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THE WEIGHTED AND THE DAVIS-WIELANDT BEREZIN NUMBER

MUBARIZ GARAYEV, MOJTABA BAKHERAD* AND RAMIZ TAPDIGOGLU

(Communicated by F. Kittaneh)

Abstract. A functional Hilbert space is the Hilbert space of complex-valued functions on some

set ©® C C that the evaluation functionals @, (f) = f (A1), A € © are continuous on .7#. The

Berezin number of an operator T is defined by ber(T) = sup|T(1)| = Sup|(TlA<,1 ;)| where
r€0 r€0

the operator 7 acts on the reproducing kernel Hilbert space . = J#(©) over some (non-
empty) set ©. In this paper, we defined the weighted Berezin radius and the weighted Berezin
norms and then we obtain some related inequalities. It is shown, among other inequalities, that
if T e Z(A) and 1 €[0,1], then

ber?(T) < (1— 2t + 20| TT* + T T[per.s + (1 — 2t)ber <T2 + T*2> ‘

Moreover, we generalize the Davis-Wielandt Berezin number and present some inequalities in-
volving this definition.

1. Introduction

Let .Z () be the Banach algebra of all bounded linear operators defined on a
complex Hilbert space (#7;(-,-)) with the identity operator 1, in £ (7). When
2 =C", we identify .Z () with the algebra .#,(C) of n-by-n complex matrices.
Recall that the numerical range and the numerical radius of 7 € .Z(.5) are defined
respectively, by

W(T):={(Tx,x) :x€  and ||x|]| =1},
and
w(T) :=sup{[(Tx,x)| : (Tx,x) e W(T)}.

For more facts about the numerical radius, we refer the reader to [7, 25, 26, 27] and
references therein.

A functional Hilbert space is the Hilbert space of complex-valued functions on
some set ©® C C that the evaluation functionals @ (f) = f (1), A € © are continuous
on . Then, by the Riesz representation theorem there is a unique element k; €
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such that f(A) = (f,k,) forall f € 7 and every A € ©. The function k on © x ©
defined by k(z,A) =k, (z) is called the reproducing kernel of .7, see [2]. It was
shown that & (z) can be represented by

for any orthonormal basis {e, },,~; of J#, see [31]. For example, for the Hardy-Hilbert
space 2 = 7% (D) over the unitdisc D= {z € C:|z| < 1}, {z"},>1 is an orthonor-

mal basis, therefore the reproducing kernel of .7 is the function k; (z) = ¥ M2t =
n=1

N1 ~
(1 — )Lz) ,AeD. Let k) = Wiﬁ be the normalized reproducing kernel of the space

. For a given a bounded linear operator T on 77, the Berezin symbol (or Berezin
transform) of T is the bounded function 7 on © defined by

T(2) =(Tki (2).5 (2)), 2 €O.

An important property of the Berezin symbol is that for all T,S € £ () if T (1) =
S(A) forall A € ©, then T = S(at least when . consists from analytic functions, see
Zhu [35]). For more details, see [5, 6, 9, 10, 13, 14, 15, 20]-[24]. So, the map T — T
is injective [16]. The Berezin set and the Berezin number of an operator 7' are defined,
respectively, by

Ber (T) = {T()L) tA € @} = Range (T) ,
and

ber (T) = sup{|y|:y € Ber(T)} :iug T()L)‘

The Crawford Berezin number of the operator T is defined by (see [21])
cher(T) == inf{|T(A)|: A € O}.
The 1-Berezin norm of an operator T € .Z (%) is defined by
17 ler1 3= sup 7 -
r€O
One can define also the 2-Berezin norm of 7' by the formula
T llpr == sup { | (7% )| : 4, u € O}

Cleaﬂy’ ||T||ber,2 < HTHber,l'

For T,S € £ (), it is clear from the above definitions of the Berezin radius (or
the Berezin number) and the Berezin norms that the following properties hold:
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(1) ber(aT) = |c|ber(T) forall a € C,

(2) ber(T +S) < ber(T)+ber(S),

(3) ber(T) < 1T llperz < I Mlper,1 -

4 HO‘THbem =|of [T [|per,; forall o € C and i=1,2,
) T +Sllbers < NT llberi + 1S llperis 1= 1,2,

(©) [T llber; = 17" llper; and ber(T’) = ber(T~).

