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ON JOINT NUMERICAL RADIUS OF OPERATORS AND
JOINT NUMERICAL INDEX OF A BANACH SPACE

ARPITA MAL

Abstract. Generalizing the notion of numerical range and numerical radius of an operator on
a Banach space, we introduce the notion of joint numerical range and joint numerical radius
of tuple of operators on a Banach space. We prove that on a finite-dimensional Banach space,
the joint numerical radius can be retrieved from the extreme points. Furthermore, we introduce a
notion of joint numerical index of a Banach space. We explore the same for direct sum of Banach
spaces. Applying these results, finally we compute the joint numerical index of some classical
Banach spaces.

Mathematics subject classification (2020): Primary 47A12; Secondary 46B20, 47L05.
Keywords and phrases: Joint numerical range, joint numerical radius, joint numerical index, operator
tuples, Banach space.

REFERENCES

[1]1 F. L. BAUER, On the field of values subordinate to a norm, Numer. Math., 4 (1962), 103-111.

[2] F. F. BONSALL AND J. DUNCAN, Numerical ranges of operators on normed spaces and of elements
of normed algebras, London Math. Soc. Lecture Note Series, 2 Cambridge Univ. Press, London-New
York, (1971).

[3] F. F. BONSALL AND J. DUNCAN, Numerical ranges II, London Math. Soc. Lecture Note Series, no.
10, Cambridge Univ. Press, New York-London, (1973).

[4] J. CHMIELINSKI, D. KHURANA AND D. SAIN, Approximate smoothness in normed linear spaces,
Banach J. Math. Anal., 17 (2023), no. 3, paper no. 41, 23 pp.

[5] R.DRNOVSEK AND V. MULLER, On joint numerical radius II, Linear Multilinear Algebra, 62 (2014),
no. 9, 1197-1204.

[6] K.E.GUSTAFSONAND D. K. M. RAO, Numerical range. The field of values of linear operators and
matrices, Springer-Verlag, New York, (1997).

[71 P.R.HALMOS, A Hilbert space problem book, Van Nostrand, N.J.-Toronto, Ont.-London, (1967).

[8] V. KADETS, M. MARTIN AND R. PAYA, Recent progress and open questions on the numerical index
of Banach spaces, Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Mat., 100 (2006), no. 1-2, 155-182.

[9] C. K. LI, Y. T. POON AND Y. S. WANG, Joint numerical ranges and commutativity of matrices, J.
Math. Anal. Appl., 491 (2020), 124310, 12 pp.

[10] G. LUMER, Semi-inner-product spaces, Trans. Amer. Math. Soc., 100 (1961), 29-43.

[11] M. MARTIN, J. MERI AND A. QUERO, Numerical index and Daugavet property of operator ideals
and tensor products, Mediterr. J. Math., 18 (2021), no. 2, paper no. 72, 15 pp.

[12] M. MARTIN AND T. OIKHBERG, An alternative Daugavet property, J. Math. Anal. Appl., 294 (2004),
no. 1, 158-180.

[13] M. MARTIN AND R. PAYA, Numerical index of vector-valued function spaces, Studia Math., 142
(2000), no. 3, 269-280.

[14] J. MERI AND A. QUERO, On the numerical index of absolute symmetric norms on the plane, Linear
Multilinear Algebra, 69 (2021), no. 5, 971-979.

[15] M. S. MOSLEHIAN, M. SATTARI AND K. SHEBRAWI, Extensions of Euclidean operator radius in-
equalities, Math. Scand., 120 (2017), no. 1, 129-144.

© ey, Zagreb
Paper OaM-17-56


http://dx.doi.org/10.7153/oam-2023-17-56

840 A.MAL

[16] V. MULLER AND YU. TOMILOV, Joint numerical ranges: recent advances and applications mini-
course by V. Miiller and Yu. Tomilov, With assistance from Nikolitsa Chatzigiannakidou, Concr. Oper.,
7 (2020), no. 1, 133-154.

[17] D.PLAUMANN, R. SINN AND S. WEIS, Kippenhahn’s theorem for joint numerical ranges and quan-
tum states, SIAM J. Appl. Algebra Geom., 5 (2021), 86-113.

[18] G. POPESCU, Unitary invariants in multivariable operator theory, Mem. Amer. Math. Soc., 200
(2009), no. 941, vi+91 pp.

[19] D. SAIN, K. PAUL, P. BHUNIA, AND S. BAG, On the numerical index of polyhedral Banach spaces,
Linear Algebra Appl., 577 (2019), 121-133.

[20] A. SHEIKHHOSSEINI, M. S. MOSLEHIAN AND K. SHEBRAWI, Inequalities for generalized Eu-
clidean operator radius via Young’s inequality, J. Math. Anal. Appl., 445 (2017), no. 2, 1516-1529.

Operators and Matrices
www.ele-math.com
oam@ele-math.com



