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Abstract. We find an explicit expression of the determinantal polynomials of a weighted shift
matrix with palindromic geometric weights.

1. Introduction

Let A be an n X n complex matrix. The numerical radius w(A) of A is the maxi-
mum of the modulus of its numerical range defined by

W(A) ={(Ax,x):xeC", |x[|=1}.

The numerical range of A is a nonempty compact convex subset of the complex plane
C, which contains all the eigenvalues of A and therefore its convex hull [9]. For refer-
ences on the theory of numerical range, see, for instance, [8, 10].

We consider a weighted shift matrix with weights ay,a»,...,a,_1 is an n X n ma-
trix of the following form

0a; 0 0 --- O
00a 0 --- O
S=S(a,az,...,ap—1) =
0
00 - an1
00 o veens 0
The numerical range W (S(ay,as,...,a,—1)) of this weighted shift matrix is a circular

disc with centered at the origin and the radius

w(S(ay,az,...,ay—1)) = max{z € R : det(zl, — Re (S(ay,...,ay—1))) =0}.
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A general formula of the characteristic polynomial
Pn(Z tdap,... ,an,l) = det(z[,, — Re (S(ah - ,an,l)))

given in [13, Lemma 1] in terms of circularly symmetric functions of |a;|?,|as?, ...,
la,—1]?. Namely,

1\* -
Pz ay,...,ay-1)=7"+ 2 <_Z) Se(ay,...,an1)2" 2k,

1<k<|53]
where the circularly symmetric functions

2 2 2
Sk = > aaz,--ai, )
l<i1<i2<...<ik<n—l

the sum is taken over
I1<ii<ip<...<ip<n—1, b—i122,3—ip>=22,...,0— i1 = 2.

The subject of weighted shift matrices has attracted many authors, and they produce
number of interesting papers [5, 7, 12, 13, 17]. For instance, in the case a; = a, =
...=ay—1 =1, wehave w(S(ay,as,...,a,—1)) =cos(r/(n+1)). The numerical radius
of the weighted shift matrices S(1,...,1,a,1,...,1) and S(1,...,a,a,1,...,1) were
computed respectively in [5] and [15]. From (1) it is clear that the polynomial P,(z :
ap,...,a,—1) satisfies the equation

Pi(z:at,...,an—1) =Pz |a1l,...,|an—1])-

Hence we may assume the weights a; are non-negative real numbers. We call the char-
acteristic polynomial P,(z: ay,...,a,—1) the determinantal polynomial of the weighted
shift matrix S(ay,...,a,—1). A weighted shift matrix S(a;,az,...,a,—1) is called a
palindromic geometric weighted shift matrix if the following hold:

(i) the weights ay,as,...,a,— satisfy the palindromic property: a; = a,—; for j =
1,2,...n—1,thatis, a; = a,_1,a2 = ay_7,... and

(ii) the sequence (aj,as,...,a,) is geometric, in the sense that a; = 1,ap = r,az =
P2, ... am=r""" forodd n=2m+1 (for even n = 2m).
In a previous joint work, [14] the author of the current paper and Adiyasuren provided
the explicit expression of the determinantal polynomial
Pi(z: 1,r7r2,...rﬂ_2)

for the weighted shift matrix with geometric weights S(1,7,72,...7"~2). The expression
is given as the following

Pu(C,r) = det (C1, —2Re (S (1,r,...,1" 7))
2] - L
="+ 2(—1)~f(r2).f(.fl)ﬁwgnz,’ )

=

i=1
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for r # 1. The determinantal polynomial B,({ : 1,7,...,7"~2) is abbreviated to P, (&, 7).

1
We take Py (§,r) = (2 —1,Py(E,r) = §,Py(E,r) = The polynomial in (2) satisfy the
following recurrence relation

P(8,r) = EPui(or) — (P)" 2P (8, ). 3)

In this paper, we obtain the explicit expression of the determinantal polynomial Q,(z,r)
of the weighted shift matrix S(1,r, P2 1) with palindromic geometric weights
in Theorem 1.2 and Corollary 1.3 in terms of the polynomial P,(&,r) in (2).