The Cartesian decomposition of an operator 7' € .Z’(.#’) can be written as T =R(T') +
i3(T), where R(T) = TET and 3(T) = —*. A generalization of this decomposition
was introduced in [29], called weighted real and imaginary part of 7' defined as:

—0)T —1tT*

R(T)=(1—-0)T"+¢T and St(T):(l forallz € [0,1].

l

Obviously, for t = 3, R,(T) = R(T) and 3,(T) = I(T). Itis easy to see that for every
operator T € 3(%”) R (T)+i3,(T) = (1 —2¢)T*+T. In [25], the authors defined
the so-called weighted numerical radius by the formula:

wi(T) := sup [(Re(T)+iS:(T)x,x)|

[lxll=1
=w((1-20)T*+T) forT € L () andt € |0,1].

Also, in [11], Conde et al. introduced the weighted numerical radius in the following
way (see also Nayak [28]):

wi(T) = sup “ﬁt(eieT)H.

0eR

Similarly, if 5# = 5#(0) is a reproducing kernel Hilbert space, for T € .Z () and
t € [0,1], we define the weighed Berezin radius and the weighted Berezin norms by the
following formulas, respectively:

ber, (T) := sup <9{t(T) + iSt(T)EA@LH — ber((1—20)T* +T),

LEO

(R (T) +i3,(T k;LH

HT”ber,l,t =
AEO

and

[T |lber2 := sup
A UEO

<(EK,(T) n iS,(T))EA}MN .
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Itis obvious that || T ||per,is = || (1 —2¢)T* +T||per,; and ber,(T) < || T |lver.2+ < || T ||ver,1 ¢ -
Similar to the Berezin radius inequality, the weighted Berezin radius also satisfies the
triangle inequality

ber,(T +S) < ber;(T) +ber,(S) forT,S e L(H).
One can easily observe that for # = 1, ber,(T) = ber(T) and ||T ||per,iy = ||T[|per,; for
i=1.2.
Moreover, one of the most less common celebrated generalization of the numer-

ical range and the numerical radius is the Davis-Wielandt shell and its radius of 7" €
Z (), which are defined as:

DW(T) :={({Tx,x),(Tx,Tx)),x € 7, ||x|| =1},

and

ant)= sup {\(Te P, <1>

XA x||=1

It is easy to see that the Davis-Wielandt radius is not a norm. It has many properties
that you can refer to reference [34]. The following inequality immediately comes from

(1):
max(w(T),[|T|]*) < dw(T) < \/w(T)+|T|*

for any T € £ (). Clearly, the projection of the set DW (T') on the first co-
ordinate is W (T'). One can easily check that dw (T) is unitarily invariant but it does
not define a norm on ¥ (J¢). Several properties and generalizations of the Berezin
number and the Davis-Wielandt radius have been given; see [3, 4, 17, 18, 32]

The following well known lemmas will let essential to prove our results. We start
with the Buzano inequality.

LEMMA 1. [8] Let x,y,e € S with |le|| = 1. Then

|(x,e)(e,x)] < %(|<x,y>\ + Xyl

Next lemma is the McCarthy inequality for positive operators.

LEMMA 2. (McCarthy inequality) Let T € £ () be a positive operator. Then
Sor all unit vector x € F we have

(Tx,x)" <(T"x,x),
where r > 1. This inequality is reversed if 0 < r < 1.

The generalized mixed Schwarz inequality was introduced in [19], as follows:
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LEMMA 3. [25, Theorem 1] Let T € £ () and x,y € S be any vectors. If
0<r<li, then

() P < (TP ) (1T POy ),
In this paper, we study the weighted Berezin radius and the weighted Berezin

norms and then we obtain some related inequalities. Further, we generalize the Davis-
Wielandt Berezin number and present some inequalities involving this definition.

2. Some inequalities for the weighted Berezin radius and weighted Berezin norms
In the present section, we prove some new inequalities for the weighted Berezin
radius and the weighted Berezin norms of operators on the reproducing kernel Hilbert

space ¢ = .7 (©). Our first result of this section is the following.

