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SOME RESULTS ON CAUCHY DUAL
OF CONDITIONAL TYPE OPERATORS

MORTEZA SOHRABI

(Communicated by R. Curto)

Abstract. In this paper, we discuss measure theoretic some characterizations of the notion of
Cauchy dual for Lambert conditional operators in some operator classes on L*(Z) such as, n-
normal, n-quasi-normal, n-power f-normal, n-power f-quasi-normal. Moreover, the relations
between these classes and some basic properties of these operators are studied. Finally, using the
matrix representation, some examples are provided to illustrate the obtained results.

1. Introduction

Let (X,X, 1) be a complete o -finite measure space. For any complete o -finite
subalgebra <7 C X the Hilbert space L*(X,.</,[j./) is abbreviated to L*(</) where
Yy, is the restriction of i to o7/. We denote the linear space of all complex-valued 2-
measurable functions on X by L°(2) and L. (X) = {f € L°(Z) : £ > 0}. The support
of a measurable function f is defined by o(f) = {x € X : f(x) # 0}. All sets and
functions statements are to be interpreted as being valid almost everywhere with respect
to u. For each nonnegative f € L°(Z) or f € L*>(X), by the Radon-Nikodym theorem,
there exists a unique .7 -measurable function £ (f) such that

[ fan= [ £ (rdu,

where A is any .« -measurable set for which [, fdu exists. Now associated with every
complete o -finite subalgebra .27 C X, the mapping E< : L*(X) — L*(</) uniquely
defined by the assignment f — E(f), is called the conditional expectation operator
with respect to 7. Put E = E“. The mapping E is a linear orthogonal projection.
Note that Z(E), the domain of E, contains L?(£)U{f € L°(Z) : f > 0}. This operator
will play a major role in our work. A detailed discussion and verification of most of the
properties may be found in [15, 21, 26]. Those properties of E used in our discussion
are summarized below.
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o If f is an &/ -measurable function, then E(fg) = fE(g).

o If >0 then E(f) >0.1If £ >0 then E(f) > 0.

e o(E(|f])) is the smallest </ -measurable set containing o (f).
e o(f) Co(E(f)), for each nonnegative f € L?(X).

o E(|f|?)=|E(f)? if and only if f € L(<7).

The products of conditional expectation and multiplication operators appear more
often in the service of the study of other operators rather than being the object of study
in and of themselves. Weighted Lambert conditional operators in L?(Z)-spaces turn out
to be interesting objects of measure and operator theory. The class of these operators
includes multiplication operators, integral operators and their adjoints. Throughout
the paper, we assume that the measure spaces under consideration are complete and
that the corresponding Lambert conditional operators are densely defined. From now
on we assume that (u,w,uw) € Z(E). Operators of the form M,EM,(f) = wE (uf)
acting in L*(X) with 2(M,,EM,) = {fwE (uf) : wE (uf)wE (uf)} are called Lambert
conditional operator. Several aspects of this operator were studied in ([8, 11, 19]).

PROPOSITION 1. [17] Let T : L*(Z) — L°(X) defined by T = M,,EM,, is a Lam-
bert multiplication operator.

(a) T € B(L*(X)) ifand only if E(|w|>)E(|u|*) € L*(<7), and in this case ||T|| =
1w P)E (uf?) 7.

(b) Let T € B(L2(Z)), 0 < u € L°(Z) and v = u(E(|w|?))?. If E(v) > & on
6(v), then T has closed range.

(c) Let T € B(IA(Z)), 0 <u € LO(Z) and v = u(E(jw|?)2. If E(v) > & on
0(v), then T has closed range.

Given a complex separable Hilbert space 7, let B(¢) denotes the linear space
of all bounded linear operators on 5. A4 (T) and Z(T) denote the null-space and
range of an operator T, respectively. Recall that for T € B(5¢), there is a unique
factorization T = U|T|, where A (T) = A (U) =4 (|T|), U is a partial isometry;
ie. UU'U =U and |T| = +/(T*T) is a positive operator. This factorization is called
the polar decomposition of 7. If 7 = U|T| is the polar decomposition of T € B(J),
then T = /|T|U+/|T] is called the Aluthge transformation of T

Let B¢ (72) be the set of all bounded linear operators on .7 with closed range. For
T € Bc(H), the Moore-Penrose inverse of T, denoted by 7%, is the unique bounded
operator T that satisfies following:

't =1, T'TT =77, (rT")" =77T", (T'T)*=T"'T.

