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CERTAIN PROPERTIES OF T-EP OPERATORS

XIAOHUI LI, YONGHUA GUO AND CHUNYUAN DENG

(Communicated by G. Misra)

Abstract. An operator A is said to be T -EP if R(A) = R(TA*) and A = AT*T, where T isa
partial isometry. In this note, some basic properties of 7 -EP operators are studied. The invariant
characterizations that sum and product of two T -EP operators still keep to be T -EP are obtained.
As an extension, we obtain necessary and sufficient conditions for a lower triangular operator
matrix to be T -EP.

1. Introduction

EP operators play an important role and have a wide range of applications in
operator generalized inverses. Many scholars have paid attention to EP operators and
obtained a lot of meaningful results. In this note, we study the basic properties of T -
EP operators. Generally, let H and /C be two complex infinite dimensional separable
Hilbert spaces. H & K is defined as the Cartesian product H x C where the operations
are defined on ‘H x K coordinatewise. If M and N are two closed linear subspaces of
H, then M ON = M NN, The set of all bounded linear operators from H to K is
denoted by B(H,K). We write B(H) for B(H,H). Let A € B(H,K). A*, R(A) and
N (A) stand for the adjoint, the range and the null space of A, respectively. R(A) is the
closure of R(A) and P4 is the orthogonal projection on a closed subspace M [15].
We use asc(7T') and des(T') to denote the ascent and descent of T, i.e., asc(T) = min{k:
N(T*) = N(T¥ 1)} and des(T) = min{k : R(T*) = R(T*1)} [14]. Tt is known to
us all that des(T') = asc(T') when asc(T') and des(T') are finite and the index of T is
defined by ind(7T) = asc(T) = des(T). Note that O is not the accumulated point of
o(T) when ind(T) is finite [4]. Let A € B(H) and |A| = (A*A)% I R(A) =R(AY),
then A is called EP. If (Ax,x) > 0 for all x € H, we call A is positive.

We remind the reader that 7 € B(H,K) is a partial isometry if T =T7TT*T . In [6],
the concept of relative EP matrix of a rectangular matrix relative to a partial isometry
matrix (or, in short, 7 -EP) and some properties of T -EP are given. The purpose of
this paper is to study the basic properties and obtain some new identifying conditions
for an operator A € B(H,/C) on a Hilbert space to be T-EP, where T € B(H,K) is a
fixed partial isometry. The necessary and sufficient conditions are given for the sum and
product of two T -EP operators to be 7 -EP. As an extension, we then derive necessary
and sufficient conditions for a lower triangular operator matrix to be T -EP.
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The paper is organized as follows. In Section 2, we use block operator matrix
methods to establish serveral necessary and sufficient conditions and obtain many prop-
erties when A € B(H,K) is T-EP. In Section 3, the necessary and sufficient conditions
are given for the sum and product of two T -EP operators to be 7 -EP. And we obtain
some interesting conclusions when the fixed partial isometry 7 has special character-
istics.

2. Some basic results

We start with several preliminary results that will be used in our proof. Throughout
this paper we will use 7 € B(H,K) or T € B(H) as a fixed partial isometry. It is well
known that, if T is a partial isometry, then R(7') is closed and there exists an isometry
U e B(R(T*),R(T)) such that

Uo T* T . .
T = (0 0) : (%(T)U - (A,]/?:((T*))> , where U UZIR(T*)7 Uuu :IR(T)~ (1

The following lemma is a standard result.

LEMMA 2.1. [1, Proposition 2.4], [11, Theorem 4] and [12, Theorem 1.1] For
A, B € B(H,K), the following conditions are equivalent:

(i) R(A) C R(A+B).

(i) R(B) S R(A+B).

(iii) R(A) + R(B) C R(A+B).
(iv) R(A—B) CR(A+B).

The following ranges results are given by Douglas [8] and Fillmore-Williams [9].

LEMMA 2.2. [8, Theorem 1] and [9, Theorem 2.1] Let A, B be bounded linear
operators on a Hilbert space H. Then the following statements are equivalent:
(i) R(A) CR(B).
(ii) AA* < k*BB* for some k > 0.