THEOREM 1. Let T € £ () and t € [0,1]. Then

ber?(T) < (1—2t)%ber*(T) + (1 —2t)ber(T*) + (1 — )| T*T +TT* \per.1-

Proof. Let A € © be arbitrary. Then we have
’<((1 —2t)T*+T)§;L,2,1>’ <(1-2) ’<T*%;L};L>’ + ’<T§;L};L>’,
whence
)<((1 —2t)T*+T);;L,7<\,1>)2
<(1—2)? )<TE,1};L>‘2+ )<T@,@>)2
+2(1=20) [T K )| [(7%. % )|
(1202 {7k K ) 2+’<|T|EL};L> (17" k3 K )|
|

(1—2) ’<TEA,T*?A>’+HT@HHT*Z"H]

(using Lemmas 1 and 3)
2 1 PO
<=2 [(Th k) [ +5 (TP +1T" Pk By )|

PO 1 o~
_ 2 1o 2 )2
+(1=20 (T8 )|+ 5 (1 =20 | (TP +1T Pk K )|
(using Lemma 2)
< (1—21)*ber*(T) + (1 —26)ber(T?) + (1 — )| T*T +TT*||per.1-

Now, taking the supremum over A € ©® we get the required bound. This proves the
theorem. [J
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REMARK 1. If we take t = % in Theorem 1, then we get (see [4])

1
ber?(T) < ST T+ TT per.-
Next, we prove an inequality involving the weighted norm.

PROPOSITION 2. Let T,S € L() and t € [0,1]. Then
1S per, 1,0 < (2= 41+ 47)[| TS |[pers + (1= 20)ber ((TS)?) + (1 —2)ber ((ST*)?) .
Proof. Let A € ©. By a simple calculation we get
H((l —2)(TS)* +TS)E1H2
- <((1 —20)(TS)* +T8) ks, ((1—26)(TS)* + TS)E,1>
= (1= 202(TS)"Kx |I* + (1 —2¢) <(TS)*§;L,TS§;L>
+(1—21) <TS%;L,(TS)*EL> + | TSk, |12
< (2—4t+41%)||TS|[per.s + (1 —20)ber ((TS)?) + (1 —2t)ber ((S*T%)?) .

Taking the supremum over A € @, we get our required inequality. [

In the following theorem, we get an upper bound for the weighted Berezin radius
which improves the inequality ber(T) < ||7'||per,1 -

THEOREM 3. Let T € () and t € [0,1]. Then

ber? (T) < (1—2t+20%)||TT* + T*T||per.1 + (1 — 2t)ber <T2—|—T*2> '

Proof. Let A € © be arbitrary. By applying Lemma 3, we have:

)<[(1 2t)T*+T]k;L,k,1>)
(1 —20) T*+T\k,1,k,1><|(1—2t)T*+T|§;L};L>
By

<3 [<|(1 )T +T\2kl,kl> <|(1 20T +T\%@L>}

(using Lemma 2)
[(1 — 1) <(TT* LT Tk, ,?;L> + <(TT* T Tk ks >]
(1—21) <(T2 +T*2)Z,1@L>

< (1= 20420 | TT* + T*T ey, + (1 — 20 )ber <T2 + T*2> :

1
2
+
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Taking the supremum over A € ©, we get the desired inequality. [

The following well-known Generalized Polarization Identity will be used in the
sequel.

LEMMA 4. Let T € £ () and x,y € 7. Then
1 3
(Tx,y) =~ 2 ik<T(x—|—iky),x—|—iky>.
45
For T € £ () its so-called the Aluthge transformation T is defined by T =
|T|'/2U|T|"/?, where |T|:= (T*T)'/? and U is the partial isometry associated with
the polar decomposition 7 = U|T| and ker(7T) = ker(U).
THEOREM 4. Let T € () and t € [0,1]. Then

ber,(T) < (1—1) (HTHber,2+ber (f)) .