The Moore-Penrose inverse of an operator 7 may always be defined as a densely de-
fined and closed operator. The condition T € B¢(#) guarantees that T is bounded.
The Moore-Penrose inverse is designed as a measure for the invertibility of an opera-
tor. If T = U|T| is invertible, then T~! = T7, U is unitary and so |T| = /(T*T) is
invertible. For other important properties of T see [2, 6].

From now on, we assume that u,w € L% (X), O = o(E(uw)) and K := SNG,
where G = ¢ (E(w)) and S = 6(E(u)).
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PROPOSITION 2. [17] Let T = M,EM, € Bc(L?*(X)) with u,w > 0. Then

V=M , T

E(u?)E(w?)

The Cauchy dual of left-invertible operators is introduced in [25] as a powerful
tool in the model theory of left-invertible operators. To be precise, if T is left invertible,
it is easy to see that T*T is invertible and the operator given by Ly := (T*T)~'T* is a
canonical left inverse of 7. The Cauchy dual of T is then defined as

o(T):=T(T*T)"' =L,

which is a right inverse of 7*. For more details on the properties of Cauchy dual see
[L, 3, 12, 25, 27].
We introduce now the notion of Cauchy dual for Moore—Penrose inverse.

2. Cauchy dual and conditional type operators
DEFINITION 1. Let T € B¢ (##). The Cauchy dual T is is defined as
o(T)=T(T*T)".

Conditional operators and the various types of generalized inverse have been widely
used in practice. In this section, first we review some basic results on the Cauchy dual
of Lambert conditional operator M,,EM, on L*(X). Moreover, we discuss the mea-
sure theoretic characterizations of the notion of Cauchy dual for Lambert conditional
operators in some operator classes on L?>(X). Finally, some examples are provided to
illustrate the obtained results.

PROPOSITION 3. Let T = M,,EM, € Bc(L?(X)). We have
(a) a)(T) =M__x T, o(T) =T*;

(M )E(w?)
( 2)E(w?)
(c) w(TT) w  T"=M__x o(T)";
(E(u2)E(w2))2 E(u?)E(w?)
(d) o(T) o(T)=M_wx _EMy, o(T)o(T)" =M__wx __EM,;
(E(w?))2E(w?) EG2)(E(w2)2
(e) oTHO(T)=M _w  EM,, o(T)o(T") =M _ wye  EM,;
(E@2))3 (E(w?))? (E@2))2(EMm?))3
) o(o(T))=M_x T
(E(u?)E(w?))?

Proof. (a) Direct computations show that (T*T)f =M, £(w?)EMy,. Then by Propo-
sition 2 we get that (T*T)" =M  wy  EM,. Hence,
(E(u?))2E(w?)

o(T)=T(T*T) =M _wye EM,=M__x T.
E(u2)E(w?) E@2)E(w2)
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Also by Proposition 2, it is easy to check that
o(T) =T".

Parts (b) and (c) are obtained by similar calculations.
(d) We have

oT)o(T)=M_xx  T'T=M__wx EM,
(E@2)Ew2))? (E(u2))2E(w2)

and also,

o(T)o(T) =M x5  TT*=M wyx EM,.
(EG2)E(w?))? E@2)(E(w?))?

(e) This assertion Is similar to the previous part.
(f) With simple calculations, we get that

CO(CO(T)) =M (D(T) =M XK T. O

E(u2)E(w?) (E(u2)E(w?))?

LEMMA 1. [16] Let @ € L°(X), 0< v € L%(o7) andlet A := M, EM,, € B(L*(X)).
Then for each p € (0,0) and f € L*(X), AP(f) = vV oE(0*)"'E(wf).

PROPOSITION 4. Let T = M,EM, € Bc(F) and let o(T) = U|w(T)| be the
polar decomposition of ©(T). Then

o(T)| =M__ux _ EMy;
(E@?)3EW?)
U == M WXK EMu

E(u?)E(w?)

