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NUMERICAL RADII OF WEIGHTED SHIFT MATRICES WITH
PALINDROMIC WEIGHTS USING DETERMINANTAL POLYNOMIALS

BIKSHAN CHAKRABORTY, SARITA OJHA* AND RIDDHICK BIRBONSHI

(Communicated by F. Kittaneh)

Abstract. In this paper, we formulate the determinantal polynomials of weighted shift matrices
with palindromic weights

(a,br, ar?,.. b3 a2 e ar® T b3 ,ar27br7a)7

(a,br, ar?,.. a2 b2 e br? T a2 ,ar27br7a)7
(a,br, ar? brzn*g’,ar2"72,c,c,ar2"72,17r2"737 . 7ar27br7a) and
(a,br,ar’,....ar” 2 br = e e, b a2 ar?,br,a).

Also, we obtain an explicit expression of the numerical radius for each of the weighted shift
matrices using these determinantal polynomials. The purpose of this paper is to generalize the
results given in [12] and [4].

1. Introduction

Let M,(C) denote the set of all n x n matrices with complex entries. The numer-
ical range of T € M,,(C) is the subset of the complex plane C defined as

W(T) = {(Tx,x) cxeC x| = l},
and the numerical radius of T is defined as
w(T) =sup{|z| : z€ W(T)}.

It is well known that W(T') is a nonempty, compact and convex subset of C (see [8]).

Let T be a weighted shift matrix with weights (wy,...,w,_1) denoted as follows,
0 w1
0 wy
T(Wi,ee s Wye1) = 0
- Wn—1
0
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From [5], we know that the numerical range of a weighted shift matrix 7' (wy,...,w,_1)
is a closed circular disc centered at origin and the numerical radius is given by

w(T (wi,...,wy—1)) =max {z € R:det(zl, —Re(T (wi,...,w,_1))) =0}.

The polynomial p,, () = det (1, —Re(T (wi,w2,...,wn—1))) is known as determinantal
polynomial of T'(wy,ws,...,w,_1) and it has the recurrence relation

1
pn(t) = tpn—l(t) - szflpn—2(t)'

From Lemma 1 of [10], p,(f) can be represented as

k
—1 B
pu(t)=1"+ Z (T) ScWiyeo o wp)t" 2k7

1<k<[n/2]
where the circularly symmetric function is
Sk(wWi,wo, .o wyy) = Zw%lwlzz . -wl-zk,
the sum being taken over
I1<ii<ib<---<ipp<n—1, b—iy1 22,ix—ip 22,... 0 — i1 =2.
But for the sake of simplicity of calculation, we assume

det (Iln —ZRC(T(Wl,Wz,...,Wn_l)))

as the determinantal polynomial of T (wy,wo,...,w,_1).

The numerical range W (T') of an operator T defined on an infinite dimensional
complex, separable Hilbert space is studied by various mathematicians. For the com-
prehensive study in this case, one can see [8, 7]. Since a weighted shift matrix or
operator T is unitarily equivalent to its entry-wise modulus operator |T'|, therefore one
can consider the weights of the weighted shift matrix or operator to be nonnegative. In
this article, we assume that all the weights of the weighted shift operators (or matrices)
are positive.

Since the numerical range of a weighted shift operator 7' (wy,wy,ws,...) defined
on ¢2(N) is either open or closed circular disc centered at origin (see [15]), therefore
calculating the radius of this circular disc gives the numerical radius of a weighted
shift operator. In 1976, Ridge [9] has obtained an expression of numerical radius of
a weighted shift operator with periodic weights. He has shown that the numerical ra-
dius of weighted shift operator with weights (a,b,a,b,...) is “J{—b. Further, Berger
& Stampfli [1], Chien & Sheu [6] and Vandanjav & Undrakh [14] have obtained the
numerical radius of weighted shift operators with weights (k,1,1,...), (1,k,1,1,...)
and (h,k,1,1,...), respectively. Recently, Chakraborty et al. [2] have shown that the
numerical radius of the weighted shift operator T with weights (h,k,a,b,a,b,...) is
given by

)

1 1
w(T)? = Z lab <q+ 5) +a*+b?
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2,722,232 2052 12 122 _A,2(p2 )2
where g = HC VAV @R AR ided b+ (a+ bR > (a+

b)%b.

