(Is — Qo)? D*(Is—Qo)D
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with respect to the space decomposition 7 = 69?: |74, respectively, where 7] =W N
L, 6 =WNL", =W'NL, 5, =W+NL-, /=W (4 ) and A =
IO (@?ZI%), Qo is a positive contraction on 7, 0 and 1 are not eigenvalues
of Qo, D is a unitary from % onto 6 and I; is the identity on the corresponding
subspace G fori=1,...,6.

The converse statement of the above lemma also holds.

LEMMA 2. Let ¢ = @,-6:1% and 1; is the identity on the corresponding sub-
space G for i=1,2---.6. Suppose that P and Q have the operator matrices

P=1&L38053501l,51s50I (2.3)

and

i 1
Q:11@0126913®OI4€9< | Qo 1 Qé(lS_QO)ZD). (2.4)
D*Qq (Is — Qo)2 D*(Is— Qo)D

If Qo is a positive contraction on 76, 0 and 1 are not eigenvalues of Qo and D
is a unitary from g onto 5, then P,Q € P () with 74 = R(P) NR(Q) and
A= R(P)AN(Q).

Proof. P,Q € P () are verified directly. It is obvious that
R(P) = J0 © 5 © I3

and

i 1
R(Q)Z%@%&BR( o IQ(%(IS—QO):D)_
D*Q} (Is—Qo)2 D*(Is— Qo)D

If x € R(P)NR(Q), we get that

X1 X1
X2 0
0 0
X = O = Q_x = O s
Xs 1 Qoxs
1 |
0 D*Qj (Is — Qo) 2 x5

where x; € 7 for i =1,2,5. Thus x, =0 and x5 =0, so R(P)NR(Q) C 5. Clearly,
21 C R(P)NR(Q), which implies R(P) NR(Q) = J#. In a similar way, we have
2 =R(P)NN(Q). O

REMARK 1. We can also get from Lemma 2 that % = N(P) NR(Q), 54 =
N(P)NN(Q), 4 =R(P)& (4 & H5) and g = A © (&1_H).
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LEMMA 3. Let W and L be two closed subspaces of . If dim(WNL*‘) <
dim(LNW™), then there exists a closed subspace Ly C L such that dim(W NLg) =
dim(LonW+) and WNL =W L.

Proof. Suppose that 7 is same to Lemma 1 for i = 1,2,---6. Then Lemma 1
implies that Py and P, have the operator matrices

Py=01L 0504 1IsH 0l (2.5)
and 1
2(Is — Qo) 2D
PL=1 0L &L 0L ( [ =) ) (2.6)
D*Q4(Is — Qo)2 D*(Is— Qo)D

with respect to the space decomposition 77 = EB?:I% .

Since dim(W NLY) < dim(LNW), it follows dim#% < dim.%. Then the sub-
space 4 can be divide into .73 = ,%”; @, , where dim,%”; =dimJ5. Let j%’iv =
for i=1,2,5,6, %: ,%”3/7 and J/L’Z: %@H @ ;. So we have a new space decom-
position 77 = @?ZI% Define the operator S with respect to the space decomposition
H = @?zljg’?as the form

1 1
/ / 2(ls — 2D
S;:11@012@13@014@< & 1 05 (Is = Qo) )
D*Q4(Is — Qo)2 D*(Is— Qo)D

It is easy to see that S € & () with S < P.. Setting Ly := R(S), we get that Ly C L.
Then Lemma 2 yields that

dim(W NLg) = dim, = dim A, = dim(LyN\W™)
and WNL=4 =7 =WnLy. O

LEMMA 4. ([12, Theorem 1.7]) Let W and L be two closed subspaces of F€.
Then there exists a conjugation C on ¢ such that C(W) = L if and only if dim(W N
LY) =dim(LNWH).

The following theorem is one of the main results of this section.

THEOREM 1. Let W and L be two closed subspaces of . Then the following
statements are equivalent:

(a) There exists a J € Ref () such that JW) C L,

(b) dim(WNLY) <dim(LNWH),

(¢) There exists a conjugation C on 7 such that C(W) C L.

