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ON SOME ALGEBRAIC PROPERTIES OF BLOCK
TOEPLITZ MATRICES WITH COMMUTING ENTRIES
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(Communicated by I. M. Spitkovsky)

Abstract. Toeplitz matrices are ubiquitous and play important roles across many areas of math-
ematics. In this paper, we present some algebraic results concerning block Toeplitz matrices
with block entries belonging to a commutative algebra <7 . The characterization of normal block
Toeplitz matrices with entries from a commutative algebra < of normal matrices is also ob-
tained.

1. Introduction

Toeplitz matrices are important due to their typical property that the entries in the
matrices depend only on the differences of the indices, and as a result, the entries on
their main diagonal as well as those lying parallel to main diagonal are constant. These
matrices arise naturally in several fields of mathematics, as well as applied areas as
signal processing or time series analysis. The monographs dedicated to the subject are
[18, 10] and [3].

The corresponding general theory of block Toeplitz matrices is less developed
mostly due to intrinsic algebraic difficulties that appear with respect to the scalar case.
Block Toeplitz matrices appear very briefly [17] and then in [19, 16, 15, 13].

In [4], the authors have proved a variety of algebraic results concerning scalar
Toeplitz matrices. Among other things, they have obtained the necessary and sufficient
condition for the product AB — CD to be a Toeplitz matrix, and for AB—CD =0,
provided that A,B,C, and D are Toeplitz matrices. They have also completely char-
acterized normal Toeplitz matrices. We refer the reader to [6, 1, 7, 8, 9, 2, 11] where
characterization of normal Toeplitz matrices have been discussed.

In [14], some generalization of the results of [4] concerning the product AB — CD
of block Toeplitz matrices has been made. Apart from this [14] has also classified
normal block Toeplitz matrices where the entries are taken from the algebra of scalar
diagonal matrices. We pursue here this investigation, obtaining a natural generalization
of the results of [4] by taking entries of the block Toeplitz matrices from a fixed com-
mutative algebra of scalar matrices. We will give new proofs, and refinements of some
of the results of [14] and [4] in a more natural way than what we obtained in [14]. Most

Mathematics subject classification (2020): 15A27, 15A30, 15B05.
Keywords and phrases: Block Toeplitz matrices, displacement matrix, normal matrices.
* Corresponding author.

© &1€P€N’ Zagreb 909
Paper OaM-16-61


http://dx.doi.org/10.7153/oam-2022-16-61

910 M. A. KHAN AND A. YAGOUB

importantly, we obtain the criteria for characterizing normal block Toeplitz matrices
with commuting normal entries.

The remaining paper is organized as follows: Section 1 serves to recall the basic
notations and facts we will be using in the forthcoming sections. In section 3, we will
provide the generalization and refinements of the results of [4] and [14] concerning
the product of block Toeplitz matrices with commuting entries. Section 4 is concerned
with the commutation of certain block Toeplitz matrices. The object of section 5 is to
present the most important result of this paper; the characterization of normal block
Toeplitz matrices with entries from a commutative algebra <7 of normal matrices. The
last section of the paper, obtains the concrete description of normality of block Toeplitz
matrices with entries from the algebra of diagonal matrices.

2. Preliminaries

In this section, we give a summary of the basic notations and facts that we shall
encounter throughout this paper. As customary C stands for the set of complex num-
bers. We symbolize by .#, the algebra of n x n matrices with entries from C and by
9, the algebra of d x d complex diagonal matrices. We will prefer to label the rows
and columns of n x n matrices from 1 to n;s0 A € .4, is written A = (a; ;)7 ;_; with
a; ; € C. Then, we designate by .7, C .#, the space of scalar Toeplitz matrices.

We will mostly be interested in block matrices, that is, matrices whose elements
are matrices of dimension d, instead of complex numbers. Thus a block Toeplitz matrix
is actually an nd x nd matrix, consisting of n? blocks of dimension d, and these blocks
are constant along the diagonals.

Throughout, we will denote n x n block matrices by bold capital letters. As we
know that the entries of scalar Toeplitz matrices are complex numbers, in order to obtain
related results concerning block Toeplitz matrices, we will assume that their entries
belong to a fixed commutative algebra of .#;, that we will denote by <7 .

