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ON SOME FUGLEDE-KADISON DETERMINANT
INEQUALITIES OF OPERATOR MEANS

MAODAN XU AND CHENG YAN*

(Communicated by D. Han)

Abstract. Let . be a finite von Neumann algebra with finite trace 7. We extend some im-
portant matrix determinant inequalities, studied by Lin, Ghabries, Abbas, Mourad and Assi,
to the Fuglede-Kadison determinant of 7-measurable operators in the noncommutative algebra
L.log (). Some Fuglede.—Kadison determinant inequalities are established in Liog, () with
different forms to the matrix case.

1. Introduction

Recently, Lin proposed a conjecture concerning determinant inequalities in [19]
namely that

det(A% 4 |AB|%) > det(A% + |BA|%), a > 0, (1.1)

where A, B are two arbitrary positive semi-definite matrices. In [11], Ghabries, Ab-
bas and Mourad proved that (1.1) holds if A and B are Hermitian matrices. In [12]

Ghabries, Abbas, Mourad and Assi showed that, for 0 < o < 8 < ¥ and % S [%, 1],

20
det(A” + A“B%) > det(A” + |B2 A% | F), (1.2)

where A, B are two positive semi-definite matrices.

Fuglede and Kadison [9] introduced an operator determinant, called the Fuglede-
Kadison determinant, which was used to compute the solution of the invariant subspace
problem for operators. Afterwards the Fuglede-Kadison determinant was used to con-
struct Entropy in many varieties of algebras. Now the determinant inequalities play
an important role in noncommutative integration theory. The aspect we are interested
in is whether inequalities (1.1) and (1.2) hold or not when A, B are two positive T-
measurable operators in the algebra Liog, (7).

The paper is organized as follows. Section 2 contains some basic facts about log-
arithmic submajorizations. In section 3, some logarithmic submajorization inequalities
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of geometric mean are discussed and two Fuglede-Kadison determinant inequalities
corresponding to (1.2) are proved. Moreover, the inequalities in Theorem 12 are ob-
tained with a slightly more general condition. In the last section, we prove some op-
erator Fuglede-Kadison determinant inequalities which correspond to inequality (1.1).
It is necessary to mention that it seems to be impossible for us to present a form com-
pletely the same as the above two inequalities for T-measurable operators case with the
noncommutative integral tools on hand.

2. Preliminaries

2.1. 7-measurable operators and singular numbers

Let JZ be a separable Hilbert space. Let .# be a finite von Neumann algebra
with a faithful normal finite trace 7 on 7. The identity and the complete lattice of all
projections in .# are denoted by 1 and &?(.#'), respectively. A linear operator

x: 9(x) — S, with domain Z(x) C ¢

is said to be affiliated with .# , if ux = xu for all unitary u in the commutant .#"
of .# . For any self-adjoint operator x on ¢, we denote its spectral measure by e*.
A self-adjoint operator x is affiliated with .# if and only if ¢*(B) € Z(.#) for any
Borel set B C R. A densely-defined closed operator x affiliated with .# is called
T-measurable if there exists an e € Z(.#) such that

e(A) C Z(x) and T(et) < § forall § > 0.

The set of all T-measurable operators is denoted by Lo(.#Z) (see [6, 21, 22]). The
symbol x > 0 means that x is positive, self adjoint and 7-measurable. For all x €
Lo(A), if

xx >t

we say an operator x is hyponormal (see [5]). For x € Ly(.#) and s > 0, the singular
number of x is defined by

Us(x) = inf{||xe|| : e is a projection in A with T(1 —e) < s}.

The function s — ps(x) is simply denoted by t(x). In the following, we give some
elementary properties of the generalized singular numbers (x) (see [10, 15, 21, 23]
for more details).

PROPOSITION 1. ([10]) Let x, y € Lo(.#) and s > 0.
1 pas(x) = ps(|x]) = ps(x™) and ps(ox) = |ee|ps(x) for o € C.
2. If0<x <y, then Us(x) < Us(y).

3. For any continuous increasing function on [0,e0) with f(0) >0,

ps (f (lxel)) = f (s ()
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2.2. Fuglede-Kadison determinant

Recall that noncommutative L, (1 < p < o) spaces and Li(.# )+ .# (see e.g.
[13, 21]) are defined by

Ly(AM) ={x € Lo(A): u(x) € Ly(R)}

and
Li(M)+ M ={x:x=y+zye Li(MH),ze M}
with norm
%Mz, ) = 1)L, and [|X|, ). = Jnf {I¥llzy )+ Nzl } -
e, yeLy (M)

Let Liog, (#) ={x€ Lo(A ) :og, |x| € L\ (A )+ .4}, where log, o =max{logc,0}
and & > 0. From [7], we know that Liog, () is an algebra and

Ly(M) + M C Ligg, (M) C Lo( M),

For x, y € Liog, (A ), if

! 1
/ Ws(x)ds < / Us(y)ds, 1 >0
0 0

x is said to be submajorized by y, denoted by x <y (or ts(x) < us(y)). Similarly, if

1 1
/ log us(x)ds </ log us(y)ds, t >0
0 0

x is said to be logarithmically submajorized by y, which is denoted by x <oy y (or
s (x) <1og Hs(¥))-
Let x € Liog, (-#). A Fuglede-Kadison determinant-like function of x is defined
by
1
As(x) =exp (/ logus(x)ds) ,t>0
0

and the Fuglede-Kadison determinant on Liog, (.7) is A(x) = lim A,(x).