Proof. (a) = (b). For the self-adjoint unitary operator J, we get that J(W) =
J(W)*. Indeed, forall x € W and y € W+, we have (Jx,Jy) = (x,y) =0. Thus J(W) C
JWH)L and J(WL) CI(W)*, so J(WE) =J(W)*L. Since J(W) C L, it follows L+ C
J(W)+ =J(W1). Then

dim(W NLY) = dim(J(W N L)) = dim(J(W)NJ(LY)) < dim(LOW).
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(b) = (c). By Lemma 3, there exists Ly C L such that dim(W N L) = dim(Lo N
W-). Then we conclude from Lemma 4 that there exists a conjugation C on J# with
C(W) =Ly, so C(W) C L.

(¢) = (b). If Ly := C(W) C L, then by Lemma 4 again, we have dim(W NL{) =
dim(LyNW+), which yields

dim(WNLY) <dim(WN L) =dim(Li "W <dim(LNW).
1

(b) = (a). Since dim(W NL*Y) < dim(LNW), it follows dim.# < dim#,
where 77 is the same as in Lemma 1. With respect to the space decomposition JZ =
@8 | 7, we define an operator J as the form

1 1
0o v ; Is—Qy)2D
J:II@<V1—VV*>@I4@ ¢ Qo) )
’ D*(Is—Q0)2 —D*Q5D

where V is aisometry operator from 73 into 73, D and Qy are the same as in Lemma
1. By a direct calculation, we know that J = J* = J~!. It is easy to calculate that

1
00 0 0

JPy =1 0 0
Py 1@<V0)6§ EB(D*(Is—Qo)% 0)

and
[ L .
PPy =1 & (3 8) S0P ( 209 +Q1§ (15— Q0)2 DD (15 — Qo) 1 0) .
D*Q (Is — Q0)2Qj + D*(Is — Qo) DD*(Is — Qp)2 0
Obviously,
TR 1 1

0005 + 03 (Is— Qo) DD"(Is — Q0)? 0 = Q5

and

so PJPy = JPy, whichyields JW)CL. O

LEMMA 5. ([9, Theorem 3.1] or [5, Theorem 5]) Let P,Q € & () with opera-
tor matrices (2.1) and (2.2), respectively. Then there exists a unitary U € % () such
that PU =UQ and UP = QU if and only if dimZ%(P)N A (Q) = dim A (P)NZ(Q).
In this case,

{Uew(#):PU=UQandUP=QU}

1 1
0 C 2 I5 — 2D U 0
U1®<C 02)@U4@< 9 1 (Is Qol)2 )(()OD*UD):
3 D*(Is—Qo)2 —D*QD 0

Ul S %(%)7 C2 € %(%a‘%)7 C3 € %(%a%)7
Uy € U(H2), Uy € U (H5), UpQo = QolUo

By Theorem 1, if W and L are closed subspaces of .77, then there exists a reflec-
tion J such that J(W) = L if and only if dim(WNL") = dim(LNW~). Moreover, we
have the following.
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PROPOSITION 1. Let P,Q € () and J € Ref (7). Then the following state-
ments are equivalent:

(a) JP] =0,
(b) JP=QIP and JQ = PJQ,
(c)
1
2 1
J=he <‘9 g) ©Js @ Qfs  (5=002D ) (o7
D*(Is— Qo)2Js —D*Qg3JsD

with respect to the space decomposition F = @?zy%’é, where 74 (i=1,2,---6), Qp
and D are the same as Lemma 2 and Remark 1, J; € Ref(74) for i = 1,4,5 with
QoJs = J5sQo and V € U (74, 63).

Proof. (a) < (b) is clear.

(a) <= (c). Since J € Ref (), it follows that JPJ = Q if and only if J € {U €
U () :PU=UQand UP = QU}. Then Lemma 5 and the fact of J = J* imply that
JPJ = Q is equivalent to J has the matrix form (2.7). O

COROLLARY 1. Let W and L be two closed subspaces of 7 with dim(W N
LY) <dim(LNW4). If F == {Ly C L:dim(W NLy) = dim(LoNW1)}, then

{J €Ref(H#):J(W)C L}

1 1
2 _ 1
= U {JﬁB(&E)@h@( QJs (s Q°?215D> . J; € Ref(H)
Loe7 D*(Is —Qo)?Js —D*QyJsD
fori=1,4,5with QoJ5s = J5Q andVE%(%,%)},

where Qo and D is the same as in Lemma 1, 74 = W N Ly, % = WﬁLéyjfg =
WiNLy, #=WnLy, /=W o (M4 & ), and Hg = H © (] H).