0 0
Ay Q
If A= Az and Q = Q are column vectors with entries from .o,
Ap1 Qn—l

then let T(A,Q) denote the n x n block Toeplitz matrix of the form:

0 Q Q ..

n—1
AL 0 QL Q
TAQ) =| 42 A 0 ...Q 5| 2.1)

Ap1 Ann Apz... 0

Then T(A,Q) + Ay represents the general block Toeplitz matrix with entries from o7,
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where
Ap 00... 0
0 Ap0... 0
Ao = 0 00...0
0 00...A

is a diagonal block Toeplitz matrix with entries from .o. If o/ is a commutative sub-
algebra of ., then in the sequel we will use the following notations:

o /M, ® o is the collection of n x n block matrices whose entries all belong to
o

e 7,84/ is the collection of n x n block Toeplitz matrices whose entries all be-
long to <7 ;

o 7,® .4 is the collection of n x n diagonal block Toeplitz matrices whose entries
all belong to .«7;

o ¢ ® .4/ is the collection of all n x 1 block matrices whose entries all belong to
A

o % ® o is the collection of all 1 x n block matrices whose entries all belong to
o .

It is obvious that 2, ® & C 9, ® & C M, @ <7 . For block diagonal matrices we will
use the notation

A 0 ... 0

0A... 0
diag(Al A2"'An): .

0 0..A,

fA€F R (or ZR <7 )and X € o7, then we will use the notation X ¢ A to indicate
that X is multiplied in a usual way with every entry of A.

Throughout whenever we will use the notation T(A,Q), A and Q will be in € ®
</ with the first entry 0. Following this notation it is immediate that T(A,Q)* =
T(Q,A). For fixed 1 < k< n,let P,_; be the vectors in #Z ® </ whose entry at k — 1
position is / and all other entries are zero; thus

Py = (170707"'70)
P = (0,1,0,---,0)
P, =(0,0,1,---,0)

etc. Let I € .o/ be the identity matrix and S denote the matrix consisting of / along the
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subdiagonal and zero elsewhere, i.e.,
000...00
100...00
§—1070...00
000...710

Note that, 8" =S*" = 0. If X € &/, then we denote the matrix S +X o PjP,_| by

0 0
Ay ~ A . .
Sx. For A = . € E Qo , we define A := . . A block Toeplitz matrix
Ayl Aj

A =T(A,Q)+ Ay is said to be a block circulant matrix if, A = Q. The displacement
matrix of any square block matrix A is defined as

A(A) = A — SAS",

We refer the reader to [5, 12] for other kinds of displacement matrices. Note, in partic-
ular that if I € %, ® o7, then A(I) =1—-SS* = FjPy.

The results below from [4, 14] are also valid for block matrices with entries from
&/ . We are adding their proofs just for completeness.

n—1
LEMMA 2.1. If A € M, ® o/, then A=Y S* A (A)S™.
k=0

Proof.
n—1 n—1
Y SH(A(A)SH =Y S¥(A —SAST)S™
k=0 k=0

_ nil(SkASk* o Sk+1Ask+l*)
k=0
=A-S"AS"=A. O

Thus in order to show that A = 0, it will be enough to show that A(A) =0. We
have the following analog of the Lemma 2.2 of [4] for block Toeplitz matrices with
entries from 7.

LEMMA 2.2. A€ .4, isin T, ® < if and only if there exist vectors A,Q €
€ @ o such that N(A) = APy + PjQ".
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Proof. Suppose that A = T(A,Q)+ Ay € F, ® &7 . Since the displacement matrix
for A is defined as A(A) = A — SAS*. Then simple computation yields that

Ap Q7 QF ... Q|
A 0 0 ... O
A(A) = A, 0 0 ... O ) 2.2)
A,—-1 0 0 ... O
Ag 0
A,I Ql
If we take A = . and Q = . , then one can easily verify that
Alfn anl
A(A) = ARy + FjQ".
Ao
Ay
For the converse, let A = (A; J);’ j=1 € My @ o . Suppose then that A =
An—l
Qo
Q
and Q = . are vectors in ¢ ® <7, such that
Qn—l

A(A) = APy + PiQ".

This means that A(A) is given by (2.2). Computing A by the formula given in
Lemma 2.1 yields that A isin 9, ® <. 0O

REMARK 2.3. Note that the condition in the statement of Lemma 2.2 is equivalent
to the fact that A(A) may have nonzero entries only on the first row and the first
column.

