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ORDER BOUNDEDNESS AND ESSENTIAL NORM OF
GENERALIZED WEIGHTED COMPOSITION OPERATORS
ON BERGMAN SPACES WITH DOUBLING WEIGHTS

ZUOLING L1u

(Communicated by V. Bolotnikov)

Abstract. In this paper, the order boundedness and essential norm of generalized weighted com-
position operators on Bergman spaces with doubling weights are characterized. Specially, we
estimate the essential norm of these operators on weighted Bergman spaces by using the reduce
order method.

1. Introduction

Let D= {z: |z] <1} be the open unit disk in the complex plane C. Let o :
D — [0,c0) be an integrable function and radial, that is, ®(z) = ©(|z]) for all z € D.
Denote &(z) = fli\ w(s)ds forall z € D. A weight @ belongs to the class 7 if &(r) <

Cd)(%), where C = C(®) > 1 and 0 < r < 1. Furthermore, we write ® € 9 if there
exist constants ¥ = () > 1 and C = C(®) > 1 such that &(r) > Cd(1 — 5*) for
all 0 <r<1. Wedenote 2 =%N% and w(E) = [, @dA for each measurable set
ECD.

Let H(D) be the space of analytic functions on D. For 0 < p < o and the radial
weight @, the Bergman space A% associated to @ is defined by

ap={reny g, - [ Irero@an <},

where dA(z) = %dxdy is the normalized Lebesgue area measure on ). As usual, let
AL, stand for the classical weighted Bergman space induced by radial weight o(z) =
(1—|z|>)*, where —1 < o < oo. A%, is a Banach space for 1 < p < e under the norm

Il - ||A{j,' See [8, 23] for the theory of weighted Bergman spaces. Let g >0 and u be a

finite positive Borel measure on . We say that f € Lﬁ if the measurable function f
satisfies

1713y = [ 1) 7autn) <o
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Suppose ¢ is an analytic map of D into itself. Every analytic self-map ¢ induces
a composition operator Cy on H(ID) by

Co(N)(2) = f(9()), feHD),

forall z€D. See [1] and [27] for the theory of composition operators.

For n € N, D"f = f is the differential operator on H (D). Let n € NU {0}
and u € H(D). The generalized weighted composition operator, denoted by D',
defined by

pu> 1

Dy (f)(2) = u(@)f" (9(2), f€HD).

The generalized weighted composition operator was coined by Zhu in [36]. Clearly,
if n=0 and u =1, the operator D}, , becomes the composition operator Cy,. When
n =0, the operator Dy, is called the weighted composition operator, usually denoted
by uCy. As n=1 and u(z) = ¢'(z), then Df,, = DCy. If n=1 and u(z) =1,
then D:L,u = CyD. The operators DC and Cy,D have been studied in [10, 19,20,21].
For some recent work on generalized weighted composition operators, we refer the
interested readers to [34,37,38] and [18].

Let X be a quasi-Banach space and u be a positive measure on . Assume
O<g<eooandletT:X— Lﬁ be an operator. We say that 7 is order bounded if 7 maps
the closed unit ball Bx of X into an order interval of Lﬁ . In other words, there exists a
non-negative element s € LZ such that |T f| < h almost everywhere with respect to i
for all f € Bx. This concept has been studied in several references [31,29,28].

The order bounded composition operators on Hardy spaces was introduced by
Hunziker and Jarchow in [11]. Motivated by [1 1], Hibschweiler [9] characterized order
bounded composition operators acting on standard weighted Bergman spaces. Later,
Ueki [31] considered the order boundedness of weighted composition operators on
standard weighted Bergman spaces. Subsequently, Wolf [33] studied order bounded
weighted composition operators acting on Bergman spaces with general weights. Re-
cently, the order boundedness of weighted composition operators acting between Ba-
nach spaces like Hardy spaces, weighted Bergman spaces, weighted Dirichlet spaces
and derivative Hardy spaces were discussed (see [29, 28, 7, 12]). Motivated by [31,
33], we investigate the order boundedness of Dy, , on Bergman spaces with doubling
weights.

Let X and Y be Banach spaces. The essential norm of linear operator 7 : X — Y
is defined as

su

I lle, x—y = f |7 = Kl|x—y,

where K is any compact operator and || - ||x—y is the operator norm. It is obvious that
| T|le, x—y =0 if and only if T is a compact operator.

