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D2 =H+ 1 WITH POINT INTERACTIONS

ANDREA POSILICANO AND LINDA REGINATO

(Communicated by J. Behrndt)

Abstract. Let D and H be the self-adjoint, one-dimensional Dirac and Schrédinger operators in
L?(R;C?) and L*(R;C) respectively. It is well known that, in absence of an external potential,
the two operators are related through the equality D? = (H + %)]l. We show that such a kind of
relation also holds in the case of n-point singular perturbations: given any self-adjoint realization
D of the formal sum D + -1 %Oy, » we explicitly determine the self-adjoint realization H
of HL+7_ (o4, + ﬁk5)/:k) such that D2 = H + %. The found correspondence preserves
the subclasses of self-adjoint realizations corresponding to both the local and the separating
boundary conditions. Some connections with supersymmetry are provided. The case of nonlocal
boundary conditions allows the study of the relation D? = H + % for quantum graphs with
(at most) two ends; in particular, the square of the extension corresponding to Kirchhoff-type
boundary conditions for the Dirac operator on the graph gives the direct sum of two Schrodinger
operators on the same graph, one with the usual Kirchhoff boundary conditions and the other
with a sort of reversed Kirchhoff ones.

1. Introduction

Let L?(R;C?) be the Hilbert space of C?-valued square integrable functions with
scalar product (-,-) and norm || - || ; likewise, H*(R;C¢) c H'(R;C%) C C(R;C¢) de-
note the Sobolev space on R of order 1 and 2 and the space of bounded continuous
functions with values in C respectively. Whenever d = 1, we simply write L*(R),
H*(R) and C,(R). In L*(R;C?) we consider the free self-adjoint Dirac operator D
defined by

1

d
D:H'(R;C?) C L*(R;C?) — L*(R;C?), D:= i 01+ 50,
X

where o] and o3 are the Pauli matrices

01 10
il (TR ]

Furthermore, we consider the free self-adjoint Schrodinger operator in L*(R)

d2
H:H*(R)C L*(R) » L*(R), H:=——.
(R) € L*(R) — L*(R), 2
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It is well known and easy to check that in this free case there exists a relation between

the two operators:
2 1
D =(H+ 1 1. (1.1)

Here and below, we use the isomorphism L?(R;C?) ~ L*(R) @ L*(R) and the identifi-

cation L1 =L@ L, L alinear operator in L?(R). More generally, in the following we

use the shorthand notation L1 = L& L for a linear operator L : dom(L) C H; — H,.
Notice that (1.1) entails a relation between the resolvent operators:

(-D+z) ' =(D+2) (—H+z2— %)111, 7€ C\ ((—o0,—1/2]U[1/2,4)).

(1.2)
The aim of this paper is to extend this connection between Dirac’s and Schrédinger’s
operators to the case where D is perturbed by a sum of &’s potentials, equivalently,
given any self-adjoint extension Dy ¢ of the symmetric operator D|CZ,,,, (R\ {y1,...,yn}

;C?), we explicitly determine the couple (ﬁ, @) such that
2 - ]].
(Dne)” = (Hae+ 1) (1.3)

Here, we parametrize the self-adjoint extensions of D|C7,,,(R\ {y1,.. ., ya};C?) by
couples (I1,0), T1: C*" — C>* an orthogonal projector, O : ran(IT) — ran(IT) a sym-
metric operator, and likewise ﬁﬁ’@ denotes the self-adjoint extension of H1|C7,,,,(R\
{y1,...,y2};C?) corresponding to the couple (11,0), 1 : C* — C** an orthogonal
projector, 0: ran(ﬁ) — ran(ﬁ) a symmetric operator. Any operator of the kind ﬁﬁ@

is a self-adjoint realization of a singular perturbation of H1 by a sum of §’s and &'’s
potentials. As in the free case, the relation (1.3) entails another one for the resolvents:

1

-1
(_DH79+Z)71 = (DH,®+Z) (-Hﬁ@—l—zz— Z) ,

where £z € p(Drp) if and only if (2 — }) € p(ﬁﬁ o) here, p(L) denotes the resol-
vent set of the closed operator L. 7

The specific case here considered is an example of solution of the problem con-
cerning the representation of the square of a singular perturbation of a self-adjoint oper-
ator A by a singular perturbation of A%. This problem has been studied in [2]; however,
in such a paper only the case A > 0 has been considered and the explicit examples
there presented are limited to rank-one singular perturbations. The methods here used
are different from the ones in [2], we do not use the resolvent formulae directly but
instead use the self-adjointness domains.

In more detail, the content of the paper is the following. In Section 2 we build
the whole families of the self-adjoint extensions of D|CZ,,,,(R\ {y1,..., ya};C?) and

