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A NORM INEQUALITY FOR THREE REAL MATRICES

FEN WANG

(Communicated by S. Fallat)

Abstract. In this paper, we prove a norm inequality for three real 2 x 2 matrices conjectured by
L. LdszI6 [3] recently, which is a generalization of the famous Bottcher-Wenzel inequality.

1. Introduction

Let M, (R) be the set of real n x n matrices. For A,B € M, (R), Bottcher-Wenzel
[1] conjectured
IAB — BA|7 < 2||A||7|1B]IZ, (1.1)

where || - || means the Frobenius norm. This conjecture was proved by many authors,
please see the survey [2] and the references therein. Motivated by (1.1), Laszl6 [3]
considered three real n x n matrices and proved a new norm inequality as follows.

THEOREM 1.1. [3, Theorem 3.1] If A,B,C € M,(R), then
2 2 2 2 2
JABC — CBAJ2 < Al [BI% ICI: — BIE w2 (AC) (1.2)
At the same time, Ldsz16 [3] introduced the commutator for A,B,C € M,(R):
D := (ABC + BCA+CAB) — (CBA+ ACB + BAC),

and proposed the following conjecture:
CONJECTURE 1.2. [3] Forany A,B,C € M,(R), it holds
3
2 2 2 2 2 2 2
117 < 5 (1Al - 1BC = CBI + IBI - lcA = ACI: + I - 4B~ BAI:).

Laszl6 [3] himself verified the conjecture for n =2 and A, B,C being upper trian-
gular. In this paper, we will consider the Laszl6’s conjecture for n = 2. To be precise,
we will prove the following theorem.

THEOREM 1.3. Let A,B,C € M»(R) and one of them be symmetric. Then
3
2 2 2 2 2 2 2
DI < 2 (A1 - 1BC ~ CBIE + BI3.- A~ ACIE: + | CIE - 14B — BAIE) . (1.3

We will also show that the constant % is optimal.
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2. Proof of Theorem 1.3

Proof of Theorem 1.3. Step 1: Without loss of generality, we can assume

b1 b A
A= ay az . B= 102 . C= 1 ’
as ag b3 b4 2,2
where a;,b;,A; e R for 1 <i<4,1<j<2.
Step 2: Computation of AB— BA, BC—CB, CA — AC and their norms.
AB — BA — a) ap bl b2 _ b1 b2 ap ap
as ag b3 b4 b3 b4 as ay

B (albl +ash; alb2+a2b4> B (albl +azby axb +a4b2>

2.1
azb| + asbsy azby 4 asby aybs + azby arbz 4 asby @D

_ arb3 — azby (a1by — azby) + (axbs — asbs)

(asb1 — aibs) + (asbs — azbs) —(azbs — azby) ’
b

BC— CB— 1 b2 (A (M by by
b3 by Ag 312 b3 by
by Apb Aby b

_ (MbrAeba - [Aiby Mby 22)

Abs Arby Aob3 Arby

0 —by
= (M —A2) <b3 0 ) ;
CA—AC — 2,1 a) ap _ a) ap 2,1
A ) \az as az a4 A
B Mal Mag Mal z,zaz
N 2,2613 2,2614 l1a3 2,2614 (2.3)

=(M—A) (_(;3 Lg) :
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Therefore,

|AB — BAH% =2(axbs — a3b2)2 + [(a1b2 —apby) + (axbs — a4b2)}2

+ [(asby — a1bs) + (ashs — ashy)]?,

2.4)
IBC—CBF = (b3 +03) (M — 22)*,
ICA = AC|7 = (a3 + a3) (M1 — A2)°.
Step 3: Computation of C(AB— BA), A(BC —CB), B(CA—AC).
By (2.1), we have
C(AB — BA)
(M arbz — azb; (a1by — asby) + (axbs — asbs)
A2 ) \(asby — a1b3) + (asbs — asby) —(a2bs — aszb2) (2.5)
- Ai(aabs — azbs) A(aiby — azby) + A (axbs — ashs)
Ao (azby — a1b3) + Az (asbs — azby) —M(azbs — azby) '

By (2.2), we have
a) ap 0 —b2 a2b3 —a1b2
A(BC—CB) = — = _ )
(BC—CB) <a3 a4> (A —A2) <b3 0 ) (M —22) <a4b3 —a3b2> (2.6)
By (2.3), we have

b1 b2 0 an —a3b2 azbl
B(CA—AC) = - = (A — .
(C C) <b3 b4> ()Ll lz) (—ag 0) (Al 2/2) (—a3b4 a2b3> (2.7)

Step 4: Computation of ||D||12F
By (2.5)—(2.7), we get

D =C(AB—BA) +A(BC— CB) + B(CA — AC)

_ (201 — 2A2) (azbs — aszbs) Aa(arby — azby) + A (axbs — ashs)
2,2(613191 — albg) + ll (a4b3 — a3b4) ()Ll - 27‘,2) (a2b3 — a3b2) ’
(2.8)
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therefore,

IDIIF = [(241 — A2) (a2bs — azba))* + (A — 222) (a2bs — azb))?
+ [Aa(a1by — azby) + Ay (azbs — ashy))?
+ [Ma(asby — arbs) + A (asbs — asbs)]?
= [ —22)* + (M —202)* | (a2b3 — azb)?
+ [Aa(arby — azby) + Ay (azbs — ashy))?
+ [Ma(azby — arbs) + Ay (ashs — azby))?
= (SAf +523 — 8M1A2) (aobs — azbn)?