(iii) There exists a bounded linear operator C such that A = BC.

In Lemma 2.2, the operator C can be denoted by C = B'A + (I—B'B)D for some
bounded linear operator D, where BT (possibly unbounded) is the Moore-Penrose in-
verse of B. And BT exactly bounded when R(B) is closed [2, 3].

Note that A € B(H) is EPif R(A) = R(A*). It is obvious that A is EP «<— A*
is EP. If R(A) is closed, A is EP <= A" is EP <= AA" = ATA. The following
Definition 2.1 extends the class of EP operators to a class of T -EP operators.

DEFINITION 2.1. [6, Definition 3] Let T € B(H,K) be a fixed partial isometry.
An operator A € B(H,K) is said to be relative EP to T (in short, T -EP) if

R(A) =R(TA*), A=AT*T.
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For the fixed partial isometry T € B(,K) and arbitrary A € B(H,K), it is of
great significance to study properties of T -EP. As we know, for every A € B(H), there
is a unique partial isometry Ty € B(H) such that A has the polar decomposition A =
To|A| and N (Tp) = N(A) [7, Theorem 4.39]. As for this special Ty,

A =TylA| is the polar decomposition of A=A is Tp-EP and A* is T} -EP.

In fact, TyTy = Pm and 75Ty = PW imply that A = AT; Ty and A" = A*ToT,;".
From TyATy = Ty To|A|Ty = |A|Ty = A*, we have R(A*) = R(T;ATy) = R(T;A).
So, A* is Ty -EP by Definition 2.1. Note that A* has the polar decomposition A* =
Tf|A*|. Similarly, we have that A is T-EP.

As for Definition 2.1, we make the following detailed explanations.

REMARK 2.1. Note that T is a fixed partial isometry. Definition 2.1 has some
equal descriptions (see [6] for the finite matrix case).

(1)
R(A) = R(TA*) <= R(A) = R(TA*T).

In fact, by Lemma 2.2, R(A) = R(TA*) (resp. R(A) =R(TA*T))implies that R(A) C
R(T). So,
R(A") =A"R(T) =R(A™T)

and
R(TA*T) =TR(A*T) =TR(A™) = R(TA").
Hence,
R(A) =R(TA*) <= R(A) = R(TA'T).

(ii) Note that T*T = Pr(7+) and TT* = Pr (). It follows that

A=AT*T
— R(A*) CR(T¥)
— N(T) C N(A)

A1 O

@A:<A210

) , where Aj; € B(R(T*),R(T)), As1 € B(R(T*),N(T*))).

In addition, if R(A) is closed,
A=AT'T <= A" =T*TA".

(iii) Let Sy and S be two partial isometries, A be a closed range operator such that
AS»S5 =A =S]S1A. Then
(S1AS,)" = S3ATS;.
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(iv) An operator A € B(H,K) is said to be relative selfadjoint to 7 (in short, T -
selfadjoint) if A = TA*T. A is said to be relative normal to T (in short, 7 -normal)
if A=TT*A =AT*T and AA*T = TA*A. It is obvious that every T -selfadjoint oper-
ator is T -normal [6, Definitions 1 and 2]. If A is T -normal, then A = AT*T and

1

R(A) = R((AA*)3) = R((TT*AA*)?) = R((TA*AT*)?)
= R((TA*TT*AT*)2) = R(TA*T) = R(TA*).

Hence, every T -normal operator is T -EP.
For the fixed partial isometry T € B(H,K), the next lemma gives the operator
matrix representation of the 7 -EP operator A € B(H,K).

LEMMA 2.3. Let A € B(H,K). The following results are equivalent:
(i) A is T-EP.

(i) A and T, as the operators from
R@)& [R(T") o RAT| @ N(T) — R(A)& [R(T) o R(@A)| @ N(1°),

can be denoted as
A=A1180000, T=U;1DUxnp®0, 2)

respectively, where Ay is injective with dense range, Uy and Uyy are two isometries
satisfying R(A11) = R(U114%,).
(iii) There exists an EP operator E € B(K) such that A=ET and E =TT"E.