HL|C,p (R\ {1, n )5 C?). Instead of using the standard von Neumann theory (see,
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e.g., [1], [9], [18]), which gives a parametrization in terms of unitary operators between
the defect spaces, we found more convenient to use the equivalent approach proposed
in [24] and [25], which gives a parametrization in terms of couples (I1,0), where IT is
an orthogonal projection and O is a self-adjoint operator in ran(IT); this allows for an
easy writing of the corresponding resolvents. Then, in Section 3, by a comparison of
the self-adjointness domains, we found the correspondence between the couple (IT,0)
and (ﬁ, @) such that (1.3) holds. In order to enhance the reader intuition, we start with
simplest case, where n =1 and Il =1 and then proceed step-by-step towards the most
general case. Finally, in Section 4, we present various applications. In Subsection 4.1
we consider the subclass of self-adjoint extensions for the Dirac operator corresponding
to local boundary conditions, i.e., to the ones which do not couple different points y;
and show that the corresponding extensions for the Schrodinger operator provide local
boundary conditions as well. As a particular case of such a result, in Subsection 4.2
we consider the Gesztesy-Seba realizations; they are the self-adjoint realizations of the
Dirac operator with local point interactions corresponding, in the non relativistic limit,
to Schrédinger operators with local point interactions either of &-type or of &'-type
(see [19], [1, Appendix J], [15]). Then, in Subsection 4.3, we consider the subclass of
self-adjoint extensions for the Dirac operator corresponding to separating (a.k.a. de-
coupling) boundary conditions, i.e., to the local ones for which, at any point, left limits
are independent from right limits. This entails that the corresponding Dirac operator is
the direct sum of self-adjoint Dirac operators Dy in L?(I;,C?), where the I;’s are ei-
ther the half-lines (—e,y;) and (y,,+eo) or the bounded intervals (yj,yi+1); the same
is true for the corresponding Schrodinger operator and (Dy)? = ﬁk + %. In Subsec-
tion 4.4, some connections with supersymmetry are discussed and a simple criterion of
spontaneous supersymmetry breaking is provided (see [26], [3] and references therein
for somehow different aspects of supersymmetry in presence of point interactions). In
Subsection 4.5, we point out that our results, in the case of non local boundary condi-
tions, allow the study of the connection between the square of the Dirac operator and the
Schrodinger operator on quantum graphs with (at most) two ends. In particular, as an
explicit example, we consider the Dirac operator on the eye graph with Kirchhoff-type
boundary conditions at the vertices and show that its square is the direct sum of two
Schrodinger operators on the same graph, one with Kirchhoff boundary conditions and
the other with a sort of inverse Kirchhoff ones. These latter boundary conditions, like
the Kirchhoff ones, reduce, in the case of the real line, to the free boundary conditions;
this is consistent with (1.1). The procedure used for the eye graph can be extended,
without substantial changes, to any kind of graph, thus showing that the property of
conservation of Kirchhoff-like boundary conditions holds in general.

We presume that the results here presented can be extended to the more involved
cases corresponding to extensions of symmetric operators with infinite deficiency in-
dices as the 1-dimensional Dirac and Schrodinger operators with singular perturba-
tions on discrete sets (see [21] and [15]) and the n-dimensional (n = 2,3) Dirac and
Schrodinger operators with singular perturbations on 1-codimensional surfaces (see,
e.g., [5], [6], [16] and [8], [22]).
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2. D and H with point interactions

Given a finite set of points ¥ = {y1,---,ya}, Y1 <¥2,... < yn, we define

H'(R\Y:C%) :=H"(I;C) & & H'(I,;C7), (2.1)
where,
Ip:=(—o0,y1), I1:=0(15y2), - Lot = Vn=1:9n),  In:= (yn,+o°), (2.2)
and

HY(1;;C%) = {f e L*(I;;C"): f e L*(I;;€Y)}, j=0,...,n.

Here and below, f” denotes the (distributional) derivative of f. Notice that the left and
right limits f (y,f) exists and are finite for any f € H'(R\ Y;C?). We define

H*(R\Y;C%) := H*(I;CY) & --- @ H*(I,;CY),
where
H*(I;;C%) .= {f e H'(1;;C?) : f" € [*(1;;€%)}, j=0,...,n.
Obviously,
H*(R\Y;C%) c H'Y(R\Y;CY) C L*(R;CY)

and f € H*(R\Y;C%) implies f' € H'(R\Y;C%). We simply write H*(R\Y), k =
1,2, whenever d = 1. Next, we introduce the two bounded operators

T:H' (R\Y;C?) - C*, ¥:=(7,¥,....7,%), ©¥:=(¥),, 23

n

and

THAR\Y)—C",  Ty:= (T, V... 5,V), Ly=(W),oy), 24

where
1

)y =5 (F07)+767).

Clearly, (f)y, = f(yx) whenever f € H'(R;C?) C C»(R;C?).

In this section, following the scheme proposed in [25] (for the equivalent ap-
proaches which use either von Neuman’s theory or Boundary Triples theory, see, e.g.,
[18], [9] and [23, Sect. 4.1], [21], [15] respectively), we review the construction of the
self-adjoint extensions of the closed symmetric operators

§:=Dlker(t|H'(R:C?)),  §:=Hlker(T|H*(R)).

Both S and S have defect indices (2n,2n); they are the closures of the symmetric
operators N
$7:=D|Comp(R\Y:C?),  §7:=HICZ,,(R\Y).
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-1
Let g,(x—y) be the kernel of the free Schrodingerresolvent (—H+-z)~! = ( 2t Z) ,
with z€ p(H) =C\ [0,+<0), i.e.,
ei\/z‘x‘

g.(x) = NG Im(,/z) >0. (2.5)

By (1.2), setting w, := 7> — %, one then obtains the kernel g.(x —y) of the free Dirac
resolvent (—D+z)~!, z€ p(D) =C\ ((—oo,—1/2]U[1/2,+00)),
eVl £ sgn(x)
=D 2.1 = : - 2.
) = (042081 = 5 [ o8], .6

where ; := (3 —2z)/,/w; and Im(,/Ww;) > 0. By such kernels, one gets that the
bounded operators

G,:C" S L*(R;C?), G,:=(t(-D4+2)™ 1", z€C\((—o0o,—1/2]U[1/2,+)),

and
G.:C”" - I*(R), G.:=(F(-H+2)"H", zeC\[0,+),

represent as

[Gzé}(X)=él Gk-DE&, E=(Enb), &eCl
and
@ﬂ@=§@mfw%+QMﬂﬁm7ézﬁu@ﬂwwgﬁm»
Their adjoints

GL:LA(R;C?) —C*™,  G::L[*(R)—C™

are given by

Go¥ = (G¥)1n(G¥),), (G¥)ci= [ gln—0)W(o)dx

and R
Giy = ((GI¥)1.....(GI¥),).
GLy) = <A§z(yk— x)dx /gz Vik—x dx)
Since R
G, cH'(R\Y;C?) and G,EcH*R\Y),
both

1G,:C* —»C* and 7G,:C*" —C*
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are well defined and are represented by the two n x n block matrices with the 2 x 2

blocks ] ‘
eVl ¢ Sgn(yk—y')]
716G, = ———— < 7 2.7
[ Z]jk 2i |:Sgn()’k—)’j) Cz 1 ( )
iz |y, -1 )
~A e / (iv/z) sgn(yx — y,)]
TGl i = ————— ; , 2.8
T A > 28
where
-1 x<O0
sgn(x):=<¢0 x=0
+1 x>0.