Undrakh et al. [11] have expressed the numerical radius of a weighted shift oper-
ator with weights (wy,w2,...,w,,1,1,...) by the help of determinantal polynomial of
the weighted shift matrix with weights (wy,ws,...,w,). This is further generalized by
Chakraborty et al. [3] for the weighted shift operators with weights

(Wi,wa,...,wou_1,b,a,b,a,b,...) and (wi,wa,...,wou,a,b,a,b,...).

In 2012, Vandanjav and Undrakh [13] have calculated the determinantal polynomials of

weighted shift matrices with weights (1,r,72,...,7"72) and (1,3,5,...,-7), where

r > 0. Later on, Undrakh [12] has derived the determinantal polynomials of weighted
shift matrices with palindromic geometric weights

(1,r7r2,...,rﬂ_27rﬂ_l,r"_2,r"_3,...,rz,nl) and
(1,r7r2,...,rﬂ_27rﬁ_l,r"_l,r"_z,...,I"Z,r7 1) with r > 0.

Recently, Chakraborty et al. [4] have explicitly obtained the determinantal polynomials
of weighted shift matrices with palindromic positive weights

(a,b,a,b,...,a,b,c,b,a,b,a,...,b,a), (a,b,a,b,...,a,c,a,b,a,...,b,a)

(a,b,a,b,...,a,c,c,a,b,a,...,b,a) and (a,b,...,a,b,c,c,b,a,...,b,a).

In this paper, we focus on the weighted shift matrices with positive weights (for n > 1)
of the following types given in Table 1.

Table 1: Weighted shift matrices of Type I and Type Il with palindromic weights

Type-1 () T(a,br,ar?,...,br*" =3 ar*=2, c,ar® 2 ,br*"=3,... ,ar’,br,a)
(i) T(a,br,ar?,...,ar” 2, br*"= ¢, br 1 ar®™2,... ar? br,q)

Type-II i) T(a,br,ar?,....br"" 3, ar* 2 c,c,ar” 2,br*"=3,... .ar’,br,a
) b ) b b ) b b b b b) b

(i) T(a,br,ar?,...,ar* =2, br*"=! c c,br*" ' ar*=2,... ar? br,a)

In Section 2, we compute the determinantal polynomials of weighted shift matrices
with weights

(a,bnarz7 br, ... ,brzn_37ar2"_2) and (a,bnarz7 br, ... ,arzn_z7 brz"_l)7

where a,b,r > 0. In Section 3 and 4, we calculate the determinantal polynomials of
the above Type-I and Type-II matrices, which is a generalization of the results given in
[12,4]. Also using these polynomials, we determine the numerical radii of the matrices.
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2. Some classes of weighted shift matrices

First, we consider the weighted shift matrices
As(a,b,r) =T (a,br,ar®,br, ... .br"" 3 ar* %) € My, (C) (1)
and
Byyii(a,b,r) =T (a,br,arz,br3,...,arzn_z,brzn_l) € My,+1(C), 2)

where a,b,r > 0. Let 02,(z;a,b,r) and P, 1(z;a,b,r) denote the determinantal poly-
nomials of Ay,(a,b,r) and By,11(a,b,r), respectively, i.e.,

Oon(z;a,b,r) = det(zlp, — 2Re(Azy(a,b,r)))
and
Pouti1(z;a,b,r) = det(zly,+1 — 2Re(Bo,11(a,b,r))).

THEOREM 2.1. For n > 1, let Ay,(a,b,r) and By,i1(a,b,r) be defined as (1)
and (2), respectively. Then

an(z;a,b,r) = szn,I(Z;CLbJ’) - a2r4n_4Q2n72(Z;aabvr) (3)
and
P2n+1(z;a,b,r) = ZQ2n(Z;a7b7r) - b2r4n72P2n71(Z;a7b7r)7 (4)

where Qo(z;a,b,r) =1 and P(z;a,b,r) = z.

