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D2 = H + 1
4 WITH POINT INTERACTIONS

ANDREA POSILICANO AND LINDA REGINATO

(Communicated by J. Behrndt)

Abstract. Let D and H be the self-adjoint, one-dimensional Dirac and Schrödinger operators in
L2(�;�2) and L2(�;�) respectively. It is well known that, in absence of an external potential,
the two operators are related through the equality D2 = (H+ 1

4 )� . We show that such a kind of
relation also holds in the case of n -point singular perturbations: given any self-adjoint realization
D̂ of the formal sum D + ∑n

k=1 γkδyk , we explicitly determine the self-adjoint realization Ĥ

of H�+ ∑n
k=1(αkδyk + βkδ ′

yk
) such that D̂2 = Ĥ + �

4 . The found correspondence preserves
the subclasses of self-adjoint realizations corresponding to both the local and the separating
boundary conditions. Some connections with supersymmetry are provided. The case of nonlocal
boundary conditions allows the study of the relation D2 = H + 1

4 for quantum graphs with
(at most) two ends; in particular, the square of the extension corresponding to Kirchhoff-type
boundary conditions for the Dirac operator on the graph gives the direct sum of two Schrödinger
operators on the same graph, one with the usual Kirchhoff boundary conditions and the other
with a sort of reversed Kirchhoff ones.

1. Introduction

Let L2(�;�d) be the Hilbert space of �d -valued square integrable functions with
scalar product 〈·, ·〉 and norm ‖ · ‖ ; likewise, H2(�;�d) ⊂ H1(�;�d) ⊂Cb(�;�d) de-
note the Sobolev space on � of order 1 and 2 and the space of bounded continuous
functions with values in �d respectively. Whenever d = 1, we simply write L2(�) ,
Hk(�) and Cb(�) . In L2(�;�2) we consider the free self-adjoint Dirac operator D
defined by

D : H1(�;�2) ⊆ L2(�;�2) → L2(�;�2) , D := −i
d
dx

σ1 +
1
2

σ3 ,

where σ1 and σ3 are the Pauli matrices

σ1 =
[
0 1
1 0

]
, σ3 =

[
1 0
0 −1

]
.

Furthermore, we consider the free self-adjoint Schrödinger operator in L2(�)

H : H2(�) ⊆ L2(�) → L2(�), H := − d2

dx2 .
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It is well known and easy to check that in this free case there exists a relation between
the two operators:

D2 =
(

H+
1
4

)
� . (1.1)

Here and below, we use the isomorphism L2(�;�2) 	 L2(�)⊕L2(�) and the identifi-
cation L� ≡ L⊕L , L a linear operator in L2(�) . More generally, in the following we
use the shorthand notation L�≡ L⊕L for a linear operator L : dom(L) ⊆ H1 → H2 .

Notice that (1.1) entails a relation between the resolvent operators:

(−D+ z)−1 = (D+ z)
(
−H+ z2− 1

4

)−1

� , z ∈ �\ ((−∞,−1/2]∪ [1/2,+∞)) .

(1.2)
The aim of this paper is to extend this connection between Dirac’s and Schrödinger’s
operators to the case where D is perturbed by a sum of δ ’s potentials, equivalently,
given any self-adjoint extension DΠ,Θ of the symmetric operator D|C∞

comp(�\{y1, . . . ,yn}
;�2) , we explicitly determine the couple (Π̂,Θ̂) such that

(DΠ,Θ)2 =
(

ĤΠ̂,Θ̂ +
�

4

)
. (1.3)

Here, we parametrize the self-adjoint extensions of D|C∞
comp(� \ {y1, . . . ,yn};�2) by

couples (Π,Θ) , Π : �2n → �2n an orthogonal projector, Θ : ran(Π) → ran(Π) a sym-
metric operator, and likewise ĤΠ̂,Θ̂ denotes the self-adjoint extension of H�|C∞

comp(�\
{y1, . . . ,yn};�2) corresponding to the couple (Π̂,Θ̂) , Π̂ : �4n → �̂4n an orthogonal
projector, Θ̂ : ran(Π̂) → ran(Π̂) a symmetric operator. Any operator of the kind ĤΠ̂,Θ̂
is a self-adjoint realization of a singular perturbation of H� by a sum of δ ’s and δ ′ ’s
potentials. As in the free case, the relation (1.3) entails another one for the resolvents:

(−DΠ,Θ + z)−1 = (DΠ,Θ + z)
(
−ĤΠ̂,Θ̂ + z2− �

4

)−1

,

where ±z ∈ ρ(DΠ,Θ) if and only if (z2 − 1
4 ) ∈ ρ(ĤΠ̂,Θ̂) ; here, ρ(L) denotes the resol-

vent set of the closed operator L .
The specific case here considered is an example of solution of the problem con-

cerning the representation of the square of a singular perturbation of a self-adjoint oper-
ator A by a singular perturbation of A2 . This problem has been studied in [2]; however,
in such a paper only the case A > 0 has been considered and the explicit examples
there presented are limited to rank-one singular perturbations. The methods here used
are different from the ones in [2], we do not use the resolvent formulae directly but
instead use the self-adjointness domains.

In more detail, the content of the paper is the following. In Section 2 we build
the whole families of the self-adjoint extensions of D|C∞

comp(� \ {y1, . . . ,yn};�2) and
H�|C∞

comp(�\{y1, . . . ,yn};�2) . Instead of using the standard von Neumann theory (see,
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e.g., [1], [9], [18]), which gives a parametrization in terms of unitary operators between
the defect spaces, we found more convenient to use the equivalent approach proposed
in [24] and [25], which gives a parametrization in terms of couples (Π,Θ) , where Π is
an orthogonal projection and Θ is a self-adjoint operator in ran(Π) ; this allows for an
easy writing of the corresponding resolvents. Then, in Section 3, by a comparison of
the self-adjointness domains, we found the correspondence between the couple (Π,Θ)
and (Π̂,Θ̂) such that (1.3) holds. In order to enhance the reader intuition, we start with
simplest case, where n = 1 and Π = � and then proceed step-by-step towards the most
general case. Finally, in Section 4, we present various applications. In Subsection 4.1
we consider the subclass of self-adjoint extensions for the Dirac operator corresponding
to local boundary conditions, i.e., to the ones which do not couple different points yk

and show that the corresponding extensions for the Schrödinger operator provide local
boundary conditions as well. As a particular case of such a result, in Subsection 4.2
we consider the Gesztesy-Šeba realizations; they are the self-adjoint realizations of the
Dirac operator with local point interactions corresponding, in the non relativistic limit,
to Schrödinger operators with local point interactions either of δ -type or of δ ′ -type
(see [19], [1, Appendix J], [15]). Then, in Subsection 4.3, we consider the subclass of
self-adjoint extensions for the Dirac operator corresponding to separating (a.k.a. de-
coupling) boundary conditions, i.e., to the local ones for which, at any point, left limits
are independent from right limits. This entails that the corresponding Dirac operator is
the direct sum of self-adjoint Dirac operators Dk in L2(Ik,�2) , where the Ik ’s are ei-
ther the half-lines (−∞,y1) and (yn,+∞) or the bounded intervals (yk,yk+1) ; the same
is true for the corresponding Schrödinger operator and (Dk)2 = Ĥk + �

4 . In Subsec-
tion 4.4, some connections with supersymmetry are discussed and a simple criterion of
spontaneous supersymmetry breaking is provided (see [26], [3] and references therein
for somehow different aspects of supersymmetry in presence of point interactions). In
Subsection 4.5, we point out that our results, in the case of non local boundary condi-
tions, allow the study of the connection between the square of the Dirac operator and the
Schrödinger operator on quantum graphs with (at most) two ends. In particular, as an
explicit example, we consider the Dirac operator on the eye graph with Kirchhoff-type
boundary conditions at the vertices and show that its square is the direct sum of two
Schrödinger operators on the same graph, one with Kirchhoff boundary conditions and
the other with a sort of inverse Kirchhoff ones. These latter boundary conditions, like
the Kirchhoff ones, reduce, in the case of the real line, to the free boundary conditions;
this is consistent with (1.1). The procedure used for the eye graph can be extended,
without substantial changes, to any kind of graph, thus showing that the property of
conservation of Kirchhoff-like boundary conditions holds in general.

