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k—QUASI-A-PARANORMAL OPERATORS
IN SEMI-HILBERTIAN SPACES

MESSAOUD GUESBA* AND SID AHMED OULD AHMED MAHMOUD

(Communicated by R. Curto)

Abstract. In this paper, we introduce and analyze a new class of generalized paranormal opera-
tors, namely k-quasi- A -paranormal operators for a bounded linear operator acting on a complex
Hilbert space .7 when an additional semi-inner product induced by a positive operator A is
considered. After establishing the basic properties of such operators. We extend some results
obtained in several papers related to this class on a Hilbert space. In addition, we characterize
the spectra and tensor product of these operators.

1. Introduction

Throughout this paper, .77 denotes a non trivial complex Hilbert space with inner
product (.,.) and associated norm ||.||. Let (") denote the algebra of all bounded
linear operators acting on ¢ . Let the symbol I stand for the identity operator on .77 .
For every operator S € (), A (S), Z(S) and Z(S) stand for respectively, the null
space, the range and the closure of the range of S and its adjoint by S*.

For the sequel, it is useful to point out the following facts. Let Z(5)" be the
cone of positive (semi-definite) operators i.e.;

BV ={Ac B(H): (Ax,x) =0,V x € H}.

Any positive operator A € B (. )+ defines a positive semi-definite sesquilinear
form

(q: X H —C, (x,y)4 = (Ax,y).

Naturally, this semi-inner product induces a semi-norm ||.||, defined by

1
Il = y/fex)s = At

Observe that ||x||, = 0 if and only if x € .4 (A). Then ||.||, is a norm on JZ
if and only if A is injective operator and the semi-normed space (% (), ||.|4) is

,Vxe .
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complete if and only if Z (A) is closed. The above semi-norm induces a semi-norm on
the subspace

BNA) = {S€ B(AH) | 3e>0, |[Sx]la < cllxlla, Vx € Z(A)}
For these operators the following identities hold.

Sx
ISl = sup 1Sl

xeﬂj(A) || HA
x#£0

= sup [|Sx],.
XEX(A)
[l 4=1

It was observed that %4 (.#) is not a subalgebra of %(.) ([8, Example 2.1])
and that ||S||, = 0 if and only if ASA=0.

For S € (), an operator T € Z(.5) is called an A-adjoint of S if for every
x,y€e A

<Sx7y>A = <x’ Ty>A,

i.e.; AT = S*A. S is called A-selfadjoint if AS = S*A, and it is called A -positive, and
we write S >4 0 if AS is positive (see [1]).

The existence of an A -adjoint operator is not guaranteed. The set of all operators
which admit A-adjoints is denoted by %4 (). By Douglas theorem [7], we get

PBp(H)={Se€ B(H): R (SA)CZ(A)}
={SeB(H):Tc>0;|ASx|| < c||Ax|,Vx € H#}.

Note that %4 (5) is a subalgebra of Z(.7¢°) which is neither closed nor dense in
B(H). If S € B4(H°) then S admits an A-adjoint operator. Moreover, there exists
a distinguished A -adjoint operator of S, namely the reduced solution of the equation
AX = S*A, ie., S* = ATS*A, where A" is the Moore-Penrose inverse of A. The A-
adjoint operator S* verifies

AS* =5*A, % (S*) € % (A) and N (S*) = N (5*A).
Again, by applying Douglas theorem ([7]), we can see that

%A%(%):{Seﬂ(%):Hc>0;HSx||A<c||xHA,Vx6%}.

Any operator in %A 1 () is called A-bounded operator. Moreover, it was proved
in [3] thatif S € %’A% (A), then

[ISx
[S[4 == sup = sup [|Sx[|a
s ) Ixlla =1
= sup [|Sx]|a.

llxlla<1



k-QUASI-A-PARANORMAL OPERATORS IN SEMI-HILBERTIAN SPACES 625

In addition, if S is A-bounded, then S(.4"(A)) C .4 (A) and
[15x[l5 < (1814 l1x]l4 Y x € 2.
Note that %4 () and %A ! (A) are two subalgebras of Z(.7) which are nei-

ther closed nor dense in #(7) (see [2]). Moreover, the following inclusions
Bu(H) C B (H) C BNAH) C B(A),

hold with equality if A is injective and has a closed range.
In the following theorem, we collect some interesting properties of S*.