(2.9)
+ [(azbs — asbs)? + (asbs — azba)?*| A}
+ [(a1bs — azby)* + (azby — a1b3)*] A3
+ [2(a1by — axby ) (azbs — ashy) + 2(azb; — a1b3) (asbs — azbs)| A1 A2
= [5(azbs — azby)* + (azbs — asbs)* + (asbs — asbs)*| Af
+ [5(a2bs — azba)* + (a1bs — asb1)* + (azb1 — a1b3)* ] A3
[2 ayby — axby)(axby — ashy) +2(azby — a1bs)(asbs — azby)
—8(azbs — azb2)*| M ds
Step 5: Computation of
1|7 - [IBC = CBI|7-+ |[B|7 - ||CA — ACI[7 + |[C||F:- || AB — BA||7-
By (2.4), we get
1|7 - 1|BC = CBI|7+ |[B|7- ||CA — AC||E+ ||C||7-- | AB — BA||7
= [|AlIF (B34 b3) (M — 42)* + BIIF (a3 + @3) (M — 4a)?
+ (Af +23) |AB — BA||7
= (AN (53 +03) + [1BIIF (a3 +a3) + | AB — B[] A7 (10

+ [IAIE (b3 +3) + 1BIF (a5 +a3) + |AB — BA||7] A3
—2[||A|1F (b3 +b3) + ||B||F (a3 +a3)] A1 2o

Step 6: Computation of

3 (lAll7 - 1BC = CBI|+ B - | CA = AC|7 + ||CI|7-- [|AB — BA||:) — 2| D7 -
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Denote
L =3 [||A[I7 (63 +63) + |BI7 (a3 +a3)]
J1 = 5(asbs — a3hy)? + (ashs — aghy)* + (ashs — asby)?,
Jo = 5(asb3 — azhs)? + (a1by — azby)* + (azby —aybs)?,

J3 =2(a1by — azby)(axbs — asha) +2(asby — a1bs)(asbs — azbs) — 8(azbs — ashy)’.
@2.11)

Then, from (2.9)—(2.11), we obtain that
2
3 (lAll7 - [|BC — CBI[7 + [IBl7 - |CA = AC|[7 + [|C|| - |[AB — BA|[7) — 2 |DI|%
= (Li +3||AB— BA|| — 2J1) A} =2 (L + J3) MiAs + (I + 3||[AB— BA||7. — 20) A3

= P%z +glih + r?Lzz7
(2.12)

where
p=1,+3||AB— BA||%—2Ji,
g= -2 +1J3), (2.13)
r=1,+3|/AB— BA||% —2J>.

Step 7: Estimation of p and computation of A = g*> —4pr.
(1) Estimation of p. By (2.4), (2.11) and (2.13) , we have

p =1, +3||AB—BA||7 2],

=3[(al +a3+a3+a7) (b3 +D3) + (b1 + D3 + b3 +b5) (a3 + )
+3[2(azbs — azbr)* + (a1bs — asby)* + (aobs — ashs)* + (azby — a1b3)?
+ (asbs — asbs)* +2(arby — azby ) (azbs — ashs) +2(azby — arbs ) (asbs — azby)|
—2[5(azbs — azbs)* + (azbs — asbs)* + (asbs — azbs)?]

=6(a3+a3) (b3 +b3) — 4(arbs — azby)?
+3 (a1b3 + a3by) + 3(a1by — axb1)* + 3 (a3b3 + a3b3) + (axbs — ashs)?
+6(aiby — azby) (axbs — asby) + 3 (aib3 + azbt) + 3(arbs — azby )
+3 (a3b3 + a3b3) + (a3bs — asb3)* + 6(a1bs — asby ) (azbs — ashs)

>2(a3+a3) (b3 +b3)

5
+ =(a1by — a2b1)2 + 5(6121?4 — a4b2)2 +6(a1by — azby)(azbs — asby)

+

N \O O

5
(a1b3 —aszby)* + 7 (a3bs — asb3)* + 6(a1b3 — asby ) (asbs — asbs)
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>2(a3+a3) (b5 +13)