3. Product of block Toeplitz matrices with commuting entries

The goal of this section is to obtain the basic algebraic results concerning the
product AB — CD, where A,B,C, and D are block Toeplitz matrices with entries from
o/ . One can see that the generalization obtained here is more natural than what we
obtained in [14]. We start with the following Lemma, which describes the structure
of the displacement matrix for the product of two block Toeplitz matrices with entries
from <7 .
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0 0 0
C I D
LEMMA 3.1. Let C = G | r= | p= Dy | and

Cnfl 1—‘nfl anl

0

CJ}

©=| ©2 |, bevectorsin €® /. If C=T(C,T)+Cy and D = T(D,0) + Dy,
®n71

A (CD) = CO* —TD* + [CD+DyC+ CoDoF;}] Py+ B} [T*SDS* + ©°Cy].  (3.1)

Proof. Let C = T(C,T) and D = T(D,®). Then we have
A(CD) = A[(C+Cy)][(D+Dy)]

A [éﬁ + C()ﬁ + Doa + CoDy]

— A(CD) + A(CoD) + A(DC) + A(CoDy).

Since Cy,Dg € Z, ® o7, then S commute with Cy and Dy respectively, therefore last
equation above can be written as

A (CD) = A(CD)+ Cy A (D) + Dy A (C) + CoDo A (I). (3.2)

~

By Lemma 2.2, there exist vectors D,0 € ¢ ® &/ such that, A(D) = DPy + P;O*.
Similarly A(C) =CPy+P;T™, with C,T' € € ® o/ . Also we have A(I) = PjPy. Then
(3.2) becomes

A(CD) = A(CD) + Co[DPy + P;©*] + Do[CPy + PiT*] + CoDo P Py
— A(CD) + [CoD +DoC + CoDo PPy + P [©Co 4+ T*Dy). (%)
By using the definition of A\, we have
A(CD) = CD — SCDS*
— CD— CSDS* + CSDS* — SC[S*S+ P _,P,_,]DS*
= CAD+ AC(SDS*) —SCP*_,P,_DS*
— C[DPy+ P;©"] + [CPy+ P;T*)SDS* — D" (%)

Since PyS = 0, so the term CPOSﬁS* =0. Also éPé‘@* = CO*, then (**) can be
written as

A(CD) = CDPy + P;T*SDS* + CO* —TD". (3.3)
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Combining (*) and (3.3) we obtained

A (CD) = CO* —TD* + [CD+ CoD+DyC+CoDo P | Py+ P [T*SDS* +©*Co+T"Dy).

- - - (3.4)
Note that CD+ CyD = CD and T*SDS* + I*Dy = I'*(SDS* + D) = I'*SDS* . There-
fore (3.4) becomes

A(CD) = CO* —TD* 4 [CD + DoC + CoDo Py | Py + P [T*SDS* + ©*Cy).
The proof is finished. [

The following result is the most important result of this section. It gives answers
to the questions that when the product AB — CD of block Toeplitz matrices A,B,C,
and D is 0 andisin .7, ® < .

THEOREM 3.2. If A=T(A,Q)+Ay, B=T(B,A)+By, C=T(C,I')+Cy, and
D =T(D,0)+Dy, then:
(i) AB—CD (or, equivalently T(A,Q)T(B,A)—T(C,I"'T(D,0)) € 9,2 ifand
only if . s
AN —QB* =CO* —TD*.
(ii) If AB—CD € 9, ® <, then AB— CD = 0 if and only if
AB+BoA+ABoP; = CD+DoC+ CoDoFy, 3.5)

and
B*'Q+AGA+ABP, =D'T + Cy0 + CyD By - (3.6)

Proof. By Lemma 3.1,

A(AB) — A(CD) = AA* — QB* — CO* + T D*

+[AB+BoA+ A()B()Pg —CD—-DyC— C()D()Pg} Py

+ Py [Q'SBS* + A"Ag —T"SDS* — ©*Cy].
The first four terms are block matrices with O on the first row and the first column. On
the other hand, the fifth term has nonzero entries only on the first column, and the sixth
only on the first row. Therefore, by Lemma 2.2, AB —CD € 7, ® &/ if and only if
AN — QB* — CO* 4+ T'D* =0, which is the required relation.