Proof. Since dim(WNL*) <dim(LNW™), it follows from Lemma 3 that .7 # 0.

Let J € {J € Ref(S) :J(W) C L}. Setting Lo =J(W), we conclude that Ly C L
and dim(W NLy) = dim(LyNnW+), so Ly € .%. Moreover, Proposition 1 implies that
the inclusion C holds. Another inclusion O is obvious. [

The following two corollaries give the simpler conditions under which there exists
aJ € Ref () with J(W) C L for two closed subspaces W and L which satisfy certain
conditions.

COROLLARY 2. Let W and L be two closed subspaces of 7. If dimW < oo,
then there exists a J € Ref () with J(W) C L if and only if dimW < dimL.

Proof. Necessity is clear. Sufficiency. Suppose that 7 is the same as Lemma 1
fori=1,2,---6. Then dimW < +eo implies dims# < +oo for i =1,2,5, so dimi# =
dimits < +oo.

Case 1. If dimL = 4o, then equation (2.2) implies dim543 = o0, so dimit; <
dim7#4. Thus we conclude from Theorem 1 that there exists a J € Ref(.2) with
J(W)CL.
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Case 2. If dimL < +oo, then equation (2.2) induces

1 1

3 o ~

dimL = dim A + dim#3 + dimR ( @ 1 Qo (Is=Qo)>D ) :
D*Qq (Is—Qo)? D*(Is — Qo)D

1

2
It is easy to see that V = ( Q . ) 1 Hs — R(VV™) is a unitary operator. Thus
D*(Is — Qo)?

1 1
Yor Ak
dimR ( L D (Is = Qo)2D ) — dimR(VV*) = dim A,
D*Q4(Is — Qo)2 D*(Is—Qo)D
)
dimL = dimA + dim 6 + dim 5. (2.8)
Since
dimW = dim7AQ + dim 76 + dim 763, (2.9)
we have

dim(W N L) — dim(LOWL) = dims — dim = dimW — dimL < 0.
Hence, J(W) C L follows from Theorem 1. [

COROLLARY 3. Let W and L be two closed subspaces of 7. If W C L+, then
there exists a J € Ref () with J(W) C L if and only if dimW < dimL.

Proof. Sufficiency. Since W C L™, it follows L C W+, so dim(WNL*) = dimW <
dimL = dim(W+ NL). Thus J(W) C L follows from Theorem 1. Necessity is obvi-
ous. [J

For unit vectors x,y € 7, it is well known that there is a unitary operator U €
PB() with Ux = y. The following corollary gives an equivalent condition for the
existence of a reflection J with Jx =y.

COROLLARY 4. Let x,y € 5 be unit vectors. Then there exists a reflection J
with Jx =y if and only if (x,y) = (y,x).

Proof. Sufficiency. Let .# and ./ be subspaces spanned by vectors x and y,
respectively. It is easy to check that dim(M NN*) = dim(N N M), so Theorem 1
implies that there exists a reflection J' with J'x = €/®y. If (x,y) = (y,x), then (x,y) isa
real number. Moreover, ¢/ (y,x) = (J'x,x) is also a real number, which yields ¢® = 1
or ¢ = —1. Thus J'x =y or J’x = —y. In the second case, we set J = —J'. Necessity
isclear. [J

The following result describes the partial order of a class of special orthogonal
projections, which is used in the proof of Theorem 2.
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PROPOSITION 2. Let 7 and . be Hilbert spaces with dims = dimx# . If

I
VeU(H, ) and Py := (\/2* ) 2 DK, then
22
(a) Py € P(H ©X) with Py = P_y, where Py :=1—Py.
(b) If Pe P(H @K ), then P< Py if and only if