Proof. (i) = (ii) Let T have the form (1). Then A has the corresponding form
(A AR | R(T*)) . ( R(T) )
A= <A21 Azz) ’ (N(T) N(T*) ) ©)

R(A) =R(TA*T) <= A1 =0, Ay, =0 and R((A1,A12)) = R(UA’{U)

So,

and

A=AT*T <~ A, =0.
One gets A =A; &0 with R(A;) = R(UA}). By Definition 2.1, one has R(A) C R(T)
and R(A*) C R(T*). The operator matrices (1) and (3) can be rewritten as

A1 00 R(A*) R(A)
A= 0 00 || R(THEORA*) | — | R(T)©R(A)
000 N(T) N(T7)
and _
U Uy 0 R(AY) R@A)
T=|1UnUn0|]:|RTYeRAY | — | RIT)6R(A) |,

000 N(T) N(T)
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respectively, where Ay is injective with dense range and A} = A} © 0, the isometry

U= (g; g;i) with U*U =Ig(r+) and UU* =Ig(r). From R(A;) = R(UA}) and

*
UAT = (UuAu 0), one gets Up; = 0 and R(Ay;) = R(Uj1A%,). It follows that

UnAl, 0
R(U1) is dense in R(A). From U*U = I(r+), one gets
Ui Un =gy Uh U =0, UpUn =0, UjUn+UsUsn = Ilpirorasy

It follows that Uy is injective with closed range. Hence, Uy; € B(R(A*),R(A)) is an
isometry, Ui = 0 and Uy,Up» = IR( . Furthermore, from UU* = Ix(r), one

T*)OR(A*)
derives that Uy € B(R(T*) @ R(A*),R(T) © R(A)) is an isometry with U Uy, =
IR(T)@W'

(ii) = (iii) Let E = AT*. By (2), E = Ay U}, ©00. Since
R(A1U,) = R(An) = R(UnAYy),

one has E is an EP operator, A=ET and E=TT"E.

(iii) = (i) Since A=ET, A* =T*E*, one gets R(A*) C R(T*). It follows that
A=AT*T.By TT*E =F and E is an EP operator, we have R(E) =R(E*) CR(T).
From

R(E) DR(A) =R(ET)=ER(T) 2 ER(E*) =R(E),

one has R(A) = R(E). In addition, from
R(E)=R(E*) DR(TA'T) =R(TT'E'T) =R(E'T) D R(E*) = R(E),

one has
R(TA*) = R(TA*T) = R(E).

As aresult, R(A) = R(TA") and therefore A is T-EP. [

REMARK 2.2. By Lemma 2.3 and its proof, one has the following observations
immediately (see [6] for the finite matrix case).

(i) If A is T-EP, then E = AT* satisfies R(E) = R(A) =R(E*) CR(T),
E=ETT*=TT*E and A=AT*T =TT*A.

(ii) In Lemma 2.3, if T is unitary, then R(T) =R(T*), T =U,; ®U, and A=A;; O
with R(A11) = R(UiAj,). Hence,

Ais T-EP <= TA* isEP <= AT* is EP « R(A) = R(TA").
In addition, if R(A) is closed, then
AisT -EP <= R(A) = R(TA")
< N(A*) = N(AT*)
< TA" isEP
< TATA =AATT.
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(iii) In Lemma 2.3,
R(A15) = R(UHATI) <= AT* isEP < TA" is EP,

which is also equivalent to that TAT is EP when R(A) is closed.

(iv) If R(A) is closed, then A is T -EP if and only if TATA = AATT and A = AT*T =
TT*A. In this case, Aj; is invertible by (2) and the following relations are obvious:

(T*A) =ATT; (AT*)" =TA"; (TA"' =AT*; (ATT)" =T*A;
(TATT)" = T*AT*; (AT*A)" =ATTA"; A" =T*E" = T*(AT*)".
(v) In general,
Ais T-EP <= A* is T*-EP.
If R(A) is closed, then
Ais T-EP <= A" is T*-EP.
In fact, if A is T-EP, by Lemma 2.3, R(A1) = R(U1147,) implies that
R(Ui1An) = R(ULUNAT) = R(PzpnAT) = R(AT)).