(ii) If AB—CD € 9, ® o/ , then AB = CD if and only if A(AB—CD) =0, i.e.,

AB = CD if and only if

AB+ByA+AoBoP; = CD+DoC+ CyDoPy
Q*SBS* + A*Ay =I"SDS* +O*C,

or
SB*S*Q + AjA = SD*S'T + C(,0. 3.7)
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Letus show that (3.5) and (3.6) are equivalent to above equations. We already have (3.5).
Then, subtracting (3.7) from (3.6) yields that

A(BHQ+ABiPy = AD™)T + CoDy Py,
Then by Lemma 2.2, the last equation above can be written as
(APy+ PyB")Q+ AoBoPy = (OPy+ PyD* )T+ CyDy Py (3.8)
Since APyQ = OPRyI" = 0, then (3.8) becomes
PyB*Q+ AoBoPy = PyD'T + CyDyFy
which after passing to the adjoint is the zeroth component relation of (3.5). [

The results below gather some consequences of Theorem 3.2.

COROLLARY 3.3. If A=T(A,Q)+A¢,B=T(B,A)+By, then AB € 7,0 .« if
and only if AN* = QB*.

COROLLARY 3.4. If A=T(A,Q)+A¢,B=T(B,A)+By, then AB € 7,0 .« if
and only if BA € 9, ® </ .

Proof. By Theorem 3.2, AB € 9, ® </ if and only if AA* :~£~2§* if and only

if BQ* = (Bin)i,j = ((An—j—lAn—i—l)*)i,j = (A:—i—lAZ—j—l)ivj = Ag* if and only if
BAc Z,0a. O

Note that Corollary 3.4 can also be obtained from the following stronger Theorem
already proved in [16].

THEOREM 3.5. If A =T(A,Q)+ Ay, B=T(B,A)+ By, such that AB € I, ®
o, then AB = BA.

4. Commutants of S, S*, Sy, and Sy
Throughout in this section let X € .o/ be a fixed. We start with the following propo-

sition, which gives in terms of Sy another criterion for characterizing block Toeplitz
matrices among all n X n block matrices.

PROPOSITION 4.1. A € .#, R« isin I, < if and only if there exist A,B €
C @, such that A —SxASy = APy + F{B".

Proof. By Lemma2.2, A € #,®< isin 7, ® </ if and only if there exist vectors
A, Q' € €® .4 such that

A—SAS* =A'Py+ P ().
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if and only if
A—(Sx—XoPiP,_1)A(Sy — PI_PyoX*) =A'Py+ Pj(Q)",
if and only if
A— SxAS;( = —SxAP:_IPO oX* —XOPSPn_lAS;( +X<>P6<Pn_1AP:_1P0 oX*
+A'Py+ P (Q)*,
if and only if
A —SxASy = [A' —SxAX*oP;_ || P+ Py[()" — P10 XASy + X o P,_1AP,_ | P.X"],
= APy + P}B*,
where A = A" —SxyAX*oP; | and B= Q' —SxA*'X*o P |+ X oPjP,_1A"P;_, ¢
X . O
REMARK 4.2. Since B, 1S* =0, then
I—SxSy =1—(S+XoPiP—1)(S*+ P _PhoX™)
=1-SS"—SP, (PyoX"—XoPyP,1S"—XoP PP, _PyoX*
=PiPy—SX"oP; |Py— PjP—10XS* =X o P{P_ 1Py Pyo X"
= PPy~ P}B,_1oXS* —SxP;_|PyoX*
= PJPO — SXP;_1PO o X*.
REMARK 4.3. 8,8y € .7, ® </, with S = T(P;,0) and Sy = T(P|,X*oPy).

The following result characterized lower (upper) triangular block Toeplitz matrices
among all n x n block matrices with entries from .o/ .

THEOREM 4.4. If A € M, ® <, then the following hold:
(i) AS=SA ifandonlyif A =T(A,0)+ Ay.
(ii) AS* =S*A ifand only if A =T(0,Q) + Ay.

Proof. We will give the proof only for (i) and leave (ii) as an easy exercise for the
reader.

(i) Suppose that AS = SA, then A(A) = AA (I) = APjPy. By Lemma 2.2,
A€ J,®9, with A=T(A,0)+ Ay. For the converse, let A =T(A,0)+ Ay, also S €
I ® < , then by Corollary 3.3 and Theorem 3.5, it is immediate that AS =SA. [

THEOREM 4.5. If A € M, ® </, then
(i) ASx =SxA ifandonly if A = T(A,X*©A)+ Ay.

