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A CRITERION OF LOCAL DERIVATIONS ON THE
SEVEN-DIMENSIONAL SIMPLE MALCEV ALGEBRA

F. ARZIKULOV AND I. A. KARIMJANOV

(Communicated by P. Semrl)

Abstract. In the present paper we give a matrix form of local derivations of the complex finite
dimensional simple (non-Lie) Malcev algebra M, and a direct proof of the statement that ev-
ery 2-local derivation of M is a derivation. We have some description of local and 2-local
derivations of complex finite-dimensional semisimple binary Lie algebras.

Introduction

The present paper is devoted to local and 2-local derivations of Malcev algebras.
The history of local derivations began in the paper of Kadison [14]. Kadison proved
that every continuous local derivation from a von Neumann algebra into its dual Banach
bimodule is a derivation. A similar notion of 2-local derivations was introduced by
Semrl. He proved that any 2-local derivation of the algebra B(H) of all bounded
linear operators on the infinite-dimensional separable Hilbert space H is a derivation
[22]. After his works, numerous new results related to the description of local and
2-local derivations of associative algebras have appeared. For example, the papers
[1,5,6, 17,18, 20] are devoted to local and 2-local derivations of associative algebras.

The study of local and 2-local derivations of nonassociative algebras was initiated
in the papers of Ayupov and Kudaybergenov (for the case of Lie algebras, see [7, 8]).
In particular, they proved that there are no nontrivial local and 2-local derivations on
semisimple finite-dimensional Lie algebras. In the paper [10] one can find examples of
2-local derivations on nilpotent Lie algebras which are not derivations. After the cited
works, the study of local and 2-local derivations was continued for Leibniz algebras
[9] and Jordan algebras [2], [3]. Local and 2-local automorphisms were also studied in
many cases. For example, local and 2-local automorphisms on Lie algebras have been
studied in [7, 11].

The variety of Malcev algebras is a generalization of the variety of Lie algebras
[21]. Ttis closely related to other classes of nonassociative structures: it is a proper sub-
variety of binary Lie algebras, under the multiplication ab — ba an alternative algebra
is a Malcev algebra. Moreover, they have connections to various classes of algebraic
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systems such as Moufang loops, Poisson-Malcev algebras, etc. The study of gener-
alizations of derivations of simple Malcev algebras was initiated by Filippov in [13]
and continued in some papers of Kaygorodov and Popov [15, 16]. In [4] Sh.Ayupov,
A Elduque and K.Kudaybergenov obtain descriptions of local and 2-local derivations
of the seven dimensional simple non-Lie Malcev algebras over fields of characteristic
#2,3.

In the present paper, we continue the study of generalizations of derivations of
simple Malcev algebras. Namely, we give a matrix form of local derivations of the
finite dimensional simple (non-Lie) Malcev algebra My over algebraically closed field
[ of characteristic zero, and a direct proof of the statement that every 2 -local derivation
of My is a derivation. As a corollary we have some description of local and 2-local
derivations of complex finite dimensional semisimple binary Lie algebras.

1. Preliminaries
Malcev algebras are anticommutative algebras satisfying the following identity:
J(x,y,x2) = J(x,y,2)x,

where J(x,y,z) = (xy)z+ (yz)x + (zx)y is the Jacobiator of x,y,z.

From [19] it follows that there is only one complex finite-dimensional simple non-
Lie Malcev algebra. It is the seven-dimensional algebra M. In the case of the alge-
braically closed field F of characteristic zero M has a basis {x,y,z,x,y’,7,h}, and
the multiplication table in this basis is as follows:

hx =2x, hy =2y, hz =2z, hx' = —=2x', hy' = -2y, h7 = -27,
xx'=h, yy =h, zz =h,
xy =27, yz=2x, zx =2y, Xy = =2z, y/7 = —2x, ¥ = —2y.
Let M be an algebra. A linear map D: M — M is called a derivation if D(xy) =
D(x)y+xD(y) for any two elements x, y € M. A linear map D: M — M is called an

inner derivation if it is a derivation and belongs to the subalgebra of gl(M) generated
by left and right multiplication operators.

