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HYPONORMALITY OF SPECIFIC UNBOUNDED PRODUCT OF
DENSELY DEFINED COMPOSITION OPERATORS IN > SPACES

HANG ZHOU

(Communicated by R. Curto)

Abstract. Let (X, 1) be a o-finite measure space. A transformation ¢ : X — X is non-
singular if o¢~! is absolutely continuous with respect with . For this non-singular transfor-
mation, the composition operator Cy : Z(Cy ) — L2(u) is defined by Cof=fod, fE€D(Cy).

For a fixed positive integer n > 2, basic properties of product Cy, ---Cy, in L2(u) are
conveyed in Section 3-5, including the dense definiteness, kernel, adjoint of (not necessar-
ily bounded) Cg, ---Cy, . Under the assistance of these properties, when Cy, ,Cy, ,---,Cgp, are
densely defined, hyponormality of specific (not necessarily bounded) Cy, ---Cy, in L2 (u) is
characterized in Section 6.
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1. Introduction

Theory of composition operators is an important branch of linear operator theory,
which has a history of over six decades. Composition operators (also, weighted com-
position operators) on various spaces of analytic functions have been studied exten-
sively during the past several decades. This theory of composition operators, originated
by E. Nordgren in 1968 (see [11]), has been developing since 1987 (see [15]). The
book [5] written by Cowen and MacCluer contains comprehensive treatments of these
(weighted) composition operators.

There is still another context in which composition operators could be studied.
Theory of composition operators in L? spaces over a o -finite measure space, playing
a significant part in ergodic theory (see, e.g. [9]), also becomes another seminal branch
of linear operator theory. The bounded composition operators in L? spaces, initiated
by Nordgren in 1978 (see [12]), are well-developed until now. And the boundedness,
normality, subnormality, seminormality etc. of these bounded operators are extensively
investigated (I wouldn’t like to point out any references here since most of them have
no closed relation with my study in this paper. Interested readers could figure them out
in [2]).

Let (X,</,1) be a o-finite measure space. The Hilbert space of all square inte-
grable complex functions is usually denoted by L?(X, .o/, 1), sometimes abbreviated
by L?(u). A mapping ¢ : X — X is always called a transformation of X. We say
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¢ : X — X is an o/ -measurable transformation if ¢ (<) C <7, where ¢! (/) =
{67 1(A): A€ /}. Let po¢~! denote the measure on the o -algebra o7, which is
given by o ¢ (A) = u(¢p~'(A)) for every A € o7. We say ¢ : X — X is a non-
singular transformation of X if po¢~! is absolutely continuous with respect to
which is denoted by po¢~! <« u.

For a non-singular transformation ¢, the composition operator Cy : Z(Cy) —
L?(u) is defined by

Cof =fo¢, [feD(Cy),

where 2(Cy) = {f € L*(1) : fo¢ € L*(u)} stands for the domain of Cy. It is noted
that if the composition operator Cy is well-defined, then the transformation ¢ is non-
singular. This assertion is easily checked and a generalized proof for it could be found
in [3] (see, Proposition 7 in this book).

For finite or o -finite measure spaces, the Radon-Nikodym derivative is theoret-
ically important, which is guaranteed by the well-known Radon-Nikodym Theorem
(see, e.g. Theorem 4.2.4 in [4], Theorem 2.2.1 in [1] or Section 2 in this paper). The
construction in the following is basically an essential tool to the study of composition
operators in L? spaces.

Suppose that transformation ¢ is non-singular. By the Radon-Nikodym theorem,
there exists an .7 -measurable positive function (up to sets of measure zero) hy : X —
[0,0] satisfying

uo¢*1(A):/Ah¢du, Acd. (1.1)

Therefore, by [[1],_Theorem 1.6.21] and [[13], Theorem 1.29], for each &7 -measurable
function f: X — Ry (or f:X — C satisfying fo¢ € L'(u)), we have

[ fovdu= [ fhoan. (1.2)

Obviously, fo¢ € L'(u) if and only if fhy € L'(1t). And the domain of composition
operator Cy is

9(Co) = 12 ((1+ hg)du).