9
+2- \/E (a1b2 — a2b1)2 . (a2b4 — a4b2)2 + 6(a1b2 — azbl)(a2b4 — a4b2)

(a3by — agb3)? + 6(a1bs — azby)(asby — asbs)

N | N W

+2- \/g (a1bs —azby)?-
(by AM-GM Inequality)

=2(a3+a3) (b3 +13)
+ V45 |(a1by — azby ) (azhs — ashy)| + 6(a1by — azby ) (azbs — aghy)

+ \/E|(a1b3 - a3b1)(a3b4 — a4b3)| + 6(a1b3 - a3b1)(a3b4 — a4b3)
20,

where the first inequality follows from

(a% +a%) ( + bz) (axb; — a3b2)2 = (azby +a3b3)2 >0,
2 (a1} + a3b?) — (arby — axb1)* = (a1by +azb1)* > 0,
2( b2—|—a ) (a1b3—a3b1)2 (a1b3 +a3b1)2 0,

2 (a3b3 + a3b3) — (azbs — asbs)? = (aobs +ashs)* > 0,
2(a 3b3 4 a3b ) (azby — asb3)* = (a3by + ash3)* >0

If p =0, itis easy to check from all inequalities in the estimation of p that

(a3 +a3) (b3+b3) =0,
ayby +aby =0,
aibz+azb; =0,
azby +asby =0,
azby +asby; =0,

which implies

(a3 +a3) (b3+b3) =0,
(b1 +53) (a3 +da3) = (ai +a3) (b3 +03).

Then it follows that A = O or B= 0O or a; = a3 = by = b3 =0. Whatever, g =r =0.
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(2) Computation of A = g> —4pr. By (2.13), we have
1

%A =1 (q2 — 4pr)
= (Li+J3)* = (T +3]|AB— BA||7 — 2J1) - (I +3||AB — BA| - 2J2) (2.14)
=1 - (2J; +2J2+2J3 — 6||[AB — BA||}) — 9||AB — BA||*
+6[AB—BA|E(J1 +J2) +J5 — 431 2.
Denote
I, =2J; +2J, +2J3 — 6||AB — BA||}
I1=9||AB — BA|*
III = 6||AB — BA||% (J1 +J2) (2.15)
vV =J)3
V=4]J1J2,
then

%A:(Il-Iz—II+III)+(IV—V). (2.16)

Step 8: Estimation of I -1, — II+1III.
First, we compute I, . From (2.15), (2.11) and (2.4), we obtain

I = 2J; +2J, +2J; — 6||[AB— BA|}
=2(2(a1by — azby)(axbs — ashs)
+2(asby — aibs)(ashs — azbs) — 8(azbs — azh,)?|
+2[5(azbs — ash)? + (azbs — ash)? + (asbs — asbs)?|
+2[5(azbs — ashr)? + (ar1by — axby)* + (azby — a1b3)*] — 6||AB — BA||}
= 4(azb3 — azby)* + 2(azby — ashy)? +2(a1br — azby)?
+4(a1by — arby)(arbs — asby) + 2(ashs — asbs)* +2(asby — arbz)*
+4(azby — a1b3)(ashs — azby) — 6||AB — BA||%
= 2||AB — BA||} — 6||AB — BA| 7

— —4||AB— BA|3.
(2.17)

Next, we give the estimation of I; - I — II+III. From (2.11), (2.15) and (2.17),
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we obtain
I -1, — I+ 110
=3 [||Al7 (63 +03) + IBIIF (a3 +a3)] - (—4]|AB — BA|7)
—9||AB— BA||*+6|[AB — BA||% (J1 +J2) (2.18)
= 3]|AB — BA7 - [ — 4l|A[I7 (b3 +b3) — 4lIBII7 (a3 +a3)

—3||AB—BA|F+2(J1 + )]

—4 A7 (63 +b3) — 41|BIIF (a5 + a3) — 3||AB — BA||F+ 2 (Jy + Ja)
= —4(ad+ @B+ +d}) (b3+b3) —4 (b +b3+b3+13) (df+d)
—3||AB — BA||% +20(azb3 — azbs)? + 2(arbs — ashy)?
+2(agbs — azby)? +2(a1by — asby)? + 2(azby — aib3)? 010
= [~4(ai+a3) (b3+03) —4 (b1 +b3) (a5 + a3) +2(azbs — ashs)? '
+2(asbs — asba)? +2(a1by — axby)* +2(azby — arb3)?]]
+ [-3||AB — BA||7 — 8 (a3 + a3) (b3 + b3) +20(azbs — ashy)?]
= K|+ Ky,

where

7

= —4(af+a3) (b3 +b3) —4 (b} +b3) (a3 +a3) +2(acbs — asb)*
+2(agbz — azbs)? +2(a1by — azby)* +2(azby — a1b3)?