In the following, given an orthogonal projection P : C¢ — C¢, by a slight abuse of
notation, we use the same symbol to denote both the surjection P : C? — ran(P) and
the injection P : ran(P) — C¢.

THEOREM 2.1. The sets of self-adjoint extensions of S and S are both parametr-
ized by couples (I1,0), where T1 : C** — C?" is an orthogonal projector and © :
ran(IT) — ran(IT) is symmetric. The extensions Drg and Hr @ have resolvents

(-Dne+z) ' =(-D+2)' +G.II(6 - 7G.IT) TG, z€ p(Drne)Np(D)

(~Hme+2) ' = (~H+2) '+ G.II(© - I7G.IT)"'TIG:,  z€p(Hme)Np(H).

Moreover,

dom(Dpe) = {¥ € L*(R;C?): ¥ =¥, +G,&, ¥, € H'(R;C?), £ € ran(T1), TIT¥ = OE }
(—Dne+2)¥ = (—D+2)¥,,

dom(Hpe) = {w € L’(R): w = v, + G.£, y, € HX(R), & e ran(IT), 1Ty = OF },
(—Hne+2)y = (-H+2)y:;

such representations are z-independent and the decompositions of ¥ in dom(Dr)

and of y in dom(Hp @) are unique.

Proof. The statements regarding the resolvents and the actions of the extensions
follow from [25, Theorem 2.1] with I' g(z) there defined either as I'o(z) :=© —
T17G.I1 or as Ty e(z) := © — 172G, 1.

As regards the operators domains, we give the proof only for Dy g, since the one
for H,g is of the same kind. By the resolvent formula, one has

dom(Dpe) = {¥ € L*(R;C?): ¥ = ¥, + G, I1(© —T1tG.IT) 'TIt¥,, ¥, € H'(R;C?)}.

Let us define &, := (© —I17G I1)~'TITP, € ran(I1); it is not difficult to check that &,
does not depend on z and so ¥ =¥, + G,& . Then

MY — 0& =M1¥Y,+ 111G —O& =TItY, — (0 —TI7G.IH)E =0. O
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REMARK 2.2. Notice that the choice Il = 0 gives the self-adjoint extensions D
and H. Therefore, in the following we always suppose I1# 0.

Since we want to extend the relation (1.1) to the case with point interactions, we
also need to consider the self-adjoint extensions of S°1. There are no essential changes
with respect to the case of C-valued functions, the only relevant one being that the
defect indices increase to (4n,4n). The result is of the same kind as in Theorem 2.1.

THEOREM 2.3. The set of the self-adjoint extensions of S1 is parametrized by
couples (T1,0), where T1: C* — C* is an orthogonal projector and © : ran(I1) —
ran(H) is symmetric. The extension Hiy @ has resolvent

~ ~

(—Hﬁ@ +2) P =(-H+2 1+ (ézﬂ)ﬁ(@ _ H(?ézﬂ)ﬁ)—lﬁ(§;1)7
zep(Hpg)Np(H).
Moreover,

dom(Hg o)

(¥ e [A(R;C?): ¥ =Y.+ (G.1)E, W, € HX(R;C?), & € ran(T1), TI(71)¥ = OF },

(—Hﬁ@ —I—Z)‘P = (—H +Z)1‘PZ;

~

such representation is z-independent and the decomposition of ¥ in dom(Hﬁ (:)) is
unique.

REMARK 2.4. By Theorems 2.1 and 2.3, if both I and © are block diagonal,
ie., M= IT, & I1, and 0= 0, ¢ O, then

(_/H\H1®H27@1®H2 +Z)71 = (_HHh@l +Z)71 S3) (_HH27@2 +Z)7la

equivalently,
Hm,om,,0,0m, = Hi, 0, ® Hi,6,-
In particular,

Hr1,01 = Hpel.

REMARK 2.5. Since g, is the fundamental solution of —D + z, one has
n
( DH®+Z) ( D+Z>(LP GZ&) ( D+Z)T_Z€k6yk7
k=1

ie.,

DH,G\P:D\P"'ZékSy/H 55(517”‘7517)7
k=1
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where the action of D on ¥ € L*(R;C?) is to be understood in distributional sense.
Analogously,

Hiow = Hy+ 3 (Eidy +Eadl), &= (B an)es (Bnt nd))

k=1
ﬁﬁ@‘l’ = H]l‘PJrkZ(gkﬁyk +gk,25y/k)7 E=(CE1.&12) (Gt Enn))-
=1

In the following, we use the abbreviated notations Dg = D1 9, Ho =Hy 0, ﬁ@ =
1,0°
3. D? = H+ ; with point interactions

We begin this section by providing an equivalent representation of the domains
and actions of the self-adjoint operators we built in Section 2. In the next theorem and
in the following,

Dryy : Z'(R\Y;C?) — Z'(R\Y:C?),  Hgy:Z'(R\Y)— Z'(R\Y)

denote the free Dirac and Schrédinger operators in the space of distributions on R\

Y ; their restrictions to H'(R\ ¥;C?) and H?>(R\Y) are L>(R;C?) and L?(R)-valued
respectively.