For a fixed positive integer n € N with n > 2, suppose that ¢, ¢, ---, ¢, are non-
singular transformations of X . It is easily conducted that ¢; o 0 - - - ¢, is non-singular
if ¢1,¢2,---,¢, are all non-singular. Moreover, since hg,,hg,, - hg, < oo ae. [u]
can be guaranteed by the dense definiteness of Cy, ,Cy,,--+,Cy, (see, Proposition 3.2 in
[2]), we concentrate on the properties when Cy, ,Cy,,--+,Cy, are all densely defined.

Therefore, to avoid the repetition, the assumption in the following is given, which
is denoted by (AS) for abbreviation and used frequently in this paper.

o Throughout this paper, n > 2 is always a fixed positive integer, k € {1,2,--- ,n}
represents the positive integer depending on n and j € {1,2,---,k} represents
the positive integer depending on k,n.
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o The triple (X, <7 ,L) is a O -finite measure space, ¢1,¢,---, ¢, are </ -measu-
rable non-singular transformation of X such that Cy,,Cs, ,---,Cy, are all densely
defined. Moreover, for each k € {1,2,---,n}, the triple (X, @' (), u) is also
a o -finite measure space.

1.1. Notations

e In this paper, (X,.27, ) is always a o -finite measure space and L?(X, .o, i) is
always abbreviate by L?(u).

e N, Z, and R, stand for the sets of positive integers, nonnegative integers and
nonnegative real numbers, respectively. Set R =R U{e}. Moreover, for each
given m € N,

Jn={keN:k<m}.

e For given subsets AJA,, of X, m e N, “A, /" A as m — " stands for A,, C
Apyq forevery m € N and A = J;,_; Ay,. Analogously, for given f, f, : X —
Ry, “fn /' f as m — oo™ stands for {f,,(x)}, is monotonically increasing and
converging to f(x) forevery x € X .

e Let T be an operator on a Hilbert space .. Denote by 2(T), N (T),%#(T),
T and T* the domain, the kernel, the range, the closure and the adjoint of T,
respectively. Moreover, denote by (-,-)7 and || -||7 the graph inner product and
the graph norm of 7', which mean that, for f,g € Z(T),

e Set Aj A Ay = (A1\A2)U(Ay\ Ap) for any subsets A} and A, of X.

e Foragiven n € N, suppose that @1, ¢, -, ¢, are non-singular transformation of
X . Denote by

D EPopo--oy, DPrEPodrio0a,.

1.2. Non-probabilistic conditional expectation

The non-probabilistic conditional expectation plays another crucial role in this pa-
per (as well as the Radon-Nikodym derivative). The concept of conditional expectation
was originated in the classical probability theory. Book [14] written by Rao is useful
for interested readers to understand it. The conditional expectation was applied to the
non-probabilistic setting and incorporated into theory of composition operators by Har-
rington and Whitley in [8]. For more information on the non-probability conditional
expectation, one can refer to Appendix A in [3].

The following part is exactly about the non-probability conditional expectation
(abbr. conditional expectation, in this setting) with respect to the sub-algebra ®; ! (.«7).
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Suppose that (AS) holds. For every @, !(.</)-measurable function f: X — R,
the conditional expectation of f with respect to ®~!(.<7) and the measure u, denoted
by E(f;®, (<), 1) or Eg,(f) for abbreviation, is satisfied with

[ rau= [ Eo,(Han. aca;! ().
A A

Note that the existence of Eg,(-) (up to sets of measure zero) is guaranteed by the
Radon-Nikodym theorem and Proposition 2.7.

The first two lemmas in the following have their roots in [3] (see, formula (2.8) in
page 24 and formula (A.12), respectively).

LEMMA 1.1. A function §:X — Ry (resp. §:X =Ry, §:X —C)is @, ' (o)-
measurable if and only if there exists an </ -measurable function g : X — R (resp.
g§:X—R,, g:X—C)suchthat g=god,.