THEOREM 1.1. Let M be a Malcev algebra. Then any inner derivation can be
written as follows:
Y (Rey+ ReRy — RyRy),

where R,, a € M., is a right multiplication operator, i.e., R,(b) = ab, b € M.. Moreover,
each derivation of My is inner.

Our principal tool for the description of local and 2-local derivations of My is the
following Proposition.

PROPOSITION 1.2. A linear map D: My — My is a derivation if and only if the
matrix of D in the standard basis has the following form:



DERIVATIONS ON THE SEVEN-DIMENSIONAL SIMPLE MALCEV ALGEBRA 497

O ﬁx Y 0 Yh - ﬂh Zﬁz’

o, By n  —m 0 o 20y
o B —ou—Py Bp —0oy O 2oy
0 —oy -0y —ox—0, —0; 204
ay 0 —Bs =B =By —B: 2B
Oy Bz’ 0 % =% O‘x“l‘ﬂy =2

on B W By —ay O

Here the action of D corresponds to multiplying the matrix by a column on the right.

Proof. The proof is carried out by checking the derivation property on algebra
M;. O

2. Local derivations of M

Let M be an algebra. A linear map V: M — M is called a local derivation if for
any element x € M there exists a derivation D: M — M such that V(x) = D(x).

THEOREM 2.1. The following conditions are valid

1. alinear map V : Ml; — My is a local derivation if and only if the matrix of V in
the standard basis has the following form:

Ol ﬂx Y 07 )7h _Ph Zﬁgl
o By % —vn 0 on —20
o B —A B, o 0 2ay
0 —oy —0y —0 —0y —0; =20y
(o 0 _ﬁz’ _ﬂx _ﬁy _ﬁz _zﬂh
oy By 0O —% - A -2y

(o ﬁh Yh _ﬁz’ &z’ _&y’ 0

2. the local derivation V : Ml — My is a derivation if and only if

O = O, Oy = Oy, Oy = 0L,

ﬁz’ = ﬂz’7 ﬁh :ﬁha T/h ="
and
A= o, + By
Proof. Proof of (1): Let V be an arbitrary local derivation on M. By the defini-

tion for any a € M there exists a derivation D, on My such that

V(a) = D,(a).
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By Proposition 1.2, the derivation D, has the following matrix form:

B w0 W B 283
B ¥ 0 o 208
B —of =By By —oyf O 20
—oy -0 —ol -0y —of 20y
0 —ps —Be By —B¢ —2Bf
of B 0 % % o+ By -2y
of By " —BZ‘f aj —av“, 0

A=

*\Q @ NQ: %Qm RQ::

Let A be the matrix of V, then by choosing subsequently a =x, a=1y,...

and using V(a) = D,(a), it is easy to see that

o B % 0 o B 2
o B ¥ -y 0 o -2
o B o-oi-B B —oy 0 20
A=| 0 -, —of -—of —f —of 20
ay 0 By BB B 2B
o B0~ % o 4B 2
o B % B o —ay 0

From V(x+y) = V(x) 4+ V(y) we have
P =ao, o5V =a), ie o =at.
Y Yy 4 Y Y
Analogously, from V(y+z) = V(y) + V(z) we deduce

BBl BT =PI, e Bl =B

Similarly, we obtain
X

=, o=, of=o,
ol = o, of = o, o) =ab,
of = o, oc;/ = Otz/7 By =B,
By =B, B =B B =B
B =B i=% =2
V=% % =n Bi=B

/ /
o+ By = o5 + By

’a:h7
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By these equalities we can represent the matrix A as the sum of the following two
matrices:

0B%Y 0 0 0 0
O 0 0 00
B0 0 0 0 0
A= 000 0 —of —oo0 |,
000-B 0 —B0
000-%-% 00
0000 0 00
o 0 0 oy -B 2B
o 0 -y 0 o -2
|00 —aep Bl —o 0 203
A = O—ay, -0y —oy 0 0 -2
@ 0 B, 0 B 0 2B
oy B0 0 0 of+pF —2%

B v B —ap 0
Let D, be the linear operator defined by the matrix A;. By Proposition 1.2, Dy is

a derivation. It follows that V/ =V — Dy is a new local derivation with the matrix A’.
Hence, we can represent the matrix A’ as the sum of the following two matrices:

&)

w0 0 0 0 0 0
0o 0 0 0 0 0
00-—B 0 0 0 0
Ay=|00 0 -0 0 0],
00 0 0 B 0 0
00 0 0 0 o+po
00 0 0 0 0 0
0 0 0 0 oy - 2B
00 0 - 0 o 20
0 0 A B - 0 205
A= 0 —af—af 0 0 0 —20f |,
a 0 =B, 0 0 0 -2B
o B0 0 0 -A 2%

!
B % B e —ap 0

:‘Qk
=

where A = o + By — ol — B;.
Let D, be a linear operator defined by the matrix A;. By Proposition 1.2, D; is a
derivation. Then V" = V' — D, is a local derivation.

Let .
~3 Z ~ X
Oy = Oy — O, Oy az a/7 ah—ah o,

ﬂ/—ﬁ ﬁzaﬁh_ﬁh ﬁ;{a ?7h:7/h(_7’zh~
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Then we can represent the matrix A” as the sum of the following two matrices:

0 0 0 % —B 2B
0 0 -y 0 o —2a
0 0 B —af O 205
oy, —o; 00 0 205
oy 0 =B, 0 0 0 -28
of B 0 0 0 0 2%
o By % —B) oy —o 0
000 0 7y, —B, 2B,
000 -y, 0 a, 20
| 00A B, —a 0 20y
A"=1000 0 0 0 O
000 0 0 0 O
000 0 0 —A O

000 B, as ay O

=
w
I

Let D3 be a linear operator defined by the matrix Az. By Proposition 1.2, D3 is a
derivation. Then V" = V" — D5 is a local derivation.

Now we prove that the linear operator, defined by the matrix A" is a local deriva-
tion.

Let a be an element in M. Then we can write

a=aix+ay+azz+ asx' +asy +agz + azh,

for some elements a;, ay, az, a4, as, ag, a7 in F. Throughout of the paper let
a=(ay,ar,a3,a4,as,a¢,a7)" .
If, for each element a € My, there exists a matrix B of the form in proposition 1.2
such that
Ba=A"a,

then the linear operator, defined by the matrix A" is a local derivation. In other words,
if, for each element a € My, the system of linear equations

a1 0 + as P + a3y + asyy, — agP + 2a7B = asy;, — asP, — 2a1P

a0y +ax By + azy, — asyy + as0y — 2470 = —as ¥y, + asty — 2a70.,;

a0 +axf3; — a3(ch + ﬂv) + s, — asoy, + 2a706y/ = a3A+a4Bh —as0, —2a700,;
—ar 0y — azlly —aq0 — asOy — aecll; — 2a70y = 0;

ap Oy — a3ﬁzl — a4ﬁx — a5ﬁy — aGﬁZ — 2a7ﬁh =0;

a0y + azﬁzf —ag—asyy+ a6(ax + ﬁy) — 2a7yh_: —ag\;

ayop +ax By + azy, — a4ﬁz/ +asoy — a0y = a4ﬁzl +asoy + a6&yl.