PROPOSITION 1.1. Let r be a real number and n be a positive integer. Then
ap (2 1) _p 4
n\ 20, )T n(2,7). “)

Proof. By a straightforward computation, we have

2_ z 1
L 2nPn =
=27y

n—=2j+i

Zn—2j . rﬂ2—2n—(n—2)(n—2j)

,_
—

,i
S
[

~.
Il
—
I
—_
—
— | 2=

(&)
L5 ) o (—l)j J1_ (rz)n—21+z 2 ' o
=+ Y (=)0 : _ =2 204
2O e ey
S O ),
ot 4 (=1) r2n=2j)j - _ (2)!
J=1 =1 1=(r)
\_%j 1= ()" 2j+i '
_ Zn+ 2/ —2/H ( ) Zn—2j
,-:1 i 1=
= Pu(z,7)

The proof is completed. []

The main result is an explicit expression of the determinantal polynomials of the
palindromic geometric weighted shift matrix. If we replace the shift matrix

S(l,r,rz,... 72 rm_l,r’"_z,...,rz,r,l)

) )
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by its scalar multiple

Fm—

for r>1,n=2m+1 is odd. So we could take its limit as n — oo. The limit § would be
a weighted shift operator on ¢2(Z) and the operator S satisfy tr(|S]) < c. We believe
that the results of this paper helps to develop for the further study of related topics.

THEOREM 1.2. Let m be a positive greater than 1. Then

a) If n=2m is even with S, = S(1,r,r%,..../P" =2 /"1 =2 12 11), then the
determinantal polynomial of S, is given by

Qn(Z7r) = Pm(z’r)Z_r2m—2Pm71(Z’r)2
- (Pm(z7r) - rmilpm—l(za r)) (Pm(z7r) +rm71Pm—1(Za r)) . (5)

b) If n=2m+1 is odd with S, = S(1,r,r%,..../"~ L1 .. 12 r1), then the
determinantal polynomial of S, is given by

Qn(za r) = Pm(z,r) (Pm+l(z7r) - r2m72Pm_1(Z,r)) . (6)

Proof. First of all, for n = 2m we expand the following 2m x 2m determinant by
(m—+1)-th column

det (21, — (Sp +53))

z—10 0 0 [0 R 0
1lz—-r 0 0 [0 0
0—rz —2 0 0 e e e 0

_m=3 L _me2 0 e e el 0

0 —/m2 7z -l [0 P, 0

0 0 —pm1 z _/m=2 [0 DT 0

— 0 0 0 —/m2 4 300 0
0 0 0 0 -3 z 4000

0 i 0o 0 0 0 0 —rrz-ro0

0 : . o 0 0 0 0 0-rz-1

0 : 0O 0 0 0 0 00-1z
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The determinant (7) is a block diagonal, so which is equal to

b)
ym=3"y

(—1)2(m+1)ZPm(Z7l")l"(m_3)(m_l)Pm71 (L l) (10)

The (8) determinant is block upper triangular which is equal to

z—10 0 - 0 =0 0
lz=r 0 - 0 3 0 0.0
0-rz —r%2 - 0 . . .. .

(_rmfl)(_l)meLl

—rcz —r0

AR 0
_m—1 —rz —1
00 0 0-r 0 0 0 0-1¢

Expanding the last row of first determinant the last product is equal to

(_rm—l)(_1)2m+1(_1)1n+1n(_rm—l)Pm_l (Z, r)r(m—3)(m—l)Pm_l ( 2 1 )

ym=3" ;
—1)? z 1
= _r(m 1) Pm_l(Z,r)Pm_l (,-’71——3’;) . (11)
The (9) determinant is block lower triangular which is equal to
—10 0 0 —r 0 e e 0
—Zl z—-r 0 0 "3z 0 040
0-rz —r? 0 )

(_rm72)(_1)2m+3 .