Proof. Here
z —a 0 0 O 0
—a z —br 0 O 0
0 —br z —ar* 0 0
Qon(z;a,b,r) = det
o ... ... z _br2n—3 0
O o «ov oo O —ppn3 z a2
0O -+ v .. 0 0 —arn=2 Z

Expanding the above determinant in terms of the elements of the last row, we get the
polynomial (3).
In a similar way, we can prove our required expression as given in (4). [J

PROPOSITION 2.2. Forn> 1, let Ay,(a,b,r) and By, 1(a,b,r) be defined as (1)
and (2), respectively. Then Q,(—z;a,b,r) = Qa,(z;a,b,r) and Poyi1(—z;a,b,r) =
_P2n+l (Z;aa ba r) .
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Proof. We will prove this by using mathematical induction. For n = 1, we have
0x(z;a,b,r) = 7 —d? and P (zza,b,r) = 1(12 — b3 — az).

Clearly, our statement is true for n = 1. Assume this be true for n = m. Now consider,
n=m+ 1. Using the expressions (3) and (4), we have

Q2m+2(_Z;aaba r) = —ZP2m+1(—Z;Cl,b, r) - a2r4mQ2m(_Z;aaba r)
Q2m+2(Z;a,b, r)

and

P2m+3(_Z;aabar) = _ZQ2m+2(_Z;aabar) - b2r4m+2P2m+1(—z;a,b,r)

_P2m+3(z;a7b7r>'

Therefore, by mathematical induction on n > 1, we get our required result. [J

REMARK 2.3. For n > 1, the matrices Ay,(1,1,r) or By,+1(1,1,r) reduce to
weighted shift matrices with geometric weights (1,7,72,...,r2"=2) or (1,r,72,...,r*"" 1),
respectively, discussed in [13]. Here, equations (3) and (4) are same with equation (2.3)
of [13].

Now, we proceed to the matrices of the types given in Table 1.

3. Weighted shift matrices of Type-I with palindromic weights
Consider the following weighted shift matrices

Rgl) (a,b,c, r):T(a,br7ar27 b3 a2 e art T b3 L .,arz,bna) € My, (C)
(5)

and
Lf‘l) (a,b,c, r)zT(a7 brar?....ar” 2, br*" e, br ar? 2. ar?, br, a)EM4,,+2((C)7

n+2
(6)
where a,b,c and r are all positive.

THEOREM 3.1. For n> 1, let R‘(‘iq) (a,b,c,r) be the weighted shift matrix defined
in (5). Then

sz;)(z;a,b,c,r) =det (zl4n — ZRe(RE‘;) (a,b,c,r)) =U,(z;a,b,c,r)Vy(z;a,b,c,r),

where Uy, (z;a,b,¢,r)=Qn(z;a,b,r)—cPoy—1(z;a,b,r) and V,(z;a,b,¢,r)=0,(z;a,b,r)
+cPoy—1(z;a,b,r).
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Proof. The determinantal polynomial of RE‘;) (a,b,c,r) is given by,

0
zhp—1 — 2R6(32nfl (a7 b, }’)) 0(2;171)><2n
_ar21172
0 0 —ar¥2 z —c 0 e 0
det - A
0
02n><(2n71) CZn(Z;av b, r)
0
where
z _arzn_z 0 0
_ar2n—2 z _br2n—3 0
_ 1,,2n—3
Con(z:a,b,1) = 0 br ¢ (7
0
0 . —br 7 —a
0 0 —a z
Expanding the above determinant in terms of the elements of (2n)-th row
(Oa"'707_ar2n_2727_cvov'"70)7
we get
M. ZIZ"—I_zRe(BZn—l(aabvr)) 0(2n71)><2n )
E, '(z;a,b,c,r) = zdet
4n ( ) ( 02n><(2n71) C2n(Z;a7b7r)
, Don—1(z;a,b,r) 03,
2n—2 2n—1 s Uy Uy (2" l)><2n
+ar det ( . Con(z:a, b, r))
zhy—1 —2Re(By,—1(a,b,r)) * )
+cdet , 8
( 02,x (2n—1) Esu(z;a,b,c,r) ®
where
2hn—2 —2Re(Azy2(a,b,1)) 02251
Dyy—1(z;a,b,r) = ( " . " _(;an):<2
and
—c—ar’™? 0 0 0 -~ 0
0 . —br3 0 0 --- 0
0 —pr¥3 z —ar?n=* 0 -0
Ey(za,b,e,r) =] 0 0 —ar*? -0 9)
0 0 —br 7z —a

0 0 0 —a z



NUMERICAL RADII OF WEIGHTED SHIFT MATRICES 1083

From (8) we have,

F‘fj)(z;a,b,q r) = 2Py 1(z:a,b,7)02n(z:a,b, 1) — > r*" Q0 _2(z:a,b,7)Q2n(z:a,b, 1)
—c*Py, 1(z:a,b,r)?.
Using (3) in the above equation, we get our required result. [
The following remark is an easy consequence of Proposition 2.2.