THEOREM 1.1. ([1,2,3]) Let S € Ba(F). Then, the following statements hold:

#
(1) S* € Bu(H), (S#)# = PSPy and ((S#)#) = S*, where Py de-
notes the orthogonal projection onto % (A).

(2) S*S and SS* are A-self-adjoint and A-positive operators.
3) If T € Bu(H), then TS € Bp(A) and (TS) =5'T".
(3)1f

1 1
@) 181 = [Is*, = [Is*sZ = llss*]13-

From now on, to simplify notation, we write P instead of PW'

An operator S € B(H) is said to be normal if S*S = SS*, hyponormal if S*S
> SS*, k-quasi-hyponormal if S*($*S — $5*)S* > 0 ([6]), paranormal if [|Sx? <
|82x||||x||, for all x € . ([9]) and k-quasi-paranormal if [|S¥1x||> < ||S%+2x||||S%x]],
for all x € .2 and for some positive integer £ ([10]).

Many authors has extended some of these concepts to the semi-Hilbertian opera-
tors.

An operator S € %, () is said to be A-normalif §*S = S5* ([13], A-hyponormal
if S*S >4 SS* ([14], k-quasi-A-hyponormal if S (S5 — S5%)S* >, 0 ([14]) and A-
paranormal if ||Sx||3 < ||S2x|4]|x||4, forall x € 2 ([11]).

This paper is devoted to the study of some classes of operators on the semi-
Hilbertian space (¢, (.),) which is a generalization of A-normal, A-hyponormal
and A-paranormal operators. More precisely, we introduce a new class of operators
which is called the class of k-quasi-A-paranormal operator. It is proved in Example
2.1 that there is an operator which is k-quasi-A -paranormal but not A -paranormal for
some positive integer k, and thus, the proposed new class of operators contains the
class of A-paranormal operators as a proper subset. In the course of our study, we
have proven that some properties of A-paranormal operators remain true of k- quasi-
A-paranormal operators. In Section 2, we prove an equivalent condition for an opera-
tor § € %A 1 () to be k-quasi-A-paranormal (Theorem 2.1). Several properties are
proved by exploiting this characterization (Theorem 2.4, Theorem 2.8, Lemma 4.1). In
particular, we prove that if S € %’A I (A) is an k-quasi-A-paranormal then its power
is k-quasi-A-paranormal. Section 3, is devoted to describe some properties concerning

the A-spectral radius and approximate spectrum of an k-quasi-A -paranormal operator
(Theorem 2.7).
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2. Properties of k-quasi-A -paranormal operators
In this section, we define the class of k-quasi-A-paranormal operators in semi-
Hilbertian spaces and we investigate some properties of such operator.

Firstly, we start with the definition of this class.

DEFINITION 2.1. An operator S € %A 1 () is called an k-quasi-A -paranormal
if for a positive integer &,

2
st < 2], st
A A

i

A

forall x € 7.

Before we move on, we state the following remark.

REMARK 2.1. (1) When k = 0 we get the class of A-paranormal operators in-
troduced in [11].

(2) If k=1, we say that S is quasi-A -paranormal operator.

(3) oS is k-quasi-A-paranormal for all o € C.
4) If A =1, then every k-quasi-A-paranormal is k-quasi-paranormal operators

(
(10D
(5) Tt is not difficult to verify the following inclusions:
A-paranormal C quasi-A-paranormal C k-quasi-A-paranormal
C (k+ 1)-quasi-A-paranormal.

In the following example, we give an operator S € %A 1 () that is k-quasi-A-para-

normal for some positive integer k& but not A-paranormal.

011 100
EXAMPLE 2.1. Let S= | 001 | and A= [ 000 |. A direct calculation
000 000
shows that S satisfying the following conditions
¥4 < —=llela, ¥ C?
x|[a < —=||x]|a, VX
A 7 A

IS*x]7 < [1S°x][a]|S%x[|a, ¥ x € C
[|Sx0[3 = [|S2x0][4 for some xo € C3such that ||xoa = 1.
Therefore, S € %A 1 () and S is a 3-quasi-A-paranormal but not A -paranormal.