We presume that the results here presented can be extended to the more involved
cases corresponding to extensions of symmetric operators with infinite deficiency in-
dices as the 1-dimensional Dirac and Schrödinger operators with singular perturba-
tions on discrete sets (see [21] and [15]) and the n -dimensional (n = 2,3) Dirac and
Schrödinger operators with singular perturbations on 1-codimensional surfaces (see,
e.g., [5], [6], [16] and [8], [22]).
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2. D and H with point interactions

Given a finite set of points Y = {y1, · · · ,yn} , y1 < y2, . . . < yn , we define

H1(�\Y ;�d) := H1(I0;�d)⊕·· ·⊕H1(In;�d) , (2.1)

where,

I0 := (−∞,y1) , I1 := (y1,y2) , . . . . . . In−1 := (yn−1,yn) , In := (yn,+∞) , (2.2)

and
H1(I j;�d) := { f ∈ L2(I j;�d) : f ′ ∈ L2(I j;�d)} , j = 0, . . . ,n .

Here and below, f ′ denotes the (distributional) derivative of f . Notice that the left and
right limits f (y±k ) exists and are finite for any f ∈ H1(�\Y ;�d) . We define

H2(�\Y ;�d) := H2(I0;�d)⊕·· ·⊕H2(In;�d) ,

where

H2(I j;�d) := { f ∈ H1(I j;�d) : f ′′ ∈ L2(I j;�d)} , j = 0, . . . ,n .

Obviously,
H2(�\Y ;�d) ⊂ H1(�\Y ;�d) ⊂ L2(�;�d)

and f ∈ H2(� \Y ;�d) implies f ′ ∈ H1(� \Y ;�d) . We simply write Hk(� \Y ) , k =
1,2, whenever d = 1. Next, we introduce the two bounded operators

τ : H1(�\Y ;�2) → �
2n , τΨ := (τy1Ψ , . . . ,τyn Ψ) , τyΨ := 〈Ψ〉y , (2.3)

and

τ̂ : H2(�\Y) → �
2n , τ̂ψ := (τ̂y1ψ , . . . , τ̂ynψ) , τ̂yψ := 〈ψ〉y ⊕〈ψ ′〉y , (2.4)

where

〈 f 〉y :=
1
2

(
f (y−)+ f (y+)

)
.

Clearly, 〈 f 〉yk = f (yk) whenever f ∈ H1(�;�d) ⊂Cb(�;�d) .
In this section, following the scheme proposed in [25] (for the equivalent ap-

proaches which use either von Neuman’s theory or Boundary Triples theory, see, e.g.,
[18], [9] and [23, Sect. 4.1], [21], [15] respectively), we review the construction of the
self-adjoint extensions of the closed symmetric operators

S := D|ker(τ|H1(�;�2)) , Ŝ := H|ker(τ̂ |H2(�)) .

Both S and Ŝ have defect indices (2n,2n) ; they are the closures of the symmetric
operators

S◦ := D|C∞
comp(�\Y ;�2) , Ŝ◦ := H|C∞

comp(�\Y) .
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Let ĝz(x−y) be the kernel of the free Schrödinger resolvent (−H+z)−1 =
(

d2

dx2 + z
)−1

,

with z ∈ ρ(H) = �\ [0,+∞) , i.e.,

ĝz(x) =
ei
√

z |x|

2i
√

z
, Im(

√
z) > 0 . (2.5)

By (1.2), setting wz := z2 − 1
4 , one then obtains the kernel gz(x− y) of the free Dirac

resolvent (−D+ z)−1 , z ∈ ρ(D) = �\ ((−∞,−1/2]∪ [1/2,+∞)) ,

gz(x) = (D+ z)ĝwz�=
ei
√

wz |x|

2i

[
ζz sgn(x)

sgn(x) ζ−1
z

]
, (2.6)

where ζz := ( 1
2 − z)/

√
wz and Im(

√
wz) > 0. By such kernels, one gets that the

bounded operators

Gz : �2n → L2(�;�2) , Gz := (τ(−D+ z)−1)∗ , z ∈ �\ ((−∞,−1/2]∪ [1/2,+∞)) ,

and
Ĝz : �2n → L2(�) , Ĝz := (τ̂(−H+ z)−1)∗ , z ∈ �\ [0,+∞) ,

represent as

[Gzξ ](x) =
n

∑
k=1

gz(yk − x)ξk , ξ ≡ (ξ1, . . . ,ξn) , ξk ∈ �
2 .

and

[Ĝzξ ](x) =
n

∑
k=1

(ĝz(yk − x)ξk,1 + ĝ ′
z(yk − x)ξk,2) , ξ ≡ ((ξ1,1,ξ1,2), . . . ,(ξn,1,ξn,2)) .

Their adjoints
G∗

z : L2(�;�2) → �
2n , Ĝ∗

z : L2(�) → �
2n

are given by

G∗
zΨ =

(
(G∗

z Ψ)1, . . . ,(G∗
z Ψ)n

)
, (G∗

zΨ)k :=
∫
�

gz(yk − x)Ψ(x)dx

and
Ĝ∗

zψ =
(
(Ĝ∗

z Ψ)1, . . . ,(Ĝ∗
z Ψ)n

)
,

(Ĝ∗
zψ)k :=

(∫
�

ĝz(yk − x)ψ(x)dx,
∫
�

ĝ ′
z(yk − x)ψ(x)dx

)
.

Since
Gzξ ∈ H1(�\Y ;�2) and Ĝzξ ∈ H2(�\Y) ,

both
τGz : �2n → �

2n and τ̂Ĝz : �2n → �
2n
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are well defined and are represented by the two n× n block matrices with the 2× 2
blocks

[τGz] jk =
ei
√

wz |yk−y j |

2i

[
ζz sgn(yk − y j)

sgn(yk − y j) ζ−1
z

]
, (2.7)

[τ̂Ĝz] jk =
ei
√

z |yk−y j |

2

[
(i
√

z)−1 sgn(yk − y j)
−sgn(yk − y j) i

√
z

]
, (2.8)

where

sgn(x) :=

⎧⎪⎨⎪⎩
−1 x < 0

0 x = 0

+1 x > 0 .

In the following, given an orthogonal projection P : �d → �d , by a slight abuse of
notation, we use the same symbol to denote both the surjection P : �d → ran(P) and
the injection P : ran(P) → �d .

THEOREM 2.1. The sets of self-adjoint extensions of S and Ŝ are both parametr-
ized by couples (Π,Θ) , where Π : �2n → �2n is an orthogonal projector and Θ :
ran(Π) → ran(Π) is symmetric. The extensions DΠ,Θ and HΠ,Θ have resolvents

(−DΠ,Θ + z)−1 = (−D+ z)−1 +GzΠ(Θ−ΠτGzΠ)−1ΠG∗
z , z ∈ ρ(DΠ,Θ)∩ρ(D)

(−HΠ,Θ + z)−1 = (−H+ z)−1 + ĜzΠ(Θ−Πτ̂ĜzΠ)−1ΠĜ∗
z , z ∈ ρ(HΠ,Θ)∩ρ(H) .

Moreover,

dom(DΠ,Θ)= {Ψ∈L2(�;�2) : Ψ = Ψz+Gzξ , Ψz ∈H1(�;�2), ξ ∈ ran(Π), ΠτΨ = Θξ}
(−DΠ,Θ + z)Ψ = (−D+ z)Ψz ,

dom(HΠ,Θ) = {ψ ∈ L2(�) : ψ = ψz + Ĝzξ , ψz ∈ H2(�) , ξ ∈ ran(Π) , Πτ̂ψ = Θξ},
(−HΠ,Θ + z)ψ = (−H+ z)ψz ;

such representations are z-independent and the decompositions of Ψ in dom(DΠ,Θ)
and of ψ in dom(HΠ,Θ) are unique.