has a solution with respect to the variables

o, By, v o, B, o, of, BY ey, ol BYoogs By %
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then the linear operator, defined by the matrix A" is a local derivation. The main matrix
of this system we can write as follows

o oy o oy oy o PBe By B B B % B W
a 0 0 O 0 0 a 0 0 2a7 —ag a3z 0 a5
0 a 0 0 —2a7 a¢ 0 a O O 0 0 a3 —a4
—az3 0 a 2a7 0 —as O —az ag 0 ags O O 0
—ay —as —ag —ap —az —2a; 0 0 0 O 0 0 0 0
0 0 0 a 0 0 —a4 —as —ag —az —2a7 0 0 0
ag 0 0 0 a 0 0 a 0 a 0 —aq4 —as —2ay
0 0 0 —ag as ay 0 0 0 —a4 ao 0 0 a3
We will need the following matrix

A ay’ oy O Bz’ ﬁh Yn

0 0 0 0 —2a7 —dae ds

0 0 —2a7 ag O 0 —ay

a —2a;7 0 —as 0 a4 O

0 0 0 0 0 0 0

0 0 0 0 0 0 0

—ag 0 0 0 0 0 0

0 a a5 0O a4 O O

from the right part of this system of linear equations.

We replace the 4-th row to the below of the matrices and vanish the (7,1)-th com-

ponent of the first matrix:

B
—ag
0
aq
—2a7
0
a

Y
as

G Oy O Oy Oy o P ﬁy B: ﬂz’
a 0 0 O 0 0 a 0 0 2ay
0 a 0 0 —2a7 ag 0 a O 0
—a3 0 a 2a7 0 —as 0 —a3 a 0
0 0 0 ay 0 0 —d4 —dads; —adeg —dadjz
ag 0 0 0 ay 0 0 ag 0 an
0 0 0 —dg dj ay 0 0 0 —dy
0 —as —ag —ar —az —2ay Z—‘l‘az 0 0 Z—‘l‘2a7 —Z—‘l‘aG
A oy oy o By B
0 0 0 0 —2a7 —ag
0 0 —2a7 ag 0 0
as —2a7 0 —das 0 aq
0 0 0 0 0 0
—ag O 0 0 0 0
0 a a5 O aq 0
0 0 0 0 —23—‘:07 —Z—‘l‘aﬁ

A

as 0 as

0 asz  —dayg

0 O 0

0O 0 O
—dy4 —dads —2a7

0 0 as
Z—‘:ag 0 Z—‘:a5




502

F. ARZIKULOV AND I. A. KARIMJANOV

and so on. Thus, the last 7-th row of the matrices vanishes and we have

a oy ooy oy oy Pe By B By B on m W
aq 00 O 0 0 ar 0 0 2a7 —de as 0 as
0 ay 0 O —2a7 ag 0 an 0 0 0 0 as  —dayg
—as3 0 aq 2a7 0 —das 0 —asz dap 0 ay 0 0 0
0 00 a 0 0 —aq4 —as —ag —az —2a7; 0 0 0
ag 0 0 0 a 0 0 a 0 a 0 —a4—as—2a7
0 00 —dg ds aq 0 0 0 —d4 dap 0 0 as
o o0 o o0 o o0 o o o o o o o

A oy Oy Oy ﬁz’ ﬁh Th

0 0 0 0 —2a7 —de ds

0 0 —2a7 ag 0 0 —dy

as —2a7 0 —ds 0 ag 0

0 0 0 0 0 0 O

—as 0 0 0O 0 0 O

0 de ds 0 ag 0 0

0 O o o0 o0 o0 0

It is not hard to see that the appropriate system of linear equations has solution for any

ax, a3, a4, as, ag, a7 in IF.

Since x, y and z are symmetric with respect to the multiplication we have simi-
larly calculations for ap # 0, az # 0.