In [11] it has been shown that S € %4 () is A-paranormal if and only if

5282 _2APS* S+ A2P >, 0, forall A > 0.
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Similarly, we have the following characterization for the members of the class of k-
quasi- A -paranormal operators. It is similar to [10, Theorem 2.1] for Hilbert space
operators.

THEOREM 2.1. Let S € B(H). Then S is k-quasi-A-paranormal if and only
if
(8)" (578 = 248%5 4+ A2P) $* 24 0, @.1)

forall & > 0.

Proof. Notice that if S is A-quasi-k-paranormal, then we have the following in-

equality
<S#k+2sk+2x x>% <S#kSkx x>% S <S#k+1Sk+1x x>%
’ A ’ A = I A ’
for all x € 7. By generalized arithmetic-geometric mean inequality, we obtain
k+2 _k+2 % k _k % k+2 k42 % k _k %
<S# S x7x> <S# S x7x> = (k‘l <S# S x,x> ) (l <S# S x,x> )
A A A A
1 1
<At <S#k+2SH2x,x> + -1 <S#kSkx7x> ,
2 A 2 A
forall x € 2 and A > 0. Thus, we get
1 <S#k+2Sk+2x x> i l?L <S#kSkx x> <S#k+lSk+1 > 2.2)
2 A A’ '
forall x € .2 and A > 0. So that implies the following inequality
<S#k (5#252 _2AStS 4+ Azp) Skx,x>A >0,
for all x € .7 and A > 0. Therefore, we deduce the desired inequality.

Conversely, it is easily checked that (2.1) is equivalent to the inequality (2.2).
Again by generalized arithmetic-geometric mean inequality, we have

<S#k+1 k+1 x>j <S#k+2 k+2 > <S#Sxx>;.

So, that implies

bl

2
sl < 2],
A A

for all x € 7. Hence, S is k-quasi-A -paranormal operator. [

In [11], the authors proved that if S € %4 (.5#) such that (S#)zS2 >4 (S#S)2, then
S is A-paranormal. In the following theorem we give a similar condition for k-quasi-
A-paranormal operator.
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THEOREM 2.2. Let S € Ba(H°) suchthat ||S||a <1 and S satisfies the following
inequality

$* ((s%)°s2 = 5%5) 8" 240, 2.3)

for a positive integer k. Then, S is an k-quasi- A -paranormal operator.

Proof. Assume that S satisfies (2.3). Let x € 57, then we have

< ||5%282 x| 4[| S*x]|4
<185 2x]a ][ S x|

So, we have that

bl

2
sl < i3],
A A A

for all x € .. Therefore, S is an k-quasi-A -paranormal operator. [

PROPOSITION 2.1. Let S € B4(H) be k-quasi-A-paranormal. If #(SF) = A,
then S is A-paranormal.

Proof. Since S is k-quasi-A-paranormal it follows by Theorem 2.1
NG (S#282 —2AS8*T + 7L2P) Sk>40,
for all x € 2 and for all A > 0. This means that

< (S#2S2 —2A8*S+ )LZP) Sk, Skx> >0,
A

for all x € 27 and for all A > 0. Therefore
§*2§% —2A8*S+A*P >4 0 on Z(Sk) = A .

Consequently, S is A-paranormal. [J

Let T,S € B(s) we say that S is A-unitary equivalent to 7 if there exists an
A-unitary operator U € %B4() such that S = UTU?®.
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THEOREM 2.3. Let T € %A% (J) be an k-quasi-A-paranormal operator such
that N (A)* is invariant subspace of T. If S € %A% (H) is A-unitarily equivalent to
T, then S is k-quasi-A-paranormal operator.

Proof. Since S is A-unitary equivalent to T, there exists an A -unitary operator U
such that § = UTU*.

Under the assumption that .4 (A) is a reducing subspace of T, it follows that
TP = PT and PA = AP = A. Furthermore, it is not difficult to verify that

§" = (UTUj>n — UPT"U",

for a positive integer 7.
On the other hand, we have

2 k+1 |2
Hsk“xH - (UTU’j> X
A A

- UPT"“UﬂxHi

= PTk“UﬁxHi (since [|Ux||a = |lx]|a, V x € )

= (@),

< e (i), | (v

— ||pr*+2 (ij) HA HPT" (ij) HA (since T (M) C Z(A)

- o (o) Jorr ()|

~

A

- s, ],
A A

Hence,

,forallx € J7.