Dim3 g m2l |0 0
_m=2 0 0 0 —rz —1
00 0 = < 0 0 0 0-1¢

Expanding the last row of first determinant the last product is equal to

(_rm72)(_1)2m+3 . (_1)1+1(_rm72)Pm(Z’ r)r(m74)(m72)Pm_2 ( < 1)

rm—4 ’ ;
m—2)2 z 1
—_ —r( 2) Pm(Z,r)Pm_2 (rm—_“’;) . (12)
Thus by (10), (11) and (12) we obtain the following
2 z 1
0nfar) = B B ()

m—1)2 z 1
_r( 1) Pm_l(Z’V)Pm_l <rm—_3,;>

_r(mfz)sz(z, r)Pu_2 ( < l) .

rm—4 ’ r
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Applying the recurrence relation (3) and the identity (4) we can simplify the last equa-
tion further to

1
0n(ar) = ale) [P0 (51 )

r

_pm=2 (m=1)(m=3) _z 1
r mel(zar) |:I" mel (rm_37r>:|

1
—P2mAp (2r) |:r(m2)(m4)Pm_2 (ﬂf——“;ﬂ

= 2Pu(z,7) [P (2,0)] =" 2Pt (2,7) [Pr—1(2,7)]

—r2" B (2,7) [Pa2(2,7)]
= 2P (2,7)Pu1(2,7) = 2" 2 [Pt (,0)]2 = P4 Ba(2,7) P (2,7)
= Pu(a.1) (2Put1(z.r) = " *Pun) — "2 (P (z,7))

= (Pu(zr))? =" 2 (Pui(z,0)* (by (3))-

This proves (5).

Second, for n=2m+ 1 we expand the following (2m+ 1) X (2m+ 1) determinant
by (m+ 1)-th column

det (21, — (Sp +53))

z-10 0 0 0 - cer e eieien.n 0
-1 7 —r 0 0 0 - cer e eieienn.n 0

0 —r z _r2 0 0 S 0
_rm73 z _rm72 0 [0 T 0

0 —/m2 z e ) [0 0

_ 0 0 _rmfl z _rmfl 0 [0 D 0
0 0 0 —pm1 z _m=2 [0 I 0

0 0 0 0 —/m2 z =30 0---0

00 0 0 0 0 0 —r2z-r0
00 0 0 0 0 0 0 —rz—1
00 0 0 0 0 0 0 0-1z
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z—10 0 0 0 cer eee eee i 0
-1 7 —r 0 0 0 cer eee eee i 0
0 —r z _r2 0 [0 O 0
e300 o o m=2l e e 0
00-- 0 —/m2 ¢ 0 0 0 ... 0
:(—1)2(’71+1)Z' 00 - 0 7z —P"Z 0 0 (13)
00-- 0 m2 ;7 —m300...0
0 _rmf3
00 - 0 0 0 —r?z-r0
00 - 0 0 0 0 —rz-—1
0 o0-- 0 0 0 0 0-1¢
z —10 0 0 0O e e e 0
—1 7 —r 0 0 0O e e e 0
0—rz —r? 0 | . 0
e _m3 Z_},m*2 0 e e e 0
00--- 0 0=yl m1 o [ 0
2m+1 -1
DT ") 00 0 0 7 20 0 (14)
00-- 0 0 0 |72 z =30 0---0
0 —rm3
00 - 0 0 0 —r2z-r0
00-- 0 0 0 0 —rz—1
0o0-- 0 0 0 0 0-1¢
z—10 0 0 0 v eee eee i 0
—1 z —r 0 0 0  cor eee eee i 0
0—rz —}"2 0 . 0
=3 pm2 .. e e 0
0 0 -2 z 0 0 0 ... 0
DI 0 o T T 0 0 0
00 0 0 0 "2 z —m300...0
0 _rmf3
00 -- 0 0 0 —r2z-ro0
00-- 0 0 0 0 —rz—1
0O0-- 0 0 0 0 0-1¢
(15)
The determinant (13) is a block diagonal, so which is equal to
2(m+1 -2 z 1
(P et a2 (5. (16)
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The determinant (14) is a upper block diagonal, so which is equal to

(_1)(m+l)+m(_rm—l)(_1)m+m(_rm—1)Pm71 (Z7 r)(rm—2)mpm (rm%’ l)

r

m—2" 4

1
= " 2P, \(2,7)Py (i —) . (17)
r

The determinant (15) is a lower block diagonal, so which is equal to
1
(_ 1)2m+3Pm(Z7 r)(_rmfl)(_ l)lJrl (—I’mil)(rmiig)milpm,l (ng, _)
r r

_ (m—1)? 2 1
r Pm(Zar)mel (rm37r . (18)

Combining (16), (17) and (18) we obtain

Qn(z7r) = yﬂlz*zmzpm(z’r)])m (L l)

rm—2 ’ r

2 z 1 2 z 1
=" 2Pm_1(Z,V)Pm <rm——2’;> _r(m D Pm(Zar)Pm—l (7"”—_3’;) .