(ii) ASy =S%A ifand only if A =T(X*0A,A) + A}
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Proof. (i) Suppose that ASy = Sy A, then we have
A(A)=A —SAS”
= A —SyASy + [SXAX* <>P,H] PO +P[P,_1oXASy — X 0P, |AP; |Pyo X"
=A(I—SxSy) +A[SxX*oP;_ || Py+ Py [X 0P, 1AS"]
=AP Py+ Py [X o P,—1AST].
By Lemma?2.2, A € 7,® .47, since X oP,_1AS* = X0A*  then A =T(A,X*0A)+Ay.

For the converse, since A,Sy € .7, ® </, then Corollary 3.3 and Theorem 3.5 imply
that, ASx = SxA. The proof of (ii) is similar to the proof of (i). [

COROLLARY 4.6. If A=T(A,Q)+ Ay, B=T(B,A)+ By, such that A and B
commutes with Sy for some X € <f, then AB € I, <7 .

Proof. Suppose that A = T(A,Q) + Ay, B=T(B,A) + By, such that for some
Xed, A and~B commutes with Sy then it follows from Theorem 4.5, that Q = X*¢A
and A = X* ¢ B, we have then

AN = A(X*oB)" =X 0AB* = QB".

Therefore by Corollary 3.3, AB€ 7, ®«/. O

5. Characterization of normal block Toeplitz matrices

In this section, we take .o/ to be a commutative algebra of normal matrices. Then
we will characterized normal block Toeplitz matrices with entries from such «/. We
start with the following Lemma.

LEMMA 5.1. If A = (Aiaj)?,j=1 € My, then A is normal if and only if

D> (AL Akp —ApiAy il =0 foreveryp=1,2,---n,
k=1 k#p

and

M=

(AL Ak —AisA5 ] =0 forevery1 <i< j<n.

k=1

The following result is the main result of this paper. It gives us the criteria for
classifying normal block Toeplitz matrices with block entries belonging to o7 .

THEOREM 5.2. If A=T(A,Q)+ Ay € F, @, then A is normal if and only if
forevery s and k, with 1 < s,k <n—1,

AL +AS A=+ Q8 Q. (5.1)
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Proof. Suppose that A is normal and let N = (N;;);;_; = A"A —AA". Since
A € F,® 4, it follows from Lemma 5.1 that A is normal if and only if

p—1 n
Npp=2, (QP*kQ;fk_A;kaP*k) + 2 (Ak — Qe p p) =0
k=1 k=p+1
and
i—1 i1
(QaQj — A AT ) + Y, (A — QAT
k=1 k=i+1
+ 2 (Af—iAk-j — Q&% j) =0,
k=j+1
if and only if
p—1 n—p
=D (& —AfA) — D (uQy — AfA) =0 (5.2)
k=1 k=1
and
i—1 J—i—1
NW Z (Qij i+k AkAj z+k)+ (Alt j’—i—k_Qi j’—i—k)

k=

T
: -
_

Z (A Ak — Q5 ) =0

forevery p=1,2,---,n and 1 <i < j < n, respectively. We first calculate the equation
(5.2), when n =2m for some fixed positive integer m. If we calculate the diagonal
entries of N, then

—1 2m—p (2m—p+1)—1 2m—(2m—p+1)
Npp= ZBk— Z By=— Y Bi— Y Bi| = ~Nom—priompti-
k=1 k=1

(5.3)
for every p, where By = Q7 — AjA;. Thus, we know that N, , = —Noy— pi1.2m—p+1
for every p. So it suffices to consider the diagonal entries (p,p) of N for p =
1,2,---,m. A simple computation shows from (5.3) that

m—1
N = Y, Bk — ZBk— —By = Q0 —AXA, =0.
k=1 k=1

By recurrence for every p =1,2,---,m, we have

2m—p (p+1)— 2m—(p+1)

pp—ZBk_sz— z Bk_ z By — (Bp+Bam—p)

p+1l,p+1— (Bp +BZm—p)-
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Which implies that B, + Bz, , =0, forevery p =1,2,---,m. Therefore
A;‘,AI, +A§m_pA2m_p = QI,Q; + ng_pQSm_p. (5.4)
Next we consider the case i < j. we write (5.3) as
2m—j
1 J = ZCrk+ EDrk+ 2 Erka
where forevery | <r=j—i<n—1,

Crk =S — ArAL 4
Dpj = Ar Q. — QAT
Erje=Ar A — Qe

Since entries are commuting and normal, then

2m—i—1
Nijiy1 = 2C1k+0+ Y Ewx
k=1 k=1
2m—i—2
= ZC1k+ Y Eix—CiitEimi-
k= k=1

=Nit1,iv2—Cri+E1om—i-1-

Then Cy; — E1 2—i—1 = 0, therefore

QiQ?—&-l +Q§m—iQ2m7(i+l) :AiA>lk+i +A§m—iA2m7(i+l)7 (5.5)
and
i—1 2m—i—2
Niit2 = 2C2,k+D2,1 + 2 Ey i
k=1 k=1
2m—i—3