Proof. The statements regarding the resolvents and the actions of the extensions
follow from [25, Theorem 2.1] with ΓΠ,Θ(z) there defined either as ΓΠ,Θ(z) := Θ−
ΠτGzΠ or as ΓΠ,Θ(z) := Θ̂−Πτ̂ĜzΠ .

As regards the operators domains, we give the proof only for DΠ,Θ , since the one
for HΠ,Θ is of the same kind. By the resolvent formula, one has

dom(DΠ,Θ)= {Ψ∈L2(�;�2) : Ψ = Ψz+GzΠ(Θ−ΠτGzΠ)−1ΠτΨz , Ψz ∈H1(�;�2)} .

Let us define ξz := (Θ−ΠτGzΠ)−1ΠτΨz ∈ ran(Π) ; it is not difficult to check that ξz

does not depend on z and so Ψ = Ψz +Gzξ . Then

ΠτΨ−Θξ = ΠτΨz + ΠτGzξ −Θξ = ΠτΨz − (Θ−ΠτGzΠ)ξ = 0 . �
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REMARK 2.2. Notice that the choice Π = � gives the self-adjoint extensions D
and H . Therefore, in the following we always suppose Π �= � .

Since we want to extend the relation (1.1) to the case with point interactions, we
also need to consider the self-adjoint extensions of Ŝ◦� . There are no essential changes
with respect to the case of �-valued functions, the only relevant one being that the
defect indices increase to (4n,4n) . The result is of the same kind as in Theorem 2.1.

THEOREM 2.3. The set of the self-adjoint extensions of Ŝ� is parametrized by
couples (Π̂,Θ̂) , where Π̂ : �4n → �4n is an orthogonal projector and Θ̂ : ran(Π̂) →
ran(Π̂) is symmetric. The extension ĤΠ,Θ has resolvent

(−ĤΠ̂,Θ̂ + z)−1 = (−H+ z)−1
�+(Ĝz�)Π̂(Θ̂− Π̂(τ̂Ĝz�)Π̂)−1Π̂(Ĝ∗

z�),

z ∈ ρ(ĤΠ̂,Θ̂)∩ρ(H).

Moreover,

dom(ĤΠ̂,Θ̂)

={Ψ ∈ L2(�;�2) : Ψ = Ψz +(Ĝz�)ξ̂ , Ψz ∈ H2(�;�2), ξ̂ ∈ ran(Π̂), Π̂(τ̂�)Ψ = Θ̂ξ̂ },

(−ĤΠ̂,Θ̂ + z)Ψ = (−H+ z)�Ψz ;

such representation is z-independent and the decomposition of Ψ in dom(ĤΠ̂,Θ̂) is
unique.

REMARK 2.4. By Theorems 2.1 and 2.3, if both Π̂ and Θ̂ are block diagonal,
i.e., Π̂ = Π1⊕Π2 and Θ̂ = Θ1⊕Θ1 , then

(−ĤΠ1⊕Π2,Θ1⊕Π2 + z)−1 = (−HΠ1,Θ1 + z)−1⊕ (−HΠ2,Θ2 + z)−1,

equivalently,

ĤΠ1⊕Π2,Θ1⊕Π2 = HΠ1,Θ1 ⊕HΠ2,Θ2 .

In particular,
ĤΠ�,Θ� = HΠ,Θ� .

REMARK 2.5. Since gz is the fundamental solution of −D+ z , one has

(−DΠ,Θ + z)Ψ = (−D+ z)(Ψ−Gzξ ) = (−D+ z)Ψ−
n

∑
k=1

ξkδyk ,

i.e.,

DΠ,ΘΨ = DΨ+
n

∑
k=1

ξkδyk , ξ ≡ (ξ1, . . . ,ξn) ,
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where the action of D on Ψ ∈ L2(�;�2) is to be understood in distributional sense.
Analogously,

HΠ,Θψ = Hψ +
n

∑
k=1

(ξk,1δyk + ξk,2δ ′
yk

), ξ ≡ ((ξ1,1,ξ1,2), . . . ,(ξn,1,ξn,2)) ,

ĤΠ̂,Θ̂Ψ = H�Ψ+
n

∑
k=1

(ξ̂k,1δyk + ξ̂k,2δ ′
yk

), ξ̂ ≡ ((ξ̂1,1, ξ̂1,2), . . . ,(ξ̂n,1, ξ̂n,2)) .

In the following, we use the abbreviated notations DΘ ≡ D�,Θ , HΘ ≡H�,Θ , ĤΘ̂ ≡
Ĥ
�,Θ̂ .

3. D2 = H+ 1
4 with point interactions

We begin this section by providing an equivalent representation of the domains
and actions of the self-adjoint operators we built in Section 2. In the next theorem and
in the following,

D�\Y : D ′(�\Y ;�2) → D ′(�\Y ;�2) , H�\Y : D ′(�\Y) → D ′(�\Y )

denote the free Dirac and Schrödinger operators in the space of distributions on � \
Y ; their restrictions to H1(� \Y ;�2) and H2(� \Y ) are L2(�;�2) and L2(�)-valued
respectively.

THEOREM 3.1. Let DΠ,Θ , HΠ,Θ and ĤΠ̂,Θ̂ as in Section 2. Then

dom(DΠ,Θ) = {Ψ∈H1(�\Y ;�2) : ρΨ∈ ran(Π), ΠτΨ = ΘρΨ}, DΠ,ΘΨ = D�\Y Ψ ,

dom(HΠ,Θ) = {ψ ∈ H2(�\Y) : ρ̂ψ ∈ ran(Π), Πτ̂ψ = Θρ̂ψ}, HΠ,Θψ = H�\Y ψ ,

dom(ĤΠ̂,Θ̂) = {Ψ ∈ H2(�\Y ;�2) : (ρ̂�)Ψ ∈ ran(Π̂), Π̂(τ̂�)Ψ = Θ̂(ρ̂�)Ψ},

ĤΠ̂,Θ̂Ψ = (H�\Y�)Ψ ,

where

ρ : H1(�\Y ;�2) → �
2n , ρΨ :=

(
ρy1Ψ , . . . ,ρynΨ

)
, ρyΨ := iσ1[Ψ]y ,

ρ̂ : H2(�\Y) → �
2n , ρ̂ψ :=

(
ρ̂y1ψ , . . . , ρ̂ynψ

)
, ρ̂yψ := [ψ ′ ]y ⊕ [−ψ ]y ,

[ f ]y := f (y+)− f (y−) .
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Proof. Let Ψ = Ψz + Gzξ ∈ dom(DΠ,Θ) . One has Ψz ∈ H1(�;�2) ⊂ H1(� \
Y ;�2) and Gzξ ∈H1(�\Y ;�2) ; therefore, Ψ ∈H1(�\Y ;�2) . By [Gzξ ]y = iσ1ξ , one
gets ρGzξ = ξ ; furthermore, by H1(�;�2)⊂Cb(�;�2) , one gets ρΨz = 0. Therefore,

dom(DΠ,Θ) ⊆ D := {Ψ ∈ H1(�\Y ;�2) : ρΨ ∈ ran(Π), ΠτΨ = ΘρΨ} .

By Remark 2.5, DΠ,ΘΨ = D�\Y Ψ for any Ψ ∈ dom(DΠ,Θ) , i.e., DΠ,Θ ⊂ D�\Y |D .
Moreover, by integration by parts, D�\Y |D is symmetric; hence, since DΠ,Θ is self-
adjoint, one gets DΠ,Θ = D�\Y |D .

The proofs for HΠ,Θ and ĤΠ̂,Θ̂ are of the same kind, using the relation ρ̂Ĝzξ =
ξ . �

REMARK 3.2. Notice that ψ ∈H1(�\Y ) belongs to H1(�) if and only if [ψ ]yk =
0 for any k and consequently ψ ∈ H2(�\Y ) belongs to H2(�) if and only if [ψ ]yk =
[ψ ′]yk = 0 for any k .

