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POSITIVE OPERATOR-VALUED TOEPLITZ OPERATORS
ON VECTOR-VALUED GENERALIZED FOCK SPACES

JIANXIANG DONG, CHUNXU XU* AND YUFENG LU

(Communicated by E. Fricain)

Abstract. In this paper, we obtain several equivalent descriptions of Carleson conditions to char-
acterize the boundedness and compactness of positive vector-valued Toeplitz operators on the
vector-valued generalized Fock spaces Fj) (H).

1. Introduction

Let C" be the n-dimensional complex Euclidean space and dv denote the Lebes-
gue volume measure on C". Given a separable Hilbert space H with the norm || - ||,
and a function @ € C?(C") satisfing 0 < mdd®|z|> < dd°p < Mdd°|z|* for two positive
constants m and M, where d = @(5— d). For 1 < p < eo, we denote by L{(H)
the space of measurable H -valued functions satisfying

o = ([, 15N 0ar(a) <o

The vector-valued generalized Fock space Fj(H) is the closed subspace of Liy(H)
consisting of holomorphic functions, i.e.

Fj(H) = ¢ f:C"—H holomorphic :

1
P
g = ( [, 1@ ()" <
Let
Fy(H)= {f : C" — H holomorphic : || f||e.p = su(g) £ (2)|le 0@ < oo}.
zeCr
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In particular, qu,(H) is a Hilbert space, the orthogonal projection P : L%P (H) —
F(%(H) can be represented as

P = [, DKo (zw)e M av(), zeC”

where Ky (z,w) denotes the reproducing kernel of the scalar generalized Fock spaces
Fé((C"). We still use |||,y to represent the norm of Fj(C"), because it is easy
to distinguish between the scalar and the vector case. For more information about
generalized Fock spaces F(f,’ (C") one may refer to [14]. For p > 1 and z € C", set

Ko (w, o
kpo(w) = %, and let k¢ (z,w) = K¢ (z,w)/||Kp(-,w)||2,¢ . Again, this formula

is easily deduced from the reproducing formula of the scalar Fock space F%((C") ap-
plied to z — (Pf(z),h), where h € H is arbitrary.

In what follows, £(7) will stand for the space of bounded linear operators on H
with the norm || - || (), and B(L(H)) refers to the Banach space of Bochner integral
L(H)-valued functions G : C" — L(H) with the norm defined by

IGlseiry = [, 16N @) <=

see [6] for more information. Then, we denote by 7 (L(H)) the space of all strongly
positive measurable operator-valued functions G € 7 (L(H)) that satisfies

Ko(WIGO)llep € U Lo(CY

1<p<en

for any w e C". Fora G € T(L(H)), we define the Toeplitz operator with operator-
valued function G on C" as symbol by

Taf(2) = [, GO (w)Ky (z.w)e 20 dv(w)

forany f € FJ(H).

Toeplitz operators on Fock spaces have been studied by many mathematicians, see
[7,8, 10, 12, 15]. The current study mainly focuses on their boundedness, compactness,
invertibility, Fredholmness, and Schatten-p class on scalar-valued analytic function
spaces. For instance, Hu and Lv [10] studied the boundedness and compactness of the
Toeplitz operators T, : F§ — Fg,1 < p,q < e with positive Borel measures [ by using
(p,q)-Fock Carleson measure. The Schatten-p class of Toeplitz operators was intro-
duced in Zhu’s book [15]. Schuster and Varolin [14] by using Fock Carleson measure
studied the boundedness and compactness of Toeplitz operators 7, induced by positive
Borel measures (1 on generalized Bargmann-Fock spaces F; (C") (1 < p < o), which
initiated the study of Toeplitz operators on these generalized Fock spaces.

