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ON AN INEQUALITY CONJECTURED BY BESENYEI AND PETZ
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(Communicated by I. Klep)

Abstract. In this paper we investigate the inequality Tr(7 ® h)pi2(log, p12 —log, p1 ® kb —
I ®log,p2) > 0, where py» is a density matrix and 0 < T € M,,(C). This inequality was
conjectured by Besenyei and Petz in 2013, where it was proved to hold for the density matrices
in M(C) ® Mz(C). Here we prove this inequality for the density matrices in M,,(C) ® M,(C)
using some elementary matrix methods. We also obtain some new inequalities related to the
operators (matrices) in this inequality.

1. Introduction

Entropy is an important notion in both classical and quantum information theories.
Strong subadditivity is a basic ingredient in quantum information theory which is used
in topological entanglement theory, conformal field theory and in some other research
areas [8].

Entropy was first introduced by Claude Shannon [12] as a concept in mathematics.
The Shannon entropy of a discrete random variable X with possible values {xi,...,x,}
and probability distribution p(x) = P(X = x) is defined as

m

H(X)=— ;P(xi)l()gp(xi)

If Y is another random variable with possible values {y1,y2,...,yn}, then the joint
entropy of the pair (X,Y) is defined as

H(X,Y)==Y Y p(xi,yj)logp(x:,y;).
i=1j=1

If Z is another random variable with possible values in {z1,22,...,2-}, H(X,Y,Z) is
defined similarly. It is known that Shannon entropy satisfies the following [11]:

H(X,Y,Z)+HY)<H(X,Y)+H(Y,Z).
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This property is called the stong subadditivity inequality. It implies the following sub-
additivity:
H(X,Y) <H(X)+H(Y).

If we put p;jx = p(xi,y;j,2), strong subadditivity is equivalent to
Y pijk(log pjji+log p—j— —log pij— —logp_jx) = 0.
ijk
where

Dij— = Zpijln pP-j- = Zpijln P—jk = Zpijk
k ik i

are marjinal distributions.
The g-extention (or one-parameter extension) of the Shannon entropy is the Tsallis
entropy. Define the g-logarithm function log, : Rt — R as

x -1
logx="—""— (q#1) (1)
Then the Tsallis entropy [3, 6, 10] is defined as
n 1 n
Hy(X) ==Y p(xi)log, p(x;) = - D (p(x)? = p(x).
i=1 i=1

1

It is known that Tsallis entropy is strongly subadditive for ¢ > 1 [6, 10]. Hence it is also

subadditive. In [3] a new type of inequality which can be considered as ’partial (strong)

subadditivity’ is introduced and proved for both Shannon and Tsallis entropies. The

partial strong subadditivity of the Shannon entropy is defined as the following form:
For fixed 1 < j<nand 1 <k <r we have

m
Y piji(log piji+logp—j— —logpij— —logp_j) = 0.
i=1
In the same paper the quantum analogue of the partial subadditivity is also dis-
cussed.
Here we are intrested in the quantum versions of the above entropies. In the quan-
tum world, instead of probability distributions one uses matrices(or states):
Let . be a finite dimensional Hilbert space and 0 < p € B(J¢) be a state (or
a density matrix, namely 0 < p € M,(C),Trp = 1). Then the von Neumann entropy
[3, 4, 7] is defined by

S(p) = —Trplogp.

One should note that the composite systems are described by the tensor product of the
corresponding Hilbert spaces and marginal distributions by the partial traces of density
matrices, which is called reduced densities [11]. Von Neumann entropy is the quan-
tum analogue of Shannon entropy. It is known that von Neumann entropy is strongly
subadditive [9]. Hence it is subadditive.
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Almost at the same time with the paper [3] was published, Kim proved an oper-
ator extension of the strong subadditivity of von Neumann entropy which is a kind of
partial strong subadditivity [8]. In fact it is the operator version of the partial (strong)
subadditivity of Shannon entropy. The importance of partial (strong) subadditivity is
that it implies (strong) subadditivity.

A one-parameter extension of the von Neumann entropy is the (quantum) Tsallis
entropy [3, 7, 10]. From now on when we say Tsallis entropy we mean the quantum
Tsallis entropy. It is defined by the formula

Sq(p) =—Trplog,(p)  (¢>1)

The von Neumann entropy is the limit of the Tsallis entropy as ¢ — 1 [7]. Itis
known that the Tsallis entropy is subadditive [ 1], but not strongly subadditive [10]. The
general picture is as follows:

PSSA —= SSA

|

PSA=——=SA

with the abbreviations:
SSA: strong subaddivity
SA: subadditivty
PSSA: partial strong subadditivity,
PSA: partial subaddivity

The above narrative can be summarized in the following table:

SA | PSA | SSA | PSSA
Shannon Yes | Yes | Yes | Yes
Tsallis Yes | Yes | Yes | Yes
von Neumann Yes | Yes | Yes | Partly
quantum Tsallis | Yes | ? No No

In [3] the following inequality related to the partial subadditivity of the quantum
Tsallis entropy is conjectured: If pjy is a density operator in B(.77) ® B(.#") with
reduced densities p; and p,, one has

Tr(T ®@ L)pi2(log, p12 —log,(p1 ® ) — I @log, p2) > 0

whenever 7 > 0 and ¢ > 1.
This conjecture was proved in the same article for the following cases:

1. p12 = p1 ® p2 (The case of product states), and
2. The case m =n =2 when g = 2. (dim(’) = m and dim(.%¢") = n)
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In this article first we present a proof of this inequality for arbitrary m and n when g =
2. This completes the table above when g = 2. Then, motivated by this proof and some
numerical examples we conjecture an operator inequality which can be considered to
be a kind of partial subadditivity of Tsallis entropy. We also obtain some new results
related to the operators in this inequality.

2. Main results

Let py» be a density matrix in the tensor product space M,,(C) ® M,,(C). Then
the reduced densities p; € M,,(C) and p, € M,,(C) are defined by the equalities

TI'(Y ®Ig)p12 = TI‘(Ypl) TI'(Il ®X)p12 = TI‘(XPQ)

for X e M,(C), Y e M,(C). For m=2,n=2

A B
P12 = |:B* C:| (A,B,CEMQ(C))
and
TrA TrB
p1=Trppn = [TrB* TrC} ) p2=Trip=A+C

where p1,p2 € M (C) (see in [3]).
The subadditivity of the Tsallis entropy is

Sq(p12) < Sq(p1) +S4(p2)
or, equivalently
Trpi2(log, p12 —log, p1 @ L — 1 ®log, p2) > 0.
The following inequality was conjectured in [3]:
Tr(T @ b) p12(log, p12 —log, p1 @ L — I ® log, p2) > 0 )

forall 0 < T € M,,(C). In the same paper there is a proof of this inequality for any
product state and in the case ¢ =2, pi2 € M (C) ® M (C). Here we prove the inequal-
ity (2) for the density matrices in M,,(C) ® M,(C)and ¢ =2:

THEOREM 1. Let pi; € M,,(C) @ M,,(C) be a density matrix, p; € M,,(C), p, €
M, (C) be its reduced densities and 0 < T € M,,(C). Then

Tr (T ® L) p12(logy p12 —logy pr ® 1 —1®log, p2) = 0.
or equivalently

TeTp1 +Tr(T @ b)pi, — TrTpi — Te(T © p2)pia > 0. 3)
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Proof. We will prove the inequality (3). One can write the density matrix pj» as

a block matrix:
Ay App Az Lo Ay
AT2 Ax Ay ... Aoy
pra = | Az A3y A3 - A

At AL AL A

Then
TI'A11 TI'A12 TI'A13 TI'Alm
TI'ATZ TI'A22 TI'A23 TI'Azm
pL= TrAj; TrA5; TrAsz ... TrAs, , P2 =A11+ A+ ...+ Ay

TrA}, TrA3, TrA3, ... TrA.,

Since the inequality (3) is unitarily invariant, we may suppose that 7" is a diagonal
matrix with nonnegative diagonal entries #11,#2,. .. 4, . After some calculations we
obtain the following formulas:

TI'Tpl = EtiiTrAii (4)
i=1

Tr(T @1)p1a° = Y, i Tr(A7) + . (ti + 1) TrAj Ay ®)
i=1 j>i

TrTpi = 3 ti(TrAu)* + Y (ti +17;)| TrAi; (6)

i=1 J>i

Te(T @ pa)pia = i Tr(AR) + Y (ti+1;;) TrAzA )

i=1 J>i

where i,j = 1,...,m. By using the formulas (4), (5), (6), (7); the left hand side of the
inequality (3) becomes

m
Z(Iii + tjj) {TI‘A?}-A,'J' — ‘TI'A,'J"2 — TI'A,‘,'AJ'J} + Et,‘,‘ {TI'A,',‘ — (TI‘A,',‘)2
i>i i=1
Here we will use the formula TrA ; +TrAy +...+TrA,, = 1 and TrA; — (TrA;)*> =

2;”21 TrA; TrA;; Vi. Then we substitute this formula into the sum
i#j

2 tii [TI'Aii — (TI’Aii)z]
i=1
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and we obtain