Further, by the recurrence relation (3) and the identity (4) we can simplify the last
equation as follows

2 z 1 _ 2 z 1
On(z,r) = 2Pn(z,r) [’m "By, (rm—z’;ﬂ — " 2P i (z.r) [Vm "By, <F'm—2’_>:|

r
_ 2m=2 (m—1)(m=3) L 1
T ) [r Fna (rm3’ r)]

= 2Pu(z, 1) [Pu(2,7)] =" 2Pt (2,7) [Pun(z, )] = 2" 2 P(2,7) [P (2.7)]
= Pu(z,r) (sz(z,r) — 2r2m_2Pm,1(z,r))
= Pu(,7) (Pur1(z,7) =" 2Pu-i(z,r)) - (by (3)).
This completes the proof. [l
In a consequence of Theorem 1.2 we have the following result.
COROLLARY 1.3. Let n=2m+ 1. If A be the largest positive root of the poly-
nomial P 1(z,r) — (r?)"'P,_1(z,7), then
w (S(l,nrz,...,r’"_l,rm_l,...,rz,n l)) =A.
Proof. Recall the fact that the numerical radius of a weighted shift matrix S is the
maximum of modulus the determinantal polynomial det (2, — (S+5%)/2). It is clear

that the matrix S(1,7,72,...,7"~2) is the compression of the matrix S(1,r,72,...,r" !,
=17, r 1), So we must have that

W(S(l,r,rz,...,rm_z)) < W(S(l,r,rz,...,rm_l,r’"_l,...,rz,r,l)).
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Combining this with the formula (6) of Theorem 1.2 we conclude that the largest posi-
tive root of the polynomial P, (z,r) is less than the largest positive root of the polyno-
mial Py, 1(z,7) — (r*)" ' P,_1(z,7). Now the assertion is immediate from the assump-
tion. [

To illustrate Corollary 1.3, by Theorem 1.2 we find the numerical radius of
S(1,r,n1), S(1,r,r?, 72,1, 1) and S(1,r,7%,r3 ., 1%, r,1).

EXAMPLE 1.4. For n =35, we apply the formula (6) for m = 2. Then

z =10 0 O
-1z —-r 0 O
Qs(z,r) =det| 0 —r z —r O
0 0 —r z —1
0 0 0 -1 z

= P(z,r) (P3 (z,r) — r2P1 (Z,r))
= (-1 - 1+27)2).

V14272
Hence the largest root of Qs(z,r) is % . On the other hand, Corollary 1.3 con-
firms that
V142772
w(S(1,7 1)) = =

EXAMPLE 1.5. For n =7, we find the numerical radius of S(1,r,7%,r%,r,1) as
the following:

z —-1.0 0 0 0 O

-1z —r 0 0 0 O

—r z —=r» 0 0 0

Q7(z,r) = det 0 - z —r»0 0

0 0 0 —r z —1
0 0 0 0 -1z

- P3(Z’r) [P4(Z’r) _r4P2(Z7r)]
=@ -1+ =+~ +2H2 +27%).

In the above product, the largest positive root of the first term P;(z,7) is v/ 1+ #2.
And the largest postive root of the second term z* — (1 + 7% +2r*)z22 +2r% is

\/1—|—r2+2r4+\/(1—|—r2—|—2r4)2—8r4
5 :

A direct computation gives that

m<\/1+r2+2r4+\/(1+r2+2r4)2—8r4.

2
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So the latter is the largest positive root of Q7(z,r). On the other hand, Corollary 1.3
confirms that

W(S(l,r,rz,rz,r,l — 5

) = 1\/1+r2—|—2r4+\/(1—|—r2+2r4)2—8r4
2 .

EXAMPLE 1.6. For n=9, we find the numerical radius of S(1,r,72,73,r%,r* r,1)

as the following:

z -1 0 0 O O
-1z —r 0 0 O
0 —r z —r> 0 0
00—z —r* 0
Qo(z,r)=det| 0 0 0 —r* 7z -1
0 0 —r 7z —r?