< —4(af+ai) (b3 +03) —4(bi+5]) (a5 +a3) +4(a3bi+azb3)  (2.20)
+4(a3b3 + a3b3) + 4(a3b} + a3b}) + 4(ddb} + a3b3)

=0

and

K, = —3||AB— BA||7 — 8 (a3 +da3) (b3 +b3) +20(axbs — azbs)*

N

— 6(azbs —ash)* —8 (a3 +a3) (b3 +b3) +20(azbs — ash»)? 2.21)

—8 (a3 +a3) (b5 +b3) + 14(azbs — ash,)?

< 6(azby —azbs)?, (by AM-GM Inequality)
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Therefore, by (2.19), (2.20) and (2.21), we get
I, -1, — I+ 10
< 18[|AB—BA| - (a2bs — asba)’
=18[2(azbs — ash2)* + (arbr — azb1)* + (azbs — asbr)?
+ (asby — a1b3)* + (asbs — asbs)?
+2(aiby — azby)(azbs — asbz)
+2(azby — arbs)(ashs — asbs)] - (axb3 — azh,)? (2.22)
=36(axbs — azby)*
18(a1by — aghy)* 4 18(azhy — azhs)?

+ (azbs — azby)*

+ 18(asb; — a1b3) + 18(asbs —a3b4)
+ 36(a1b2 — a2b1)(a2b4 — a4b2)
+36(azb, — ab3)(asbs — azbs)).

Step 9: Estimation of IV —V.

From (2.15) and (2.11), we obtain
V=)

= [(2(a1ba — azby)(azbs — asby) +2(azby — ayb3)(asbs — azby)
—8(axbs — agbz)z)] :

= 64(arbs — azhy)* + 4(ayby — ash ) (asby — ashy)? 223
+4(azby — aib3)?(asbs — azby)?
+ 8(a1by — axby)(arbs — asby)(azby — aybs)(asbs — azby)
—32(axbs — a3b2)2 [(albz —apby)(agbs — asby)
+ (asby — a1b3)(ashs — azbs)],

and
V=4J1)

=4[5(azbs — azbs)* + (azbs — asbs)* + (asbs — azbs)?]
- [5(azbs — azbr)* + (arby — azby)* + (asby — arbs)?]

= 100(azb3 — azb,)* (2.24)
+20(azbs — azhy)* [(axbs — asbr)* + (asbs — azbs)*
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+ (a1b2 — axb1)* + (a3by — a1b3)?]
+4(ashy — ashy)*(a1by — agby)? + 4(azby — ashy)? (azby — arbs)?
+4(aghs — azby)?(a1by — aghy)* + 4(aghs — asby)*(ashy — a1bz)*.
Therefore, from (2.23) and (2.24), we obtain
V-V
= —36(azb3 — azby)*
— (azbs — ashy)*[20(azbs — ashy)* +20(asbs — asbs)?
+20(a1by — azby)” +20(asb; — a1b3)

arby — a4b2) + 32(a3b1 - a1b3) (a4b3 — a3b4)]

)?
+32(a1by — azby)
(2.25)
)
)

—

[(a2b4 — a4b2 a3b1 — albg) (a4b3 — a3b4)(a1b2 — azbl)]2

—~

N

—36(ashs — azby)*
— (azbs — ashy)*[20(azbs — ashy)* +20(asbs — asbs)?
+20(a1by — aby)” +20(asb; — a1b3)

(aoby — asby) + 32(azby — aibs)(ashs — a3b4)] .

Step 10: Estimation of A. By (2.16), (2.22) and (2.25), we get

)?
+32(a1by — azby)

1
A= LT+ T + (IV - V)

N

— (abs — a3b2)2 [2(a2b4 — a4b2)2 +2(asbs — agb4)2
+2(ayby — a2b1)2 +2(aszb; — a1b3)2
—4(a1by — axby)(arbs — asby) — 4(aszby — a1b3)(asbs — a3b4)] (2.26)
= —2(axb3 — a3b2)2{ [(a1by — azby) — (axbs — a4b2)}2
+ [(asby — a1bs) — (asbs — azbs))? }
<0.
Step 11: From Step 7(1), we know p > 0.
o If p =0, then from Step 7(1), we know g = r = 0. Hence

PAL+ g+ =0
e If p> 0, then from (2.26), we know A < 0. Hence
PAE+qhda +1A3 >0
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By (2.12), it means that
3
2 2 2 2 2 2 2
DI < 3 (1413 - 1BC— CBIE + Bl - A~ ACI + I - 4B - BAIE )

The proof is completed. [

REMARK 2.1. Let

A= , B= , C= :
0

then it is easy to check that
3
2 2 2 2 2 2 2
10117 = 5 (HAIIZ - IBC — CBI: +11BI - ICA = ACI + | CI; - |AB— BAJ: ) = 18,
which shows that the constant % in (1.3) is optimal.
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