Although the existing literature in the scalar case boundedness and compactness
have been studied for Toeplitz operators acting between Fg and F(g with 0 < p,g < oo
with reference to [7, 10]. However, we are currently unable to handle this general situ-
ation in vector-valued generalized Fock spaces. We provide two conjectures at the end
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of this manuscript. Bommier-Hato and Constantin [1] provided complete descriptions
for the boundedness, compactness and Schatten class membership of big Hankel oper-
ators acting on a large class of vector-valued Fock spaces ]—'qz,(H) with radial weights

subject to a mild smoothness condition, which differs from the weights in Fé(H) . So,

the point evaluations on .7-'3,(7—() are considerably different from Fq% (H). Chen, Xia and
Wang [3] generalized the boundedness and compactness results of [14] and the Schat-
ten class results of [1 1] the Toeplitz opeartors with positive operator-valued symbols to
the setting of vectorial-valued generalized Fock spaces ]—'3, (H). Inspired by Chen, Xia

and Wang’s work, we define vector-valued p-Carleson conditions on qu (H) to charac-

terize the boundedness and compactness of positive operator-valued Toeplitz operators

on Fj(H). Using different methods to extend the main results of Chen, Wang and Xia

[3], for example, we use the spectral mapping theorem to get equivalent descriptions of

vector-valued p-Carleson, instead of the approach used to show Theorem 2.1 in [3].
Now we state our main results.

THEOREM 1.1. Suppose that G € T(L(H)) and 1 < p < . The following con-
ditions are equivalent:

(a) The Toeplitz operator Tg is bounded on Fql; (H);
(b) G satisfies the p-Fock Carleson condition;

(c) Forany z € C", G satisfies
L 1609 olko (. 2)Pe 2 dv(w) < .
Moreover,

1
Tgl| ~ su 7/ G(w dv(w
H GH p |B(z,r)| B(Z,V)” ( )HE('H) ( )

zeCn

~ sup | (G|l £y kg (w,2) Pe 22 dv(w).
Z€Cn Cll

THEOREM 1.2. Suppose that G € T(L(H)) and 1 < p < . The following con-
ditions are equivalent:

(a) The Toeplitz operator Tg is compact on F(g (H);
(b) G satisfies the vanishing p-Fock Carleson condition;

(¢) The function G satisfies

fim /., IGW) | 2re) [k (w, 2) e dv(w) = 0.

Z—00
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REMARK 1.3. Let N € N and H = C", then Fg(H) = F, y, in view of [9]. Let
(fik)1<jk<n be the set of N x N matrix. If f in (fjx)i<jr<n is not positive definite,
then our results don’t apply to block Toeplitz operator Tr. In fact, Theorem 2.7 used
the positive definiteness of G when characterizing the Fock-Carleson condition.

As we all know, in the scalar setting, if f is a nonnegative measurable function,
then there is a nonnegative measure U so that dy = fdv. Unfortunately, an important
fact about the Bochner integral is that the Radon-Nikodym theorem fails to hold in
general, see [14]. In other words, for an operator-valued function G generally, we can
not find a measure u such that dyu = Gdv. Therefore, our results don’t extend to the
case of general measure symbols except when the Radon-Nikodym property holds.

The organization of this paper is as follows. In Section 2, we first give the bound-
edness of Bergman projection P from Liy(H) onto Fj (H) for 1 < p < eo, and give the
duality of the spaces qu (H). We also give the definitions and the equivalent charac-
terizations of the vector-valued p-Fock Carleson condition on Fq’,’ (H). The main proof
of the boundedness and compactness of Toeplitz operators 7 with positive operator-
valued symbols G are given in Section 3.

Note that we will write A < B for two quantities A and B if there exists an unim-
portant constant C > 0 such that A < CB. Furthermore, B < A is defined similarly and
we will write A=B if ASBand B<A.

2. Bergman projection, duality and Fock Carleson conditions

Firstly, we show that the Bergman projection P is a bounded projection from
Li(H) onto Ff(H) when 1 < p < e and obtain the dual of the vector-valued general-
ized Fock spaces. Secondly, We give some equivalent characterizations of the p-Fock
Carleson condition. We are going to present some basic conclusions that will be used
in the following sections.