0
0
0
0

0
0 0
0 o o0 0 -1 —r z —1
0 o o0 0 0 O -1z
= Pi(z,r) [P5 (z,r) — P (z, r)]

=@ -+ 2+ {ZS — (L4 P2+ 4298 + (r* + 21 +2r8)z}
Hence by Corollary 1.3 we have
w(S(l,r,rz,r3,r3,r2,r, 1))

B 1\/l+r2+r4+2r6+\/1+r2+r4+2r6—4(r4+r6+2r8)2
T2 2 '

There is an another interesting consequence of Theorem 1.2. That is, for n = 2m,
the polynomial Q,(z,r) has two factors

Qn 1(Z7r) :Rn(zvr)+rM71Pm71(Zvr) and Qn 2(Zvr) :Pm(z,r)—rmfleil(zJ),

According to n =0 (mod 4) or n =2 (mod 4), these two factors related as the fol-
lowing.

COROLLARY 1.7. Let n=2m. If n=0 (mod 4), then the polynomials Qy 1(z,r)
and Q, »(z,r) satisfies

On1(z,7) = Ona(—z,7). (19)
If n=2 (mod 4), then the polynomials Q, 1(z,r) and Q, 2(z,r) satisfies

On1(z,r) = =0n2(=2r). (20)
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Proof. The proof is immediate from the expression (2). [
We assume that r > 0, r # 1. It would be natural to ask the question:

PROBLEM. Which factor Q, 1(z,7) and Q, »(z,r) has the greatest positive root
of the polynomial Q,(z,r)?

The author unable to give a answer to this problem. We are able to find the largest
positive root of the determinantal polynomial of the palindromic geometric weighted
shift matrix S(1,r1).

EXAMPLE 1.8. For n =4, by the formula (5) we have,

z =10 0

. -1z —r o0
Q4(Zar)_det 0 —r z —1
0 0 -1z

= (Pz(z,r))z—r2 (P1(Z,r))2

= (P2(z,r) —rPi(z,1)) (Pa(z,7) +rPi(z,7))

= (Z-rz—1)(F+rz—1).

s VA
2

Hence the largest root of Q4(z,r) i . This implies that
r+Vrt+4

w(S(1,r,1)) = 2

REMARK 1.9. Itis interesting to note that if we calculate directly the determinant
Q4(z,r), then

z —1 0 0

_ -1 z —r O
Qu(z,r) = det| ° ° . —1
0 0 —1 ¢z

=4 (P22 +1.

P22+t +4r2

1
Then its the largest root is 5\/ > . But we can observe that

1 P42+ +4r7 1 [P 42rVr2 +44 (P +4)
2 2 2 4
_r—|—\/r2+4
=—F

To illustrate Corollary 1.7 and the proposed problem, by Theorem 1.2 we find the

determinantal polynomials of S(1,7,7%,7,1) and S(1,r,7%,r,r*,r,1).
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EXAMPLE 1.10. For n= 6, we find the determinantal polynomial of S(1,7,7,r,1).

z —1 0 O
-1z —r O

_ 0 —r z —r?

Qs (z,r) = det 0 0 —* z —r
0O 0 0 —r z —1

0O 0 0 0 -1z

(P3(z.7)* = r* (Pa(z.7))?
(P3(Z r)— r2P2(z r)) (P3(z,r) —|—r2P2(z, r))
(2 =P =1+ z+7) (D +r72 - (L+r)z—r).

0 0
0 0
0 0
0

EXAMPLE 1.11. For n = 8, we find the determinantal polynomial of S(1,r, r,
3.2
rorenl).

z —1.0 0 O O 0 O

-1z —r 0 0 0O 0 O

—r z =20 0 0 O

2z =0 0 0

QS(Zvr) = det _r3 z _r2 0 0
0

0 0 —r z —1
0 0 —-0-1z
(Pa(z,7))* = r°(P3(z,7))?
(P4(Z’V)—F3P3(Z r)(Pa(z,7) + 1 (Ps(z,r))

= (P2 -+ +M2+ P+ )+
AR e § A e e () I e
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