LEMMA 1.2. If f,g: X — C are of -measurable functions such that f € LP (1)
and go®, € LI(), then

/X go®,fdy = /X g0 ®,Eq, (f)du,

where p,q € [1,o0| satisfying %4_% -1,

The following lemma can be obtained by Proposition 14 in [3] and the remarks
below it, which is also a consequence of Proposition 1.4, Lemma 1.5 and Lemma 1.6
in [3].

_ LEMMA 1.3. Suppose that (AS) holds. For an </ -measurable function f:X —
Ry (resp. f:X — C), there exists an 7 -meausrable R -valued (resp. C-valued)
function g with g = g'%h¢.h¢.+l~-~h¢ <0 such that

77 n

* Eo,(f) =go®, 'thjh¢j+1"'h¢n>0 ae. [u].

o (Eo,(f)o®,")o®, = Eq,(f) ae. [u].

1.3. Product of composition operators in L?(u)

Suppose that (AS) holds and therefore Cy,,Cy,,:--,Cy, are all densely defined.
Now it is natural to consider the product of composition operators Cy, ,Cy,,---,Cy, , i.€.
the product operator Cy, - - - Cy, .

Note that for each .7 -measurable function f: X — R, (or f:X — C) satisfying
fogeLl(n),

/Xc¢n - Co fdp = /Xf'h¢lo¢zo~~o¢ndﬂ

- /Xf ’ hq)nflE‘Dn—l (h¢n oq);—ll) d‘LL
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/Xf ' hq)’l*Z ’ hq)" © q);—ll : E(anZ (hq),171 © q);—IZ) d“

n—1

—1 _

/Xf.hq>j-lH1h¢lHO(Dl 'E‘1>j <h¢./+loq)jl>d.u
—j+

And the domain of product Cgy, - --Cy, is

n k—1
@(C%"'Cfl)l) =L 1"‘}(2, h<1>j' (l th¢z+1 Oq)ll> 'E<1>j <h¢j+1 Oq);l> du,
=1 :j+

where j is an arbitrary number in J; .

Moreover, Z(Cpjopyo--opy) = L* ((1 4 hgopy0--00,)d1L), which implies that the
composition operator Cy,og,...o¢, 1S an extension (for the definition of the extension
operator, see, e.g. Section 4.1 in [16]) of the product Cy, ---Cy, , which is always de-
noted by

Co, - Co © Cgrogy-09,-

For the product Cy, ---Cy, , the following statements are obtained by Proposition
3.2 and Proposition 4.1 in [2]:

o Cy, -+ Cy, is closable and Cy, opy0...0¢, s closed.

o Cy, -+ Cy, is densely defined if and only if Cp,op,o...¢, is densely defined for
every 1 <k<n.

o If Cy, ,---Cp, is densely defined, then Cy ogyo..o9, = Cy, -+ Cy, for every k =
1,2,---,n.

o Cy, - Cy =Cy 04,00, fails tobe held in general. Example 5.4 in [2] is typically
a counterexample, which showed that Cj = Cyn doesn’t hold in general even if

2(Cy) is dense in L? (1), where Z(Cy) stands for the € -vectors of Cy .

o Cy, -+ Cy =Cp 04,09, is densely defined cannot generally implies Cy, , Cy, ,- - -,
Cy, are all densely defined. Example 5.3 in [2] is typically a counterexample,
which showed that Cy, .4, is densely defined but Cy, is not.

For more information of Cy, ---Cy, , interested readers can refer to Section 4 in
[2].

During the past decades, much effort was put into the investigation of bounded
(weighted) composition operators in L? spaces, including the selfadjointness, normal-
ity, quasinormality, hyponormality, cohyponormality. etc. And criteria for the subnor-
mality and cosubnormality of bounded composition operators were invented.
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However, before 2018, little was known about the properties of unbounded (weigh-
ted) composition operators in L spaces since the unbounded case has much difference
with the bounded case. Budzynski, Jabtoniski, Jung and Stochel in their recent book
[3] investigated the unbounded weighted composition operators in L? spaces, which is
significantly a reference for investigation of the unbounded case.