THEOREM 3.1. Let Dne, Hpe and ﬁﬁ@ as in Section 2. Then
dom(De) ={¥ € H'(R\Y;C?) : p¥ €ran(IT), I7¥ =Op¥}, Dre¥ =Dgry?¥,

dom(He) = {y € H*(R\Y): py €ran(Il), 1Ty = ©py}, Hney =Hryv,
dom(Hg o) = {¥ € H*(R\ Y;C?) : (p1)¥ € ran(Il), [1(71)¥ = ©(p1)¥},
Hro¥ = (Hryy1)¥,

where

p:HY(R\Y;C?) —C", p¥:=(p,¥.....p,,¥). p¥:=io1[¥],,

l/)\:Hz([R\Y)—”DZVZ l/)\lV: (ﬁvlll/:---aﬁvn‘//)a ﬁy‘//:: [W/}y@[_‘//]yy
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Proof. Let ¥ =¥, +G,& € dom(Dpie). One has ¥, € H'(R;C?) ¢ H'(R)\
Y;C?) and G,& € H'(R\ Y;C?); therefore, ¥ € H!(R\Y;C?). By [G.£],=i01&, one
gets pG,E = & ; furthermore, by H'(R;C?) C C,(R;C?), one gets p¥, = 0. Therefore,

dom(Dpe) C 2 :={¥ € H'(R\Y;C?) : p'¥ € ran(I1), [I7¥ = Op¥} .

By Remark 2.5, Dpje¥ = Dg\y'¥ for any ¥ € dom(Dpg), i.e., Dne C Dr\y|Z.
Moreover, by integration by parts, Dg\y|Z is symmetric; hence, since Drj g is self-
adjoint, one gets D g = DR\Y\@

The proofs for Hi e and HA o are of the same kind, using the relation ﬁ@’g'
. O

REMARK 3.2. Notice that y € H!(R\Y) belongs to H'(R) if and only if [y],, =
0 for any k and consequently y € H*(R\ Y) belongs to H?(R) if and only if [y]y, =
[y']y, =0 for any k.

By Theorem 3.1 and by

1
(D[R\Y)2 = (H[R\Y+ Z) 1

~

given the couple (IT,0), one gets that the couple (I1,0) is such that
S 1
(Pre)”=Hpg+ 7. (3.1
if and only if
dOl‘Il((DrL@)Z) = dom(Hﬁ@) . (3.2)

Therefore, exploiting the definitions of the operator domains in Theorem 3.1, there
exists a couple (I1,0) for which (3.1) holds if and only if, given (H 0), there exists
(H @) I an orthogonal projector in C** and 2) symmetric in ran(H) such that

p¥ @ pDg\y¥ € ran(TIS ) PN (PL)Y € ran(ﬁ)
(M& )Y & DR\ yY = (0B O)pY & pDg\y¥ N(71)¥ = 0(p1)¥
(3.3)
3.1. Spectral correspondence
The relation (3.1) entails £z € p(Dne) if and only if 22 — } p( ) equiva-

lently, +A € 6(Die) if and only if A2~} € 6(Hg g), and

~1
(-Dne+z) ' =(Dpe+2) (—ﬁﬁ@—i- <12 - Z) ]l) ) (3.4)
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Furthermore, since, by the invariance of the essential spectrum by finite-rank perturba-
tions,

Gess(l/—'\ﬁ@) = Gess(H]l) = [07°°) 5 Gess(DfL

[o)
N~—
I
2
3
O
N—

I
/|\
8
|
| =
| I
C
| — |
| =
_|_
~——

one gets

~ 1 1
heonigg)n|-1.0) = £(i+7) conOno).
By the resolvent formulae in Theorems 2.1 and 2.3,

A€ 04se(Dne) <= A€(=1/2,1/2) and det(®—TI1G,I) =0, (3.5)

~

A€oue(Hgg) < A€(-=0) and de(®—-T(TG,1))=0. (3.6)

Now, we solve (3.3) starting from the simplest case n = 1, I[I = 1 and then proceeding
step-by-step towards the most general case.

3.2. Thecase n=1,11=1

By (3.3), given the 2 x 2 Hermitian matrix ©, we need to find the 4 x 4 Hermitian
matrix © such that

o' ]:{QOH ¥ } —  (F1)Y=0(p1)¥ 3.7
|:TyD[R\{y}"P 0O pyD[R\{y}lP (y ) (py ) . 3.7

To solve (3.7), at first we look for the two invertible matrices M; and M, such that

~ LY N py¥
Y =M Y , DY =M Y } 3.8
(51) I[TyDR\{y}‘P_ (bs1) ? [PyDR\{y}‘f‘ G8
By direct calculations, one gets
1 000] 1o1o0
0 £0i 0 i 00
_ 2
My = 0100 M=1o 101 G:9)
—£0i0] i 000

Therefore, (3.7) rewrites as
M @Y = (@e0)M, ' LY  — (B1)¥=06(p1)¥
and so the relation between © and © is given by
0=M,(0c0)M,". (3.10)

By
0=0" = MMO©s0)=(030)M;M,
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O is symmetric by the relations

MM, = [1 0} =M;M, . (3.11)
More explicitly, if
a b
0=|- deR,beC
[b d- ) a7 6 ) E )
then © is represented by the Hermitian matrix
[0 —ib 0 —ia
6 — ib d id O_
0 —id 0 —ib
Lia 0 ib —a

Ifa=d=0and b €R, ie., if ©=boy, then 0= b(oy ® 02) = boy1, where o,
denotes the Pauli matrix
0—i
02= [i 0} )

and, by Remark 2.4, the corresponding Schrodinger operator in L?(R;C?) is block
diagonal:

1

(Dpo,)* = (Hboz + Z)Jl. (3.12)

3.3. Thecase n=1,11#1

Here we take IT: C> — C? anot trivial orthogonal projection, i.e., dim(ran(IT)) =
1, and O : ran(IT) — ran(IT) identifies with the multiplication by 6 € R. By (3.8), (3.3)
rewrites as

(Py1)¥ € ran(M, (T & 11)) . (P,1)¥ € ran(IT)
My M, (T,1)¥ = 6(5,1)P M(51)¥ = 6(5,1)%F.
R (3.13)
Therefore, IT: C* — C* is the orthogonal projection onto the 2-dimensional subspace

ran(IT) = ran(M, (TT& IT)) = ran (M (T1 & mm; '),
ie.,
=M (M) (Mo MMM, )~ (e )M
=My T)(M; M)~ (& TT)M;
=M (MM, ) (M (e M, ') .
By (3.11), Mp(TI®TI)M; ! is symmetric. Hence, ran(I1) = ker(Mp (M@ TN)M; ')+ and

the symmetric operator

-~

My(MTa M, " ran(IT) — ran(I1)
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is a bijection. Then, (3.13) gives

~ ~

©:ran(ll) — ran(fl),  ©:= 6(My(TT@TM; )~".