= ZC2k+D21+ Z Eri—Crit+Eromio
=Niy1,i3—C,i+ Ez,zm—i—2~
Then Cy; = E> 5,,—j—2 = 0, therefore
QiQ1» + Q5 i Qo (i12) = Aill 4 + A iAom—(i42)- (5.6)
Similar computations for N;;,, r = 3,4,---,2m — i, yields that
QO+ O Qo (ir) = AT+ A3 A (i) (57)

Hence by equations (5.3)—(5.7), we conclude that if A is normal then for every 1 <
s,k<n—1,
QO +Qr Q, =AAL+A,_ Ay (5.8)
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Conversely suppose that for every 1 <s,k <n—1, (5.1) is true. We show that N, , =0
and N;; =0 forevery p=1,2,...,n and 1 <i < j < n respectively. We have, by
the proof of first implication, that Npp = Npy1p+1, for every p=1,2,...,m, and
Ny p = —Nop—pt12m—p+1 forall p, since Ny, = =B, = Q0 — Ay A, = 0, then
Npp=0,forevery p=1,2,...,2m

On the other hand for the case i < j, we have N; iy 1 = Niy1i2, Niit2 = Nip1,i43,- -

Niitr = Nit1,itrt1, therefore N € 7, @ 7. Since entries belong to 7, then

2m—m—1

mm+1 2C1k+ z Elk—

Consequently N; ;1 = 0 for every i, also since

2m—m—2
Npmta2 = 2C2k+D21+ Y, Eyx=0.
k=1 k=1

Consequently N; ;15 =0, forevery i. In general N;;;, =0, forall r=1,2,...,2m—1.
A similar method works for the case n = 2m + 1. Hence, we complete the proof. [J

In some cases of .27, one may obtain more concrete description of normality. The
case when 7 is taken to be the algebra of diagonal matrices is discussed in detail in
the next section.

COROLLARY 5.3. If A=T(A,Q)+ Ay € 7, ® &, such that A commute with
Sx for some unitary X € <f, then A is normal.

Proof. If ASx = SxA, then it follows from Theorem 4.5, that Q = X* oA. Since
X € &/ is unitary, then forevery 1 <s,k<n—1,

QO+ QF Q,  =X*AL A, (X +AXXA;
= AAL+AS A,

Therefore, Theorem 5.2 implies that A is normal. [

REMARK 5.4. For X =1 Corollary 5.3, implies the normality of block circulant
matrices defined in section 2.

6. Normality: the case </ =

Theorem 5.2 is valid for a general algebra /. We may expect that for particular
cases of .7 one can obtain more precise description of normal Block-Toeplitz matrices.
As an example, we study in detail the case when &7 = Z,;. We start with the following
result, which is Lemma 5.1 of [13].
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LEMMA 6.1. Suppose A = (Ai_j)l’-'j:1 € T, ® Dy. Then there is a change of basis
that brings A into the following form

A’ = diag (A/l Al Ail) ,
where for every k=1,2,---d, A} € J, is given by the formula A} = (ar—sx)} ;-

THEOREM 6.2. If A € 9,8 Dy, then A is normal if and only if there exist scalars
0
a—y g
A, Ao, Ag with |A¢| = 1, such that, if we denote, for k=1,2,---d, o4 = . ,

a_nk

and By = a?’k , then, for each k =1,2,---d, either o = lk[i or o = lkﬁk.
ana
Proof. If A € 7, ® 9, then by Lemma 6.1, A has the form
A’ = diag (A/1 Al ---Aii) ,

where for every k =1,2,---d, A, = (a,—sx)",_, is a scalar Toeplitz matrix.
Since A’ is a block diagonal matrix, then A’A*" = A*'A’ if and only if AjA} =
AjfA}.. Applying Theorem 3.4 of [4], which gives criteria for normality of scalar

Toeplitz matrices, each A is normal if and only if there exist scalars A;,A, -+, A4,
0
, : = = a-1k
with |A| = 1, such that either oy = A4 or oy = 4B, where oy = . , and
a_nk
0
6117
Br = . This ends the proof of the theorem. [
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