For z€ C" and r > 0, let B(z,r) = {w € C" : |[w—z| < r}. As we all know, there
exist positive constants 6 and C, depending only on n such that for all z,w € C",

‘Kq) (Z’W)‘e—ﬁo(z)e—‘P(W) < Ce—9|Z—W|, 2.1)
see [4, 5]; and also, there exists a positive constant ry such that
Ko (z,w)]e" e M) > CKy(z,2)e 2?0 > C 2.2)

for z€ C" and w € B(z,r0), see [14].

Given some r > 0, a sequence {ax};_, in C" is called an r-lattice if the balls
{B(a,r)}5, cover C" and {B(a,5)};_, are pairwise disjoint, and there exists some
integer N such that each z € C" can be in at most N balls of {B(ay,2r)}, that s,

1<

Ms

XB(ak,Zr) (Z) < N7 ze C".

k=1

In order to prove the boundedness of Bergman projection, we need the following
lemma, see [13].
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LEMMA 2.1. If Q:C" — H is a dv-Bochner integrable vector-valued function,
then the following inequality holds

| otintn)| < [ 100mleaso)

PROPOSITION 2.2. Let 1 < p < oo. Then the Bergman projection P is bounded
as a map from Liy(H) to F§(H).

Proof. For f € Liy(H) with 1 < p < e, by Holder’s inequality, Lemma 2.1 and
(2.1), we have

1Pflh0 = / 1P e ()

p
e PO dy(2)
cn H

< /C ( /C f<w>H|K¢<z,w>|e2‘P<W>dv<w>)pew<z>dv<z>

</ 00l K (z) 7o 79
Ccn

S WKy (2 w)e 200y ()

B Ccnr

14
X |Kg(z,w)] i e i WW)dV(W)) e—pq)(z)dv(z)

< [, LS00 B IKo zwle PPy
n C)l
p—1
X (/ |K¢(Z,W)|e‘p(w)dv(w)> e PPQy(z)

= [, L 00 5o K e )0 v o)

X (/ |Kop(z, w)|e‘p(w)‘P(Z)dv(w)>p_ldv(z)

N/n cn ”f ||p poby |K‘P(Z W)|e ow)=e (Z)dV(W)dV(Z)
Sl

We use (2.1) and Fubini’s theorem similarly to obtain cases p =1 and p =c. [J

PROPOSITION 2.3. Suppose 1 < p < e and let g = p%l be the dual exponent.
Then
F§(H)" = F()

with equivalent norms and under the integral pairing:

(.80 = [ (F@:g@)me ()
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where f € Fj(H) and g € Fj(H).

Proof. First given g € F(H), we define the linear functional on Fj (H) by

n

Dy(f) 1= [ (@)@ me >0 av(a) 23
forall f € F(f,’ (H). If (2.3) holds, by Holder’s inequality, we have

NI < [, 1@:e@mle > Dav(e)
/ £ @latllg(@) e dv(2)

< ([, Ir@gereae ) ([ 1@ ava)’

= Hf”F({,’(H)”g”F(Z(H)

1

this means @, € F§ (H)*.
Next, we prove @ is surjective. Let F € F§ (H)*, by the Hahn-Banach extension
Theorem, we can extend F to an element F € Liy(H)* such that

1E1 = 1Fl.

By [2, Theorem 1.5.4], there exists h € L{,(H) such that

F(f) = [ (7@ hme 2 Oan(e)

forall f € L, (H), and ||F|| = 1Al g )
Let g = Ph. Then for f € F)(H),

Proposition 2.2 gives that ||g||Fq <C||h||Lq . Thus, we get || Dg|| ~ HgHFq O
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LEMMA 2.4. If f € FJ(H) (1 < p <o), then (f(z),e)n € F(C") for any unit
element e € H.