2
st < 2], st
A A A

Therefore, S is k-quasi-A-paranormal operator. [

PROPOSITION 2.2. Let S € Bu(H), then the following assertions hold:

(1) If S is A-self-adjoint, then S is k-quasi-A-paranormal operator.

(2) If S is A-normal, then S and S* are k-quasi-A-paranormal operators.

(3) If S is A-hyponormal operator, then S is k-quasi- A -paranormal operator.

(4) If S is k-quasi-A-hyponormal operator, then S is k-quasi-A-paranormal
operator.
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Proof. (1) Assume that S is A-self-adjoint, then AS = S*A. Let x € ¢ and for
a positive integer k. We have

||Sk+1x||2

< [labs 2] A2sty|

=[5>,

‘A'

So, § is k-quasi-A -paranormal.
(2) If S is A-normal, then we know that [|Sx||, = [|S*x
have

HA for all x € 7. We

||Sk+lx||2

A7 %S4 A Shy)
sl
st (st s
A A
S (Sk“x) HA HS"xHA (since S is A-normal)

=[], .
A A

Il /N

Therefore,

sl < 2 sl
A A A
Now, we prove that S* is k-quasi-A -paranormal. We have

||S#(k+l)x||2 (SHUFD) g1 )
(AS# (k1) gHlkr1) ¢ )
= (SHk+D)y (AS#) sty
— (SHHD . g*ASHhy)
— (ASSH+Dy sty
=

AL SSHHy A3 gy
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1 1
< s s
s s
A A
Since S is A-normal, then

HSS#]‘H)CHA = HS#k”xHA, for all x € 7.

Therefore, we get [|S#+1x|3 < HS#("“)xHA || s%x

(3) If S is A-hyponormal, it follows that

-

%] < ISl

for all x € 77 . We have

< A2 S*sHH ]| A2 sty
o # k+1 k
= [js* (s}, s,

<[ss9),

=[], .
A A

HSkaA (since S is A-hyponormal)

So, we get

2
sl < 2], s
A A

i

A
for all x € .77 . Therefore, S is k-quasi-A-paranormal operator.

(4) Suppose that S is k-quasi-A-hyponormal, then ||S*S*x||, < ||s¥*1x||, fora
positive integer k. Let x € .. From (3) we found

It < 57 (5) | -
A A
Since S is k-quasi-A-hyponormal, so ||$* (S¥1x)||, < ||$*¥"2x|| ,. Consequently, we

infer that S is k-quasi-A-paranormal. []

In the following theorem, we give sufficient conditions for which the product of
an k-quasi-A -paranormal operator with an A -isometric operator is an k-quasi- A -para-
normal operator.
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THEOREM 2.4. Let T,S € Ba(H€) be such that T is an k-quasi- A -paranormal
and S is an A-isometry. If TS = ST and ST* =T*S, then TS is an k-quasi-A-para-
normal operator.

Proof. In view of Theorem 2.1, we need to prove that
(Ts)" ((TS)’*‘2 (TS)" — 22 (TS)* (TS) + 7LZP> (TS)* =40,

for all A > 0. In fact, since S is A-isometric (S#S =P), TS=ST and ST = TS, it
follows that

(TS)#2 (TS)2 —20.(TS*(TS)+ 2P = ST $2T? —2A8*T*TS + A*P
= S22 T2 22 8*ST*T + A2P
= P(T™1% - 2AT*T + A°P).

On the other hand, we have for all x € 7,

<(TS)#k <(TS)#2 (TS)" — 22 (TS)* (TS) + 7L2P> (TS)* x,x>A

P(T™2T2 —2AT*T + A2P) (TS)kx,x>A

A(TS) P(TT2 = 2AT*T + A2P) (TS)kx,x>

(1272 — 2AT*T + A2P) (T )x(TS)kx>

(rs)
(a
< AP (T2 —2ATHT 4 A2P) (TS)kx,x>
(a
(1912 =227 + 22P) T*S", Ths'x)

0.

WV

Consequently, we obtain
()" (1) (1) ~24.(5)" (1) + 22P) (TS)} 240,

forall A > 0. This shows that T'S is k-quasi-A -paranormal operator. []
In the following theorem we give a sufficient condition under which the product
of two k-quasi-A -paranormal operators is k -quasi-A -paranormal.