REMARK 3.2. For n > 1, we have U,(—z;a,b,c,r) = Vy(z;a,b,c,r).

THEOREM 3.3. Forn> 1, let Ré(‘iq) (a,b,c,r) be the weighted shift matrix defined
in (5). Then the numerical radius

1
W(Ré(‘i)(a7b7c,r)) = Emax{ | z|: 2 is a root of Un(z;a,b,c,r) =0}

1
Emax{ | z|:z is aroot of Vy(z;a,b,c,r) =0}.

Proof. Tt is known that 2w(R81) (a,b,c,r)) is the maximum positive root of

F‘fj)(z;a,b,q r)=0. So, 2w(R$,) (a,b,c,r)) is either the maximum positive root of
U,(z;a,b,c,r) =0 or V,(z;a,b,c,r) =0. Let

af“’b’c’r)7 aéa’b’c’r) ey O{iﬁ’f’r) , 2w(R$l) (a,b,c,r))

are the roots of V,(z;a,b,c,r) = 0 satisfying

al(a,b,c,r)

(a,b,e,r) (a,b,c,r)

<oy <Koy, < 2w(R$l)(a,b,c7 r)).

Then from Remark 3.2, the roots of U,(z;a,b,c,r) =0 are

— afa’b’c’r) ,— O{éa’b’c’r) ey — ad(;f’f’r) , —2w(R$q) (a,b,c,r))

where

—2W(R$’) (a,b,c,r)) < —aiﬁf’lc’r) << —Ocl(u’h’c’r) < 2W(R£L) (a,b,c,r)).

Now, if (xl(”’h’c’r) > 0, then our result holds trivially. If al(a’b’c’r) <0 and | al(

ZW(RE‘;)(a,b,c, r)), then —Ocl(u’h’c’r) > 2W(R£L) (a,b,c,r)) > 0.

Since —ocl(a’b’c’r) is also a root of F4(n1 )(z;a7b7c,r) =0, therefore it contradicts the

ab,c,r) ‘

>

fact that ZW(REL) (a,b,c,r)) is the maximum positive root of F4(i >(z;a,b,c, r)=0. So
we have | 0" [<2w(R})) (a,b,c,r)). Since | —o{“"") |< 2w(RLY (a,b,c,r)) for
j=12,...,4n— 1, therefore

1
w(RY (a,b,c,r)) = Emax{ |z]:z isarootof Vu(za,b,c,r) =0}

1
= Emax{|z|:z is aroot of Uy(z;a,b,c,r) =0}.
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Again, if Zw(RE‘L) (a,b,c,r)) is the maximum positive root of U, (z;a,b,c,r) = 0, then
proceeding with similar arguments, we can prove the remaining part of the proof. [J

0a00
00cO
000a
0000

EXAMPLE 3.4. Let Rgl)(a,b,c, r)= € My (C) be the weighted shift

matrix defined in (5). Then
F4(1) (zza,b,c,r) = (@* —cz—22)(a* +cz— 7).

From Theorem 3.3, the numerical radius
w <R(1)(a b,c r)) _! <c—|— 4a2+02>
4 y &by - 4 .

EXAMPLE 3.5. Forn=2,takea=1,b=2, c=3and r=5. Then R\ (1,2,3,5)

will be of the form
010

0010
000
000
000
000
000
000

[\]
Noo
cocoocoo

—_
)
=R elelololNe N

coocoo
coocowo oo
cocoNococooo
oo

Then Theorem 3.1 gives
FV(2:1,2,3,5) = (625 + 303z — 726> — 3% +2%) (625 — 303z — 7262 + 32> + 7).

Using Theorem 3.3, we have w (R;l)(l727375)> = 14.1361 (approx.).