Proof. Let f € L*(X). Then |o(T)|> = o(T)*®(T) =M__wy _EM,.
(E@?)E(w?)
Now |w(T)| follows from Lemma 1. Moreover, it is easy to check that o(T) =
Ulo(T)|, UU*U =U and A (U) = A (o(T)*) = A (|o(T)|). This completes the
proof. [

LEMMA 2. [18] Let 0 <u,w € Z(E). E(uw)* = E(u?)E(w?) if and only if
w = gu for some g € L°().

DEFINITION 2. Let T € B(s#). For n € N, T is said to be n-normal operator if
T"T*.=T*T" and T is n-quasi-normal operator if T"(T*T) = (T*T)T"

PROPOSITION 5. Let T = M,,EM,, € Bc(L*(X)). The following statements are
equivalent
(a) o(T) is n-normal;
(b) (E(uw))> = E(u?)E(w?), on Q;
(c) o(T) is n-quasi-normal.
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Proof. (a)< (b)Let n € N, f € L*(X). Then by induction we obtain

w(E (uw))"~!
()" = oy B

Then,

WE (u? uw))"1
(@) (1) (1) = (pg o Eur)

Also,

uE (w? uw))"1
(1) ()" (1) = f s e Eu),

Thus, o(T) is n-normal iff

wE(uz)(E(uw))”_1 B uE(wz)(E(uw))"‘1
E@yEey ) = Ee)

Since </ is o—finite, there exists {A,} C o/ such that X = UA,,A, C A, with
0 < u(A) < oo. In this case xa, /" xx. Then by simplify and substituting f,, =
wy/E(u?)ya, in (1) and taking limit on n, we obtain

WE (u®)E(W?) (E (uw))" ™'\ /E(u?)
= uE(W?)(E(uw))"\/E(u?), on K.

ey

Equivalently,
WE (u*) 0 = uE (uw). ()

Now, multiplying both sides of (2) by w and then taking £ we get that
(E(uw))* = E(u*)E(w?).

Consequently, let (E(uw))? = E(u*)E(w?), then the desired conclusion follows from
Lemma 2.
(b)< (¢) Since

w(E (uw))"~!
(©T)') = Gy B

Then, we get that

R (T __ wE(uw)"!

Also,

u(E (uw))"

o(T)" (T (T)'(f) = CEratya By

E(uf).
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Now let E(uw) = E(u?)E(w?). Then by Lemma 2 and above relations (7)) is
n-quasi-normal. Conversely, let @(T') is n-quasi-normal. Thus

WE (uw))" ! - u(E(uw))"
(E(uz))}’k‘rl (E(wz))nJrl E(Mf) - (E(u2))n+2(E(w2))n+1

E(uf). 3)

Now by a similar argument used in (a), The proof is complete. [

Recently, the authors M. Dana and R. Yousfi in [4] has introduced the some classes
of operators such as, D-quasi-normal, n-power D-normal, n-power D-quasi-normal.
Like this definitions we introduce the classes of n-power f-normal and n-power T -
quasi-normal associated with a Moore-Penrose invertible operator using its Moore-
Penrose inverse. Also, we discuss measure theoretic characterizations for Cauchy dual
of Lambert conditional operators for these classes.

DEFINITION 3. Let T € Be(s¢). For n € N, T is said to be n-power T-normal if
(TTY'T*. = T*(T")" and T is n-power t-quasi-normal if (T7)"(T*T) = (T*T)(T")"

PROPOSITION 6. Let T = M, EM, € Bc(L*(X)). Then the following assertions
hold on Q
(a) o(T) is n-power T-normal;
(b) o(T) is n-power +-quasi-normal iff (E(uw))? = E(u*)E(w?).

Proof. (a) Since (0(T)")"(f) = u(E(uw))" 'E(wf). Then we have
(1) O(T) (1) = e s )
= o(T)"(o(T)")"(f).
Therefore, the proof is compleat.
(b) It is easy to check that
UE (uw))"

(o(T))'o(T) o (T)(f) = Wﬂ”fﬁ

u(E (uw))"!

o(T) o (T)(o(T)")"(f) = EWEW)

E(wf).
Thus, (T) is n-power T-quasi-normal if and only if

uE (uw))" u(E (uw))"!