Zl‘i,‘ [ 2 TrA; TI‘AJ'J} = 2(1‘,‘,‘ + tjj) TrA; TrAj;
=1 “j=1 j>i
i#]j
Then,
TrTp) + Te(T ® b)ph — TrTpi —Tr(T © pa)pia
is equal to
Z(Zii —|—l‘jj) [TI‘A;-}A,'J' — ‘TI'A,'J"2 — TI'A,‘,'AJ'J' +TrA; TI'AJ'J} .
j>i
Now we will show that
(tii +tjj) {TI‘A:-}A,'J' — ‘TI'A,'J'|2 — TI'AI','AJ'J' +TrA; TI'AJ'J'] >0, j>i
Since 11,62, ...,tmm = 0 then #; +1;; > 0 for any 7,j. Also since pjp > 0, the

principal submatrix {A“ Aij ] > 0. The proof of the trace inequality

Alj Ajj
TI’A?-(inj — |TI'Aij‘2 — TI'AiiAjj +TI'AiiTI'Ajj > O, ] >
follows from the theorem in [2]. Hence,
Z(Iii +ljj) [TI'A:-}»AU — ‘TI’Aij‘z — TI’AiiAjj -|-TI’AiiTI'Ajj >0
j>i
This completes the proof. [

COROLLARY 1. In the above theorem putting T = |y)(y|, where |y) € C" is
any vector, we obtain the following inequality

(W] Tr2 p12(logy pr2 —logy p1 @I —1®log, pa)|y) > 0
which means that the operator
Try p12(logy pr2 —logy pr @ I — 1@ log, )
is positive semidefinite on C™.

This corollary shows that the partial trace of the operator pi,(log, p1» —log, p1 ®
I —1®log,p,) is positive semidefinite on C”. In fact this operator has some other
properties not only for ¢ =2 but also for ¢ € (1,0). Hence in the rest of the paper we
concentrate on the operator

pr2(log, pio—log,p1 @I —I®log,p2),  (g>1) ®)
which is equaivalent to
1 _ _
ﬁ[sz—Plz(h@Pg Y= pulp! ' ©b)+pra] 9)

by (1).
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LEMMA 1. Partial traces
Trz p12(log, p12 —log, p1 @1 —I®log, p2) € M, (C) (10)
Try plz(logqplz —log, p1 ®I—1®]log, p2) € M, (C) (1)
of the operator (8) are Hermitian.

We need the following proposition to prove the lemma:

PROPOSITION 1. Ler pja € M,,(C) @ M, (C) be a density matrix, p; € M,,(C),
p2 € M, (C) be its reduced densities and q € (1,%0). Then the operators Trp pio(I} ®

pg_l), Try plz(pf_l ® ) are positive semidefinite.
Proof. We will show that

(x, Tropra(lh @ p§ )x) >0,  WxeC”

Let {f;}}_, be an orthonormal basis of C". By the definiton of the partial trace [5] we
have

M=

(x,Tr2p12(11®p§71) )= <(x®fj) P12(11®P2 )(X®fj)>

1

J

This definition is independent of the choice of the orthonormal basis. Thus we may
assume that the basis { f ,'};le consists of the eigenvectors of the density operator p;.
Writing p = X Aj|f;)(fj| we have

I
M=

(x,Tro pia(l @ pg " )x) > ((x@ fi).pra(h@py N f)

~.
Il
—

Il
M=

<(x®f;) pr2(x@pd ' 7))

~.
Il
—

(x® f7),pr2(x® f7))

I
-
<2

—_

~

where 0 < A; € sp(p2) Vj. And ((x® fj),p12(x® fj)) > 0 for all j since py» is
positive. Hence

(x, Tropra(lh @ p§ )x) >0,  WxeC"
The positivity of the operator Tr; pi2 (pf_1 ®1) canbe proved in an analoguos way. [

Proof (of Lemma I). In order to show the assertion, we will prove that the partial
traces of the operator (9) are Hermitian. Hence we will show that the operators

Tri(pf — pro(i ©pf ) —pialpl ™ @ b) + p12) (12)
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Tra(pty —pra(h @ pf ) = pra(pf ™ @ 1)+ pr2) (13)

are Hermitian.

We will only prove that the operator (13) is Hermitian, the Hermitianness of (12) can
be proved in an anologous way. By the linearity of partial trace, the operator (13) is
equal to

Troply — Trapia(li @ pd ") — i+ pi (14)

In (14) the operators Trp pfz, pf and p; are all Hermitian. So, we only have to show
that Try p1o(I; @ pd 71) is Hermitian. But in the above proposition we proved that
Tropa(l1 @ pg_l) > 0. Hence the operator (13) is Hermitian. [

The most important problem that remains is to understand the case of ¢ > 1 with
q # 2. It seems that some new ideas are needed for a general solution. Having this in
mind we performed some numerical computations in Wolfram Mathematica 12. These
examples suggest that the operators Try p12(log, p12 —log, p1 ® I — I ®log, p2) and
Try p12(log, p12 —log, p1 ®1—1®log, p2) are not only Hermitian but also positive. If
it is true, this would imply the partial subadditivity of the Tsallis entropy. Hence our
future work will be to investigate this claim.
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