[{—o0

PROPOSITION 2. Let X, y € Liog, (M) and t > 0.
1. ([10, Theorem 4.2]) A, (xy) < A, (x)A;(y).
2. ([7, Page 81) Ar(x) = A (x*) = A, (Jx]) = A, (x*x)2 .
3. (17, Page 8]) A (|x]") = A, (Jx])", r e RT.
4. N(x) < A(y) if and only if x <109 v, for all t > 0.
5. A(xX) SA(), if 0<x <y, forall t > 0.
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It is easy to check that the above properties in Proposition 2 continue to hold for
the Fuglede-Kadison determinant of x and y. In particular, A(xy) = A(x)A(y) ([7,
Proposition 4.1]).

Next, we enumerate some properties about the Fuglede-Kadison determinant-like
function of the product and mean of two operators.

Now, we present the definition of weighted geometric means #,. Suppose that
0<x,y€Ly(A) and x is invertible. Then, for 0 < o < 1, x#qy is defined by

X2 (xf%yxf%)ax%.
The operation # 1 simply denoted by #, is called the geometric mean. Please refer to
([16, 20]) for more information.

PROPOSITION 3. Let X, y € Liog, (M) and t > 0.
1. ([17, Page 4]) If xy is self adjoint, then
Ar(xy) < As(yx).
2. ([18,Page 478 If x, y >0 and r > 1, then
Ar(jxy]") < Ac(x'y").
3. ([16, Theorem 3.41]) If x, y > 0 and x is invertible, then
As(xttoy) < As(x'7%y%),

where 0 < o < 1.

For more information on the Fuglede-Kadison determinant, please refer to [1, 2,
3,7,9, 10, 16, 18, 17, 21].

3. Geometric mean and logarithmic submajorization
When o = % we compare the geometric mean with the arithmetic mean.

REMARK 4. For 0 < x,y € Liog, (M), if x is invertible, then

Tty

Xty < 3

Proof. From the definition of #, we have

1 Ly L
sy = () ang 22— 2<1+x;>’x izl

1 1
. 1 1.1 T 2vx 2 1
So, we just prove (x 2yx 2)2 < W Set ¢ = x"Zyx

%>O.Then
l+c—2ct =(1—c2)?=[1—c?[>>0

and the remark is proved. [
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LEMMA 5. Let 0<x, y € Liog, (). The inequalities
A (14x) < A(L+y), forallt >0

and
A(l+x) <A(1+y)

hold if x <10g y. Moreover, A;(14x) < A(1+y), forall t >0 implies x < y.

Proof. Let ¢(a) =log(1+ o). Then @ : [0,00) — [0,0) is a continuous increas-
ing function such that
¢©(0) =0 and @ oexp is convex.

It follows from [7, Proposition 3.2] that x <j,g y implies

and we also have
A(1+x) <A(L+y).

Similarly, putting
f(s) =logus(1+x), g(s) = log (1 +y) and p(o) = * — 1
and applying [7, Proposition 3.2] again, we get x <y. [

By Lemma 5 and Proposition 2, we have the following remark.

REMARK 6. Let x € Liog, (.#) and ¢ > 0. Then
A (14 |x]) = A (1 + [x7]).

THEOREM 7. Let 0 <x,y € Liog, (M) and t > 0. If x is invertible, then
A (e#y)y?) < A ().

Moreover, 1
A2 (actty)y (oty)a?) < Ar(2y2).

Proof. By [16, Lemma 3.32 and Proposition 3.33] there exists a contraction z €
A such that

Thus, for all ¢+ > 0, we have
1 1 11 ., 11
Ar(xZ (x#y)y?) = A (x2y227x2y2)
(Ar(x2y2))%A,(z*) (by Proposition 2 (1))

<
< At(|x%y% %) (by Proposition 2 (3) and the contractivity of z)
< A (xy) (by Proposition 3 (2)).
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Applying Proposition 3 (2) again, we obtain that

A (xctty)y(oty)x?) = (A, (x2 (ty)y?))?
A2
A, O

NN

As a result of Lemma 5 and Theorem 7, we have the following corollary.