3.4. Thecase n>1,11=1

In order to exploit the results from the n = 1 case, we introduce the unitary oper-
ator

U:C4n_>q:4n7 U(§17§27"'7§2n) = (él7én+17§27§n+27~-~v§na§2n)a ékecz~
(3.14)
By such a definition,

U(T\P@TDR\Y‘P):([ T, ¥ }[ 7, ¥ D

"L'yl DR\Y\P TYn DR\Y\P
_ Py, Pu¥
U(p¥ @ pDr\y'¥) = ( [py. DR\Y‘I’] o {Pyn DR\Y‘I’] ) '

Therefore, setting

MP:C" —C*", MY =M S...aM,

My :C¥" —C*", MY =MyD...oM,,
by (3.8), one gets

MPU(t¥ @ 1Dp\yY) = (T, 1), ..., (T, 1)¥) = U(T1)¥,

M5 U(p¥ & pDg\y¥) = ((py, 1)Y,..., (), 1)¥) = U(p1)¥
and so (3.3) rewrites as
UM TTUEDY = (@ 0) U (MY) T\ U(PLY  —  (TL)¥ =6(p1)Y.

This gives
O=UMPU©@s0) U M) 'U. (3.15)

Such a operator 0O is symmetric by

01

U*(M?)*MEBU = []l 0

} — U* (M) MPU . (3.16)

The relations (3.16) generalize (3.11), since U = 1 whenever n = 1, and are a conse-
quence of (3.11) itself and the definition (3.14).
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3.5. Thecase n > 1, [1#1

Finally, we consider the most general case. Using the unitary U : C* — C** as in
the previous section, (3.3) rewrites as

U*(M$)~'U(p1)Y € ran(T1 & 11)
(Mo MU (M)~ 'U(T1)¥ = (0@ 6)U*(My)'U(p1)¥

(3.17)

(P1)¥ € ran(I)
A(T1)Y = 0(p1)¥.

This gives the orthogonal projector I1: C* — C*", with dim(ran(IT)) = 2dim(ran(IT)),
such that

ran(I) = ran(U*MSU (M@ 1)) = ran(U*MEU M@ U ME)"'U),  (3.18)
ie.,

f=(UMyuMen)(UMUMe ) U MUM ) (UMEUMeN))
=U'MyU(MeN)((UMyU) UMy U) " (Me U (M) U
=(UMyUMaU* (M) ) (UM UM e U (My) )",

and © : ran(IT) — ran(IT),

0:= (UMfuMemu M) ~'u)™!

U'MyU©@0)U*(My) 'U.  (3.19)
By (3.16), UMUM@ M) U*(M)~'U is symmetric. Therefore, by
ran(1) = ran(U*M5 U (M@ MU*(MP)~'U) = ker(U*MS UM & THU* (M)~ U)*,

the operator R R
UMs UM e U*(M;)~'U : ran(TT) — ran(I)

is a bijection and O is well defined. To conclude, we have to show that © is symmetric.
By (3.19) and by U*U =1,

© is symmetric <= M;U(©®O)TT®TU* (M)~ is symmetric
and so O is symmetric by (3.16).

REMARK 3.3. Let us point out that it is not necessary to determine fl and ©
explicitly in order to write down the domain of Hp 5. Indeed, by (3.3),

dom(Hg 6) ={¥ €H*(R\Y:C?): p¥ @ pDg\y¥ € ran(TT & 1)
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However, one needs to know I and © in order to write down the resolvent of H
according to Theorem 2.3.

ne’

The above representation of dom(ﬁﬁ@) suggests an alternative way to build the

self-adjoint extensions of 51 = H1|CE,,, (R; C?): one can apply the results in [24] and
[25] to H1|ker(T), where

T:H*(R;C?) - C*a®C™, 7T¥:=1t¥a®1DY¥.

In that case, the family of self-adjoint extensions of S°1 is represented by operators of

the kind Hn 6 Where IT is an orthogonal projector in C* @®C?" and O is a symmetric

operator in ran(@) With respect to this parametrization, one has that Dn o= Hﬁ o +1 7
if and only if N=T®IM and ©=050O. Even if such a correspondence is more
explicit than the one which uses the couple (H @) it has the drawback that it works
with a representation of the family of self-adjoint extensions of 5°1 which is different
from the usual one and which lacks of the analogous of the property |/'|\1'[1791 =Hpel.
Therefore, in this paper we prefer to work with the family ﬁﬁ@.

REMARK 3.4. Suppose that for any ¥ = (y1, y2) € dom(Dp¢) one has

lIl =

p'¥ € ran(IT) — Bi(y1)
7Y = 0pY¥

with some linear operators By : H'(R\Y) — €' and B, : H'(R\Y) — C%. Then,

by the representation of dom(H @) in Remark 3.3, there follows that the boundary

conditions for Hﬁ_@ rewrites as

Bi(y1)=0 Bi(y1)=0
Bi(—iyp+3v1)=0 _  |Ba(y})=0
By(y2) =0 B By(yn) =0
By(—iy{—5y2) =0 Bi(y3) =0.