Characterization in the hyponormality of weighted composition operator (not nec-
essarily bounded) was exactly given by Campbell and Hornor in [6] under quite restric-
tive assumptions, which was promoted by Budzyriski etc. in [3] (see, Section 5.1 in this
book). However, the literature on product Cg, - --Cy, in L?(u) is meager and the only
study for Cgy,---Cy, could be found in [2], which can basically distinguish between
Co,+++Coy and Co,op50--09, -

As far as I’'m concerned, the question “What is the difference between Cgy, ---Cy,
and Cp,ogyo-09, ?” 18 not completely answered. And the answer could be promoted by
investigating the hyponormality of unbounded product Cy, - -+ Cy, .

In [12], Nordgren raised a good question of determining measure theoretic condi-
tions of the transformation ¢ (see, [[12], Theorem 1]), which inspires me to investigate
other questions in such way. Thus, hyponormality of unbounded product Cy, - --Cy, in
L?(u) is continued in this vein, which is characterized in this paper.

Itis well-known that if Cy, - - - Cy, is densely defined, then sois Cy, - --Cy, foreach
k € J,,. Hence, by [[2], Proposition 4.1(iii)], we have that

Coropr0-00, = Co - Copy k=12,

If Cy, ---Cy, is hyponormal, then by definition it is densely defined. Since a hyponor-
mal operator is closable and its closure is hyponormal, Cp,og,0-.0p, 1S hyponormal.
Obviously, we can apply the well-known characterizations of hyponormality of com-
position operators, in this particular case with symbol ¢; o@0---0 ¢y, k € J,. However,
the characterizations in the present paper is different with the ones in [3] because the
unconditional expectations are employed.

Under the hypothesis that Cy, ,Cy,,---,Cy,

, are densely defined, this paper is ar-
ranged as follows:

A comprehensive introduction to some measure-theoretic tools is included in Sec-
tion 2. Basic properties of Cg, ---Cyp, are seldom studies, which are essential for the
study in this paper. Thus, they are conveyed in Section 3—Section 5, including the dense
definiteness, kernel, adjoint of (not necessarily bounded) Cy, - - - Cy, . This investigation
also provides a useful introduction for the uninitiated readers. At last, hyponormality
of specific unbounded product Cy, - - - Cy, in L?(u) is investigated in Section 6.

It is noted that this paper is investigated under strong assumption Cg, - --Cy, is hy-
ponormal for each k € J,—1, which is emphasized by “specific” throughout this paper.
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2. Auxiliary

For the latest decades, there has been much success in characterizing in simple,
direct measure-theoretic terms, exactly when composition operators may lie in sev-
eral of these subclasses. Since these results are scattered through the literature and
the approaches developed seem not to be widely known. Therefore, a comprehensive
introduction to some measure-theoretic tools is included in this section.

The well-known Radon-Nikodym theorem is a useful characterization in measure
theory.

LEMMA 2.1. [[4], Theorem 4.2.4 or [1], Theorem 2.2.1] Let (X, <) be a mea-
surable space, let |L be a o -finite positive measure on (X,</), and let v be a finite
signed or complex measure on (X, /). If v is absolutely continuous with respect to
W, then there is a function g that belongs to L' (X, <7 ,u,R) orto L'(X,o/,u,C) and
satisfies v(A) = [,gdu for each A € o/ . The function g is unique up to U -almost
everywhere equality.

The <f -measurable function g is called a Radon-Nikodym derivative of v with
respect to L, which is sometimes denoted by ;1]_1\:'

The following two conclusions seem to be folklore and their proofs are included
in [2] (see, Lemma 12.1 and Corollary 12.2).

CONCLUSION 2.2. Let (X,</, 1) be a measure space and let pj,p, be ./ -mea-
surable scalar functions on X such that 0 < p,, < e a.e. [u] for m = 1,2. Then
L?(p1du) NL*(pydu) is dense in L (p,dp) for m=1,2.

CONCLUSION 2.3. Let (X,<7,u;) and (X, <7, 1;) be o-finite measure spaces.
If the measures g, and g, are mutually absolutely continuous, then L?(i;) N L% (uy)
is dense in L?(u,,) for m=1,2.

The following proposition is a consequence of [[10], Definition I-6-1] and [[1],
Theorem 1.3.10], which was introduced in [3].