COROLLARY 8. Let 0 < x, y € Liog, (A). If x is invertible, then

1 1
A (14 [x2 (ty)y2[) < Ar(1+[xy))
and . .
Ac(T+[y2 (etty)x7 ) < A(1+ [257).

In the following theorem, we consider the Fuglede-Kadison determinant-like func-
tion of the weighted geometric means.

THEOREM 9. Suppose that 0 < x, y € Liog, («#) and x is invertible. If B €
[%, 1], o« >0 and t > 0, then

At (X% %

(Mpy)x ) S AP,

Proof. For t > 0, by a simple calculation, we get

A,(xaTH(x l#l;y)xaTH) =A; x7 (x%yx%)ﬁx%)
<A x%x%yx% lﬁ)ﬁ (by [14, Lemma 2.5])
o+ o+
=A

(

(

i(x 2P yx % )P
= A(ly2x £l NP (2B >1)
< A (YPx® B (by Proposition 3 (2)).

This completes the proof. [

COROLLARY 10. Let 0 < x, y € Liog, (M) and x be invertible.

1. For B €[,1] and a >0, we have

AL+ T (c Mgy)x T ) S A1+ PP,

2. For%E[%,l]andygogagﬁ,wehave

(142 Py D)) A (1)),
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Proof. Based on Lemma 5 and Theorem 9, we obtain the first desired result (1).
Replacing o, 3, x and y by — 13 13 ,xB and yP respectively in Corollary 10 (1), we get
2. O

An analogous result to Corollary 10 (2) is as below in Lemma 11.
LEMMA 11. Let 0 < x, y € Liog, (M) and let x be invertible. If 0 < o < B <
7, % €[3,1] and t >0 then

By By
2 2

A1 +27 (g PT) <A1+ a0 ))

Proof. According to Lemma 5, we only need to prove

Y
2

) <A T), 1> 0.

yﬁxg)%xf%) <A xf%(xgyﬁxg)x TB)% (by [14, Lemma 2.5])

< A (y*x*77) (by Proposition 3 (2) and F >1).

This completes the proof. [
We show some analogues of inequality (1.2) in Liog, (-#) and the first one is valid

under a completely new condition.

THEOREM 12. Let 0 < x, y € Liog, (#). If x is invertible, then the following
inequalities hold.

1. For yéogagﬁand%e[%,l],wehave

20

B B 2
AT+ yEE ) < ATy ).

2a

B B 2
AT+ |y2aE ) < AT o).
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Proof. Notice that

B B 2 7 B~y
2x2 2

M+ (lyzxz]) B =x

and
X7+ 2y x ) =2 (1 + % TY).
Then the theorem follows from Corollary 10 (2) and Lemma 11. [
Considering the results in above theorem, we give a conjecture as follows.

CONJECTURE 13. Let A, B be two positive semi-definite matrices and y < 0 <
o <B. § €[3.1]. If A is invertible, then

B B 2
det(AY + A“B%) > det(A” + |[BZAT| P ).

4. Some other important determinant inequalities

First we recall some basic properties of M (.#) in [8]. Let M (.#) be the von
Neumann algebra of all 2 x 2 operator matrices equipped with the trace 7, =tr® 7.
We denote the Fuglede-Kadison determinant on M, (.#) corresponding to 1, by A;,
i.e.,

Ay(A) = exp(2(log |A]))

where A € M (.#'). According to the proof of in [9, Theorem 1], we conclude that
Ar(AB) = Az (A)Ax(B).

This equation plays a crucial role in proving A(1 4 ab) = A(1 + ba) in the following
remark.

Some results in the following remark are well-known. We also give brief calcula-
tions for convenience.

REMARK 14. 1. Let A, B€ M,(.#). Then
7 (AB) = 172(BA).

2. Leta,b e # and A = diag(a,b) € M(.#). Then
Ar(A) = A(a)A(D).

3. Letae . # and

A= B ﬂ € My(4).

Then Ay(A) = 1. Similarly, when A is a lower triangular matrix, the conclusion
is also valid.
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4. Leta,b € .# . Then
A(1+ab) = A(1 + ba).

Proof. (2) We conclude from the definition of A(A) that

A(A) = exp(1, log(diag(|al, |b]))
= exp((r® 7)(diag(1,0) @ loglal) + (tr @ 7)(diag(0, 1) @ log|b[))

= Ala)A(b).
(L)oo

where u is a unitary operator, we only need to consider the case A = [

(3) Because

1 al
01
A% —A(2+|al*) +1=0. Then by functional calculus, we obtain two operators

= 2+ |a]® +|a|/]a]? + 4
| =
2

]. Let

and

A 2+ |a]® — |a|+/]a|? + 4
2:
2

where A; + A, =2 +|a|* and L;A; = 1. We may assume that |a| is invertible. By a
direct computation, we have