Thus, we may consider the case a; = ay = a3 = 0. In this case we get

o oy o oy oy oy P Py B B B % B
o 0 O O O O 0 0 0 2a —a 0 0 a5
o 0 0 0 —-2a7 a¢ O 0O 0 O 0 0 0 -—a
0O 0 0 2a¢5 0 —a O O O O a4 O O 0
—ay —as —ag 0 0 —2a7 0 0 0O O 0 0 o0 0
o 0 0 o0 0 0 —a4 —as —ag 0 —2a7 0 O 0
ag 0 0 O 0 0 0 a O O 0 —a4 —as —2ay
0 0 0 —ag as 0 0O 0 0 —as O 0 o0 0

Aoy oy oo By Beowm

0 0 0 0 —2a7 —ag as

0 0 —2a7 ag O 0 —ay

0 —2a7 0 —as 0 a4 O

0 0 0 0 0 0o 0

0 0 0 0 0 0 0

—ag 0 0 0 0 0 0

0 a a 0 a4 O O

Now, suppose that a4 # 0. Then, preforming some replacements, we get
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o Y B B o w B oo By B Oy O Oy Yy 0Oy

0 a 0 0 O 0 0O 0 0 O a —2a7 0 O

0 0 0O 0 0 a O O O 2a —as O 0 0
—ay 0 o 0 O 0 —a 0 O O —2a7 O 0 —as

0 0 —as 0 0 —2a7 0 —as —ag O 0 0 0

ag —2a7 0 0 —ag O 0 a 0 O

0 0 0 —aq4 O 0 0 0 0 —ag

0 a 0 2a;7 0 —a O O O O

coo
ol o
|
S O o
wn

A Oy Oy Oy Bz’ ﬁh Yn

0 0 —2a7 ag O 0 —ay

0 —2a7 0 —as 0 a4 O

0o o0 o o0 0 0 O

0o o0 o o0 0 0 0

—ag O o 0 0 0 O

0 a a 0 a4 O O

0 0 0 0 —2a7 —dae ds

Now we replace some columns:

n B o Br n B o ﬂv B: oy o Oy Y Oy
ay o o o0 O O O o0 0 0 a —2a7 0 O
0 a 0 0 0 O O O 0 2a¢7 —as 0 0 O
0 0 —a4 0 0 O —a 0 O O —2a7 0 O —as
0 0 0 —a 0 O O O 0 —ag O as 0 0
—2a7 0 a 0 —agz 0 0 a O O 0 0 —as O
0 —2a7 0 0 O —as 0 —as—as O O o 0 O
as —ag 0 2¢; 0 O O O O O O o 0 O

A ooy oy oo By B
0 0 —2a7 a¢ O 0 —ay
0 —2a7 0 —as 0 a4 O
0 0 0 0 0 0 0
0 a a 0 a4 O O
—ag 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 —2a7 —ag as

It is not difficult to see that the last 7-th row of the matrix can be vanished. It is
not hard to see that the appropriate system of linear equations has solution for any as,
ag, a7 in F.

Since ', ¥’ and 7' are symmetric in the table of multiplication we have similarly
calculations for as # 0, ag # 0.

Thus, we may consider the case a; = a, = a3 = a4 = as = ag = 0. In this case we
get
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Ox Oy O Oy Oy O Be By B: B Brn n Y T
000 0 O 0 00027 0 00 O
000 0 —2a;7 0 000 O O OO O
00 02a7 O 0O 000 O O OO O
0000 O —-2a¢70000 O 0O O
000 0 O 0 000 O —2a;00 O
000 0 O 0O 000 O O 00 —2a7
000 0 O 0O 000 O O OO O

A Oy Oy O Bz’ Br v
0 0 0 0 —2a7 0 0
0 0 —2¢; 0 0 00O
0—2a; 0 0 0 0O
0 0 o 0 0 00
0 0 0O 0 0 00
0 0 0 0 0 00
0 0 0O 0 0 00

that is, we have

2a7ﬁz/ = —2a7ﬁ_z/ 5

—2a7(XZ/ = —2617&2/;
2a706y/ = —2617& /5
—2a704, =0;
—2a7 B, = 0;
—2a7yh =0.