PROPOSITION 2.4. Let &2 be a semi-algebra of subsets of a set X and vy, Vv,
be measures on () such that vi(A) = va(A) for all A € &. Suppose there exists
a sequence {Ay}_y € & such that A, /' X as m — oo and Vj(Ay) < oo for every
m € N. Then vi = v;.

The following three propositions were implicit in most of the definitions and used
explicitly in many of the processes.

PROPOSITION 2.5. [[3], Lemma 2] If (X,<7,V) is a O -finite measure space and
f,g are o -measurable complex functions on X such that [, |f|dv <o, [,|g|ldV <o
and [, |fldv = [,|g|dVv for every A € o such that v(A) < oo, then f =g a.e. [V].
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PROPOSITION 2.6. [[3], Lemma 4] Let A and B be positive self-adjoint oper-
ators in a Hilbert space A satisfying 2(A) = 2(B) and ||Af|| = ||Bf|| for every
fe2A). Then A=B.

PROPOSITION 2.7. [[13], Theorem 1.29] Suppose that f:X — R is < -measu-
rable and g(E) = [ fdu, then g is a measure on the G -algebra </ and

/thgz/thdu

for every <f -measurable function g on X with range in R .

3. Basic properties of Cy, ---Cy,

PROPOSITION 3.1. Suppose that (AS) holds. Then the following assertions are
valid:

n k—1
(i) 9(C¢1 "-C¢n) =12 (1 + 2 hq)j . ( H h¢l+l Oq)l_1> -Eq)j <h¢j+1 Oq);1>> du and
k=1

I=j+1
2(Co, - Co) =X L2(1), where j is

n k—1 -~
{,zlhq’j' ,:I;I+1h¢l+loq)l Lo, (h¢,+1 )<°°}

an arbitrary number in Jy.

(ii) Forevery f € P(Cg,---Cy, ), the graph norm of Cy, ---Cg, is given by

k-1
2 2 _ _
||fHC¢n"'C¢1 :/X|f| <1+h‘1’.f' ( H hg,,, 0P, 1) ‘Eo, (h¢j+1 °®; 1)) du,

I=j+1

where j is an arbitrary number in Jy.

k—1
(iii) If ha, (11] g 0@ hoy., o®7 1) <= ae. (], then

Eo,
( ( H hq),HO(D ) < 9j21 © >>0d)k<ooa.e. [u] and for every

o - measumble function f: X — Ry, we have that

/ foq)k

X k=1 . .
he,; - . I1 lh¢1+1 0@, | -Eo, (h¢j+l od; ) o @y
=j+

fdu,

du

k=1
{hq>j'<l:l;[+1h¢l+10q)l ) Eo, (g, 0@ ") >0}

where j is an arbitrary number in Jy.
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Proof. (i) and (ii) are obviously hold. Since

k=1
H {hq)-". ( H hov oq)ll> Eo, (h¢j+l oq)f) :”} =0,

I=j+1

it follows that

k=1
u { (h‘l)j ’ (Z H Ry, Oq)z_1> Eo, <h¢j+l Oq),ﬂ)) oy = °°}
=j+1

_/% k—1 . Oq)kd‘[L:O7
{ ®i < I o o®r >E‘D/‘ (o9 ):“’}

which implies that ( ( H h¢1+1 od; ) Eg, <h¢j+1 od)j1>> odp <ooace. (U],

where j is an arbitrary number in Jy.
Moreover, combining (i) and (ii), for each k € J,,, we have that

fod;

J a
X k—1 _1 1
hq)/w H h¢l+loq)l -Eq)/. (hq)jﬂod)j ) Oq)k
’ I=j+1 ’
fX k-1 B .
_/ 0<ha- ]:l;[+1h¢l+lo<l)l Eg. (hd,m o )<w
N X

k—1
—1
(Z I1 h¢1+1 o ) Eo, (h¢j+l 0®; )

}fdu,

o q)kd,u

he .- kﬁl h o ! -Eg (h o(I)T1>>()
AV B1°%1 i \"0j+17 T

where j is an arbitrary number in J;. This implies (iii) and therefore completes the
proof. [J

The following proposition describes the dense definiteness of C, - - - Cy, .