The study of the essential norm of composition operators on Hardy spaces and
Bergman spaces was dated back to Shapiro [26]. Cugkovi¢ and Zhao extended Shapiro’s
[26] results to standard weighted Bergman spaces and Hardy spaces in [2,3]. After their
works, Demazeux [4] considered the essential norm of weighted composition operators
on Hardy spaces in terms of pullback measure for 1 < p,g < oo. In light of their work,
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the authors [5] investigated the boundedness and essential norm of weighted composi-
tion operators on Bergman spaces induced by doubling weights. Based on their work
and inspired by the idea from [37], Liu [13] studied the boundedness and compactness
of generalized weighted composition operators Dy, , between different Bergman spaces
with doubling weights. See [5, 15, 14, 13] for more results of composition operators on
Bergman spaces A% . The essential norm of composition operators on Bergman spaces
with admissible Békollé weights was studied by [30]. Recently, Esmaeili and Kel-
lay [6] considered the essential norm of weighted composition operators on weighted
Bergman spaces. Many authors considered the essential norm of composition operators
on different weighted Bergman spaces, see [32, 17] and references therein.

Motivated by the idea from [5,6,30], we estimate the essential norm of generalized
weighted composition operators on Bergman spaces with doubling weights.

In this paper, we denote constants by C which are positive and may differ from
one occurrence to the other. The notation a < b means that there is a positive constant
C such that a < Cb. The symbol a < b means that both @ < b and b < a hold.

2. Preliminary results

The pseudo-hyperbolic metric p on I is defined as

b

w—z
p(aw) = lpu(3) = |
for z,w € D. For r € (0,1), the pseudo-hyperbolic disk is defined by

Aw,r) ={z€D, p(z,w) <r}.

For z € D\{0},

l_
S(z)={€ eD: 2 <<, |argé —args] < T'Z}

is called a Carleson square. We set S(0) =D.

LEMMA 2.1. [13, Lemma 2.1] Let @ € 9, 0 < p < and n € NU{0}. If
f € AL, then there exists a constant C = C(®w) > 0 such that

[
(@) P (1= )"

r"@)l<c
forall zeD.

LEMMA 2.2. [13, Proposition3.1] Let 0 < p < g <o, 0 € P and n € NU{0}.
Let | be a positive Borel measure on D. Then there exists r = r(®) € (0,1) such that
the following statements hold.
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(i) D": A% — L, is bounded if and only if
1Az, r))

i»lel]g (0(8(2)))4/P(1 — |z|)na < oo,

Moreover,
K(A(z, 1))
1= z)"(o(S(2)))e/P”

(ii) D": AY — Lﬁ is compact if and only if
1(A(z,r))

lim =0.

=17 (@(S(2)))9/P (1 = |z])™

In light of Lemma 2.2, we get the following lemma.

||DnHAPHL‘I "\Sup(

2.1)

(2.2)

LEMMA 2.3. Let 0<p<g<o, €2 and n € NU{0}. Assume that L is
a positive Borel measure on D, r = r(®) € (0,1). Then there exist a large enough

0 =6(w,p) > 0 such that

(1~ a])*
D [1—aw|G+tma(w(S(a)))e/P

||Dn||AI’ L‘I /-\Sup dnLL(W)

Proof. For a €D and r € (0,1), we have

) i )
TP @@~ e Tl
_ (1~[a)
/ar l—aw\ (6+n) (Q)(S(a)))q/Pd'u(w)
(-l

™ o [1—aw|@a(w(S(a)))e/
By Lemma 2.2, we find that
1(Aa, r))
p (1 lal)"(@(S(a)))e/»

_ dq
. (1-a)
4D/ |1 —aw|+ma(w(S(a)))a/P

||Dn||AP L‘I xSup

du(w).
By [22, Lemma 3.1], we can choose some large enough 6 = 6(®,p) > 0 and

falz) = <1_—|a| ’

o(S(a 1/15, a,ze€D,
1—az> ( ( ))
then Hquqfu 5 1. HIUS, we get

al(1— |a|)%4 "
i@t = [ e au) <1071,

— a4 (S(a)

2.3)
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The proof is complete.
We use the pullback measure as an important tool to study the generalize weighted