1

A =D (A =12+ e 272 (= 1) (=1 242
al (A =124 a2 e (A= 12 4 a2

1 1
which entails that U*U = UU* = diag(1,1) and U*|A|U = diag(A;?, ;). Therefore,
we have

1 1
Ar(A) = exp(T2(Udiag(log A ,logA;))U™))

1 1
exp(m(diag(log A ,log A}’ ))(by trace property in previous (1))

1

exp(t(log AZA7))
exp(t(log(Ai42)?))
1

(
(
exp((tr® 7)(diag(1,0) ® log A2 + (tr& 7)(diag(0, 1) ® logA}))
( 1
(

(4) We have the following decomposition

I e 5 I e B e | o
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Using the multiplicativity of A, and the conclusion in the previous (2) and (3), we
conclude that
A(l+ab)=A(1+ba). O

Immediately, we obtain the following remark.

REMARK 15. Let x, y € . . Then for any positive integer n, we have
AW+ ()") = A + (x)").

LEMMA 16. Suppose that 0 < x, y € Liog, (#). If x, y are invertible and o € R,
then
(x*y*yx)oc _ x*y* (yxx*y*)a—lyx.

Proof. Let x*y* = u|x*y*| be the polar decomposition of the operator x*y*, where
u is a unitary. Then

u=x"y*|x*y* |7 wt = [x*y*| " lyx and yx = |x*y* it
Hence,
(Y ) ® = (uly* )

_ u|x*y*|2au*
:x*y*|x*y*|71|x*y*\2a|x*y*\71yx
:x*y*(yxx*y*)a—lyx. 0

LEMMA 17. Let 0<x, y € L10g+(///) and p, ¢ > 0.

1. If xy? is hyponormal, then

2
xyPay? <pog x7yP .

2. If y~9x is hyponormal and y is invertible, then

A (ey? ™ x) < A (xeyPxy™9).

Proof. (1)Leta=xy?x>0and b=y?>0. Since ys(ab) = us(ba) ([4, Corollary
3.6]), we have
s "oy ) = ps (y7xyPx).
Let ¢ = xy? and d = yPx. Then ¢* = y?x. Since c¢ is hyponormal, applying [5, Propo-
sition 4.3] to us(y?xyPx), we see that ts(c*d) < us(cd), i.e.,

s (0 eyx) < (TP x) = (o).
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Hence,

! 1 1
[ rouranas < [ ogu (o ds < [ logas(Py0)ds.
0 0 0
(2) By Proposition 1 (1), we get
s (xy?~0x) = s (xyPy™9x) = pag (xy~Iy"x).
Since y~9x is hyponormal, applying [5, Proposition 4.3] to ps(xy~9y”x) we have
s (xy™9yPx) < s (v~ IxyPx) = ps (xyPxy ™).
Therefore,
! !
/ log s (xy? 9x)ds </ log s (xy?xy~9)ds.
0 0
The proof is completed. [J
Combining Lemma 5 with Lemma 17, we have the following result.
REMARK 18. Let 0<x,y € Liog, (.#) and p, g > 0.
1. If xy? is hyponormal, then
AL+ [yPxy]) < AL+ [PyP ).
2. If y~9x is hyponormal and y is invertible, then

AT+ boy?™x]) < A1+ peyPxy ™).

We show some operator Fuglede-Kadison determinant inequalities which are cor-
responding to inequality (1.1) in the next two theorems.

THEOREM 19. Let 0 < x, y € Liog, (#). If x%y is hyponormal and x, y are
invertible, then we have

P _ _
AW + [yx]P) < AP 47 |y(ndy) 2x 2y )

Jorall p € [0,00).

Proof. In fact, since x*y is hyponormal, we conclude that (yxzy)’ly is hyponor-
mal. So, for every p € [0,e) and ¢ > 0, we have

A (x 1 (oy%x) gx_l)

A () 5! = A
A(y(32%y) 2 1y) (by Lemma 16)
(

Ar(y(2y) 2y(32y) 1) (by Lemma 17 (2))
2

N

P _H _
A(y(?y) 2x 2y 7).
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Next, by Lemma 5, we can assert that

Ar(LHx 2 2 < AL+ [y(my) B2y,

and
AL+ (20 5 !) S AL+ [y(Py) Ex 2.

Finally, multiplying both sides of the above determinant inequality by A(x?) >0,
we obtain ,
AW + [yxl?) SAGE +2y(n?y) T2y H). O

Actually, using Theorem 12 in Section 3, we get another analogue of inequality
(1.1). In order to compare with the above theorem, we exhibit it in the following theo-
rem.

THEOREM 20. Suppose that 0 < x, y € Liog, (#) and x is invertible. Then

AGP+ |yxf?) < A+ 272, 1< p< 2,

Proof. For 1 < p<2,replacing o by p, B by 2 and y by 2 in Theorem 12 (2),
respectively, we get the result. [
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