Proof. Let A,u € © be arbitrary points. Assume T = U|T| be the polar decom-
position of T'. Then for every 6 € R we have

R <ei9 [(1—20T" + T]%,L,m
= (1= 20R (" T F K ) + R (Th; K )
—(1-20)% <e""|T|U*EL}M> R <ei6U|T|E,1,E,1>
—(1-20% <e*"9\T@,U*§M> +R <e"9 \T@,U*E&
(since Rz = R7)
= (Tl U e+ U )
12

(ITI(e™ — U (77 — Uk )

1 . - . 1 . ~ . ~
3 (1T + U (7 + Uk ) = 7 (ITI(E + U (¢ +U )
(using Lemma 4)

1-2¢t/,; ) ~ o~
= 2 {( @+ U)ITIe O+ Uy )

4
1-2t/ —i N
— = (€ =0T U )
1 —i0 i0 N T 1 —i0 i0 Y
+ 3 (€ OITIE + U k) = 5 (70 +U)ITI(E + U )
1—-2¢
<
4

|e® = vy v

Lo e i0
_ 1 U T 1 U*
ber,2+2H(e +U)T|("+U7)

ber,2
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1-2 —i (i
= = |IT1M2e " — Uy — vy

ber,2

1 i * —i
+ 3 |71 Uy e oyl

’ber,Z
(using the fact that ||S™S||ber2 = ||SS™|Iber,2)

1-—2¢ ; :
7 Hz‘T‘+6719|T|1/2U‘T|1/2+619|T|1/2U*|T‘1/2

ber,2
1 . .
+ZHz‘T|+619|T‘1/2U‘T|1/2+€719|T‘1/2U*‘T‘1/2

1—2¢ o
- H\TH&R(['BT)
1—2¢ ~ 1 ~
< 5 <||T||ber,2+bel'(T>>+§<||T||ber,2+bel'(T>>

= (1=1) (|7 Ioer +ber (7) ). D

ber,2

1 o~
b H\T| R <e'9T)
ber,2 2

ber,2

COROLLARY 1. Let T € £(). Then

ber(T) < % <HT||ber,2 + ber (f)) ,

Proof. 1f we take t = % in Theorem 4, then we will get the desired result. [l

REMARK 2. We remark that Corollary 1 is an analog of the famous Yamazaki
inequality [33]

w(T) < % (Ir)+w (7).

LEMMA 5. Let T € £ (). Then the function g(t) = ber,(T) is convex on the
interval [0,1].

Proof. Assume v,A,u € [0,1]. Then by the definition of the weighted Berezin
number we have

gAv+(1=2)u)
=ber; i (1-2)u(T)
=ber(1 —2(Av+(1—-A)u)T*+T)
=ber((A —2AV)T*+AT+[(1—2A) =2(1 = A)u]T*+ (1 - A)T)
<ber((A —2AV)T*+AT) +ber([(1-A)—2(1—A)u]T* + (1 - 1)T)
= Aber((1—2v)T*+T) +(1—A)ber((1—2u)T* +T)
=Ag(v)+(1—A)g(u).

Hence, the function g(z) = ber;(T') is convex on the interval [0,1]. O

Applying the celebrated Hermite-Hadamard inequality, we have the next result.
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PROPOSITION 5. Let T € £L(¢) and s,t,A € [0,1]. Then

ber: (T) < (1—A)ber A A i (T) + Aber -, Ry (T)

s—t/ ber,(T)dx
_ ber(;_;s:3.(T) + (1 — A)bery(T) + Aber,(T)

h 2
. bery(T) +ber(T)
~ 2 .

Proof. The refined Hermite-Hadamard inequality for a convex function g on the
interval [0, 1] asserts that

() <tsn < 2 [ e <1sn < STEO,

N

where 5,7 € [0,1],

1(A,s5,1) :(l_l)g<(1—x)5;—(l+)t)t> e (W)

and

L(h,s5,1) = %(g((l s+ A0)+ (1= A)g(s) + Ag(t)).

Now, utilizing this inequality for the function g(r) = ber;(T') we get the desired re-
sult. O

LEMMA 6. If T € L () and t € |0,1], then
(1) ber,(T) = ber,(T");

bery(T)
(2) ber(R(T)) < =55

where y(t) = min{t,1 —t} and I'(t) = max{r,1 —t}.