By Theorem 3.1 and by

(D�\Y )2 =
(

H�\Y +
1
4

)
� ,

given the couple (Π,Θ) , one gets that the couple (Π̂,Θ̂) is such that

(DΠ,Θ)2 = ĤΠ̂,Θ̂ +
�

4
, (3.1)

if and only if

dom((DΠ,Θ)2) = dom(ĤΠ̂,Θ̂) . (3.2)

Therefore, exploiting the definitions of the operator domains in Theorem 3.1, there
exists a couple (Π̂,Θ̂) for which (3.1) holds if and only if, given (Π,Θ) , there exists
(Π̂,Θ̂) , Π̂ an orthogonal projector in �

4n and Θ̂ symmetric in ran(Π̂) , such that{
ρΨ⊕ρD�\YΨ ∈ ran(Π⊕Π)
(Π⊕Π)τΨ⊕ τD�\YΨ = (Θ⊕Θ)ρΨ⊕ρD�\YΨ

⇐⇒
{

(ρ̂�)Ψ ∈ ran(Π̂)
Π̂(τ̂�)Ψ = Θ̂(ρ̂�)Ψ .

(3.3)

3.1. Spectral correspondence

The relation (3.1) entails ±z ∈ ρ(DΠ,Θ) if and only if z2 − 1
4 ∈ ρ(ĤΠ̂,Θ̂) , equiva-

lently, ±λ ∈ σ(DΠ,Θ) if and only if λ 2 − 1
4 ∈ σ(ĤΠ̂,Θ̂) , and

(−DΠ,Θ + z)−1 = (DΠ,Θ + z)
(
−ĤΠ̂,Θ̂ +

(
z2 − 1

4

)
�

)−1

. (3.4)
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Furthermore, since, by the invariance of the essential spectrum by finite-rank perturba-
tions,

σess(ĤΠ̂,Θ̂) = σess(H�) = [0,∞) , σess(DΠ̂,Θ̂) = σess(D) =
(
−∞,−1

2

]
∪

[
1
2
,+∞

)
,

one gets

λ ∈ σdisc(ĤΠ̂,Θ̂)∩
[
−1

4
,0

)
⇐⇒ ±

(
λ +

1
4

) 1
2

∈ σdisc(DΠ,Θ) .

By the resolvent formulae in Theorems 2.1 and 2.3,

λ ∈ σdisc(DΠ,Θ) ⇐⇒ λ ∈ (−1/2,1/2) and det(Θ−ΠτGλ Π) = 0 , (3.5)

λ ∈ σdisc(ĤΠ̂,Θ̂) ⇐⇒ λ ∈ (−∞,0) and det(Θ̂− Π̂(τ̂Ĝλ�)Π̂) = 0 . (3.6)

Now, we solve (3.3) starting from the simplest case n = 1, Π = � and then proceeding
step-by-step towards the most general case.

3.2. The case n = 1 , Π = �

By (3.3), given the 2×2 Hermitian matrix Θ , we need to find the 4×4 Hermitian
matrix Θ̂ such that[

τyΨ
τyD�\{y}Ψ

]
=

[
Θ �

� Θ

][
ρyΨ

ρyD�\{y}Ψ

]
⇐⇒ (τ̂y�)Ψ = Θ̂(ρ̂y�)Ψ . (3.7)

To solve (3.7), at first we look for the two invertible matrices M1 and M2 such that

(τ̂y�)Ψ = M1

[
τyΨ

τyD�\{y}Ψ

]
, (ρ̂y�)Ψ = M2

[
ρyΨ

ρyD�\{y}Ψ

]
. (3.8)

By direct calculations, one gets

M1 =

⎡⎢⎢⎣
1 0 0 0
0 i

2 0 i
0 1 0 0
− i

2 0 i 0

⎤⎥⎥⎦ , M2 =

⎡⎢⎢⎣
1
2 0 1 0
0 i 0 0
0 − 1

2 0 1
i 0 0 0

⎤⎥⎥⎦ . (3.9)

Therefore, (3.7) rewrites as

M−1
1 (τ̂y�)Ψ = (Θ⊕Θ)M−1

2 (ρ̂y�)Ψ ⇐⇒ (τ̂y�)Ψ = Θ̂(ρ̂y�)Ψ

and so the relation between Θ̂ and Θ is given by

Θ̂ =M1(Θ⊕Θ)M−1
2 . (3.10)

By
Θ̂ = Θ̂∗ ⇐⇒ M∗

1M2(Θ⊕Θ) = (Θ⊕Θ)M∗
2M1,
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Θ̂ is symmetric by the relations

M∗
1M2 =

[
� �

� �

]
= M∗

2M1 . (3.11)

More explicitly, if

Θ =
[
a b
b d

]
, a,d ∈ �, b ∈ � ,

then Θ̂ is represented by the Hermitian matrix

Θ̂ =

⎡⎢⎢⎣
0 −ib 0 −ia
ib d id 0
0 −id 0 −ib
ia 0 ib −a

⎤⎥⎥⎦ .

If a = d = 0 and b ∈ � , i.e., if Θ = bσ1 , then Θ̂ = b(σ2 ⊕σ2) ≡ bσ2� , where σ2

denotes the Pauli matrix

σ2 =
[
0 −i
i 0

]
,

and, by Remark 2.4, the corresponding Schrödinger operator in L2(�;�2) is block
diagonal:

(Dbσ1)
2 =

(
Hbσ2 +

1
4

)
� . (3.12)

3.3. The case n = 1 , Π �= �

Here we take Π : �2 → �2 a not trivial orthogonal projection, i.e., dim(ran(Π)) =
1, and Θ : ran(Π)→ ran(Π) identifies with the multiplication by θ ∈� . By (3.8), (3.3)
rewrites as{

(ρ̂y�)Ψ ∈ ran(M2(Π⊕Π))
M2(Π⊕Π)M−1

1 (τ̂y�)Ψ = θ (ρ̂y�)Ψ
⇐⇒

{
(ρ̂y�)Ψ ∈ ran(Π̂)
Π̂(τ̂y�)Ψ = Θ̂(ρ̂y�)Ψ .

(3.13)
Therefore, Π̂ : �4 → �4 is the orthogonal projection onto the 2-dimensional subspace

ran(Π̂) = ran(M2(Π⊕Π)) = ran(M2(Π⊕Π)M−1
1 ) ,

i.e.,

Π̂ =M2(Π⊕Π)((Π⊕Π)M∗
2M2(Π⊕Π))−1(Π⊕Π)M∗

2

=M2(Π⊕Π)(M∗
2M2)−1(Π⊕Π)M∗

2

=(M2(Π⊕Π)M−1
2 )(M2(Π⊕Π)M−1

2 )∗ .

By (3.11), M2(Π⊕Π)M−1
1 is symmetric. Hence, ran(Π̂) = ker(M2(Π⊕Π)M−1

1 )⊥ and
the symmetric operator

M2(Π⊕Π)M−1
1 : ran(Π̂) → ran(Π̂)
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is a bijection. Then, (3.13) gives

Θ̂ : ran(Π̂) → ran(Π̂), Θ̂ := θ (M2(Π⊕Π)M−1
1 )−1.

3.4. The case n > 1 , Π = �

In order to exploit the results from the n = 1 case, we introduce the unitary oper-
ator

U : �4n → �
4n , U(ξ1,ξ2, . . . ,ξ2n) := (ξ1,ξn+1,ξ2,ξn+2, . . . ,ξn,ξ2n) , ξk ∈ �

2 .
(3.14)

By such a definition,

U(τΨ⊕ τD�\Y Ψ) =
([

τy1Ψ
τy1D�\Y Ψ

]
, . . . ,

[
τynΨ

τynD�\Y Ψ

])
,

U(ρΨ⊕ρD�\YΨ) =
([

ρy1Ψ
ρy1D�\Y Ψ

]
, . . . ,

[
ρynΨ

ρynD�\Y Ψ

])
.