E@PE) ) = ey E ) @

Put f, =w+/E(u?)xa, . After substituting f, in (4) and using the similar argument
in Proposition 5, we obtain
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ZPROPZOSITION 7. Let T = MEM, € Bc(L*(Z)). Then o(T)" = o(T) iff E (uw) =

Proof. Since for f € L>(X), n € N, we have

(@T)'() = 77 (( )()g’( R E )

Thus M), T = 0. Hence
1 1
IMAT|| = l[[AIE ()2 E(w?) 2| = 0.

Therefore, A =0, and so E (uw) = E (u*)E (w?).
Now let E (uw) = E(u?)E(w?). In this case clearly, (o(T))" = o(T). O

PROPOSITION 8. Let T =M, EM, € Bc(L*(Z)). Then o(T) is a partial isometry
iff Em>)E(w?) =1 on K.

Proof. Ttis easy to check that (T)((T))* o (T) = Muo(T), where o. = W
Then, o(T) is a partial isometry iff My,_10(T) = 0 iff |||oc — 1|@(T)|| = 0. That is

equivalent to E(u*)E(w?*) =1 on K. [

PROPOSITION 9. Let T = M,EM, € Bc(L?*(X)). Then the following assertions
hold on Q.
(a) o(T") = o
(b) (o(T)
(c) (o

~

)" iff E(w)E(w?) = 1;
"= (o(T)")"o(T)" iff (E(uw))® = E(u*)E(W*);
T)) =T iff E(u?*)E(w*) = 1.

*
e
=
-
=z
I

Proof. (a) We have

w(E (uw))"1
o0 = Gty ey

o(T")(f) = w(E (uw))" ™ E(uf).

Thus,
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By using the similar argument in Proposition 5, we get that E(u?)E(w?) = 1.
(b) Direct computations show that,

(@(T)")"o(T)"(f) =

W(E(uw) " 2E(w?)
EW P Emw) )

Thus we have,
(0(T) 0(T))' () = (@(T) V(1))
WEG)T o uE) PR
@ Eey ) = ey e

Again by similar argument in Proposition 5, the proof is complete.
(c) By using the Lemma 1 and Lemma 2, it is clear. [

—

We now turn to the computation of @ (7) and (7).

PROPOSITION 10. Let T,T € Be(L*(Z)). Then

(@) O(T) =M ey, EMu;
B E)PEW?)
() OT)=M wy EM,.

E(u2)E (uw)

Proof. (a) We know that, if T = M,,EM,, then T = MyEM,,, where v = ”fé%%
It follows that

o(T) =M )z EMy.

(E@?)2E(w?)

(b) Knowing that T = M (. EM,,, where v = UEn) e get that

un 2
£ E(u?)

(D(T) =M Vik EMu =M g EMM

E(V2)E(w2) E (u?)E (uw)

This completes the proof. [

COROLLARY 1. Let T,T € Bc(L2(X)). Then o(T) = o(T) = o(T) if and only
if (E(uw))* = E(u*)E(w?).

—

COROLLARY 2. Let T € Be(L*(X)). Then o(T) = o(T).

In the following example by using the matrix representation, we show some appli-
cations of these results.
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EXAMPLE 1. Let X = {1,2,3}, £=2%, u{n} = 1 let & be the c-algebra
generated by the partition {{1,2},{3}}. Then L?(X) = C? and

£0)= (g [ ram) 1, + (g w2,

it
2

%Al +f3XA2 .