PROPOSITION 3.2. Suppose that (AS) holds. Then the following statements are
equivalent:

(i) Cg,---Cy, is densely defined.

k—1
(ii) zzzlhdy' (l I1 1h¢1+1 Oq)l_1> Eo, <h¢j+l oq)f) < oo, where j is an arbitrary
=j+
number in Jy.

(i) pwo®, ' is o-finite.
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(iv) u\@gl(ﬂ) is O -finite.

Proof. (iii)=>(iv) is trivial and (i) < (ii) holds by Proposition 3.1.
(i) =-(iii): Let {X;n};_; € &/ be any sequence of sets such that p1(X,,) < oo,

X /' X as m— o and hg, - ( 1'[ h¢1+1 o(I)ll> -Eo, (h¢j+l oCI),f1> <mae. [u] on

X, m € N, where j is an arbltrary number in Ji. Then o ®y(X,,) < e, which yields
to (iii).

(iv)=(ii): Let {¥,}7_, C o/ be a sequence of sets such that p(®,'(¥,,)) <
oo and d)k’l(Ym) /"X as m — . Without loss of generality, we can assume that

o k—1
Yin /Yo =S U1Ym as m — oo, We have hq)j- (1 Huh(p'“ o(I)l_1> -Eq)j <h¢_,-+1 o(I);l> <
m= =j

o a.e. [u] on Y, and consequently on Y.., where j is an arbitrary number in Jj.
Observe that @' (Y,,) / @, '(Y.) and @, '(¥,,) /' X as m — co. It follows that

k=1
p(®, (X \ Y.o)) = 0 and therefore he, - (l I—'{rlh@“ od)ll> Eg, (h¢j+l od)f) =0
=J

a.e. [u] on X\ Ye, where j is an arbitrary number in J;. Combining what we have
been observed above, we prove (ii). This completes the proof. [

Set

k—1
k,j . — _
N’Jé{xEX.hq>j~< [T 7., 0@, 1) . Ea, (h%oq)jl)(x):o},

I=j+1

where j is an arbitrary number in J .
Then the following propositions characterize the injectivity of Cy, - - Cy, .

PROPOSITION 3.3. Suppose that (AS) holds. Then

‘/V C¢n C¢1 H XNk 7

where j is an arbitrary number in J,,.

Proof. Only observe that

k—1
/chl)k"'cmfd” = /thGJj' ( H hoy. Oq)ll> Eg, <h¢j+l 0‘1)]71>dﬂ7

I=j+1

where j is an arbitrary number in J;,. [
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PROPOSITION 3.4. Suppose that (AS) holds. Then the following statements are
equivalent:

(i) N (Cy,---Cy) ={0}.
(i) 3 @(N4) =0,
=1
(iii) Yparj o Pp = xyrj a.e. [U] for each k € Jy.

Moreover, if Cy,,Cy,,---,Cy

n

(iv) N (Cp-+-Co) © N ((Cop++-Co))"),

are all densely defined, then (i)—(iii) are equivalent with

where j is an arbitrary number in Ji with k € J,.

Proof. We always assume that k£ € J,, in this proof.

(i)« (iii): Suppose that (ii) holds. By the non-singularity of @, we have
(@, '(N®7)) = 0. Then p(N*/ Ad, ' (N¥7)) =0 and thus (iii) holds.

Suppose that (iii) holds.

u(NY) = / Xk © Prdpt

_/XNA,hQ) (H he 0@ ) Eo, (h¢,+1 )d[.l 0,

I=j+1

where j is an arbitrary number in J; . This implies (ii).
(iv)=(ii): Let {Xn}_, be a sequence in <7 such that X,, /" X as n — oo,

W(X,,) < oo for each m € N and Z hq> m for p-a.e. x € X;, and m € N. (Observe
j=1
the existence of {X,,}r_, is guaranteed by the densely definiteness of Cy,,Cs,,---,Cy, .)
Therefore, xx,,, Xntinx, € Z(Cg. - Cy,) for each m € N. Since yuwjny, €
N (Cg, ---Cy, ), by (iv), foreach m € N,

0= ((Cy, - Cor) Ak Xx) = LN 0 X N D (X)),

Note that N*/ N X,, N®_ ' (X,») ,/ N/ as m — co, where j is an arbitrary number in
Ji. Then the continuity of u implies (ii).