O
composition operators between different Bergman spaces with doubling weights. Let
¢ be an analytic self-map of D and 0 < g < . Assume that u € H(ID), we define a

finite positive Borel measure .LL(X’ . on D as follows:
B uE)= [ H@IVEAG)

where E is a Borel subset of unit disk D. For Dj, : Al — A%, it can be clearly seen

(2.4)

f

1Dyt = [1FO @Iy (@), f e b,

?,
LEMMA 2.4. Let € 2, n€ NU{0}, 0<p<eoand 0<r=r(mw) <1
o(w)dA(w)

that
f € AL, there exists a constant C = C(®) > 0 such that
C P
rep s oo [ I
©(S(2)) Jazr (1=[w])"P
Since @ € 2, by [22,
2.5)

Proof: It is clear that 1 —|z| < 1— |w| for w € A(z,r)

for z€D. Here (z) =
a(r) 1-r\?
s <<(i=1)

and C = C(w) > 1 such that
1-r\“
1 —[ N A
where 0 < r <7 < 1. By (2.5), we know that @®(z) < @ (w) for w € A(z,r). By a direct

1

1=[¢] -
Lemma 2.1] and [24, (2.27)], there exist constants 0 < ot = ot(@) < B = (@) < oo

[ lrow)rdaqw)
(z,r)

00 i

T

C
Nl

C
calculation, we know that @®(z)(1 —|z]) < ©(S(z)) for ® € 2. By [16, Lemma 2.1],
U

we claim that
MNP e =
‘f (Z)| = (1 _ |Z|)2+np
= C
@ (z)(1 = [z)(1 = [z])"
C L
- / O &S oyaaow).
o(8(z)) Ja@r (1—[w[)"
LEMMA 2.5. [13, Theorem 1.3] Let 0 < p < g < and ®,v € 9. Assume that
@ is an analytic self-map of D, u € A% and n € NU{0}. Then D, CAL — AT s
bounded if and only if there exists a large enough 6 = &(w, p) > 0 such that
(1= la])®u(&)|7v(E)
sup — dA(&) < eo. (2.6)
D |1 —ap(&)|etMa(w(S(a)))e/P

ach
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3. Order boundness of D}, , : Aj, — A}, for 0 < p,q <o

Next, we will study the order boundedness of Dy, ,:  Ag — AY, for 0 < p,q < .

THEOREM 3.1. Let 0 < p, g <o and ®,v € 9. Suppose n € NU{0}. Let ¢
be an analytic self-map of D and u € H(D). Then D AL — Al is order bounded

if and only if
|u(2)|?v(z)
b T e e@m A <= G.D

Proof. Assume that Dy, ,: A — AY is order bounded. There exists a non-
negative function h € L, such that [Dj, ,f(z)| < h(z) forall z€ D and f € Aj, with
Hf”AZ, < 1. Toget (3.1), we set

I :/ u(2)|7v(z)
{zeD o> (1= ]0(2)2)4(0(S(e(2))))?/P

dA(z) (3.2)

and

I :/ u(2)[?v(2)
tzenlpI<t) (1= 10(@)1P) (0 (S(9(2)))4/?

dA(z). (3.3)

By (2.3) and for z € D, take

(1-lo)*)°

. , web.
1= @Sy "<

Jozy (W) =

For some large enough § = §(w, p) > 0, we know that f,,;) € Af, and || fy,) 4z S 1.
Then
(1= lp@))°(0()"

(n) _
o ) = Con T 5w ((S(o @) /7 G

where Cj,, = 6(8 +1)(6+2)...(6 +n—1). By a direct computation, for z € D, we
have

, Co.n(1= 0P Ju(w)[[@(2)]"
D w)| = —
Poatote 0= 1 0 (w(S(0(2) /7

So, by taking w = z, we can get

< h(w).

Conlu@@)lloE)]"
(1= o))" ((S(p2))"/?

= D ufo(2) (2| < h(2).