Where A; = {1,2} and A; = {3}. Then matrix representation of E = E“ with
respect to the standard orthonormal basis is

O NI—= W=
O NI NI—
— O O

Let w= (wy,wz,w3) and u = (u1,uz,u3) be nonzero elements of C>. Thus

_ 11
wi 0 0] [220] w00
T=MEM,= | 0w 0| |J10]]0uo0
LO Ows] 1o01] [0 0 us
w12u1 W12M2 O
— w22u1 W22M2 O .
0 wi3us
Also,
u2 = (u%7u%7u§);
W2 = (W%,W%,W%);
uw = (Uyw1,uawa, u3w3);
E(u?) — ui s ey
(u )_ 2 I 2 s 43 |
E(w?) — witws witwi
(W )_ 2 I 2 sy V3 )
uwi +upywr uUiwi + uswr
E(uw) = < 2 , 7 7u3W3>.

2 2 2 2
ug+u5y)(wi+w: )
Let u; #0, w; #0. put a = G 2)4(‘ 1 2), b= ”"”;“2”’2 and ¢ = uzws. Hence
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_1 wiuy woug
a 00 5 5 0
Th=M,,  T"= [0l 0] |t me g
(;7;772) a 2 2
00 % 0 wius
[wing wouy
a 2a 0
— | wiua woup
- 2 2a 0
wauz
i 0 0 p
And
Wi wiup
a 2a 0
oT)=M T = | %2l Wi
(7) (3.5.5) %0 2a 0

w3u
0 0
C

2.2 ,
Also, since E(u*)E(uw) = (d,d,e), where d = W—WIHM and e = u3(uz3w3).

Thus,
[1 00 W 0
_ d 2 22

w(T):M(#éé)MMEMM— 0%0 u12u2 1%2 0
005 [0 0 i

EE A

|7 w0

L 0 0 2

Now, set u = (—2,2,—1), w= (1,—1,2). Then E(u?) = (4,4,1), E(w?) = (1,1,4)
and E(uw) = (—2,—2,-2). It is easy to check that a = 4, b:—2,c——2 d=-8,
e=—2 and

=1 1 9
-1 1 0 4 ~
T=|1-10|, T'=|1Zlo|=0=0).
0 0 -2 0 0 =L

2

Also, we have E (u?)E(w?) = E(uw)?. So, @(T) is not partial isometry but it is a n-
normal operator and also it is a n-power T-quasi-normal operator. Note that if in the
above we take u=(1,1,—3), w=(0,1,—1). Then E(u?) = (1,1,9), Em?) = (3,3.1)
and E(uw) = (%,1,3). Direct computations show that

000 010

— (11 T

T=|41o|, T'=|o10],
001 004
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000 110
o) =[110], o)=|[110
003 003

It follows that &(T) # (T). In this case E(uw)? # E(u?)E(w?). Thus o(T) is not
n-normal operator and also it is not a n-power T -quasi-normal operator.

Now, we introduce the class of J# (p,n,k) as a generalization of the classes of
p-hyponormal and p-quasihyponormal operators. In addition, we investigate some
characterizations of these classes by @(7) on L*(Z).

DEFINITION 4. Let n € N, k € NU{0} and let p > 0. We denote by % (p,n,k)
the set of all operators such as T on J# that T*K(T*"T"\PT* > T**(T"T*")PTk

Note that T € # (p,n,0) ifand only if T is (p,n)-hyponormaland T € J# (p, 1,k)
if and only if T is (p,k)-quasihyponormal.

PROPOSITION 11. Let T = MyEM, € Bc(L*(X)). Then the following assertions
hold on Q.
(a) o(T) € # (p,n,0) iff P E(W?) > w ;
(b) o(T) € H# (p,1,k) iff (E(uw))* > E(u)E(w?).

Proof. (a) Let f € L>(Z). Thus by Lemma 1, we obtain

(O()" 0TV () = bzt w) 27 (B (E )P E(w )
{o(T)"o(T)"}7(f) = MWWHW)(2”72>"(E(uz))”(E(W2))”71E(Wf)~
Then o(T) € % (p,n,0) iff
UE (uw)?P=2"E (uf) WE (uw) 2P~ 2"E (wf) -
/X{E(uz)(zn 1)17+1E(W2)(2n Dp E(MZ)(2nfl)pE(W2)(2n71)17+1 }fd“ 0. (5