COROLLARY 3.6. For n> 1, let Rgl) (a,b,c,r) be the weighted shift matrix de-
fined in (5) with ¢ = br™"~'. Then

F‘fri)(Z;avbvc7 V) = Q2n(Z;a7b7 r)2 — b2r4"_2P2n,1(z;a7b7 7)2.
Proof. Putting ¢ = br?"~! in Theorem 3.1, we get our required result. [

THEOREM 3.7. Let Lg;lrz (a,b,c,r) be the weighted shift matrix defined in (6).
Then

Gz(lifl)Jr2(Z;a7b7cﬂ r) =det <Z14n+2 - ZRC(LE‘L)‘Fz(a,b,C, r))) :XH(Z;a7b7ca r)Yn (Z;aabac7r)7

where X,(z,a,b,c,r)=Py,11(z;a,b,r)—cQay(z;a,b,r) and Y, (z;a,b,¢,r)=Pay11(z;a,b,1)
+CQ2n(Z;a7b7r)'
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Proof. The determinantal polynomial of Lg&z(a,b,c,r) is

0

21 —2Re(Bont1(a,b,r)) : 02+1)x2n
—C

0 0 —c z —br2nl 0 0
det _pp2n—1

0

02n><(2n+1) : CZn(Z;av b, r)
0

where Cy,(z;a,b,r) is defined in (7).
Expanding the above determinant in terms of the elements of (21 4+ 2)-th row

(07 707_C7Z7_br2n71a0a"' 70)7

we have

GE;LLQ(Z;G,b,C,r) — zdet <Z12n+1 —2Re(Ba+1(a,b,r)) 0(2n+1)><2n )

02, (2041) Con(zsa,b,r)
+edet 2l — 2Re(A2" (a7 b, }")) 0211X(2n+1)
* D2;)Jr1(z;a,b,c,r)
I —2Re(B ,b, *
_|_br2n71 AUp+1 ( 2n+l(a r)) 0, , (10)
0211><(2n+1) E2n (Z,Cl, b, r)
where
—C |O 0
_ br2n—1
Dgl)Jrl(Z;aJ);Car): 0
: Con(zsa,b,r)
0
and
—br2"_1 _ar2n—2 0 0 0 0
0 z _br2n73 0 0 0
0 —br?3 7z  —ar’* 0 0
Eé:,)(z;a,b,r) = 0 0 —ar2’1_4 i 0
0 0 0 —br z —a
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From (10) we have,

nglz(z;a,b,c,r) = szn_H(z;a,b,r)an(z;a,b,r) _C2Q2n(Z;aabar)2

—b* " 2Pyt (730, b,7) Poy 1 (230, b, 7).

Using the expression (4) in the above equation, our result follows. [J

The following remark is a corollary of Proposition 2.2.
REMARK 3.8. For n > 1, we have X,(—z;a,b,c,r) = —Y,(z;a,b,c,r).

THEOREM 3.9. For n > 1, let Lg;lrz(a,b,c, r) be the weighted shift matrix de-
fined in (6). Then

1
W(Lgilz(mbm,r)) = Emax{ | z|:z is a root of X,(z:a,b,c,r) =0}

1
= Emax{ |z|: 2z is aroot of Yy(z;a,b,c,r) =0}.

Proof. Using the above Remark 3.8, the proof is similar to the proof of Theorem
33. O

EXAMPLE 3.10. Forn=1,takea=1,b=2, c=3and r=5. Then L\")(1,2,3,5)
will be of the form

010000
0010000
000300
0000100
000001
000000

From Theorem 3.7, the determinantal polynomial of Lél) (1,2,3,5) is
GV (5:1,2,3,5) = 3= 101232+ ) (=3 — 10124 32+ 2°).

Then Theorem 3.9 gives w(Lél)(1,2,3,5)) = 5.82426 (approx.).

COROLLARY 3.11. For n > 1, let Lg&z(a,b,c,r) be the weighted shift matrix
defined in (6) with ¢ = ar®. Then

Gﬁib(z;a,b,c, r) = Poi1(z3a,b,1)* — a®r* Qo (z:a,b, 7).

Proof. Putting ¢ = ar?" in Theorem 3.7, we get our required result. []
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4. Weighted shift matrices of Type-II with palindromic weights
Now, consider the following weighted shift matrices,

2 _ _ _ _
Rgnlrl(a,b,c,r):T(a,br,ar2,...,br2" 3,ar2" 2,c,c,ar2” z,brzn 3,...,ar2,br,a)

S M4n+1((c) (11)

and

2 — — — _
Lgn)%(a,b,c,r):T(a,br,arz,...,arzn 2 b2t coe br? Y ar? 2,...,ar2,br,a)

€ My3(C)  (12)

with a,b,c,r >0 and n> 1.