ORDER BOUNDEDNESS AND ESSENTIAL NORM OF COMPOSITION OPERATORS 1001

For z € D such that |@(z)| > 1, we get |@(z)|" > & . Therefore,

,1:/ u@@))” v(z)dA(z)
{zeDJo@)I>4) (1= ]0(2)2)4(0(S(9(2))))/P
o Coalu@llo@I 10
g%ﬂ4m¢>ﬁ“ ToPrwiste@mTE ! YA (35)
Canlu @)lo(2)]" a,
e @seaTEOMe

</me@m@<

For z € D such that |@(z)| < 5, we can find a constant C > 0 such that
! <C
(1=lp@)P)"(@(S(e(2)))/r

On the other hand, since P,(z) = % isin A% and ||P,| 4z < 1, by the order bound-
Aﬂ)

(3.6)

edness of the operator DY, , for z € D, we obtain

P
n! ;
12[[ 17 u(z)| = |D(p7uPn(Z)| < h(z). (3.7)
Aw

Since n is fixed, from (3.6) and (3.7), for z € D, we get

h=| ()l V(2)dA(2)
&mm»luwwwvmmw»wm

2

<C 1u(2)[9v(2) /w|w )dA(2) (3.8)
[zeDlo(I <4}

< [ 1@ vaAe) <
D
By (3.5) and (3.8), we see that

)l o
T ooy A0 =i+ <=

Thus, the condition (3.1) holds.
Conversely, assume that condition (3.1) holds. Define

) )
" = TP (@St

Then & is a nonnegative function in LY. For any function f € A% with ||f]| an <1, by
Lemma 2.1, there is a constant C = C(®) > 0 such that

|u(z)]
(1= le@P)(o(S(e()))"/?

forany z € D. Thus, D, :AD — AY is order bounded. The proof is complete. [

D} f(2)] = u(z) " (9(2)| < € = Ch(z)
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4. Essential norm of D, (AL — Al for 1< p<g<o

We begin this section with an approximation of the essential norm of the bounded
operator Dy, , : Ag — Ay for 1 <p < g <eoo. If f€H(D), then f(z) = > ozt
Forany m > 1,let R,.f(z) = X5, axz* and T,, = —R,,, where If = f is the identity
operator. In order to prove one of the main results, we need the following lemmas.

LEMMA 4.1. [35, Proposition 1] Suppose X is a Banach space of holomorphic
Sunctions in I with the property that the polynomials are dense in X. Then ||Tf —
fllx = 0 as m — oo for each f € X if and only if sup{||Ty|| : m > 1} < eo.

LEMMA 4.2. [35, Corollary 3] The Taylor series of every function in HP con-
verges in norm if and only if 1 < p < oo.

LEMMA 4.3. For 1 < p <o and @ is a radial weight, then || T f — f||,» — 0 as
m —s oo foreach f € AL, Moreover; SuP{”Rm”A{’o—mfu tm>1} <eoand SUP{HTm”A{’O—A{’U :
m>=1} <oo, where Ryy=1—T,,.

Proof. 1t follows from Lemmas 4.1 and 4.2 that T, is bounded uniformly on H?
for 1 < p < oo. Thus, there exists a constant C > 0 such that

1

T fre® a0 <o [ 1) Pas
52 [ Tserao <5 [ pre®) 1 ae,

for p > 1 and any m > 1. Applying polar coordinates, we see that
1 2n i0
Tty <C [ o(yrar [ 170 a0 <Clif|,.

Therefore ||T[4r_o» < C for any m > 1. By Lemma 4.1, we obtain that ||T;,f —
fHAZ) — 0 as m — oo. Since R,, =1 —T,,, we have

‘|RmHAz,4>Ag, = |‘1_Tm”Az,4>Ag, S+ HTmHAQﬁA{; si+c U

LEMMA 4.4. Suppose that ® € & and 1 < p < oo. Let € >0 and r € (0,1).
Then there exists a mg € N, for any m > my,

R f(2)] S ll 1l @1

forevery z€ D, = {z€D,|z] <r} and each f € AL,.

Proof. Let @, = [, P @(r)dr. By [25, p. 665], we see that

_3 (@

n=0 20)2”+1

B2(&)
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is the reproducing kernel of AL, for p > 1. Then, we have

[Rnf (2)| = [(Rnf , B) = |(f, RmBZ")| < /D [f(w)RnBE (w)|@(w)dA(w)

4.2)
Sl ap [[RmB2 |4,
where % + é = 1. For z € D,, we show that
1R8] IR 0 0 maA) " < 3 -
z 11Ag D z ~ = 20441
By [25, Lemma 6], we deduce that
lim 4.3)

m—o = Dk B
Therefore, for any € > 0, there exists a mo € N and m > myg, such that
I\RmB?’HAg, <€
By (4.2), we get [Ryuf(2)| S €||f|lp forany feAG. O

For p=1,let 7,f(z) = X, ( )akz and %, =1 — 9. We get the follow-
ing lemma.