The last system of linear equation always has a solution. Hence, the system of linear
equation (2.1) always has a solution. Therefore, the linear operator, defined by the
matrix A” is a local derivation.

Item (2) of the theorem follows by Proposition 1.2. This completes the proof. [J

EXAMPLE 2.2. Let V be a linear operator on M7 with the nonzero matrix

000 0 Yn —Ph —Zlizl
000 -y, 0 o, 20y
00A B, —ap 0 —2ay
000 0 0 O 0 )
000 0 0 O
000 O —A

0
000 B, oy oy

oS O O

where &y/, oy, o, BZ/, Bh, Yn» A are elements in the field F. Then, by Theorem
2.1, V is alocal derivation which is not a derivation.
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For example, the linear operator with the nonzero matrix

00000 O O
00000 O O
00100 0 O
00000 0 O
00000 O O
00000-10
00000 O O

is a local derivation which is not a derivation.

3. 2-Local derivations of M

Let M be an algebra. A (not necessary linear) map A: M — M is called a 2-local
derivationif for any two elements x, y € M there exists a derivation Dy : Ml— M such
that A(x) =Dy, (x), A(y) = Dyy(y). The following theorem was proved by Sh.Ayupov,
A.Flduque and K.Kudaybergenov in [4]. Here we give a direct proof of this theorem.

THEOREM 3.1. Each 2-local derivation of M is a derivation.

Proof. Let /A be an arbitrary 2-local derivation of M. By definition, for every
a, b € My there exists a derivation D, of My such that

A(a)=Dgp(a), A(b)=Dgp(b).
By Proposition 1.2, the derivation D, has the following matrix form:

ab ﬁab ,yab 0 ,ygb _ﬁab zﬁ ab

ab ﬁab ,yab _,yab 0 agb _2aa/b
ab ﬂab _ aab ﬁ}l}lb ab _ (ng 0 20‘;1/%
Aab — 0 —ob a‘ib a)?b — ay“b —af 200t
aa/b 0 _ﬁab _ﬁ;zb ﬁab _ﬁab _2[3;1117
ﬁ;b 0 _,yab ,yab ab _'_ﬁab _2%alb
(X}?b ﬁ;lzb ,J/Zb _ﬁab ab aa/b 0

Let a = A+ Ay + Az + Agx' + Ayy' + A2 4+ Ayh be an arbitrary element from
M. For every v € M there exists a derivation D,,, such that

AW)=Dy4(v), A(a)=Dyu(a).

Then from
Dhﬂ,(h) = Dhﬂ(h), v € My

it follows that
ﬁ};vx_ ahvy+ (Xh/VZ hv /o hv ! 7/1

ﬁ;x (X/ —l—a;z—a{l’“/ ﬁhu/ '/'
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Hence,

hv __ pha hv _ _ha hv __ . ha
ﬁz =Py, Oy =0, ay’ = (Xyl s

hv _ L ha hv __ pha v __ ha
o =0, B =B n =

Then we can write

e B 0 o e opp
a;lll ;za ,Jéra _,y;lra 0 a}llm _2aZ}5v
azha ﬁzha _a)l:a _ ﬁ}{m hha _a}llm 0 20{;1,‘)
A — | 0 —ocf,“ —olt —a —o —olt 20"
a}};l,ll 0 _ﬁzl}a _ﬁ)ﬁm _ﬁ}{m _ﬁzha _zﬁhhv
(X}fa ﬁl}a 0 _')4”1 _,yha a)illl +hﬁ;la _zyzzv

aZw ﬁhv ,y;lrv _ﬁzlzv aZ/v _ ylv 0

Hence
' ha_1 ha.t, ha_l

A(a) = D al@) = px+ 'y + ul + i’ + pli'y' uliz
(O D+ L Dy Y e~ B A+ 0 Ay — 0,
for some elements p/*, ,u;‘“, uzhu, uf:,“, ,uyh,“, ,ug“ € C. Similarly, from
Dy (x) = Dyy(x), veM;y

it follows that
(x;:CV — a;ca) a})}CV — a})}ca) aZ)CV — a;(l,

XV xa XV xa
oy, = 0y oy =0y

XV __ XA
y y 7 7 OCh —(Xh

Then we can write

(@) = Dala) = W%+ 1y + 2%
(0 Ay — 0 Ay — 0 Ay — 0 Ay — 02 s — 20 g )