I~ <

P PV
P= (VQPI V*12°1V> DA, where P € P (). (2.10)
2 T2

(¢)If Qe P(H ®KX), then Py < Q if and only if

1_& QIV
0= Lle I_Vz*QlV DA, where Q1 € P ().
2 2

Proof. (a) is obvious.
(b) Sufficiency is clear. Necessity. Assume

Ay A
p= ("1 CHDH,
<A12A22>

where A1 and Aj, are positive contraction operators. Since 0 < P < Py, we have
I -V
ppl — (A An I
VoAb An )\ - ’

so a direct calculation yields

Ay Apvr
{2 3= =0 @

ATV A
A sag o ®
From (D and @), we get that Aj; = A;pV* and Ay = A},V. Furthermore, P? = P
implies that

(AV*)? +ApAT, =ApV". (2.11)
This coupled with the fact that Aj; = A1,V = VA}, > 0 gives 2(A12V*)2 =AppV*.
Setting Py :=2A,V*, we conclude that Pf = P; and (2.10) holds as desired.

[ -v
()If Qe P(H @X) and Py < Q, then O+ < P = (_%/* 7 ).Itfollows

2 2
from (b) that

o _av
0" = g vy | H @K, where Q1€ P(H).
2 T2

Therefore, Py < Q if and only if

-2 av
0= LQ%I_Vz*QlV 2 DK, where Q) € Z(). O
2 2
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‘We denote
F(P,Q):={J:JPJ =0, J ERef(H)}

and

F(P,Q):={J:Je F(P,Q)and PJP > 0}.
Let 0 # T C & (). We also denote by E\/FE € () the supremum of all projec-
S
ti in I'. Thatis, R( V E)=V{ U R(E)}.
ions in atis (EeF ) {Eer (E)}
Another main result of this section is the following.

THEOREM 2. Let P,Q € & () with dim(R(P)NN(Q)) = dim(N(P)NR(Q)).
Then
(@) sup{J:J € F(P,Q)} =1.

(b) sup{J:J € F(P.O}=hebhohoLe ( % (’5‘Q°?2D> .
D*(Is—Qo)2 —D*QsD
(¢) max{J:J € .Z(P,Q)} exists if and only if dim(R(P)NN(Q)) =dim(N(P)N
R(Q)) =0.

Proof. (a) Itis conclude from Proposition 1 that J € .% (P, Q) if and only if

1
0V 2 — Q)2
J:Jl@<v* 0)@]4@ QOJS . (IS QOZZJSD
D*(Is— Qo)2Js —D*QjJsD

For all J € .#(P,Q), define the projection

1

2 1
= I+J L+J LY L+ J. 5+0yJs  (I5—Q9)2JsD
PJ:=T=121@<VA,§)@—424@ 2 T
22 D*(Is—Q9)2Js ls—D*QF JsD
2 2
Then N
\/ P=LoLoLoLolkdl.
JeZ(PQ)

Indeed, if J € .Z(P,Q), then —J € .Z(P,Q) and P_; = P}-. This means that both P

and IEV'Jl arein \/ P;. Hence,
JeZ(PQ)
sup{J |J € Z(P.Q)}=2 Vv P—
p{/ | (P,Q)} serlro)

I=1

~

(b) It is easy to see that if J € #(P,Q), then PJP > 0 iff QJQ > 0, which is
equivalent to Js = I5. Thus

1
~ 5+0;  (5—00)iD

\V P=Lohehele 2 2,

JeF(PQ) D'(Is—00)2 =D QjD

)
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SO

sup{J |J € Z(P,Q)} =2 Vv P—I
JeF (PQ)

1 1
2 Is—Qo)2D
=11@Iz@13@14@< %  (5=0) )
D*(Is—Qo)? —D*QgD

(¢) It follows from (b) that max{J:J € .#(P,Q)} exists if and only if

! 1
LoLOLOL® ( % . (15_Q°£2D> € .Z(P,Q). (2.12)
D*(Is—Qo)? —D*Q4D

By Proposition 1, (2.12) is equivalent to dim(R(P) NN(Q)) = dim(N(P) NR(Q)) =
0. O

3. Some examples and applications

In [15], some interpolation relations of the three orthogonal projections and a re-
flection were considered. Here, we use the same notations as that in [15]. That is,
€= (E()7E:|:),

R(e):={J€Ref(H):E_JE, =JE} 3.1

and
Ro(e) :={J €Ref(S):JEy =Ey,E_JE. =JE, E\JE_=JE_}, (3.2)

where Ey, E and E_ are orthogonal projections. Then Theorem 1 implies that R(€) #
0 if and only if dim(R(E4+) NN(E-)) <dim(R(E_)NN(E)). However, the condition
for Ro(g) # 0 was not given in [15]. As an application, we present a characterization
of Ro(S) 75 0.