LEMMA 4.5. Let @ € 9 and f € AL, then | Tnf = fllay, — 0 as m — oo for
each f € Ag,. Moreover, sup{|| Tully1 a1 :m =1} < oo and sup{[| B[ 1 41 1m0 >
1} < oo, where % =1— Ty.

Proof. By [4, p. 196], || Tl < 1. Using the same way of Lemma 4.3, we
know that || |1 41 < C forany m > 1. We claim that

||=%m||A}O_>Agu = [|I- 9m||Ag,_>Agu <+ ”‘?’“”A}u—n‘% <1+C 4.4)
forany m > 1 and C is a positive constant. []

LEMMA 4.6. Assume that @ € 9. Let € >0 and r € (0,1). Then there exists a
mo € N, for any m > my,
(Bt )| S €l Ly 45)

forevery w € D, = {w €D, |w| < r} and each f € AL.

Proof. By the proof of Lemma 4.4, we deduce that

T f (W) = [ Zemf B = [(f s ZmB) | S S g, || ZomBY | =
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Take |w| < r, we can prove that

kA2 ok
+ .
1 200k+1 (S 200k+1

1
| ZmBy | = = sup | ZmBy) ()| = sup [(I — Z) By (§)| < —

I3)) &eb my
By [25, Lemma 6], we see that >, % is convergent and (4.3) holds. Therefore,
for any € > 0, there exists a my € N and m > myg, such that

| %mBy, | 1= < €
Thus [Znf(w)| S €[l f]la forany feA,. O

The following lemma is very useful to prove the compactness of composition op-
erators and its generalizations on some function spaces.

LEMMA 4.7. [13, Lemma 2.2] Suppose 0 < p,q <oo, 0,V € Z. Suppose u €
H(D) and n € NU{0}. Let ¢ be an analytic self-map of D such that D , (AR — AT s
bounded. Then Dy, AL — AT is compact if and only if whenever { f;} is bounded in

AP and fi, — 0 uniformly on compact subsets of D as k — oo, limy_.. ||D’Zo7u (fx) ||A3 =
0.

THEOREM 4.1. Let 1 < p< g<o and 0,v € P. Suppose n € NU{0}. Let ¢
be an analytic self-map of D and u € A},. If Dy 1AL — A% is bounded, then there
exists a large enough 6 = 6(w, p) > 0 such that

[ l—wﬁﬂmawwa
1=a9 (&) 4(0(S()7

1D

dA(E). (4.6)

¢ =< limsup

‘u‘%l

e, Ah—AY

1-
Proof. Lower estimate. Let f,(z) = ( T ‘aaz‘
8 =38(w,p) > 0. Then {f,} is a bounded sequence in A} converging to zero uni-
formly on compact subsets of D as |a| — 1. Fix a compact operator K : AL — AY, by

Lemma 4.7, we know that ||K fa[|9 — 0 as [a| — 1. Therefore

) ®(S(a))~"/? for some large enough

1D = Kllag -y 2 Himsup (D= K) fallag
[,{4}
>h‘n‘1sup(HD putallag — 1K fallag)
[,{4}1

=limsup || DG, fallz1-

‘u ‘ —1
Moreover, we have

1DG.ule, az—ag = If1Dg = Kl ap—ag 2 limsup [[Dlp . fall g

la|—1

ﬂmW< mmem%mw%>m@y@

[T —ap(&)[C(w(S(a))7/7

la]—1
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We get

1D 4.7)

(1= ) &) 7v(E)
et <P I T g @) (st o

Upper estimate. The case 1 < p < g < eo. Considering the compact operator T}, :

Ay — A} by T,.f = X" ) bz" and letting R, = I — T,,, where I is identity operator.
We can see that

1Dulle, a2 a9 < [1Dgu0Rmlle, a2 a3 + 1D Tnlle, 47— a9 = [[Dg.u 0 Rmll,, a2 a9
Thus