+I-1;/ay/+[l;/aZ/+H;fah
for some elements p, py, p2, u;,“, wt, ut e C.
From
Dy (y) = Dya(y), v € My
it follows that
B =B, B'=B" PB"=B",
(X;}/V — )}}I,Ll’ ﬁz);v — Z);Ll) }}:V — }):a.

Then we can write
A(a) = Dya(a) = uy“x+ wyy + w2z + ,u)f,ax/
(05 A = B A = B A — B Ay — B2 Ay — 25" An)y
+1' 7+ 1 h

Z/
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for some elements py”, w3, w2, ', W', " € C.
From
Dz,v(Z) = Dz,u(Z); v e My

it follows that
WAL F =R o B = e B
aZZ/V — (Xzz/a, ﬁzz,v — ZZ/H7 YZV — ,y}i(l.
Then we can write

A(a) = Dza(a) = pu + p5y + 3z + pi'x + gy’

O At B Ay~ A — Ay (0 B A — 26 )

+u;h
for some elements pi*, ui®, u®, uy', ,uyz,“, u;t e C.
From
Dx’,v(x/) = Dx’,a(xl)7 vE M7
it follows that

/
VZVZYZC’? ﬁh‘}:ﬁfav afv:afa’
]

/ J
B =Bre, =y B =B

Then we can write

A(a) = Dygla) = (0 A+ B Ay = ¥ A1 " Ay — B A+ 2B g )x

Xa s Xa s Xa_t x’ah

Ay T g

for some elements ,u;‘/“, uf a, u)’c‘,’“, u;‘f“, ,u;‘,/“, u;f “eC.
From
Dy’.,v(y/) = Dy’,a(yl)a v e My
it follows that

'a

/v - y/V - y/a y/V - y[a
no=nG o =0 o =0

! ! ! J ! !
yv __ ya yV a yv __ ya
ﬁy _ﬁy W _Y))’) o 0y =0

Then we can write

507

A(a) = Dy/a(a) =u) %+ (OC)}; Y+ ﬁ; vky + ’Y; Yz — }’Z VAX/ + OCZ VAZ/ — 20(;, vlh)y

/ / / / /
Tz g Y ) gk
ya ya ya ya Ya o Ya
for some elements py =, u; °, Wy, By My s [y € C.
From
Dy,(d) =Dy (), vEMy
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it follows that
v _ pia v _ Za v _ da
o =Py, O =0, 0 =07,
] ] ! /. ! ! ] ]
Bt =B ot BT = o B ot = ot
Then we can write
! !
A(a) =Dy4(a) = ug“x+ pg“y
! / ! /! / ! /!
H(0E A+ BEVA, — (057 + Byz A =By Ay — o " Ay + 2a§,")th)z