THEOREM 2.5. Let T,S € Ba(H) be k-quasi-A-paranormal operators. If (TS)2
>A (TS)#(TS), then TS is k-quasi-A-paranormal operator.
Proof. Let x € 7, we have

1(T8) X3 = (1) x,(T8) x)a
= (A(TS)" x, (TS x)
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(TS)k“ A(TS)(TS)x)
FA(TS) X, (T5) )

#( TS)(TS)"x,(TS)"x)a
2(18)x,(TS) x)

k+2 (S)kx>

< (T2 x)|all (TS) x] -

Hence,
k+1 k+2
1(TS) X3 < [1H(TS) 2 xl|all (T5) x| a

for all positive integer k. Therefore, T'S is k-quasi-A-paranormal. []

The following theorem is a remarkable extension of [ 1, Proposition 3].

THEOREM 2.6. Let T € B () and S € Bp(H) be two commuting k-quasi-
A -paranormal for some positive integer k. If T and S satisfy the following condition

k
max {|| T2 %] 3, (IS 3 } <178 2xllall(TS) x]la,

forall x € €, then TS is k-quasi-A-paranormal.

Proof. Since TS = ST and T,S are k-quasi-A-paranormal, it follows that

”(TS)kJrl ”A ||Tk+lSk+l H2
< ||Tk+28k+1xHAHTksk-‘rIHA
_ ||Sk+lTk+2xHAHSk-‘rlTk”A

1 1 1 1
<[ SFFPTR 2| A ISET 2§ (1852 T ] 31T ] §
1 1 1
= (IS 2| 7S T |3 ) (15T 2] 3 152 T x| )
< ||Sk+2Tk+2xHA|Skax||A
k+2 k
= |(TS) x| al (TS) ][4, ¥ x € 2.

This means that 7'S is k-quasi-A-paranormal. []

PROPOSITION 2.3. Let S € B4 () such that S* is an A-isometry. If S satisfies
the following inequality

k k+2 k
2|8 x|13 < IS 215 + [18%x| 3,

Jorall x € 7€ and for some positive integer k, then S is k-quasi-A -paranormal.

Proof. Let x € 7, we have
k k+2
208 X < 1S* 2l + 1S 0l

2
= <||Sk+2x||A_ ||Skx||A> +2[|8% 2 S
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By the assumption that S? is A-isometry, we have ||S¥*2x||4 = ||S*x]||4, V x € 5# and
hence

IS < 18" 20l 4]l S 5]l ¥ x € .
Therefore, S is k-quasi-A-paranormal. [J

In[11], the authors proved that a power of an A -paranormal operator is A -paranor-
mal. However, it was proved in [12, Theorem 3.8] that a power of k-quasi-paranormal
operator is again an k-quasi-paranormal. Next we show that the corresponding result
is true for the class of k-quasi-A -paranormal operators. Its proof is inspired from [12].

THEOREM 2.7. Let S € %A% (J). If S is an k-quasi-A-paranormal operator,

then S" is also k-quasi- A -paranormal operator for every integer n > 1.
Proof. We will prove that

, (2.4)

Sn(k+1)xH2 )

A

<|

e

S”kx|

for all x € .. Notice first that if S¥x € .4#"(A), then (2.4) holds. Now, assume that
Six ¢ A (A) forall j > kandx € 7. From the assumption that S is an k-quasi-A-
paranormal, we get

sl _ [543,

1%l lISEH ]l

Hence, it follows that

k+i+1 k+i+2
IS IS

xHA xHA
S+, [[SEHL

for all non-negative integer i.

Therefore,
P e 1 | PR M I
ISl (1Sl Sy T S|
A A A A
nk+2 nk+3 nk+n+1
8" 2]l 73], s
IR P S R RSN
IS ]y [l 2], [l
< ||Snk+anA .HT"kJrnJrlx”A.”|‘Snk+"+(n71)x”A
s,
s,

Consequently, we infer that (2.4) holds for all x € 7. Hence, S" is k-quasi-A-
paranormal. This finishes the proof. [J
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PROPOSITION 2.4. Let S € %A% (A). If (Su)n € @A% () is a sequence of
k-quasi-A-paranormal operators such that lim ||S, — S|| = 0, then S is k-quasi-A-

paranormal.