This entails

dom(Hﬁ.’@) = dOl‘Il(th) @dom(HgJ), (Dm@) = | Hip+ 1 @ (Ha1+ 1)

where the self-adjoint operators H; 4 : dom(H; ;) C L*(R) — L*(R) are defined by
dom(Hy2) := {y € H*(R\Y): By(w) =0, Bo(y') =0}, Hioy:=Hgyy.

dom(Hy,1) := {y € H2(R\Y): By(w) =0, Bi(W) =0}, Ha1y:=Hgyy.
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4. Applications

4.1. Local boundary conditions

Here we consider the case corresponding to local boundary conditions for the
Dirac operator, i.e., boundary conditions which do not couple the values of ¥ at differ-
ent point. That means

N=I&...eM,, I:C2—=C*,  1<k<n,
0=019...50,, Oy : ran(T1;) — ran(I1;), 1<k<n.
In this case, by
U(Me..ol)e(e.. . ell,)U" =L el)&...6,ell,),
one gets, by (3.18),
ran(IT) =ran(U* (M, (I, SI)M @ ... ® (My(TT, & TT,)M; HU)

=ran(U* (Tl @ ... ® T1,)U),

where, in the case IT; # 1, I : C* — C* is the orthogonal projector onto the 2-
dimensional subspace

ran(IT;) = ran(M, (T, ® M), 4.1)
otherwise ﬁk =1. Then, by (3.19) and by

U((M0411, & ... & 11,0,I1,) & (6411, & . .. & T1,0,I1,))U*
:(H1®1H1 @Hlelnl) ®...0 (Hn(annn @Hnennn) s

one obtains
O=U*09...90,)U,
where, in the case I1; # 1, O, € R,
@k : ran(ﬁk) — ran(ﬁk) , @k = OyM, (IT; ® l’[k)Mg1 ,

otherwise, N ~
@kZQ:4—>Q:4, @kZMl(GkEB(‘)k)Mz_I.

Therefore, the corresponding boundary conditions for H e

fL@ ar
ﬁyk\P € ran(ﬁk) ) ﬁk?yk\P = @kﬁyk\{lv I<k<n,

and so they are local as well.
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4.2. Gesztesy-éeba realizations

These two families of self-adjoint realizations of the Dirac operator with local
point interactions correspond, in the non relativistic limit, to Schrodinger operators
with local point interactions either of & -type or of &’ -type (see [19], [1, Appendix J],
[15]). The operators in the o -family have self-adjointness domains

dom(Dg) = {¥ = (y1,y2) e H'(R) @ H'(R\Y) : [ya]y, = —iowyn (yx), 1 <k <n},
o €R, 4.2)

and the ones in the 3 -family have self-adjointness domains

dom(Dg) = {¥ = (y1,¥2) € H'(R\Y) O H'(R) : [y, = —iBiya(me), 1 <k <n},
B, €R. 4.3)

Since the cases where all the oy ’s or all the f3;’s are equal to zero correspond to D, and
the cases where there are 0 <m <n o4’s or fB;’s which are zero reduce to the cases
with (n —m) point interactions, without loss of generality we can suppose that all the
oy ’s and Py ’s are different from zero. By Theorem 3.1 and Remark 3.2, one has

Do = Dye gy, 1 = n%e.. . en?, e”=e0%q. . ecel,

where
H](ca)(él7é2) = (5170)7 @I(COC) . C — G:, Gl(ca) = (Xl:l

and

Dg =Dy o, 1P =nPe...ond, e =0le. a6l

where
NP (E,&) = (0,&), .c-c, of —p!
Therefore, .
(Da)2 =Hg+ g
where R R
Ho = Hio g »

ran (1) = ran(U° (Ao F)0). 6 0" (66500
ran(T1L%) = ran (M, (M & T1{*))) = C & {0} & {0} & C = C2,

~ ~ 1 _
6" =m© we ;e - ¢, @,@:Ek{?_ﬂ

and .
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where
Hp = Heis) o) -

ran(ﬁ(ﬁ)) :ran(U*(ﬁgﬁ)@...GBﬁ,(qﬁ))U), @(ﬁ) :U*((:)(ﬁ)@...@(:),(qﬁ))U
ran(fi?)) = ran(v, (MP) o 11P))) = {0} Cv Ca {0} = C2,

8% —m©P coPmt ¢ -2, o — 1[1 l}

k Bi [0
Hence,
dom(He) = {¥ = (y1,y2) € HA(R\Y) : [yi]y, = [yhly, =0,
[Wl}yk = ak(Wl (yk) - iW£(yk))7 [WﬂJ’k = —lOCkllfl(yk), I<k< n}’
and

dom(Hg) = {¥ = (y1,y2) € H*(R\Y) : [yily, = [valy, =0,
ily, = —iBva (i), [Waly, = —Br(wa (k) + iyt (), 1 <k < n}.

4.3. Separating boundary conditions

Let n=1,and I =1. By 2t¥ =¥(y" ) +¥Y(y") and p¥ = icy (¥(y+) —
W(y")), the boundary condition ¥ = ©@p ¥ rewrites as

(2001 +1)¥(y") = (2i00, — 1)¥(y").

If © is such that
ran(2i©0; + 1) Nran(2i@c; — 1) = {0}, 4.4)

then ¥ = ©p"Y is equivalent to the separating boundary conditions

(200 +1)¥(y ) =0 4.5)
(2001 — 1)¥(y") = 0. (4.6)
By the equivalence of (4.4) with
det(2i01® —1) =0, 4.7)
one gets that (4.4) holds if and only if
6-0 1 o in\/1+of
T oewh T g Liey/T+af B ’
oe{-1,+1}, a,f R, off > —1. (4.8)

For such a ©, the boundary conditions (4.5), (4.6) can be rewriten, whenever ¥ =

(w1,¥2), as



1184 A.POSILICANO AND L. REGINATO

vy ) =i, o g¥1(y), (4.9)
v ) =mg, s vi0"), (4.10)
where
—a Y(oy/1+aB£1)
=—B(oy/1+afF1)"" a#0, 0\/1+afF1#£0
nj;aﬁ =< F207! a#0, =0, ==l
+27'B a=0, 0=7Il
oo otherwise

and the boundary condition y,(y*) = icoy (y*) is to be understood as y;(y*) = 0.
Then

- D™ +
Doap =Dy gp®D

.0,

where D, o p := Do and the self-adjoint operators D;L ap and D; of denote

[ON ]
the Dirac operators in L?((—co,y);C?) and L*((y, +<°);C?), with boundary conditions
(4.5) and (4.6) (equivalently, (4.9) and (4.10)) respectively; let us remark that separating
boundary conditions of the kind (4.5), (4.6) (resp. (4.9), (4.10)) already appeared in [20),
Prop. 2.2] (resp. in [7, Rem. 3.2]).