So, A* is T*-EP. Conversely, if A* is T*-EP, similarly to the above proof, (A*)* is
(T*)*-EP,i.e., A is T -EP. In case that R(A) is closed and A* is T*-EP, then

R(AT) = R(A*) = R(T*A) = R(T*(AT)")
and R((AT)*) = R(A) C R(T). One has A* is T*-EP <= A" is T*-EP.
(vi)

Ais T-EP <= AT* isEPand A = AT'T .

In fact, it is clear that A is T-EP — AT™* is EP and A = AT*T . On the other hand, if
AT* is EP and A = AT*T , then

R(A) =A(R(A*)) CA(R(T")) = R(TA").

Hence, R(A) C R(T) and R(A*) C R(T*). Therefore, if T is denoted by (1), then
A=A ®0. It follows that R(A;) = R(A;U*) = R(UA}) and R(A) = R(TA¥).

(vii)
AT* is EP <= TA* is EP (<= TA" is EP when R(A) is closed).
(viii)
A is EP and |A*| is T-EP = A* is T -EP.

In fact,
R(A") =R(A) = R(|A"|) = R(T|A*[) = TR(A) = R(TA).

By polar decomposition and |A*| = |[A*|T*T one has A* =A*T*T,i.e., A* is T-EP.



CERTAIN PROPERTIES OF T -EP OPERATORS 1043

3. Some properties of 7 -EP operators

In this section, we study characterizations of T -EP operators. Firstly, we consider
a specific case when T € B(H) be a fixed selfadjoint partial isometry.

THEOREM 3.1. Let A € B(H) and T € B(H) be a fixed selfadjoint partial isom-
etry. Then A is T-EP if and only if TA is EP and A = AT?> = T?A.

Proof. = Since A is T-EP, R(A) C R(T) and R(A*) C R(T) by Definition
2.1. Hence, T?A = Prr)A = A = AT*. From R(A) = R(TA*) one has

R(TA) = R(T?A*) = R(A*) = A*(R(A)) C A*(R(T)) = R(A*T*) C R(A*).

Therefore, R(TA) = R(A*T™).
<= From A = AT? = T?A one has R(A) C R(T) and R(A*) C R(T). In addi-
tion,

R(T"A) = R(TA) = R(A'T*) = A*(R(T")) 2 A"(RA)) = R(A")

and R(A*T*) C R(A*). Hence, A* is T*-EP. By Remark 2.2 (iii), we get A is T -
EP. O

Theorem 3.1 shows that, if T € B(H) is an orthogonal projection, then

A€ B(H)is T-EP < A isEPand A=AT =TA.

THEOREM 3.2. Let A € B(H) and T € B(H) be a partial isometry such that
AT* =T*A. Then A is T-EP ifand only if A is EP and A=TT*A =AT"T.

Proof. = From A is T-EP and TA* = A*T one gets
R(A) =R(TA*) =R(A*T) CR(A").
Note that
RA") =R(T*TA*") =T*"R(TA") =T*"R(A) = R(T*A) = R(AT") CR(A).

Hence, R(A) = R(A*), i.e., A is EP. By Remark 2.2 (i) one has A = AT*T =TT*A.
<= Since R(A) =R(A*), A canbe denoted as A=A 50, where A| € B(R(A))
is injective with dense range. From AT* = T*A one can write T as the corresponding
form T = Uy 6 Uy, where Uyy and U,y are partial isometries on R(A) and N(A),
respectively. Since A = AT*T = TT*A, one derives that Uj; is an isometry. Hence

R(A) =R(A*) = R(A*T) = R(TA*). Ais T-EP. O

Next, we consider the sum and the product of two T -EP operators and obtain the
sufficient and necessary conditions which ensure A+ B and AB are T -EP.
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THEOREM 3.3. Let A and B € B(H,K) be T-EP. Then A+ B is T -EP if and
only if
R(P = (A+ B)P i) + RIPR@BPr(r o)