Moreover, the equivalent between (i) and (ii) can be obtained by Proposition 3.3
and (1)=(iv) is obvious. This completes the proof. [

Recall that if an operator T is hyponormal, then .4 (T) C .A"(T*), which implies
the following corollary.

COROLLARY 3.5. Suppose that (AS) holds. Then the following assertions are
valid:

(i) If Cy, ---Cy, is hyponormal, then N (Cy, ---Cy,) = {0}.
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(ii) If Cy, -+ Cy, is cohyponormal, then N ((Cg, -+ Cy,)*) = {0}.
(iii) If Cy, ---Cyp, if formally normal, then
Z(Cy,++Co )N D ((Co, -+ Cpy)") ={0}.

(iv) If Cy, ---Cyp, is normal, then
N (Cy,-+-Cy) = N ((Cg, -+~ Cy,)") = {0}

PROPOSITION 3.6. Suppose that (AS) holds. Then
k=1
ha, - H Ry, od)l_l Eo, <h¢j+1 od);1> 0P >0
I=j+1
a.e. [U]. Moreover, if

k—1
<h¢’j' ( H h¢1+1 oq)ll> 'E‘D./ <h¢j+1 oq)jl>> o D

I=j+1
1

k—

-1 -1

=ho,- ( I1 710 ) ‘Eo; <h¢j+1 °®; )
I=j+1

a.e. [u], then N (Cy,---Cy,) = {0}, where j is an arbitrary number in Jy.

Proof. The first statement is obtained by 1 (®, ' (N*/)) = 0 and the “moreover”
part is obtained by Proposition 3.4. [

4. Boundedness of C, ---Cy,
One can find the original proof of the boundedness in [12].

THEOREM 4.1. Suppose that (AS) holds. Then necessary and sufficient condi-
tions for Cg, - --Cy, to be bounded are

k=1
ho, - (lnlhd’m Oq)l_1> Eeo, <h¢j+1 Oq)f) €L w), “-1)
=j+

where j is an arbitrary number in Jy.

Proof. Note that Cy, ---Cy, is bounded if and only if Cy, - --Cp, is bounded.

Necessity: (4.1) is obviously the necessary condition for Cy, - - - Cy, to be bounded.

Sufficiency: Suppose that Cy, ---Cy, is bounded. Thus, Cg, ---Cy, is bounded.
Since

duod; !
2716 f— e 2 e 2 2
/X|f| du d[,L = HC¢k C¢l HLZ(IJ) < HC¢k C¢1 H /X|f| d.u7
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o1
which implies an df;k < |Gy, -+ Cy, ||>. Then the proof is completed by the fact

o —1
( H hq),ﬂoq) ) Eo, (h(pjﬂoq);l) = % a.e. [u], where j is an ar-
I=j+

bitrary number inJ,. O

REMARK 4.2. Suppose that (AS) holds. By Theorem 4.1, the boundedness of
Cp, - -+ Cy, implies the boundedness of Cy,og,0.--04, - However, the converse assertion
fails to be held in general.

5. Adjoint of Cy,---Cy,

THEOREM 5.1. Suppose that (AS) holds and Cy, - -+ Cy, is densely defined. Then
the following assertions are valid:

(i) 2((Co,-+Co))") =

n k—1
{feLz(u): Ehcp,»-( IT 7. Oq’zl) ‘Eo, <h¢,+1 )E@(f)oﬂbk’l GLz(u)},
k=1 I=j+1
where j is an arbitrary number in Jy.

(ii) Foreach f € Z((Cy,---Cy,)*), we have

L= 1 1 1
(C¢n - Cy, )(f) = hq’j ’ H h¢l+1 od; 'E(DJ' (h¢j+1 Oq); )E(D” (Fo,

I=j+1

and

[(Co,, -+ Co,)" ||L2 /h<1> E<1> (Hh(bm 11> |Ea,(f) 0@, *du,

where j is an arbitrary number in Jy.