Therefore, setting

M⊕
1 : �4n → �

4n , M⊕
1 := M1⊕ . . .⊕M1 ,

M⊕
2 : �4n → �

4n , M⊕
2 := M2⊕ . . .⊕M2 ,

by (3.8), one gets

M⊕
1 U(τΨ⊕ τD�\Y Ψ) =

(
(τ̂y1�)Ψ, . . . ,(τ̂yn�)Ψ

)
= U(τ̂�)Ψ ,

M⊕
2 U(ρΨ⊕ρD�\YΨ) =

(
(ρ̂y1�)Ψ, . . . ,(ρ̂yn�)Ψ

)
= U(ρ̂�)Ψ

and so (3.3) rewrites as

U∗(M⊕
1 )−1U(τ̂�)Ψ = (Θ⊕Θ)U∗(M⊕

2 )−1U(ρ̂�)Ψ ⇐⇒ (τ̂�)Ψ = Θ̂(ρ̂�)Ψ .

This gives

Θ̂ = U∗M⊕
1 U(Θ⊕Θ)U∗(M⊕

2 )−1U . (3.15)

Such a operator Θ̂ is symmetric by

U∗(M⊕
1 )∗M⊕

2 U =
[
� �

� �

]
= U∗(M⊕

2 )∗M⊕
1 U . (3.16)

The relations (3.16) generalize (3.11), since U = � whenever n = 1, and are a conse-
quence of (3.11) itself and the definition (3.14).
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3.5. The case n > 1 , Π �= �

Finally, we consider the most general case. Using the unitary U : �4n → �4n as in
the previous section, (3.3) rewrites as{

U∗(M⊕
2 )−1U(ρ̂�)Ψ ∈ ran(Π⊕Π)

(Π⊕Π)U∗(M⊕
1 )−1U(τ̂�)Ψ = (Θ⊕Θ)U∗(M⊕

2 )−1U(ρ̂�)Ψ

⇐⇒
{

(ρ̂�)Ψ ∈ ran(Π̂)
Π̂(τ̂�)Ψ = Θ̂(ρ̂�)Ψ .

(3.17)

This gives the orthogonal projector Π̂ :�4n →�
4n , with dim(ran(Π̂))= 2dim(ran(Π)) ,

such that

ran(Π̂) = ran(U∗M⊕
2 U(Π⊕Π)) = ran(U∗M⊕

2 U(Π⊕Π)U∗(M⊕
1 )−1U) , (3.18)

i.e.,

Π̂ =(U∗M⊕
2 U(Π⊕Π))

(
(U∗M⊕

2 U(Π⊕Π))∗(U∗M⊕
2 U(Π⊕Π))

)−1(U∗M⊕
2 U(Π⊕Π))∗

=U∗M⊕
2 U(Π⊕Π)((U∗M⊕

2 U)∗U∗M⊕
2 U)−1(Π⊕Π)U∗(M⊕

2 )∗U

=
(
U∗M⊕

2 U(Π⊕Π)U∗(M⊕
2 )−1)(U∗M⊕

2 U(Π⊕Π)U∗(M⊕
2 )−1)∗ ,

and Θ̂ : ran(Π̂) → ran(Π̂) ,

Θ̂ :=
(
U∗M⊕

2 U(Π⊕Π)U∗(M⊕
1 )−1U

)−1
U∗M⊕

2 U(Θ⊕Θ)U∗(M⊕
2 )−1U. (3.19)

By (3.16), U∗M⊕
2 U(Π⊕Π)U∗(M⊕

1 )−1U is symmetric. Therefore, by

ran(Π̂) = ran(U∗M⊕
2 U(Π⊕Π)U∗(M⊕

1 )−1U) = ker(U∗M⊕
2 U(Π⊕Π)U∗(M⊕

1 )−1U)⊥ ,

the operator
U∗M⊕

2 U(Π⊕Π)U∗(M⊕
1 )−1U : ran(Π̂) → ran(Π̂)

is a bijection and Θ̂ is well defined. To conclude, we have to show that Θ̂ is symmetric.
By (3.19) and by U∗U = � ,

Θ̂ is symmetric ⇐⇒ M⊕
2 U(Θ⊕Θ)(Π⊕Π)U∗(M⊕

1 )−1 is symmetric

and so Θ̂ is symmetric by (3.16).

REMARK 3.3. Let us point out that it is not necessary to determine Π̂ and Θ̂
explicitly in order to write down the domain of ĤΠ̂,Θ̂ . Indeed, by (3.3),

dom(ĤΠ̂,Θ̂) =
{

Ψ ∈ H2(�\Y ;�2) : ρΨ⊕ρD�\YΨ ∈ ran(Π⊕Π)

(ΠτΨ)⊕ (ΠτD�\Y Ψ) = (ΘρΨ)⊕ (ΘρD�\YΨ)
}

.
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However, one needs to know Π̂ and Θ̂ in order to write down the resolvent of ĤΠ̂,Θ̂ ,
according to Theorem 2.3.

The above representation of dom(ĤΠ̂,Θ̂) suggests an alternative way to build the

self-adjoint extensions of Ŝ◦�= H�|C∞
comp(�;�2) : one can apply the results in [24] and

[25] to H�|ker(τ̃) , where

τ̃ : H2(�;�2) → �
2n ⊕�

2n , τ̃Ψ := τΨ⊕ τDΨ .

In that case, the family of self-adjoint extensions of Ŝ◦� is represented by operators of
the kind H̃Π̃,Θ̃ , where Π̃ is an orthogonal projector in �2n⊕�2n and Θ̃ is a symmetric

operator in ran(Θ̃) . With respect to this parametrization, one has that D2
Π,Θ = H̃Π̃,Θ̃ + �

4

if and only if Π̃ = Π⊕Π and Θ̃ = Θ⊕Θ . Even if such a correspondence is more
explicit than the one which uses the couple (Π̂,Θ̂) , it has the drawback that it works
with a representation of the family of self-adjoint extensions of Ŝ◦� which is different
from the usual one and which lacks of the analogous of the property ĤΠ�,Θ� = HΠ,Θ� .
Therefore, in this paper we prefer to work with the family ĤΠ̂,Θ̂ .

REMARK 3.4. Suppose that for any Ψ ≡ (ψ1,ψ2) ∈ dom(DΠ,Θ) one has{
ρΨ ∈ ran(Π)
ΠτΨ = ΘρΨ

⇐⇒
{

B1(ψ1) = 0

B2(ψ2) = 0 ,

with some linear operators B1 : H1(� \Y ) → �d1 and B2 : H1(� \Y ) → �d2 . Then,
by the representation of dom(ĤΠ̂,Θ̂) in Remark 3.3, there follows that the boundary

conditions for ĤΠ̂,Θ̂ rewrites as

⎧⎪⎪⎪⎨⎪⎪⎪⎩
B1(ψ1) = 0

B1
(− iψ ′

2 + 1
2 ψ1

)
= 0

B2(ψ2) = 0

B2
(− iψ ′

1− 1
2 ψ2

)
= 0

≡

⎧⎪⎪⎪⎨⎪⎪⎪⎩
B1(ψ1) = 0

B2(ψ ′
1) = 0

B2(ψ2) = 0

B1(ψ ′
2) = 0 .

This entails

dom(ĤΠ̂,Θ̂) = dom(H1,2)⊕dom(H2,1) , (DΠ,Θ)2 =
(

H1,2 +
1
4

)
⊕

(
H2,1 +

1
4

)
,

where the self-adjoint operators H j,k : dom(H j,k) ⊆ L2(�) → L2(�) are defined by

dom(H1,2) := {ψ ∈ H2(�\Y ) : B1(ψ) = 0, B2(ψ ′) = 0} , H1,2ψ := H�\Y ψ .

dom(H2,1) := {ψ ∈ H2(�\Y ) : B2(ψ) = 0, B1(ψ ′) = 0} , H2,1ψ := H�\Y ψ .
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4. Applications

4.1. Local boundary conditions

Here we consider the case corresponding to local boundary conditions for the
Dirac operator, i.e., boundary conditions which do not couple the values of Ψ at differ-
ent point. That means

Π = Π1⊕ . . .⊕Πn , Πk : �2 → �
2 , 1 � k � n ,

Θ = Θ1⊕ . . .⊕Θn , Θk : ran(Πk) → ran(Πk) , 1 � k � n .