Proof. Since the product of operators is sequentially continuous in the strong
topology, one concludes that

Sy — S, Sk—kand A2Sk — AZSk,

for each positive integer k.
Taking any x € .77, a direct computation shows that

IS5 )13 = [lAZSEH Ly 2

lim ||A2 kx|
n—-so0

= 1lim_[[S3""x[|a
n—soo

N

gim (1155 *2xllalIskxl)

tim_ (510 ) tim_((]$}x])

n—-c0
— [|AZ S5 2[4 S|
— (1542 ]| S x] L.

Hence,
1S5 |7 < 18% x| a ]| S x|

for all x € .. Thus shows that S is k-quasi-A-paranormal. [

LEMMA 2.1. Let (S;j)1<i, j<o where Sij € Bp(H) forall i,j=1,2. Then S =

S11 S _(AO #ay _ (ST Sh
(»921 S22) € Bp) (I B ) where Ag = (0 A)' Furthermore, S™0 = st st )

Proof. The proof follows from [5, Lemma 3.1]. [

THEOREM 2.8. Let S1,S, € B(H) and let S be the operator on Bu,(H & H)

defined as
AR
S= ( 0 O)'

If S1 is A-paranormal, then S is quasi- Ay -paranormal.
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#
Proof. From Lemma 2.1 we have S0 = (L;# 8) and with simple calculation we
2

show that
$* (85?2285 + 22P) 5
st (552 —248%S, +A2P) 5, S* (5752 — 24578, + A2P) S,
~ st (552 248t + 2P 8, St (SP52 - 248t + A2P) S,
forall A > 0.

Let u=x®ye€ & . Then, we have

<S# §2_2AS*s+ 7L2P> Su, u>A

<32 <S# $2 —2a8ts, + xzp) Six, y> + <S§ (STZS% — 2SS+ xzp) Sa, y>A

< <S# $2 —2a8ts, + 7L2P> S1x7x>A + <S’f (S’fzs% —2ASES) + /12P) Sgy,x>A
+

(5757 - 225181+ A2P) (Si+ S) (S +Sv) ) >0

(since S is A-paranormal). [J

3. Spectral properties of k-quasi-A -paranormal operators

In this section, we describe some spectral properties of an k-quasi-A -paranor-
mal operator. The introduction of the concept of spectral radius and numerical radius
of transformation in Hilbert spaces yielded a flow of papers generalizing this concept
both in Hilbert and Banach spaces. Recently, many authors extended these concepts
to operators in semi-Hilbertian spaces. For an operator S € %A ! (), the A-spectral

radius of S is defined by
1 1
74(S) = inf [18")5 = tim [15"]17.
([8]) and its A-numerical radius is defined by

®A(S) = sup{|(Sx, x), |, x€ 1 ||x||a =1},

(see [13]).
The following theorem extends [ 10, Theorem 2.4].

THEOREM 3.1. Let S € %’A% (H) be an k-quasi-A-paranormal operator, then
the following assertions hold:

(1) 1S3 < ||1S™ 2|4 )1S™||4 for all positive integers m > k.

(2) If ||S™||a = O for some positive integer m > k, then ||S**1||4 =0

(3) IS4 < IS |ara (S) for all positive integer m > k+1.
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Proof. (1) This statement follows from Definition 2.1 and the fact that every k-
quasi- A -paranormal operator is (k+ 1)-quasi-A -paranormal operator.

(2) This is a direct consequence of (1) above.

(3) Observe that if ||~ !|[4 = 0, the desired inequality is satisfied. Now assume
that ||S7||a # O for all j > k and we need to prove

[15™[|a
ra(S) 2 ——7— Vm=k+1.
©= ol
From the hypothesis that S is k-quasi-A-paranormal, it follows that

IS 18 la
> :
IS5 a = st lla

This implies that

1S54
[15¥]].4

IS a2 cksm2
> S m
> () 152

e

WV

I )"
> () s

This yields that

8% 4 S A \"™
k > k :
[[S¥{|.a [[S¥{|a
Hence,

Sk+m Sk+1 m
HSmHA > ” - ”A > (” - A) )
[[S¥{|a [1S¥[]a

So we get

1 Sk+1
[[S¥[|.a

According to [8, Theorem 1], we have

, Lo 18 la
ra(S) = Jim 18”15 > e -

Repeating the above process we can prove that

15*2 1
ra(S) Z T
©> 5=,
and furthermore,
11" ||
I"A(S) 2

157’
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for all positive integer m > k+1. [

Next, we need to introduce the following definition.