R A+B)*P R(P7zmTB Py @
= R(Prm T (A+B) Pri) + RIPRmTE Pr 1))

Proof. Let A and T have the matrix forms (2). If A and B are T -EP, then A =
AT*T, B=BT*T and (A+B)=(A+B)T*T. By Lemma 2.3, T -EP operator B can
be represented as

Bi1 B12 0 R(A¥) W)_
B=| B2 B» 0 | : | R(T*)eR(A*) | — | R(T)eR(A) |- (&)
0 00 N(T) N(T™)

By (2) and R(B) = R(TB*) one has

» Bi1 Bi» R Un By, UnBs, '
Bo1 B UxBj, UxB3,
One gets R((B11 Bi2)) =R((U11B}, U1B3,)), i.e.,

R(Pr@BP ras)) + RUPRxBPr (rema7)

* ©)
= R(Pr@TB Pr) + RIPrmTB Prircra)

and R((B21 B2 )) = R((UxnBj, UnBj, )). Therefore,
R(A+B)=R(T(A+B)*)
A11+ B Bz Uii(A11+Bn)* U11B§1)
— R =R

(( By B22)> (( UnBy,  UnBj,
R((A11 +B11 Bi2)) =R((Un (A1 +B1)* UniBs, ))
R(Ai11+Bi1) +R(Bi2) = R(Ui (A1 +Bi1)*) + R(Un1B3,)
R(

PR (A+B)Prm) + R(PRaBPrrcrim))
=R(P5—T(A+B)*P ())+R( ()TB*P R(T )eR(A>)' H

R(A)

Theorem 3.3 contains some special cases.

COROLLARY 3.1. Let A, B € B(H,K) be T-EP. If PraBP sy = 0, then
A+Bis T-EP.

Proof. By Lemma 2.3, if A is T -EP, then PWT = TP RGAY and
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If PWBPW = O, then

R(PR@BPrrerm) = RPR@TE Prr)orm)
by (6),
and

Hence, the result in (4) holds and A+ B is T-EP. [

REMARK 3.1. Let A, B€ B(H,K) be T -EP. We can derive the following results.
(i) In Theorem 3.3, if R(A) is closed, then A+ B is T -EP if and only if

R(A+AATBATA) + R(AATB(T*T — ATA))

8
= R(AATT (A + B)*AA") + R(AATTB*(TT* — AAT)). ®

(i) If BA* = 0, then

0B» 0
B=|10Bx»0], R(Blz) = R(UHBTQ), R(Bzz) = R(U22B§2).
000

By Theorem 3.3, A+ B is T-EP. Similarly, if A*B=0=B;; =0 and Bj; =0=
A+Bis T-EP.

(iii) If one of R(A)NR(B) = {0} and R(A*)NR(B*) = {0} holds, then PWBPW
=0 and A+ B is T-EP by Corollary 3.1. These are the main results in [6, Corollaries
5 and 6, Theorems 23, 25 and 26].

COROLLARY 3.2. Let A, B€ B(H,K) be T-EP. If

R(A) C R(P=—=(A+B)P

R =)

and
R(PW )CR( R T(A+B)'P (A)),
then A+ B is T -EP.

Proof. 1f

R(A) = R(P AP 75) € R(Pp (A + B)P i)

and
R(P@ )CR( RA) T(A+B)'P (A)),
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then

R(P 1 AP i) + R(P 11 BP i) = R(P

R A+ B)P

=) R@)

and

RAP ) TA"Prgay) + R(P iy TB Priay) = R(P iy T(A+B) Pr)

by Lemma 2.1. Since A and B are T -EP, by (6) and (7),
R(P 7y (A+ B)Pziy) + RIPRayBPr (1) o=y

=R(PrmT(A+B) Pry) + RUPReTB Prryomiay)-
Therefore, A+B is T-EP. [

As for the product of two T -EP operators, we have the following results.