Rewriting the boundary condition T¥ = @w% g(P1)Y as
(2000,0,5(02© 02) +1)F(y7) = (200,05 (02 02) ~1)¥(y7),
where ¥ = (y, Vi, v, ¥;) and (:)w,a’/; is defined by (3.10), i.e.,

0 o1+ af 0 —ia
o _ o\/1+af B i 0
.0.p 0 —iB 0 —o\/T+af|’
io 0 —w+\/1+op —a

one can check that
det (2i(02® 62)Op 0 p — 1) =0

and so, proceeding as above,
ran(Zi@wﬂﬁ (02 0s) +1) ﬂran(Zi@wﬂﬁ (o2 0)—1) ={0}.

Thus the separating boundary conditions

.11

(2104 4 5(02® 32) +1) (")
¥ 4.12)

0
(Zi@w,a,ﬁ(02 ) 02) — Il) (y+) 0
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hold for H, o 5 :=H

Hoop =Ho g p @ Hg

w.a,p°

where the self-adjoint operators ﬁ;} ap and ﬁz ap denote the Schrodinger operator

—;722 1 in L?((—oe,y);C?) and L*((y,+o°);C?), with boundary conditions (4.11) and
(4.12) respectively. Furthermore,

+ O+
(Dwaﬁ) =H aﬁ+_

By (4.9), (4.10) and by Remark 3.3, the separatmg boundary conditions (4.11), (4.12)
for Hi o p TeWrite, whenever ¥ = (y1,v2), a

a,

W) =ing g Vi), g g V0T = VI F g s Wi ()
In the case n =1, IT # 1, the boundary conditions in dom(Drg) give

(M-1)o¥(y)=M-1)o¥(y"), (2001 +1)¥(y") =T1(2i001 —1)¥(y").
(4.13)

Since ran((IT—1)0;) =ran(I1—1) and, by det(2i60; +1) = 1+46% 0, ran(I1(2i0 0y
+ 1)) = ran(IT), the relations (4.13) do not allow any separating boundary conditions.
By the n =1 case, one immediately gets the family of separating and local bound-
ary conditions: it suffices to take Oy o p 1= O, o By ©...90y,q,p,- Then, using

the abbreviated notations Dy, o g = D@w‘aﬁ and Hg&ﬁ = H g’ , where Gwa B =

U*(©y, .0 BD...D O, . p,)U and @wk . p, 18 defined by (3.10), i.e., ®wk70‘kvﬁk =
M\ (B4, 0.5, D Ow,a.p)M; * , One obtains

D +
DQ,Q,Q - le,al,ﬁl ® le.z’al‘z’ﬁl.z ® D0>2.3~,0€2.3J32.3 ©...0 Dwnfl‘n:anfl.mﬁnfl . @ Dwn,an,[}n

and

o~ o~

+
H_&E Ha)l,ocl [31®Hw1270¢12ﬁ12@Hw23 3,83 P-- 69Hwn 11501 5B 1n@Hwn,an Bn-

Here Dy, |, .0, ;... denotes the self-adjoint Dirac operator in L*((yk_1,y);C?)
with boundary conditions of the kind (4.6) at y;_; (with parameters ;1,04 _1,B¢_1)
and of the kind (4.5) at y; (with parameters @y, oy, B ); ﬁwk—lﬁk:ak—l‘k:ﬁk—lﬁk is defined
in a similar way, using the boundary conditions (4.11) and (4.12). Furthermore,

~ 1
wk—l‘kvak—l‘kvﬁk—l‘k) = Hwk—l.kvak—l‘kvﬁk—l.k +7 I<k<n.

D
( 1 )
4.4. Supersymmetry

Since
0102 + 06,0, =0= 030, + 0,03,
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one has

(o) D[R\Y + DR\yGQ =0.

Therefore, if (IT,0) is such that

g IT g IT
pW¥ € ran(IT) N pox¥ € ran(IT) (4.14)
[Tt = 0pY¥ Mt ¥ =0Bpa,'P,
then o> anti-commutes with Dpj ¢ and so, by (3.1), the system
~ 1
(Hﬁ7@—|— Z,GQ,D]‘[@) (4.15)
has supersymmetry (see, e.g., [4, Chapter 1], [17, Section 6.3]).
By
(¥)y=0(¥)y,  [o:V]y=0[V]y,
and by 0,0, = —0,07, one gets
¥ =0y TY, po¥ =—0ypV¥, 0y =0 B...B 0.
Therefore, (4.14) holds whenever
o) — 0y T1=0= 00, + 0, 0. (4.16)
Given a couple (TT,®) which satisfies (4.16), let us further suppose that
det(© + It GoIT) # 0. 4.17)

Then, by (3.5), zero is not an eigenvalue of Drj g, i.e., the system (4.15) has no su-
persymmetric state and there is a spontaneous supersymmetry breaking (see, e.g., [4,
Section 1.8]).

In the case n = 1, the solutions of (4.16) are found immediately:

if IT# 1, then I =111 := |vy)(vy| and © =0, where vy, |[vi| =1, solves

Ove = tvy;

if [1=1, then ® =0, := bo; +ao3, a,b €R.

Since, by (2.7), TGy =—15 03, det(0,,+71Gy) =0 ifand only if 5=0 and a= 1.
Therefore, for any (a,b) € R*\ {(3,0)} the system (4.15) with [T=1 and © = 0,
has no supersymmetric state and there is a spontaneous supersymmetry breaking.