Proof. Assume T € £(s¢) and ¢ € [0,1]. Then

ber;(T) =ber((1—2/)T*+T)
=ber((1 —2¢)(R(T) —i3(T)) +R(T)+i3(T))
=2ber((1 —t)R(T) +it3(T))
=2ber((1—1)R(T)—it3(T)) (since ber(T)=ber(T"))
=ber((1 —2¢)(R(T)+i3(T)) + R(T) —i3(T))
=ber((1-20)T*+T)
=ber,(T")
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Hence, we get the first result. For the second result we have

4(1—1)ber(R(T)) = 2(1 — 1)ber(T +T*)

< bery(T) + ber; (T™)
=2ber;(T) (by part (1)),
whence ber(R(T)) < %’&gn, where y() = min{¢,1 —¢} and T'(t) = max{z,1 —

t}. O
THEOREM 6. Let T € () and t € [0,1]. Then
2y(t)ber(T) < ber,(T) < 2I'(t)ber(T), (2)

where y(t) = min{z,1 —t} and T'(t) = max{r,1 —1}.

Proof. Assume 0 <t < % . Then by the definition of the weighted Berezin number
and this fact ber,(T) = ber,(T*) we have
ber,(T) =ber((1 —2:)T*+T)
< (1—21)ber(T") +ber(T)
=2(1—1)ber(T)

and for % <t <1 we have
ber;(T) =ber((1—2)T*+T)
< (2t — 1)ber(T") +ber(T)
= 2tber(T).

Hence ber,(T) < 2I'(t)ber(T), where I'(#) = max{¢,1 —¢}. Similarly, if 0 <7 <
then

1
2>

ber,(T) =ber((1—2:)T*+T)
> ber(T) — (2t — 1)ber(T™)
=2(1—1)ber(T).

and for % <t <1 we have

ber,(T) =ber((1 —26)T"+T)
=ber(T — (1 —2:)T")
> ber(T) — (1 —2¢)ber(T")
= 2tber(T).

Therefore by combining the above two recent inequalities, we get 2y(7)ber(T) < ber(T),
where y(t) =min{r,1—¢}. O
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COROLLARY 2. Let T € £ () and t € |0,1]. Then

(1—|1—2t|)ber(T) < ber|_j;_5(T)

ber,(T)
<bhery 1 (T) < (

<
< (14 |1 —2¢|)ber(T).
. 1124
Proof. The proof follows form Theorem 2, y(t) = min{t,1 —¢} = —5— and
(1) = max{r,1 —r} = 22 O

Integration over inequalities (2) we have the following result.
COROLLARY 3. Let T € £(). Then

—ber / ber, (T ber(T).

Proof. The result obtains from inequalities (2) and these facts fol [(r)dr =3 and
Jo v(6)dr = 1, where y(r) = min{r,1 —¢} and () = max{z,1 —¢}. O
Using the definition of the weighted Berezin number we have ber; (T') < ber(R(T))

+ber(3(T)). Employing the Jensen inequality we get lower and upper bounds for this
expression.

COROLLARY 4. Let T € £ () and t € |0,1]. Then

2(1 —1)ber(R(T)) + 2tber(3(T)) — ber,(T)
I+]1—2¢]
< ber(R(T))+ber(3(T)) —ber,(T)
o 2(1—1)ber(R(T)) + 2tber(3(T)) — ber,(T)
= 1—|1—2] '

Proof. If g:[0,1] — R is a convex function, then the Jensen inequality [12] asserts
that

(1-1)g(0) +7g(1) —g(r) _ g(O)+(1) (1)

1+ |1 —2¢] h 2 2
< (1—1)g(0) +1g(1) —g(r)

1—[1—2 ’

where 7 € [0,1]. Applying this inequality for the convex function g(r) = ber;(T) we
get the desired result. [J

Applying Lemma 6 we obtain the following theorem.
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THEOREM 7. Suppose that T € £ () and t € [0,1]. Then

ber,,(¢"T)
ber(T) = su i (R ,
=3 —arg

where y(t) = min{t,1 —t} and I'(t) = max{r,1 —t}.

Proof. f T € £ () and 6 € R, then

i0
ber(R(¢T)) < %ﬁ;n (by Lemma 6(2))
< ber(eT)  (by inequality (2))
= ber(T).