DEFINITION 3.1. ([8]) An operator S € %A% () is said to be A-normaloid if

rA (S) = ”SHA'

In [11], the authors proved that if S € %’A 1 (A) is A-paranormal, then r4 (S) =

IS]|4 i.e, S is A-normaloid. It was observed in [10] that in general an k-quasi-A -para-
normal operator is not A-normaloid for A = 1. Now, in view of Theorem 3.1, we drive
a sufficient condition for which an k-quasi- A -paranormal operator to be A-normaloid.

COROLLARY 3.1. Let S € %A% (J) be an k-quasi-A-paranormal operator for

a positive integer k.
(1) If ||S" )| a = [IS™]|4]|S|| 4 for some positive integer n >k, then S is A-normaloid.
(2) If ||S"F Y|4 = ||S|5T" for some positive integer n > k, then S is A-normaloid.

Proof. (1) By the statement (3) of Theorem 3.1, it follows that
ISl < 118" [lara(S)-
If |84 = ||S™]|al|S||4, We obtain
[1Slla < ra(S).
In view of [4, Proposition 2.5] and [8, Theorem 3], we get
ra(S) < @4 (S) < [|S][a-

Consequently, r4(S) = ||S]|a and therefore S is A-normaloid.
(2) From the statement (1) we get

1
1Sl = [15"115 < ra(S) < [IS]la-
Therefore, S is A-normaloid. [

THEOREM 3.2. Let S € %’A% (H) be an k-quasi-A-paranormal operator. If SP

is A-normaloid for p >k, then SP™ is A-normaloid for m=1,2,---.

Proof. We need to prove by induction on m that SP™™ is A-normaloid for all
m=1,2---. Firstly, we observe that if ||S?||4 =0, then

rA(Serp) < rA(Sp)rA(Sm) =0,

and
18" P4 < (ISP ]|allS™|la = 0.
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Hence rs (S™P) = ||S™P||4 and the result is true.
Assume that ||S7]|4 # 0 forall j > p. We prove that S”*! is A-normaloid.
From the fact that S is k-quasi- A -paranormal, it follows in view of Theorem 3.1

[ PO il PO sl P
B T S P

and in particular
152P0la 187+ ]la

1522~ = 1ISPlla

Since S? is A-normaloid, we have

ISlLy _ useua o s
1827~y 1821 = 187l

Hence, we obtain
15713 = (1827~ ], 157 -

It follows that X ,
—1
(ra (8))°7 = ||SP*H|, (ra ()77,

so we get
ra (S771) = [l

A 9
and always we have
ra (S77) < [l

Hence, we get
ra (8771 = |7 -

So, the result is true for m = 1.
Now assume that SP*" is A-normaloid and prove that SP*"+! is A-normaloid.
In fact, since SP™™ is A-normaloid we deduce from the above calculation that

HSZ(p-&-m)

PR L

HS2(17+m)71HA = HSerm”A )

or equivalently
||Sp+m||i > ’|Sp+m+l||A Hsz(erm)leA'
This in turn gives,
(rA (S))3P+3m > HSp+m+l HA (”A (S))2p+2m71 ]

Hence,
” <S”+'"“> > |57t

A’

p+m+1 . .
and so that, ry (S'+ " ) = }]Sp+’“+1|‘ - Therefore, Sptm+l s A-normaloid as re-

quired. [
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DEFINITION 3.2. Let S € B4 () we say that S is A-regular operator if S is
invertible and S~! € B (7).

THEOREM 3.3. Let S € B () be A-regular k-quasi-A-paranormal operator.
If 0 ¢ 04(A), then

cuS)C{reC: ! <Ay,
[TC e Al PRVA N [PY N

where 0,4(S) is the approximate spectrum of S.