D u”eAI’ zélgnjgf||D ORmHeAp qélgnjgf\\D ORmHAP Al (4.8)

Fix f € A, with [|f],» <1 and r € (0,1). Suppose D, = {z €D, |z| <r}. Then

Do Rnl 2y g < [ 1Rnf) ((EN () (E)AE)
= [ 1Rt @171 (2),

where p1g = [,-1(g)[u(2)|?v(2)dA(z) for all E is Borel subsets of .
From Lemma 2.1, we have

s —

S ws@) a7 (4.9)

By Lemma 2.4 and (4.9), we obtain
JRnE quu¢, @
, Ruf ()] -
gfmd”% D5 Juo T @A)

. Ruf (0)|7+7
= [ auy ) [ o T Tl Fa ey @A)

SR [50S4

(v
—Rns 8" [ (2 / T A

(oS
Xa(er) (W) [ R f (w)
=R / ditg, o D (1= [w|)"(o(S(w))

P
77 o(w)dA(w),

(4.10)
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where y(.,») is the characteristic function of the set A(z,r). Obviously, (., (W) =
XA(w,r) (2) - By Fubini’s Theorem, we obtain

JRCRERE

- 4.11)
Slfnf ”féf’/m TS 4 314800,
S
R O N 0s R,
=, T paCai s o ) A
and
B, A0k ) .
J2.m :/]D)\D, = |wq|))”‘1(a)(S(w)))‘1/P IR f (W)|P @ (w)dA(w).
Then we get
H(Dn.uORm)fHAﬁ_)Aq ~ HRmf| (Jl m+J2,m), (4.12)

with m > 1. Since D, : Al — A7 is bounded, Lemma 2.5 implies that there exists a
large enough 6 = &(w, p) > 0 such that

_ (1 — la])%9[u(w)[7v(w)
M=3 o 1= ap(w)| E (0 (S(a)))777
= sup (1~ la)* dul (&)

aeb /o [1 =g [E 54w (S(a)))or "
= (4.13)

dA(w)

For & € A(w,r), we have

g, u(Aw, 1)) _ / 1
(L= w)ma(a(Sw)2? Jaown (1—[w)m(a(S(w)))?/P

ditg (&)

- 1_‘WD v
e TS o446

(1= |w])% v
S Jo T e ma(osoryar it (&) @19

Fix € > 0. By (4.14), (4.13) and Lemma 4.4, hence

ey, u(A() -
on= [, et so e R 0 B0)A)

Hg, W (A(w,r))
\vsveD(l—|w(|P)mI( (S (W)))q/p/ [Ryf (W)|P o (w)dA(w)
seM / [Ronf ()| @ (w)dA(w)
<cmer| sl

ALY
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for any m > my. Thus,

lim sup HRmeZZT)”JLm:O. (4.15)

" g <1

For w € 2 and f € H(D), from [25, Proposition 5], we know that
17l = 171y (4.16)
By (4.14), (4.16) and Lemma 4.3, we claim that

g u(Alw,r)) ~
J2, m = /]D)\Dr (1 — \W(T)"‘I(a)(S(w)))’i/P |Rmf(W)|p(D(W)dA(W)
(

1Y o(Alar) _
P T Jaly(@(S(a)o7? Jp, Bon B0

~

R L e )
m>1 o [1-ag|l 5*" (o (S(a)))e/r "
Hence,
lim sup [[Rufl|%, 2, m S sup _ (1~ a])* dul (&), (@.17)
| fl g <1 /D |1 = a8 |4 w(S(a))) 2P ="

Combining (4.8), (4.12), (4.15), (4.17) and (4.13), we deduce that

1D

e, Ab—AY
< sup <1—|a\>5q\u<w>\qv<w>
™ Jal>r /D [1—ag(w)|OtM10(S(a))a/r

Letting r — 1, we have

dA(w).

< limsup (L= laD)*lu(w)|*v (w) dA(w). (4.18)

D
H He AI’_>A‘1 ~ ‘ ‘_>1 D |1_a(p(w>|(6+n)K1w(S(a))q/p

When 1 = p < g < o0, by Lemmas 4.5 and 4.6, we can use the same way to get
that (4.18) holds. We omit the details. The proof of the Theorem 4.1 is complete. [
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