THEOREM 3.4. Let A, B<€ B(H,K) be T -EP. Then
() A*B is T*T -EP <= A"BP 7= is EP and P37BPy, = = 0.

R(A%) R(T*)OR(A7)
(ii) AB* is TT*-EP < AB*P

R(A)
RA) oraBP =0.

is EP and P, ~(r)oRMBE RAY

Proof. (i) It is obvious that A*B = A*BT*T since B is T-EP. By Lemma 2.3, A
and T have the forms as in (2). Let B have the corresponding form as in (5). One has
T*T=18140,

Aj|B11 A]B12 0 B A1100
A*B = 0 0 0|, T'TB*A=| Bj,A1100
0 0 O 0 060

Hence, A*B is T*T -EP if and only if R(A*B) = R(T*TB*A) <= Aj},B;; is EP and

Biz =0 <= PriBPy oo = 0 and A"BP 5y is EP,

(i1) Similar to (i). [

THEOREM 3.5. Let A and B € B(H) be T -EP.
(i) If R(AB) = R(A) N R(B) and R(B*A*) = R(B*)N\R(A*), then AB is T -EP.
(i) If AB is T -EP, then R(AB) C R(A)NR(B) and R(B*A*) C R(B*) NR(A*).
(iii) If ind(A) < 1 and ind(B) < 1, then

AB is T-EP < R(AB) = R(A) NR(B) and R(B*A*) = R(B*) N R(A*).
Proof (i) If R(AB) = R(A) NR(B) and R(B*A*) = R(B*) N'R(A*), then

R(AB) = R(A)NR(B) = R(TB*) " R(TA")
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and
R(TB*A*) =T(R(B*A*)) =T(R(B*)NR(A")) = R(TB*) NR(TA").

And it is clear that AB = ABT*T . Hence, AB is T -EP.
(ii) Obviously, R(AB) C R(A) by Lemma 2.2. Since AB is T -EP,

R(AB) = R(TB*A*) =TB*(R(A")) C R(TB") = R(B).
Hence, R(AB) C R(A)N'R(B). Since AB is T-EP, B*A* is T*-EP and
R(B*A*) = R(T*AB) =T*A(R(B)) C R(T*A) = R(A").

Obviously, R(B*A*) C R(B*). Hence, R(B*A*) C R(B*) NR(A*¥).
(iii) By items (i) and (ii), we only need to verify that, if AB is T -EP,

R(AB) D R(A)NR(B), R(B*A*) DR(B*)NR(A").
Since ind(B) < 1, R(B) is closed and B can be denoted as
_(BuOY\ (R(B)) ([ R(B)
B‘( 0 0) ' (N(B)) (N(B*))’

where Bj; is invertible. Denote A by

A= (amian) () — (¥
A1B11 0

A21B11 0
Ar; =0 since By is invertible. It follows that

A= Ay A A2 — A AAn +ApAR
0 Ay )’ 0 A3, ’

Then AB = ( ) . Since AB is T-EP, by item (ii), R(AB) C R(B). One gets

where NV (Axn) =N (A%,) since max{ind(A;),ind(A2,)} <ind(A) < 1.If x € R(A)N
R(B) = R(A*) N'R(B), then there exists x; and y;, i = 1,2 such that

e A} AnAn+ARAR Y (X _ (B 0Y(n
0 A3, x2 00/\y/)
SO, A%lxl + (A11A12 —|—A12A22)X2 = Bnyl and A22)C2 =0. One has

x =A% x +A1AY = A1 (A11x) +Ax) = By

Note that Aj1x; +Ajpxy € R(B). It follows that x = By1y; € R(AB), i.e., R(AB) 2
R(A)NR(B). Similarly, R(B*A*) D R(B*)NR(A*). O

If A and B are EP with closed range, then ind(A) < | and ind(B) < 1. It follows
that



1048 X.L1,Y. GUO AND C. DENG

AB is EP <= R(AB) = R(A) NR(B) and R(B*A*) = R(B*) N"R(A*).