In this case, by

U((Π1⊕ . . .⊕Πn)⊕ (Π1⊕ . . .⊕Πn))U∗ = (Π1 ⊕Π1)⊕ . . .⊕ (Πn⊕Πn) ,

one gets, by (3.18),

ran(Π̂) =ran(U∗(M2(Π1⊕Π1)M−1
1 )⊕ . . .⊕ (M2(Πn ⊕Πn)M−1

1 )U)

=ran(U∗(Π̂1⊕ . . .⊕ Π̂n)U) ,

where, in the case Πk �= � , Π̂k : �4 → �4 is the orthogonal projector onto the 2-
dimensional subspace

ran(Π̂k) = ran(M2(Πk ⊕Πk)M−1
1 ) , (4.1)

otherwise Π̂k = � . Then, by (3.19) and by

U((Π1Θ1Π1⊕ . . .⊕ΠnΘnΠn)⊕ (Π1Θ1Π1⊕ . . .⊕ΠnΘnΠn))U∗

=(Π1Θ1Π1⊕Π1Θ1Π1)⊕ . . .⊕ (ΠnΘnΠn⊕ΠnΘnΠn) ,

one obtains

Θ̂ = U∗(Θ̂1⊕ . . .⊕ Θ̂n)U ,

where, in the case Πk �= � , Θk ∈ � ,

Θ̂k : ran(Π̂k) → ran(Π̂k) , Θ̂k = ΘkM1(Πk ⊕Πk)M−1
2 ,

otherwise,
Θ̂k : �4 → �

4 , Θ̂k = M1(Θk ⊕Θk)M−1
2 .

Therefore, the corresponding boundary conditions for ĤΠ̂,Θ̂ are

ρ̂ykΨ ∈ ran(Π̂k) , Π̂kτ̂yk Ψ = Θ̂kρ̂yk Ψ , 1 � k � n ,

and so they are local as well.
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4.2. Gesztesy-Šeba realizations

These two families of self-adjoint realizations of the Dirac operator with local
point interactions correspond, in the non relativistic limit, to Schrödinger operators
with local point interactions either of δ -type or of δ ′ -type (see [19], [1, Appendix J],
[15]). The operators in the α -family have self-adjointness domains

dom(Dα) = {Ψ ≡ (ψ1,ψ2) ∈ H1(�)⊕H1(�\Y ) : [ψ2]yk = −iαkψ1(yk), 1 � k � n},
αk ∈ � , (4.2)

and the ones in the β -family have self-adjointness domains

dom(Dβ ) = {Ψ ≡ (ψ1,ψ2) ∈ H1(�\Y)⊕H1(�) : [ψ1]yk = −iβkψ2(yk), 1 � k � n},
βk ∈ � . (4.3)

Since the cases where all the αk ’s or all the βk ’s are equal to zero correspond to D , and
the cases where there are 0 < m < n αk ’s or βk ’s which are zero reduce to the cases
with (n−m) point interactions, without loss of generality we can suppose that all the
αk ’s and βk ’s are different from zero. By Theorem 3.1 and Remark 3.2, one has

Dα = DΠ(α),Θ(α) , Π(α) = Π(α)
1 ⊕ . . .⊕Π(α)

n , Θ(α) = Θ(α)
1 ⊕ . . .⊕Θ(α)

n ,

where
Π(α)

k (ξ1,ξ2) = (ξ1,0) , Θ(α)
k : �→ � , Θ(α)

k = α−1
k

and

Dβ = DΠ(β) ,Θ(β) , Π(β ) = Π(β )
1 ⊕ . . .⊕Π(β )

n , Θ(β ) = Θ(β )
1 ⊕ . . .⊕Θ(β )

n ,

where
Π(β )

k (ξ1,ξ2) = (0,ξ2) , Θ(β )
k : �→ � , Θ(β )

k = β−1
k .

Therefore,

(Dα)2 = Ĥα +
�

4
,

where
Ĥα = ĤΠ̂(α) ,Θ̂(α) ,

ran
(
Π̂(α)) = ran

(
U∗(Π̂(α)

1 ⊕ . . .⊕ Π̂(α)
n

)
U

)
, Θ̂(α) = U∗(Θ̂(α)

1 ⊕ . . .⊕ Θ̂(α)
n

)
U ,

ran(Π̂(α)
k ) = ran(M2(Π

(α)
k ⊕Π(α)

k )) = �⊕{0}⊕{0}⊕�≡ �
2 ,

Θ̂(α)
k = M1(Θ

(α)
k ⊕Θ(α)

k )M−1
2 : �2 → �

2 , Θ̂(α)
k =

1
αk

[
0 −i
i −1

]
and

(Dβ )2 = Ĥβ +
�

4
,
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where
Ĥβ = ĤΠ̂(β),Θ̂(β) ,

ran
(
Π̂(β )) = ran

(
U∗(Π̂(β )

1 ⊕ . . .⊕ Π̂(β )
n

)
U

)
, Θ̂(β ) =U∗(Θ̂(β )

1 ⊕ . . .⊕ Θ̂(β )
n

)
U ,

ran(Π̂(β )
k ) = ran(M2(Π

(β )
k ⊕Π(β )

k )) = {0}⊕�⊕�⊕{0}≡ �
2 ,

Θ̂(β )
k = M1(Θ

(β )
k ⊕Θ(β )

k )M−1
2 : �2 → �

2 , Θ̂(β )
k =

1
βk

[
1 i
−i 0

]
.

Hence,

dom(Ĥα) = {Ψ ≡ (ψ1,ψ2) ∈ H2(�\Y) : [ψ1]yk = [ψ ′
2]yk = 0,

[ψ ′
1]yk = αk(ψ1(yk)− iψ ′

2(yk)), [ψ2]yk = −iαkψ1(yk), 1 � k � n} ,

and

dom(Ĥβ ) = {Ψ ≡ (ψ1,ψ2) ∈ H2(�\Y) : [ψ ′
1]yk = [ψ2]yk = 0,

[ψ1]yk = −iβkψ2(yk), [ψ ′
2]yk = −βk(ψ2(yk)+ iψ ′

1(yk)), 1 � k � n} .

4.3. Separating boundary conditions

Let n = 1, and Π = � . By 2τΨ = Ψ(y−) + Ψ(y+) and ρΨ = iσ1(Ψ(y+)−
Ψ(y+)) , the boundary condition τΨ = ΘρΨ rewrites as

(2iΘσ1 +�)Ψ(y−) = (2iΘσ1−�)Ψ(y+) .

If Θ is such that
ran(2iΘσ1 +�)∩ ran(2iΘσ1−�) = {0} , (4.4)

then τΨ = ΘρΨ is equivalent to the separating boundary conditions

(2iΘσ1 +�)Ψ(y−) = 0 (4.5)

(2iΘσ1−�)Ψ(y+) = 0 . (4.6)

By the equivalence of (4.4) with

det(2iσ1Θ−�) = 0 , (4.7)

one gets that (4.4) holds if and only if

Θ = Θω,α ,β :=
1
2

[
α iω

√
1+ αβ

−iω
√

1+ αβ β

]
,

ω ∈ {−1,+1} , α,β ∈ � , αβ � −1 . (4.8)

For such a Θ , the boundary conditions (4.5), (4.6) can be rewriten, whenever Ψ ≡
(ψ1,ψ2) , as
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ψ2(y−) = iη−
ω,α ,β ψ1(y−) , (4.9)

ψ2(y+) = iη+
ω,α ,β ψ1(y+) , (4.10)

where

η±
ω,α ,β :=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

−α−1(ω
√

1+ αβ ±1)
≡−β (ω

√
1+ αβ ∓1)−1 α �= 0 , ω

√
1+ αβ ∓1 �= 0

∓2α−1 α �= 0 , β = 0 , ω = ±1

±2−1β α = 0 , ω = ∓1

∞ otherwise

and the boundary condition ψ2(y±) = i∞ψ1(y±) is to be understood as ψ1(y±) = 0.
Then

Dω,α ,β = D−
ω,α ,β ⊕D+

ω,α ,β ,

where Dω,α ,β := DΘω,α,β and the self-adjoint operators D−
ω,α ,β and D+

ω,α ,β denote

the Dirac operators in L2((−∞,y);�2) and L2((y,+∞);�2) , with boundary conditions
(4.5) and (4.6) (equivalently, (4.9) and (4.10)) respectively; let us remark that separating
boundary conditions of the kind (4.5), (4.6) (resp. (4.9), (4.10)) already appeared in [20,
Prop. 2.2] (resp. in [7, Rem. 3.2]).