Note that, ber(T) = supy.g ber(R(e°T)); see [4]. Therefore, by taking supremum
over 0 € R we get

ber,, (e°T)
ber(7T) = su L
)= 3 =51 )

REMARK 3. Note that, Theorem 7 is an analog of a result in [11], i.e. w(T) =
Wy (s (e0T)

supeeR{%ﬂW}, where T € Z(), t € [0,1], y(r) = min{z,1 —¢} and I'(r) =
max{z,1 —1}.
3. Some the Davis-Wielandt Berezin number inequalities
In this section, we show a generalization of the Davis-Wielandt Berezin number
and then we obtain some results. The concepts of the Davis-Wielandt Berezin set and
the Davis-Wielandt Berezin number were introduced in [1] and [30] as follows:

DWer(T) = {((T?A,?A>7<T?A7T@>),)L c @},

and

D) = s W (TR T2+ mw} .
cO

Now, we can clearly see that dwper(T) is an generalization of ber(7), moreover
dwper(T) < dw(T). Tt is easy to see that the Davis-Wielandt Berezin number of T €
L () satisfying the following inequality:

max (ber(T), || T|[fer) < dWher(T) < \/berz(T) AT |l (3)

We define a f-generalization of the Davis-Wielandt Berezin number as following:
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DEFINITION 1. Assume 7 € £ () and f:[0,e0) — [0,°0) be a continuous in-
creasing function. We define the f-Davis-Wielandt Berezin number of the operator 7
by

dwvery (1) = sup £ (1 (TR R )+ (TR o)) )

In this section, we present some inequalities involving the Davis-Wielandt Berezin
number. First, we obtain a lower bound for the Davis-Wielandt Berezin number in
L().

THEOREM 8. Let T € L () and [ :[0,00) — [0,00) be a continuous increasing
function. Then

deer_f (T)
> max { £~ (f (ber(T)) + f (coer(T*T))) . f " (f (cter(T)) + f (ber(T*T))) }.

Proof. Let Z;L € J(0) be a normalized reproducing kernel. Applying the mono-
tonicity of f and f~! we have

£ (rknknl) + £ (TR ) ) = 77 (£ (108 E)) + £ (ver(TT))
whence by taking the supremum over all A € ©, we get

dber, (T) > £~ (F (ber(T)) + f (coer(TT)). @
Moreover, we have
P (TR onl) + £ (1 TR K ) ) = 77 (F v + £ (T TR KA ) )
and so

e, (T) > 171 (f (cver(T)) + £ (bex(T°T))). )
From (4) and (5), the desired inequality holds. [

REMARK 4. If T € Z() and f :[0,00) — [0,°0) is a continuous increasing
function, then using arithmetic-geometric inequality and inequalities (4) and (5) we
have

L (f (ber(T)) + £ (coer(T*T)))
B (2\/f(ber(T))f(Cber(T*T))> '

=

and

dWper, (T) = [~ (f (cber(T)) + £ (ber(T*T)))
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7 (V7 ver(T)) f (ber(T°T)) ).
These inequalities imply that
e (T)
> max {f " (2/7 (ber(T)) [ (ever(T°T))) ./~ (2/F (ever (1))  (er(T°7))) }.

REMARK 5. Assume 7 € .Z(J) and f :[0,00) — [0,e0) be a continuous in-
creasing function. It follows from Theorem 8 that

max {ber(T), | T 2}

= max {ber(T),ber*(|T|)} (since |T| is positive)

< max {ber(T),ber(|T|*)} (by Lemma 2)

= max {f~! (f (ber(T))).f~" (f (ber(|T*))) }

< max {f" (f (ber(T)) + f (ever (IT1%))) . £ " (f (cber(T)) + f (ber(|T[*))) }
(since f*1 is monotone)

< dwer,(T)-

Therefore, the inequality obtained in Theorem 8 is sharper than the lower bound ob-
tained in (3).

COROLLARY 5. Let T € £() and p > 0. Then

dW;;erp(T) = max{ (ber(T))p + (Cber(T*T))p ’ (Cber(T))p + (ber(T*T))p }

Proof. Utilizing Theorem 8 for the function f(¢) =7 (p > 0) we get the request
result. [l
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