Proof. Let x € 7 such that ||x||4 = 1. Since S is A-regular k-quasi-A -paranor-
mal, it follows that

Ix[1F = (15~ s x)13

<SRN xR

< NS RN 2] al1S x| 4

k k k—
< NSRS Al S LallSx]3-
So,
1

[[Sx[[4 >

SO /TS A lISE T

Assume that A € 0,(S). Since 0 ¢ 0,(A), there exists a sequence (x,), € H: ||xu| =1
satisfying (S —A)x, — 0 and ||Ax,|| > 6 for some & > 0.
We observe that

Xn

s-nggl, > gl - wils,
H Tax la = 1P la ™ lla
Xn
st 1Al
H || Ax, || 114
1

> — Al
& e FEVA SRS

When n — oo, we get

1
0= —|Al.
(ST LA/ 1S5 || 8% Ha
Therefore,
1
A= :
IS AV IS allS

Consequently,

cu(S)Cirec: ! <ialb. o
(SR A/ IISEF Al S5
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4. Tensor product of k-quasi-A -paranormal operators

In this section, we prove under suitable conditions that the tensor product of an
k-quasi-A -paranormal operator and an A-isometry is an k-quasi-A ® A-paranormal
operator (Proposition 4.1). However, the tensor product of an k-quasi-A -paranormal
and an k-quasi- B-paranormal is an k-quasi A ® B-paranormal (Theorem 4.1).

LEMMA 4.1. Let S € Ba(F€) be an k-quasi-A-paranormal, then the tensor
product SQI and [ ® S are k-quasi-A ® A-paranormal.

Proof. Let A > 0, we observe that
(S®I)#k<(S®I)#2(S®I)2 —2A(sen(sel) +/12P> (son)’

=" (S#2S2 —2288*+ JLZP> S‘@P

2 Axa0. O

PROPOSITION 4.1. Let T,S € Bp(H) such that N (A)* is invariant for T. If
T is an k-quasi-A-paranormal and S is an A-isometry, then T @S € Buopa(H )
is an k-quasi-A ® A -paranormal.

Proof. Itis well known that T®@S= (T®I)(I®S)=(I®S)(T®]I).
Under the condition that .4 (A)* is invariant for T, we obtain TP = PT and
hence
(ren(es) = 1os) (T

Now, Since T is an k-quasi-A-paranormal and S is an A-isometry, it follows that
T ®1 is an k-quasi-A ® A-paranormal (by Lemma4.1) and /® S is an A ® A-isometry.
Clearly T ®1 and I ® S satisfy the conditions of Theorem 2.4 and therefore 7T ® S is
an k-quasi-A @ A-paranormal. [J

COROLLARY 4.1. Let T,S € %A% (H) such that N (A)* is invariant for T. If

T is an k-quasi-A-paranormal and S is an A-isometry, then TP @8 € Bpga(H @)
is an k-quasi-A ® A -paranormal.

Proof. Ttis obvious thatif S is an A-isometry so is 9. On the other hand , since T
is an k-quasi-A-paranormal, in view of Theorem 2.7, T? is an k-quasi-A -paranormal.
The desired conclusion follow from Proposition 4.1. [J

THEOREM 4.1. Let T € %A% () and S € %B% (). If T is an k-quasi-A-

paranormal and S is an k-quasi- B-paranormal, then T ® S is k-quasi-A ® B-para-
normal.
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Proof. Since T is an k-quasi-A-paranormal and S is an k-quasi- B-paranormal,
it follows that
k 2 k2 1217k 112
T ull 3 < IT2ullZNT ullZ, Vue 2,

and
IS VIIE < IIS“2vIIBIS5YlIE, Vve 2.

This means that

1T w3185 v < T 2ul RIS 2 BT IS IG, Yy € 2,
similarly,
1T @8 o) Rop < IT 2082w Rup| T @ S e g, Yuve 2,

or equivalently,

k+2
(

k+1 k
(T ®8)" (uev)|Zes < (T@S) " (uev)|esll (T ®S) (w@V)|3ap, Yu,ve .

Therefore, T ® S is an k-quasi-A ® B-paranormal. [

The following corollary is an immediate consequence of Theorem 2.7 and Theo-
rem 4.1.

COROLLARY 4.2. Let T € %A% (H) and S € %B% (). If T is an k-quasi-A-

paranormal and S is an k-quasi- B-paranormal, then T" ® S™ is k-quasi-A ® B-para-
normal for all positive integers n and m.
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