Rewriting the boundary condition τ̂Ψ = Θ̂ω,α ,β (ρ̂�)Ψ as(
2iΘ̂ω,α ,β (σ2 ⊕σ2)+�

)
Ψ̂(y−) =

(
2iΘ̂ω,α ,β (σ2 ⊕σ2)−�

)
Ψ̂(y+) ,

where Ψ̂ ≡ (ψ1,ψ ′
1,ψ2,ψ ′

2) and Θ̂ω,α ,β is defined by (3.10), i.e.,

Θ̂ω,α ,β =

⎡⎢⎢⎣
0 ω

√
1+ αβ 0 −iα

ω
√

1+ αβ β iβ 0
0 −iβ 0 −ω

√
1+ αβ

iα 0 −ω
√

1+ αβ −α

⎤⎥⎥⎦ ,

one can check that
det

(
2i(σ2⊕σ2)Θ̂ω,α ,β −�

)
= 0

and so, proceeding as above,

ran
(
2iΘ̂ω,α ,β (σ2 ⊕σ2)+�

)∩ ran
(
2iΘ̂ω,α ,β (σ2⊕σ2)−�

)
= {0} .

Thus the separating boundary conditions(
2iΘ̂ω,α ,β (σ2 ⊕σ2)+�

)
Ψ̂(y−) = 0 (4.11)(

2iΘ̂ω,α ,β (σ2 ⊕σ2)−�
)
Ψ̂(y+) = 0 (4.12)
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hold for Ĥω,α ,β := ĤΘ̂ω,α,β
and

Ĥω,α ,β = Ĥ−
ω,α ,β ⊕ Ĥ+

ω,α ,β ,

where the self-adjoint operators Ĥ−
ω,α ,β and Ĥ+

ω,α ,β denote the Schrödinger operator

− d2

dx2 � in L2((−∞,y);�2) and L2((y,+∞);�2) , with boundary conditions (4.11) and
(4.12) respectively. Furthermore,

(D±
ω,α ,β )2 = Ĥ±

ω,α ,β +
�

4
.

By (4.9), (4.10) and by Remark 3.3, the separating boundary conditions (4.11), (4.12)
for Ĥ±

ω,α ,β rewrite, whenever Ψ ≡ (ψ1,ψ2) , as

ψ2(y±) = iη±
ω,α ,β ψ1(y±) , iη±

ω,α ,β ψ ′
2(y

±) = ψ ′
1(y

±)+ η±
ω,α ,β ψ1(y±) .

In the case n = 1, Π �= � , the boundary conditions in dom(DΠ,Θ) give

(Π−�)σ1Ψ(y−)= (Π−�)σ1Ψ(y+) , Π(2iθσ1+�)Ψ(y−)= Π(2iθσ1−�)Ψ(y+) .
(4.13)

Since ran((Π−�)σ1)= ran(Π−�) and, by det(2iθσ1±�)= 1+4θ 2 �= 0, ran(Π(2iθσ1

±�)) = ran(Π) , the relations (4.13) do not allow any separating boundary conditions.
By the n = 1 case, one immediately gets the family of separating and local bound-

ary conditions: it suffices to take Θω,α ,β := Θω1,α1,β1
⊕ . . .⊕Θωn,αn,βn . Then, using

the abbreviated notations Dω ,α,β ≡ DΘω,α,β and Ĥω,α,β ≡ ĤΘ̂ω,α,β
, where Θ̂ω,α ,β :=

U∗(Θ̂ω1,α1,β1
⊕ . . .⊕ Θ̂ωn,αn,βn

)
U and Θ̂ωk,αk,βk

is defined by (3.10), i.e., Θ̂ωk,αk,βk
:=

M1(Θωk,αk,βk
⊕Θω,α ,β )M−1

2 , one obtains

Dω,α ,β = D−
ω1,α1,β1

⊕Dω1,2,α1,2,β1,2
⊕Dω2,3,α2,3,β2,3

⊕ . . .⊕Dωn−1,n,αn−1,n,βn−1,n
⊕D+

ωn,αn,βn

and

Ĥω,α ,β = Ĥ−
ω1,α1,β1

⊕Ĥω1,2,α1,2,β1,2
⊕Ĥω2,3,α2,3,β2,3

⊕ . . .⊕Ĥωn−1,n,αn−1,n,βn−1,n
⊕Ĥ+

ωn,αn,βn
.

Here Dωk−1,k,αk−1,k,βk−1,k
denotes the self-adjoint Dirac operator in L2((yk−1,yk);�2)

with boundary conditions of the kind (4.6) at yk−1 (with parameters ωk−1,αk−1,βk−1 )
and of the kind (4.5) at yk (with parameters ωk,αk,βk ); Ĥωk−1,k,αk−1,k,βk−1,k

is defined
in a similar way, using the boundary conditions (4.11) and (4.12). Furthermore,

(Dωk−1,k,αk−1,k,βk−1,k
)2 = Ĥωk−1,k,αk−1,k,βk−1,k

+
�

4
, 1 � k � n .

4.4. Supersymmetry

Since
σ1σ2 + σ2σ1 = 0 = σ3σ2 + σ2σ3 ,
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one has

σ2D�\Y +D�\Y σ2 = 0 .

Therefore, if (Π,Θ) is such that{
ρΨ ∈ ran(Π)
ΠτΨ = ΘρΨ

=⇒
{

ρσ2Ψ ∈ ran(Π)
Πτσ2Ψ = Θρσ2Ψ ,

(4.14)

then σ2 anti-commutes with DΠ,Θ and so, by (3.1), the system(
ĤΠ̂,Θ̂ +

�

4
,σ2,DΠ,Θ

)
(4.15)

has supersymmetry (see, e.g., [4, Chapter 1], [17, Section 6.3]).
By

〈σ2Ψ〉y = σ2〈Ψ〉y , [σ2Ψ]y = σ2[Ψ]y ,

and by σ1σ2 = −σ2σ1 , one gets

τσ2Ψ = σ⊕
2 τΨ , ρσ2Ψ = −σ⊕

2 ρΨ , σ⊕
2 := σ2 ⊕ . . .⊕σ2 .

Therefore, (4.14) holds whenever

Πσ⊕
2 −σ⊕

2 Π = 0 = Θσ⊕
2 + σ⊕

2 Θ . (4.16)

Given a couple (Π,Θ) which satisfies (4.16), let us further suppose that

det(Θ + ΠτG0Π) �= 0 . (4.17)

Then, by (3.5), zero is not an eigenvalue of DΠ,Θ , i.e., the system (4.15) has no su-
persymmetric state and there is a spontaneous supersymmetry breaking (see, e.g., [4,
Section 1.8]).

In the case n = 1, the solutions of (4.16) are found immediately:
if Π �= � , then Π = Π± := |v±〉〈v±| and Θ = 0, where v± , |v±| = 1, solves
σ2v± = ±v± ;
if Π = � , then Θ = Θa,b := bσ1 +aσ3 , a,b ∈ � .
Since, by (2.7), τG0 =− 1

2 σ3 , det(Θa,b+τG0)= 0 if and only if b = 0 and a= 1
2 .