UG + sy + s+ i h

7
for some elements u§/“ , /.15/“ , uf,,“, ;,Lyz,/“, ;,LZZ,/“ , uﬁ," € C. Hence,
A(a) = Dya(a) = Dxala) = Dya(a) = D:q4(a) = Dyq(a) = Dy 4(a) = Dy 4(a)
= (Ot B Ay = Ay Ay — B A+ 2B B
(00 2 B dy 4 ) A — ) A+ 0 2 Ay — 200 )y
(08" A B2 Ay — (02 4 B A — B A — 0 Ay 205" 2 )2
H(—og Ay — 0 A — 0 Ay — o5 Ay — 02" Ay — 204, A )
(05 A = B Ao = B0 e — B Ay = B = 2B, )y
(0 A+ B Ay — 10 A — %Ay + (0570 4 BY) Ay — 27, M) 7

o At By A+ 1 A= B A 0 Ay — 0 A ) (1.1)

for any vy, vo, v3, v4, vs5, vg, v7 € M. Note that the components in this last sum do
not depend on the element a. Therefore the map A is linear and it is a local derivation.
Now, by Theorem 2.1, the linear map A has the following matrix

o B % 07 Yn —Bn 2B.
o By % v 0O o 20y
o, ﬁz —A ﬁh _&h 0 2&),/
A=1 0 —ay —0oy —0 —0y —0; 20y
(o 0 _ﬁz’ _Bx _ﬁy _Bz _Zﬁh
a By 0 % % A 2y

o B m —By ay —oy O

From ) - B
A" 7 =Az, AYX =AX.
it follows that
Th = J,th =Y
ie.,
Yo = Vp-
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Similarly, from
ANy =Ay, A =AY
it follows that B
Bi=B" =B,
i.e., B
ﬁh = ﬁh-

and so on. Thus, we get

&h = O, &y’ = 0y, &z’ = 0y,

ﬁz’:ﬁz/v Bh:ﬁ]ﬁ ’)_/h:’yh'

Hence, the linear map A has the following matrix

a B o O wm —PBn 2By
o, By % —-m 0 o 20y
o ﬁz —A ﬁh —op O 2 oy
A=| 0 —oy —oy —0ox —0y —0; =20
oy 0 —Bs =B =By —B. 2B
o ﬁz’ 0 —% - A 2
% Pn m —Br oy —ay 0O

Let

Ay

Il
o
o
o
o
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where A’ = A— (0, + By). Let Dy be the linear operator defined by the matrix A —A;.
By Proposition 1.2, D; is a derivation. From this it follows that A’ = A — Dy is a new

local derivation with the matrix Aj.
We take
A(Z) =A1Z =AT =A™,
X

A(x) =A X =AYE, Aly) =A 7 =A5.

From this it follows that

A= ot Bt = ot B

and
ot = 0,[3;’Z =0.

Hence,
_ BN V2
A =Byt =og*.
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Now, take
Alx+y) =Ax)+A).
Then
X+y,x X+HyXx X, X, X2 XtYX X+yx _ RX,
ay)’_FByY_ayZ_’_ﬁyZ, ayz_ayy _O’ )’y _ﬁyz'

X+y,x XEYX XY X,y XY X TYX X+HyX _ RXY
o +[3y = +By ;oY =0 =0, By _ﬁy =0.

Hence,
ﬂ;‘=z = ﬁ;cﬂ’x = ﬁ;‘y =0.

By (1) we get
A=0.

Therefore, A = o+ B, and A is a derivation. This completes the proof. [J

4. Local and 2-local derivations of binary Lie algebras

The variety of binary Lie algebras was introduced in [21] and it is defined by
the following property: each 2-generated subalgebra of a binary Lie algebra is a Lie
algebra. 1t is known that the variety of Malcev and the variety of anticommutative
¢’ -algebras are proper subvarieties of the variety of binary Lie algebras. On the other
hand, it was proved that each complex finite-dimensional semisimple binary Lie algebra
is Malcev [12] and each complex finite-dimensional semisimple Malcev algebra is a
direct sum of some simple Lie algebras and some copies of My [19]. It was proved
that every 2-local derivation of a complex finite-dimensional Lie algebra or M is a
derivation (see, [10] and Theorem 2.1). Hence, we have the following result.

COROLLARY 4.1. Let Z be a 2-local derivation of a complex finite-dimensional
semisimple binary Lie algebra. Then Z is a derivation.
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