THEOREM 3. Let € = (Ey,E+) and Ry(€) be as above. Then Ry(€) # 0 if and
only if dim(R(E+)NN(E-)) =dim(N(EL)NR(E-)) and R(Ey) C M, &R (}/) D
3
NN
1o\
My @R( (s + Q5 Jsl)z , ) , where My C 74 and My C 4 are two closed sub-
D*J5(15 — Q§J5)7
spaces, V is a unitary operator from 6 onto 56, Js € Ref(#5) with JsQo = QoJs.

Proof. Forall J € Ref(), itis clear that E_JE. =JE; and ELJE_ =JE_ if
and only if JE;J = E_, which is equivalent to J(R(E+)) = R(E_). By Proposition 1,
there exists a J € Ref () with JEJ = E_ if and only if

dim(R(E+)\N(E_)) = dim(R(E-) N\ N(E4)).
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Furthermore, JEj = E is equivalent to

R(Ey) CR (%) . (3.3)

Considering that J has form (2.7), we have

1
I+J Ly 5+08Js  (5-00)2JsD
T—H@(VZ*%)@H;EB 2 2, ,
T

{ 1
D*(I5=00)2J5 s=D"0g JsD
2 2

which implies

L 1

I1+J \% I 2Js)2
R<T>:M1®R<1)®M4@R< (s +0o%5) )
3 D*Js(Is— Qg Js)

D=

L 1
(Is+ Q3151)7
D*Js(Is— Q2 Js)2

SO R(Eo)ng@R<}/)EBM4EBR< ) as desired. [
3

The following example follows from [15, Theorem 7.2], which gives the equiva-
lent condition for ELEgE_ = ELE_. Here, we use the example to describe the specific
forms of Zy(€).

EXAMPLE 1. Let C € (¢, %) be a contraction. Suppose that E; and E_ are
orthogonal projections with R(E) = Graph(C) and R(E_) = Graph(—C), respec-
tively. If

o= (éS) AN (3.4)

then
Ro(e) = [0 :Jo € Ref () with C'Jyp=—-C">5.
0 Jx
Indeed, it is clear that
R(E{) = Graph(C) = {x+Cx:x€ '}

and
R(E_) = Graph(—C)={x—Cx:x € J}.

Then a direct calculation implies that £4 and E_ with respect to space decomposition
J€ & % have the operator matrix form

£ _ (1+cc)"! (1+co)-icr
T \cu+cro)yt ci+cre) ek

and

E (1+cc)~! —(1+c*c)~cr
T\ —cu+cro)t ci+cro)ylex )
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respectively. Let J € Ry(€). Then JE, = Ej if and only if J = (é JO ) , where Ja, €
22

Ref(¢"). In this case, the equation JEJ = E_ is equivalent to C*Joy +C* = 0.
Let € := (Eo,E+) as above. In [15], the sets

Fos(J) :=={(Eo,E+) | E+JE > 0},

e(Markov) :={(Ey,E+) | ELtEoE_ = ELE_}
and
F(€):=1{J €Ref(H): E_JE, = JE, ,JEy = EoJ}

are also defined. In the following, we give an example to illustrate () Fps(J) €
Jes ()
&(Markov). Thus, there is a gap in [15, Theorem 6.4].

10
00

00

EXAMPLE 2. Let £ = < 01

):Jf@%, E_=< ):,%p@,%p, and Ey =

[Sror~

1%
( 7 ) : @, where U € B(7€) is a unitary operator. Let J € Ref (. & 7).
2 2
Then a direct calculation implies that equations E_JE. = JE; and JEj; = E(yJ are

0 LU .
UT 0 ) , Where J; € Ref(.7¢). Thatis

(e) = {(Ugl JIOU) i eRef(%ﬂ)}.

Itis easy to check that EyJE, =0 forany J € . (¢) and EyEgE_ # ELE_. Thus € =
(Eo,Ex) € () Fos(J), whereas € = (Eg,E+) ¢ €(Markov). So (| Fos(J) &
Jes () Jes (g)

e(Markov).

equivalent to J = (
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