It is the result in [5, Theorem 1] and [13].

In Theorem 3.5 (iii), the conditions that ind(A) < 1 and ind(B) < 1 are necessary.
The next example shows that, if A and B are T -EP with closed range and AB is T -EP,
then R(AB) = R(A)NR(B) and R(B*A*) = R(B*) NR(A*) do not always hold.

100
EXAMPLE. Let A=B=T=| 007 | e B(H®H®H). Then A, B and AB
000
and T -EP. However,

R(AB) # R(A)NR(B), R(B*A*)#R(B)NR(AY).

Note that
100 100
TA*=|010]|, AB=T@AB)"=[000
000 000
It is easy to show that 7 is partial isometry and R(A) = R(B) = R(TA*). Hence,
A and B are T -EP. The relations R(AB) = R(T(AB)*) and R((AB)*) C R(T*) im-
ply that AB is T-EP. But it is obvious that R(A) NR(B) # R(AB) and R(B*A*) #
R(B*)NR(A*).
Denoted by
(T O _(AO
P (09). e (49), o

where A and Ty € B(H1,K1), B and T, € B(H,,K,) and C € B(H,,K,) satisfy that
R(A) and R(B) are closed, A is T1-EP and B is T,-EP, T; and T, are partial isome-
tries. Then we have the following result.

THEOREM 3.6. Let M and T be defined by (9). The 2 x 2 lower triangular
operator matrix M is T -EP if and only if Pyrg\CA* =0 and CPyr(4) = 0 if and only
if C = BXA for some X € B(K1,H3).

Proof. By Lemma 2.3, M and T, as operators from R(A*) @ [R(T}") © R(A*)] @
N(T) & R(B*)®[R(Ty) ©R(B*)| &N () into R(A) & [R(T1) © R(A)| &N (T]) &
R(B)® [R(Tr) 5 R(B)] ®N(Ty), can be denoted as

cocoocoSf o
coocooco

A 0 0 0O
0O 0 0 00O
0 0 0 00O
CiCnCi3B100 |’
C1 Cypn(Cy; 000
C51C3C33 000

o O

M =

cocoococooX
coflococo
ocfococoo
coococoo
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where A, B) is invertible, U; (i =1,2,4,5) is isometry. One derives that

Ron) ~ e (( & 82 )

=R(A)&R(B)®R((I-BB")C).
M = MT*T if and only if

A 0 0 000 A 00000
0O 0 0 000 0 000O0O0
0 0 0 000 0O 000O0O0 (10)
CiiChCi3Bi00| | Ci1Cn0B;00
Cy1CpC3 000 C1Cn 0000
C31C3C33 000 C31C520000
if and only if
Ci3
G | =0. (11)
Cs3
Note that
ULA% 00 U\C}, UG, UGy
0 00 U,C UsCly UsCly
. | o000 0" 0o o
™ = 0 00 UsB; O 0
0 00 O 0 0
0 00 O 0 0
Since A; and B, are invertible, and U; (i =1,2,4,5) is isometry, one has
R(TM*) = R(UIA}) & R((U2Ct, U2Cs, UnCy, ) @ R(UsBY)
= R(A) @ R((U:Cp, UrC3, UsCyy ) @ R(B).
Therefore,
0 Cpp O
R(M) = R(TM*) < C21 C22 C23 =0. (12)
G31 G52 C33
Hence,
0 CipCi3
M is T-EP <= (11)and (12) hold <= [ Gy C» C3 | = 0.
G31 G533 C33

Applying the representations of A, B and C in (10), one has C;; =0, 1 <1i,j <3
and (i, j) # (1,1) <= Pyr(p)CA* = 0 and CPy(4) = 0 <= C = BXA for some X €
B(Ki,Hy). O

In [10, Lemma 1], R. E. Hartwig and I. J. Katz show that (é g) is EP if and
only if A and B are EP with closed range and R(CA*) C R(B) and CPyr(4) =0, i.e.,
C = BXA for some X. Theorem 3.6 generalizes this result to the T -EP case.
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