Proof. By Cauchy-Schwarz inequality, we have

L@ el Qavi) < [ 17 5 lele Davie) <. O

For 1 < p < oo, let G(z) be an L(H)-valued positive operator on C". Accord-
1
ing to the functional Calculus, G (z) is still an £(H)-valued positive operator on C".
In order to characterize the boundedness and compactness of Toeplitz operators with
positive operator symbols, we are going to introduce (vanishing) p-Fock Carleson con-
dition for Fj (). In particular, p = 2 has been characterized, see [3].
DEFINITION 2.5. Let 1 < p < e and G(z) be an L(H)-valued positive operator

on C". We say that G satisfies the p-Fock Carleson condition if there exists a constant
C > 0 such that

LG @@l vz <€ [ 1) e 7 Dav(a).
And also, we say that G satisfies the vanishing p-Fock Carleson condition if
1
Jim |16 (@) f @)l Edv(z) =0,

where { f,} is a bounded sequence in F (H) that converges to 0 uniformly on compact
subsets of C".

The following lemma plays an essential role in characterizing the p-Fock Carleson
condition.

LEMMA 2.6. Let T be a positive operator on H and p > 1. Then

1
127 =IT]].

Proof. By the spectral mapping theorem, we get

where ¢(T) denote the spectrum of T. If we use r(T) for the spectral radius of T,
then

Hence,
1 1 11P
|77 |7 = rT7)? = [H(1)? | = (1) = |T]|. O
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Recall that for a positive Borel measure y on C" and p > 1, u is a Carleson mea-
sure for £ (C") if and only if there exists a constant C > 0 such that p(B(z, 1)) < C for
any z € C"; p is vanishing Carleson measure for F; (C") if and only if lim, ... t(B(z,1))
=0, one can see [14] for the detailed proof. We next give some equivalent character-
izations of the (vanishing) p-Fock Carleson condition, which helps to characterize the
boundedness and the compactness of the operator-valued Toeplitz operators.

THEOREM 2.7. Suppose that G € T (L(H)), {ar}i, is alattice in C" and 1 <
p < oo. The following conditions are equivalent:

(a) G satisfies the p-Fock Carleson condition;
(b) Forall r >0 and z € C", G satisfies

| 1600 epodv(n) < =
B(z,r)
(c¢) Forall r >0 and k> 0, G satisfies

Jyo IO ergav(o) <

Proof. Lemma 2.4 tells us that z+— (f(z),e)3 is holomorphic in FJ(C") for any
e € 'H, by Proposition 2.3 in [14],
1f@)1fe @ < /B( : £ (w) 15,6 P2 dv(w). (2.4)
zZ,r

For any f € F(f,’ (H), and since G(z) is positive operator, using the properties of
lattice and (2.4), we get

HG"I’(z)f(z)ll%e”’“’(z)dV(z)

Z/ IGH @) @) PP ar(2)
<3| (ak’r)uf<z>||mc;p<>u e Pan(2)

< 2/ sup <G%(Z)€7e>%\\f( )ZeP*@dv(z)
k=1"Bla.r) ||e||l =1

oo

S350 (G [ W) vt

llellz¢=1 (ag2r

-3 G d / P P04
IZI/B(MW)H @llcaodv(z) B(ak,zr)Hf(w)HHe v(w)

S IV
]Z’l Bl(ag,2r) "
< [, 17 QIR Odv(z).
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This shows that condition (¢) implies (a).
(a) = (b). Forany r > 0, by (2.1) and (2.2), we get

[kp(w)[P7e P20 1, w e B(z,r).