Put f, = wy/E(u?)a, - After substituting f, in (5), we obtain

/ {qu(uw)Ql”z)"E(uw) Ew?)  wE(uw)®~2"E(wW?)\/E (u?) }d;,t 50

E(u2)(2n71)p+1E(W2)(2n71)17 - E(u2)(2n71)pE(w2)(2n71)p+1

It follows that uwE (uw) > w?E (u?). Also for A, € o7 with 0 < i(A,) < o, put f, =
u\/E(W?)xa,. Again by similar argument and after substituting f, in (5), we obtain
u’E (w2) > uwE (uw). Consequently u’E(w?) > w?E (u?), on X.
(b) Suppose f € L*(X). Tt is easy to check that
E(uw)*P P 2(E@?))" (E(w?))?
T xk TV o (TP o(T k _ Xl E .
o) {o(T) (1) o(T) (/) EaE L (uf):
uE (uw 2p+2k—4 E(u p+1
P E R EG)
(E(u?)E(w?))*

o(T) {o(T)o(T) Vo (1) (f) =
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Then we obtain

(o(T) o (T) (1)} o(T) — o(T) {o(T)o(T) } o (T))f. f)

u2)PHRTE (y2) P2k E(12)PT2kE (w2)p+2k—1

_/Gwmw%%%mm Mﬂwﬁ”ﬂﬂﬁvw

_/ X E(uw) %2y B (w22 Bup)Pa
2\ H I (w2)r i 2k E (u2)P 2R (2)p 21 H-

This implies that if (E(uw))? > (E(u?))(E(w?)) on K, then o(T) € % (p,1,k).
Conversely, if o(T) € % (p,1,k), then

{(o(T) {o(T) o(T)} o (T) — o(T) {o(T)o(T) Y o(T))f, f) >0

forall f€L*(Z). Let B€ o7, with BC K and 0 < u(B) < . By replacing f to yz,
we have

E (uw)20+2k=2 E(uw)?r+2k—4
J(&

2
u2) PR (W2)p+2k E(u2)p+2kE(w2)p+2k1) (E(u))"dp = 0.

Since B € o7 is arbitrary, then (E(uw))? > E(u?)E(w?) on K. This completes the
proof. [

COROLLARY 3. Let T = M,EM, € Bc(L*(X)). Then the following assertions
hold on Q.
(a) o(T) is p-hyponormal iff w?E (u?) > u’>E(w?);
(b) o(T) is p-quasihyponormal iff (E(uw))? > E(u?)E(w?).

EXAMPLE 2. Let X = [0,1], du = dx, X be the Lebesgue measurable sets and
let o = {0,X}. Then Tf(x) = w(x)E(uf)(x) = w(x) fy u(x)f(x)dx and T*f(x) =
u(x) fol w(x)f(x)dx forall f € L*(X). Put u(x) = 2% , w(x) = 5x? +3. Then E (uw) =
%, E(u?) = 5, E(w?) = 24. Thus, o(T) is not n-power 7-quasi-normal and also
o(T) ¢ # (p,1,k). But @(T) not only is n-power T-normal but it is also a partial
isometry. Moreover, by a direct computation, we get that

@UW@—ﬁ+3/f (x)d =T /()

~ 48x
(@(T)f)x _11f/ ()

(a)( 33x/ )
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EXAMPLE 3. Let X = [—1,1], du = dx, X be the Lebesgue sets, and let & CX
be the o -algebra generated by the symmetric sets about the origin. Let 0 < a < 1 and
f €L*(X). Then

a

B war= [ s

LA | SISO,

Thus, E(f)(x) = % Let u(x) = 1, w(x) = ¢*. So E(uw)(x) = cosh(x) and
E(w?)(x) = cosh(2x), E(u?) = 1. Then o(T) ¢ # (p,n,0)N.H# (p,1,k). However if
u(x) = cos(2x) and w(x) = x* then E (u?)(x) = cos?(2x), E(w?)(x) =x® and E (uw)(x)
= x*cos(2x). Thus o(T) € # (p,n,0) ﬁ,%/(p,l k) Finally, if we take u(x) =x and
w(x) = cos(x) then we have E(u?)(x) = x>, E(w?)(x) = cos?(x) and E(uw)(x) = 0.
Thus o(T) € # (p,n,0)\HF (p,1,k).
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