THEOREM 4.1. For n > 1, let Rﬁ{rl(a,b,c, r) be the weighted shift matrix de-
fined in (11). Then

F4(3)+l (z;a,b,c,r) = det (zl4,,+1 — ZRe(Rﬁ)+1 (a,b,c,r)))
= Qg,,(z;a,b,r) (ZQZn(Z;aabar) - 262P2n—1(1;aabar))
and 2W(R£3,)+1 (a,b,c,r)) is the maximum positive root of

ZQ2n(Z;a7b7r) _202P2n—1(z;a’b’r) =0.

Proof. The determinantal polynomial of Rﬁ)Jr (a,b,c,r) is

0
2y — 2Re(A2n (a,b,r)) 02,%2n
—C
0 0 —¢| z | ¢ 0 0
det —c
0
0221 Czn(z;a,b,r)
0

where Cy,(z;a,b,r) is given by (7).
Expanding the above determinant in terms of the (2n+ 1)-th row

(07 707_C7Z7_C707"' 70)7
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we have

R (Gabier) = ader (B 2pAn (@R o)

02,521 C2n(Z;a;b;r>
2
+cdet Dén)(Z;aabvcﬂ’) 02n><2n
* C2n(Z;a7b7r)
2l —2Re(Az,(a,b,r)) *
1
redet ( 02n><2n E2n(Z;aabvc7 V) ’ ( 3)
where
0

Dgi) (za,b,c,r) = zhy—1 —2Re(Bay—1(a,b,r)) 0

0 0 —arz"_z‘ —c

and Ey,(z;a,b,c,r) is defined in (9). From (13) we have,

Fﬁil(z;a,b,c, r) = ZQ2n(Z;a7b7r)2 _ZCZPQn—l(Z;aabar)QZn(Z;aabar)
= an(Z;Ll,b,r) (ZQ2n(Z;a7b7r) - 262P2n71(z;a7b7r)) .

Again Ay, (a,b,r) is the compression of Rﬁ)ﬂ (a,b,c,r) and therefore, w(Ay,(a,b,r))

< w(Rgi)Jrl(a7b7c,r)). Thus the largest positive root of Qz,(z;a,b,r) =0 is less than

the largest positive root of zQ2,(z;a,b,r) — 2¢*Py,_1(z;a,b,r) = 0. Hence the result
follows. [J

0a000
00c00
EXAMPLE 4.2. Let R (a,b,¢,r) = | 000 ¢ 0 | € Ms(C) be the weighted shift
0000a
00000
2

matrix defined in (11). Then the determinantal polynomial of Ry (a,b,c,r) is
Fs(z)(z;a7b7c,r) = (2 —d) (2 —d*z—2c%).
From Theorem 4.1, the maximum positive root of FS(Z) (zza,b,c,r) =0 is the maximum

(2)(a7b7c,r)) = 7”“%262.

positive root of 2 —a*z—2c¢*2=0. Therefore, w(R5 5

COROLLARY 4.3. For n > 1, let Rﬁll(mbﬁ,r) be the weighted shift matrix

defined in (11) with ¢ = br*"~!. Then
Féfj}rl(z;a,b,c,i’) = an(z;a,b,r) (ZQZH(Z;a7b7r) - 2b2r4n72P2n—1(Z;aabar))

and 2w(R(2)

ans1(@;b,c,r)) is the maximum positive root of

202 (z;a,b,r) — 2192r4”_2P2n,1(z;a7b7 r)=0.
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Proof. Putting ¢ = br*"~! in Theorem 4.1, we get our required result. [

THEOREM 4.4. For n > 1, let L(z)

ani3(@b,c,r) be the weighted shift matrix de-
fined in (12). Then

GE‘?H (zza,b,c,r) = det (zl4n+3 - 2Re(Lé(5q)Jr3 (a,b,c, r)))
- PQ,H_I(Z;Cl,b, r) (ZP2n+l(Z;a7b7r) - 2C2Q2n(1;aaba r))

and 2w(L(2)

ani3(@ b, c,r)) is the maximum positive root of

Pos1(za,b,r) —2¢*Qan(z3a,b,r) = 0.