If condition (@) holds, since G is positive, by Lemma 2.6, we have

J 160y

_ / sup |G%(W)e||£,;dv(w)
B(z.r) [|e|| =1

w [ sup 16T kg e(wlellfe P dv(w)
B(zr) [[e] =1

S s kpewele P dv(w)
B(z.r) [|e|| =1

< / lep 2 (W) [Pe PO dy(w) = 1.
C’l
It is trivial that condition (b) implies (c). The proof is completed. [J

THEOREM 2.8. Suppose that G € T(L(H)), {ar}i, is alatticein C" and 1 <
p < oo. The following conditions are equivalent:

(a) G satisfies the vanishing p-Fock Carleson condition;

(b) Forall r >0, G satisfies

tim [| 160 () =

Z—00

(c¢) Forall r >0, G satisfies

tim [ (IGOW)] igdv(w) = 0.

k—eoJB(ay,r)

The proof can easily be deduced from that of Theorem 2.7 and the details are
omitted here.

Let L’é (H,Gdv) be a positive operator-valued weight measurable function space
with the following norm

1716 = [, 167 @@ e 7" Dav(e) < e

REMARK 2.9. It is clear that G satisfies the p-Fock Carleson condition if and
only if Fj(H) C Lg(H,Gdv) and the inclusion map i, : Fjy(H) — Lo(H,Gdv) is
bounded; G satisfies the vanishing p-Fock Carleson condition if and only if the in-
clusion map i, : F) (H) — L (H,Gdv) is compact.
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3. Boundedness and compactness of Toeplitz operators

In this section, we will characterize the boundedness and compactness of the
Toeplitz operators with positive operator-valued symbols and give several other equiva-
lent descriptions for a positive operator-valued function to satisfy the p-Fock Carleson
condition.

We are now ready to prove the main results.

Proof of Theorem 1.1. We first show that (b) = (a). Let (b) holds, using Fubini’s
theorem, (2.4), and Theorem 2.7, for all f € F;(H), we have

116/ H—H [, GmroRatemie o

< [, 1609 oo |70 llelKaz,wle 20 av(w)

< IGO0 eo [ 1@ pelKo(e e av(u)a ()

= [ 160 00y [, 20 @) £l Kzl dv(uyav(w)
= LI Koz ke vty [| IGO0 crgdvi)

< [, W) e Kz )= ()

By Holder’s inequality, we obtain

17615 = [, 176 @) e vtz

< [ (L 1ol -o9a) av

< [ [ I e K (e

P

g (/ K<p<z,u>|e“"<">—<°<z>dv(u>) "av(z)
N/n o £ (w)[|2,e PP | Ky (z,u)| e~ dv(u)dv(z)
< [ 17l e aviu)
= 1/ 0y

where ¢ is the dual exponent of p.
(a) = (). By [7, (2.4)], (2.1), and (2.2), we obtain

1Ko (213,
1Ko (-2 p,0 1Ko (-, 2) [l

1. 3.1)
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For any unit vector e in H, by (3.1), we have

<Tka,zevkq,ze>

w. 2
:/’1<G(W)€,€>H |K§0( 7))

HKqJ('»Z)Hp~,90||K<P(‘7Z)||q ¢

_ w)e,e w,z)|? ”K(p(.?Z)Hi(P
_ Cn(G( Je,e)r ke (w,z)] 1Ko () 1po Ko () lgp

= [ (GOw)ese)ullg(m.2) P2 dv(w)

e 220 gy (w)

e 200 gy (w)

Thus

[, (Gesehnlkqtwz)Pe v
Cn

S (Tokp e, kg ze)]|

< Tsllllky,

which gives
L IGO0k, 2) P20 () < T

(¢)= (b). For z€ D and w € B(z,r), by (3.1), we have
Sy IGO0 5 [ 160N g lho0:2) P00 () < =

The proof is finished. [

LEMMA 3.1. For 1 < p < o, the functions k. (-)e converges weakly to 0 in
Fg(H) as z— oo, where e is an unit element in H.