Therefore, for any (a,b) ∈ �2 \ {( 1
2 ,0)} the system (4.15) with Π = � and Θ = Θa,b

has no supersymmetric state and there is a spontaneous supersymmetry breaking.
Notice that once the solution of (4.16) in known in the n = 1 case, then the set

of solutions for the case of n > 1 local point interactions is readily obtained: Π =
Π1⊕ . . .⊕Πn and Θ = Θ1⊕ . . .⊕Θn , where (Πk,Θk) is equal either to (Π±,�) or to
(�,Θak,bk) .
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4.5. Quantum graphs

Since DΠ,Θ is a generic self-adjoint extension of

S = D|C∞
comp(�\Y ;�2) = (D|C∞

comp(I0;�
2))⊕·· ·⊕ (D|C∞

comp(In;�
2)),

the nonlocal extensions of S provide the self-adjoint realizations of the Dirac operator
on a quantum graph with the two ends I0 = (−∞,y1] and In = [yn,+∞) and the (n−1)
edges I1 = [y1,y2], . . . , In−1 = [yn−1,yn] ; the boundary conditions corresponding to the
couple (Π,Θ) specify the connectivity of the graph. The case of a compact graph can
be obtained by imposing separating boundary conditions at the two ends. Likewise,
the nonlocal extensions of H�|C∞

comp(�\Y ;�2) provide self-adjoint realizations of the
Schrödinger operator on a quantum graph with two ends and (n− 1) edges. For an
introduction to the theory of quantum graphs we refer to the book [10] and the many
references there; however, let us point out that our way of building the self-adjoint
realizations on the graph is not the standard one.

As an explicit example, let us consider the Dirac operator on the eye graph (see
[14, Section III.D]). Therefore, we choose the subclass of boundary conditions for the
Dirac operator in L2(G;�2) , G = (−∞,y1]� [y1,y2]� [y2,y3]� [y3,+∞) , connecting
Ψ(y−1 ) with both Ψ(y+

1 ) and Ψ(y+
2 ) and connecting Ψ(y+

3 ) with both Ψ(y−2 ) and
Ψ(y−3 ) . Such kind of boundary conditions give to G the topology of a circle with two
ends.

y1

y1 y2

y3

y3y2

≈

Furthermore, we restrict to Kirchhoff-type boundary conditions, meaning that we select
the ones which, in the non relativistic limit, correspond to Kirchhoff (or free) boundary
conditions for the Schrödinger operator in L2(G) (see [11], [12], [13]). Therefore, we
require, for Ψ ≡ (ψ1,ψ2) in the self-adjointness domain,⎧⎪⎪⎪⎨⎪⎪⎪⎩

ψ1(y−1 ) = ψ1(y+
1 ) = ψ1(y+

2 )
ψ2(y−1 )−ψ2(y+

1 )−ψ2(y+
2 ) = 0

ψ1(y−2 ) = ψ1(y−3 ) = ψ1(y+
3 )

ψ2(y−2 )+ ψ2(y−3 )−ψ2(y+
3 ) = 0 .

(4.18)

These boundary conditions rewrite as⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

[ψ1]y1 = [ψ1]y3 = 0

[ψ2]y1 = −ψ2(y+
2 )

[ψ2]y3 = ψ2(y−2 )
〈ψ1〉y1 = ψ1(y+

2 )
〈ψ1〉y3 = ψ1(y−2 )

≡

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

[ψ1]y1 = [ψ1]y3 = 0

[ψ2]y1 +[ψ2]y2 +[ψ2]y3 = 0

〈ψ1〉y1 −〈ψ1〉y3 = [ψ1]y2

〈ψ1〉y1 −2〈ψ1〉y2 + 〈ψ1〉y3 = 0

2〈ψ2〉y2 = [ψ2]y3 − [ψ2]y1 .

(4.19)
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The relations [ψ1]y1 = [ψ1]y3 = [ψ2]y1 + [ψ2]y2 + [ψ2]y3 = 0 in (4.19) coincide with
ρΨ∈ ran(Π) , where the orthogonal projector Π :�6 →�6 is represented by the matrix

Π =
1
3

⎡⎢⎢⎢⎢⎢⎢⎣
2 0 −1 0 −1 0
0 0 0 0 0 0
−1 0 2 0 −1 0
0 0 0 3 0 0
−1 0 −1 0 2 0
0 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎦ . (4.20)

Then, one can easily check that the other relations in (4.19) are equivalent to ΠτΨ =
ΘρΨ whenever Θ , a symmetric operator in the 3-dimensional subspace ran(Π) , is
represented, as a symmetric linear operator in �6 preserving ran(Π) , by the Hermitian
matrix

Θ =
i
2

⎡⎢⎢⎢⎢⎢⎢⎣
0 0 0 −1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 −1 0
0 0 0 1 0 0
0 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎦ . (4.21)

Therefore, using L2(G;�2) ≡ L2(�;�2) , one gets DK ≡ DΠ,Θ , where Π and Θ are as
in (4.20) and (4.21) respectively and where DK denotes the Dirac operator on the eye
graph with the Kirchhoff boundary conditions at the two vertices. Then, by Remark 3.4
and by (4.18), the Schrödinger operator ĤΠ̂,Θ̂ satisfies both the boundary conditions K
and K∗ , where

K≡

⎧⎪⎪⎪⎨⎪⎪⎪⎩
ψ1(y−1 ) = ψ1(y+

1 ) = ψ1(y+
2 )

ψ ′
1(y

−
1 )−ψ ′

1(y
+
1 )−ψ ′

1(y
+
2 ) = 0

ψ1(y−2 ) = ψ1(y−3 ) = ψ1(y+
3 )

ψ ′
1(y

−
2 )+ ψ ′

1(y
−
3 )−ψ ′

1(y
+
3 ) = 0

K∗ ≡

⎧⎪⎪⎪⎨⎪⎪⎪⎩
ψ ′

2(y
−
1 ) = ψ ′

2(y
+
1 ) = ψ ′

2(y
+
2 )

ψ2(y−1 )−ψ2(y+
1 )−ψ2(y+

2 ) = 0

ψ ′
2(y

−
2 ) = ψ ′

2(y
−
3 ) = ψ ′

2(y
+
3 )

ψ2(y−2 )+ ψ2(y−3 )−ψ2(y+
3 ) = 0 .

(4.22)
This gives

(DK)2 =
(

HK +
1
4

)
⊕

(
HK∗ +

1
4

)
, (4.23)

where HK is the Schrödinger operator in L2(G) with the boundary conditions K and
HK∗ is the Schrödinger operator in L2(G) with the boundary conditions K∗ . The
boundary conditions K coincide with the usual Kirchhoff ones (see [10, eq. (1.4.4)])
while the boundary conditions K∗ , are as sort of reversed Kirchhoff ones (named ”ho-
mogeneous δ ′ vertex conditions” in [12]) given by the exchange ψ ↔ ψ ′ . The bound-
ary conditions K∗ , like the K ones, give, in the case of the real line, the free Schrödinger
operator; thus, (4.23) is consistent with (1.1). Furthermore, the Schrödinger operator
HK ⊕HK∗ appears in the nonrelativistic limit of DK , see [12, Proposition 1.3].



D2 = H+ 1
4 WITH POINT INTERACTIONS 1189

The arguments in the previous example extend to any graph: by Remark 3.4, to
the Kirchhoff-type boundary conditions for the Dirac operator DK on the graph, i.e., to{

ψ1 continuous at any vertex v

∑±
v ψ2(v) = 0 for any vertex v,

correspond, for the Schrödinger operators HK and HK∗ such that (4.23) holds, the
boundary conditions

K ≡
{

ψ continuous at any vertex v

∑±
v ψ ′(v) = 0 for any vertex v

K∗ ≡
{

ψ ′ continuous an any vertex v

∑±
v ψ(v) = 0 for any vertex v.

Here, ∑±
v f (v) means the sum over all the points yk ∈ Y corresponding to the vertex v

with the sign convention

f (v) :=

{
− f (y+

k ) yk is at the left end of the interval/half-line

+ f (y−k ) yk is at the right end of the interval/half-line.
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