Notice that once the solution of (4.16) in known in the n = 1 case, then the set
of solutions for the case of n > 1 local point interactions is readily obtained: Il =
I®...0I1, and @ =0, &...50,, where (IT;,0y) is equal either to (IT4,0) or to
(1, eakvhk) .



D2=H+ % WITH POINT INTERACTIONS 1187

4.5. Quantum graphs

Since D@ is a generic self-adjoint extension of

$ = D|Copmp(R\Y:C?) = (DICZ,,, (10:C?)) @ -+ @ (D|C,, (1)),

the nonlocal extensions of S provide the self-adjoint realizations of the Dirac operator
on a quantum graph with the two ends Iy = (—eo,y,] and I,, = [y,,+) and the (n—1)
edges I1 = [y1,y2),- -+, 1n—1 = [Yu_1,Vu]; the boundary conditions corresponding to the
couple (IT,0) specify the connectivity of the graph. The case of a compact graph can
be obtained by imposing separating boundary conditions at the two ends. Likewise,
the nonlocal extensions of H1|CF,,,,(R\Y; C?) provide self-adjoint realizations of the
Schridinger operator on a quantum graph with two ends and (n— 1) edges. For an
introduction to the theory of quantum graphs we refer to the book [10] and the many
references there; however, let us point out that our way of building the self-adjoint
realizations on the graph is not the standard one.

As an explicit example, let us consider the Dirac operator on the eye graph (see
[14, Section III.D]). Therefore, we choose the subclass of boundary conditions for the
Dirac operator in L?(G;C?), G = (—oo,y1] U [y1,y2] U [y2,¥3] U [y3,+o°), connecting
W(y;) with both W(y;) and ¥(y;) and connecting ¥(y;) with both ¥(y,) and
W(y; ). Such kind of boundary conditions give to G the topology of a circle with two
ends.

Y1 Y2
]
. N
Y1 SN Y3 ~
— 4« »—— ~
S Y2 Y3 7
@

Furthermore, we restrict to Kirchhoff-type boundary conditions, meaning that we select
the ones which, in the non relativistic limit, correspond to Kirchhoff (or free) boundary
conditions for the Schrodinger operator in Lz(G) (see [11], [12], [13]). Therefore, we
require, for ¥ = (y1, y») in the self-adjointness domain,

viy) =wi07) =wi(3)
va() —valy) —vly,) =
W) = wi03) = v 07) 19
v2(3;) + v (3) —va(yy) =
These boundary conditions rewrite as
wily, = [wi]y; =0 ily, = [wilys
valy, = —w2 (y;_) (yaly, + vy, + [y2ly; =0
valy, = va(vy) = vy — vy = iy, (4.19)
(Wiy, = wi(y;) W)y, — 2(wi)y, +(Wi)y; =0
W)y = wi(yy) 2(ya)y, = [valy; — [valy, -
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The relations [y1]y, = [yily; = [W2ly, + [W2ly, + [W2]y; = 0 in (4.19) coincide with
p¥ € ran(IT), where the orthogonal projector IT: C® — C° is represented by the matrix

20-10-10
000000
1|10 2 0-10

M=3100030o0| (4.20)
~10-102 0

000000

Then, one can easily check that the other relations in (4.19) are equivalent to I1TV =
OpY¥ whenever ©, a symmetric operator in the 3-dimensional subspace ran(IT), is
represented, as a symmetric linear operator in C® preserving ran(IT), by the Hermitian
matrix

000—-1 0 0
0000 00
i 10000 00

©=311000 —10 @20
0001 00
0000 00

Therefore, using L?(G;C?) = L*(R;C?), one gets Dg = Dpj o, where IT and © are as
in (4.20) and (4.21) respectively and where Dk denotes the Dirac operator on the eye
graph with the Kirchhoff boundary conditions at the two vertices. Then, by Remark 3.4
and by (4.18), the Schrédinger operator ﬁﬁ@ satisfies both the boundary conditions K
and K., where

viD) =wi7) =wi(3) vy =w () = w(y3)

K J VD) =)~ vi07) =0 - va(yy) = va(y{) —va(y3) =0
vilyy) =wi(y3) =wi(y3) v (vy) = ws(v3) = v (v3)
vi)+wi(s) —wi(3) =0 va(yy) +y2(v3) —yaly3) = 0.

(4.22)

This gives

(Dk)* = (HK+ %) @ (HK* + i) , (4.23)

where Hg is the Schrodinger operator in L?(G) with the boundary conditions K and
Hg, is the Schrodinger operator in L?(G) with the boundary conditions K. The
boundary conditions K coincide with the usual Kirchhoff ones (see [10, eq. (1.4.4)])
while the boundary conditions K., are as sort of reversed Kirchhoff ones (named "ho-
mogeneous &' vertex conditions” in [12]) given by the exchange y < y’. The bound-
ary conditions K, like the K ones, give, in the case of the real line, the free Schrodinger
operator; thus, (4.23) is consistent with (1.1). Furthermore, the Schrodinger operator
Hk & Hk, appears in the nonrelativistic limit of D, see [12, Proposition 1.3].
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The arguments in the previous example extend to any graph: by Remark 3.4, to
the Kirchhoff-type boundary conditions for the Dirac operator Dk on the graph, i.e., to

V| continuous at any vertex v
>= yr(v) = 0 for any vertex v,

correspond, for the Schrodinger operators Hx and Hg, such that (4.23) holds, the
boundary conditions

W continuous at any vertex v ) v/ continuous an any vertex v

- >/ (v) =0 for any vertex v f > w(v) =0 for any vertex v.

Here, Zvi f(v) means the sum over all the points y; € Y corresponding to the vertex v
with the sign convention

—f(y) i is at the left end of the interval/half-line

fv):= +f(y;y) i is at the right end of the interval/half-line.

Acknowledgements. We thank an anonymous referee for the accurate reading and
for the useful remarks.
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