Proof. The determinantal polynomial of Lﬁ)+3 (a,b,c,r) is

0
21 —2Re(Bap+1(a,b,r)) 0(2n+1)x(2n+1)
—C
0 0 —C Z —C 0 0
det =
0
0 : C(z) ( ‘a.b )
(2n+1)x(2n+1) . n+1\254, 0,1
0
where
z — b1 0 0
_ br2n—1
Céfl)Jrl(Z;aabar) = 0
5 Con(z:0,b,7)
0

and Cy,(z;a,b,r) is given by (7).
Expanding the above determinant in terms of the elements of the (21 + 2)-th row

(07 707_C7Z7_C707"' 70)7

we have

G (z;a,b,c,r) = zdet 21— 2Re(Bany1(a,0,7)) Oni1)x2n+1)

4n43\5 40,6, ' 00201 1)x(2n41) Coupr(z30,b,7)
D), (za,b,c,r) 0

—|—cdet< on1(2 ) (22n+1)x(2"+1)>

C2n+1(Z;a7b7r>

+edet (zlan —2Re(Ba,i1(a,b,r)) * ) (14)

0(2n+1)><(2n+1) EénH(z;a,b,c,r)
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where
0
Db, (a,bye,r) = 2l — 2Re(Az,(a,b, 7)) 0
0 0 —br 1| —¢
and
—c| —br1 0 -0
0
E5, . (za,b,c,r) = 0
: Con(zsa,b,r)
0

From (14) we have,

Gé(li)Jrfa(Z;avbaC;r) = ZP2H+1(Z;a7b7r)2 - 62P2n+1(z;a,b,r)Qz,,(z;a,b,r)
—cng,H_l(z;a,b,r)an(z;a,b,r)
- P2n+l(Z;a7b7r) (ZPQ,H_I(Z;(I,I),}’) _2C2Q2H(Z;aabar)) .

Since Bou1(a,b,r) is the compression of Lﬁ)Jr3 (a,b,c,r), therefore w(By,+1(a,b,r))

< W(Lfélr3 (a,b,c,r)). So, the largest positive root of Py, 1(z;a,b,r) =0 is less than

the largest positive root of zPs, 1(z;a,b,r) —2c*Qan(z;a,b,r) = 0. Hence the result
follows. [

0a 00000
00br00 00
000c¢000

EXAMPLE 4.5. Let L (a,b,¢,r)= 00 0 0c 0 0 | € M7(C) be a weighted
000 00br0
000000 a
0000000

shift matrix defined in (12). Then the determinantal polynomial of ng) (a,b,c,r) is
ng) (ma,b,c,r) = (2 — (> + b*1?)z2) (2a** — (a* + 23+ b* ) + 7).

The maximum positive root of ng) (zza,b,c,r) =0 is the maximum positive root of

2a°c? — (a® + 2¢* 4+ b*?)? +7* = 0. Now, the maximum positive root of 2a’c> —

(@ +2+0 )2+ =0is

\/a2 +2c2+b2r2 + \/—8a%c? + (—a? — 2c2 — b?r2)?
7 .

a?+2c24-b? r2+\/78a262+(1/12+202+b2r2)2

2V2

Hence w(ng)(anc,r)) = \/
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COROLLARY 4.6. For n > 1, let Lz(ti)ﬁ (a,b,c,r) be the weighted shift matrix

defined in (12) with ¢ = ar™. Then

Gé(‘i)_i_3(z;a7b7c7 I") = P2n+1(Z;aabar) (ZP2n+1(Z;a7b7r) —2a2r4"Q2n(z;a,b,r))

(2

and 2w(L4n)Jr3 (a,b,c,r)) is the maximum positive root of

2Poni1(za,b,r) — 2a°F" 0, (zza,b,r) =0.

Proof. Putting ¢ = ar®" in Theorem 4.4, we get our required result. [

Particular cases

1. Putting » =1 in Theorem 3.1. 3.7, 4.1 and 4.4, our results reduce to Theorem

3.4,3.1,3.6 and 3.7, respectively of [4].

2. Putting a = b =1 in Corollary 3.6, 3.11, 4.3, and 4.6, our results reduce to the

[1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]
[12]

[13]

results given by Undrakh [12].
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