Proof. Let F, =k, .(-)e. By Proposition 2.3, for any g € FJ(H), where }—) + é =
1, we have

(Fuvg) = [ (). 800)) e dv(w)
= kp,z(W)<€78(W)>H€72¢(W)dV(W)
= / (g(w),e)ne? (W)dv(w).
Lemma 2.4 tells us that (g(z),e)# € Fj(C"). Thus, we obtain

lim [k (w){g(w),e)ne 22™dv(w) =0,

o0 JCn

since k,-(-) weakly converges to 0 in Fj(C") as z — oo, see Proposition 4.2 in [14].
Which means that &, -(-)e weakly converges to 0 in Fj (H) as z —eo. [
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We now turn to the proof of Theorem 1.2.

Proof of Theorem 1.2. Assuming (b) holds, let {f;} be a sequence weakly con-
vergent to 0 in Fj (H). For any r > 0, by Theorem 2.8, we have

lim . )HG(W)Hc(H)dV(w) =0.

Z—00 B(

Thus, for € > 0, there is a positive number R such that
[ 160 lepodvn) <e, [ R
B(z,r)
Then, by the same process of the proof of (b) = (a) of the Theorem 1.1, we have
176502y

= [ 1Tl O )
P
< [ (L 1s@idgocante 2 [ j600lepgartmant) ) e s

P
< Lo (o 0 Ko e [ GO0 rvtodivt) )
x e PP dy(z)

P
" cr </<C"\B(0,R) 1750l a0 /B(u,r) G(W)”ﬁ(H)d"(W)dV(M)>
x e PP qy(z)

</, ( Lron ||fj(l4)H|K<p(Z,u)|e2‘p(”)dv(u))pel""(z)dv(z) elfilhg
S / 1) P2+ el £

This shows (b) can deduce (a).
(a) = (c). If Tg is compact, by Lemma 3.1, we get

lim (Tgk, ce,ky .€) = 0.
7—00
By the proof process of (a) = (c) of the Theorem 1.1, one can see

/ {(G(w)e,e)rlkg(w,2)Pe M dv(w) S |(Tokp.e.kq.e)| — 0,

as 7 — oo,
The proof of implication (¢) = (b) is similar to the same part of Theorem 1.1. [



TOEPLITZ OPERATORS ON VECTOR-VALUED GENERALIZED FOCK SPACES 937

REMARK 3.2. In [7], Hu and Lv defined (p,q)-Fock Carleson measure on the
scalar-valued space Fq’; . We define the (vanishing) (p,q)-Fock Carleson condition on
the vector-valued space Fjj(H) as follows:

Let 1 < p,q < and G(z) be an L(H)-valued positive operator on C". We say
that G satisfies the (p,q)-Fock Carleson condition for F{(H) if the inclusion map
ip: F§(H) — L&(H,Gdv) is bounded. And that G satisfies the vanishing (p,¢)-Fock
Carleson condition if the inclusion map i, : Fj; (H) — L&,(H,Gdv) is compact.

Then, in view of [7, 10], we raise the following two conjectures:

CONJECTURE 1. Suppose that G € T(L(H)), {ax}r, is a lattice in C" and
1 < p < g < oo. The following conditions are equivalent:

(a) G satisfies the (p,q)-Fock Carleson condition;

(b) Forall r >0 and k > 0, G satisfies

| 1609 eodv(n) <.
B(ak7r)

CONIJECTURE 2. Suppose that G € T (L(H)), {ax}r, is a lattice in C" and
1 < g < p < o. The following conditions are equivalent:

(a) G satisfies the vanishing (p,q)-Fock Carleson condition;
(b) G satisfies the (p,q)-Fock Carleson condition;

(c) Forall r >0, G satisfies
> [ G0 eodv(n) <.
k=17 Blag,r)

Noticed that the weight function ¢ in the present paper satisfies the doubling
measure hypothesis [8]. It is natural to consider the properties of Toeplitz operators on
vector-valued doubling Fock spaces. So, we raise the following open problem:

OPEN PROBLEM. How to characterize the boundedness and compactness of Toep-
litz operators on vector-valued doubling Fock spaces?
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