(iii) N ((Cy,++Cy,)*) ={f €L*(U): Eq,(f) =0 a.e. [u]}, where j is an arbitrary
number in Jy.

Proof. Note that 2((Cy, -+~ Cy,)*) =k61@((c¢k“'c¢1)*)~

For f € L*(u),g € 2((Cy, -+ Cy,)*), obviously,

Eo,(f), Co. - Co,(g) € L(1)-
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By Lemma 1.2 and (A.11) in [3], we have

(9. (Co.Co.) Frgy = [ 80 ®@e-Eoy (Fldp = [ g0, Eoy(F)au
a1 b= 1 1
_/ Eq,(f) oDy ho, - ZH1h¢l+1oq); ‘Eo, (h¢j+loq);> dp
=j+
1
— (oo, | TT oy o@;" ) Eo, (he 007 ) Ea(po@' ) . 1)
[=j+1 L2(u)

where j is an arbitrary number in J; .
Let

k=1
7 ={f€Lz<u>:h¢_w< I1 hwmﬂbﬂ) ; (1021 0 ®; )E@(f)o@kleﬁ(u)}.
I=j+1
For any f € %, by (5.1), we have f € Z(Cy, --- Cy,)* and
= 1 1 1
(C¢k o C‘Pl)*(f) = hq)j ’ H h¢1+1 OcI)l_ 'E‘1>j (h¢_/+1 Oq); ) Eq’k Oq)k_ ’
I=j+1

where j is an arbitrary number in J;. This proves (ii).
In the sequence, we only need to show that for any f € Z(Cy, --- Cy, )",

k—1
ho; - < H Ry, oq)ll> Eo, <h¢j+l oq);1>E¢k(f)oq)]:1 €L (u).

I=j+1

By (5.1),

k—1
hq;] ’ ( H h¢l+1 Oq)l_1> 'Eq)j (h¢j+1 O(D;1> E(I)k(f) O(Dk_l € Ll(.u)
I=j+1
and

k—1 -
/Xg'h‘l’j' ( H hy,., Oq)ll> Eo, (h¢j+1 O(D;1> E‘Dk(f)oq)k_ld”
1=j+1

:/Xg'(c¢k"'c¢1)*fdl~l

forany g € 2(Cy, --- Cy, ), where j is an arbitrary number in J .
Let {X,,};,_, be a sequence of sets as in [[3], Lemma 9]. Forany A€ &/, me N,

k=1
let g = ¥anx,, € Z(C, -+ Cy, ). By Proposition 2.5, we have g, - (1 I1 1h¢l“ oCI)ll> .
=j+

Eg, <h¢_,-+1 o(I)jT1> Eo,(f)o®, ' = (Cy, - Cy,)*f ace. [u] on X,, for m € N and con-
sequently on X, which proves (i).
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Now we prove (iii). For f € A4 ((Cy,---Cy,)*),

k—1
hq)] ' < H h¢/+l Oq)ll> Eq)] <h¢j+l O‘D;1>E¢n(f)oq)l;l =0

1=j+1
ae. [u]. By Lemma 1.3, Eg, (f)o®; ' =0 a.e. [u] on
k-1 ) )
he,; - H hg 0@ | - Eo; <h¢j+l od; ) =0
1=j+1

and consequently on X . Then, by [[3], Lemma 5], Eg,(f) =0 a.e. [1], where j is an
arbitrary number in Jj .
Conversely, for f € {f € L*(u) : Ee,(f) =0 a.e. [u]}, we have

/h‘b < H hg, 0@ ) 'E‘D_/ (h¢j+l od)Jfl) (Eq)n(f)od);l)dy = u(Ee,(f)) =0,

where j is an arbitrary number in J;. Hence, Eg, (f) o®,! =0 ae. [u]. By (i),
€N ((Cy,--Cy,)*), which proves (iii). This completes the proof. [

REMARK 5.2. By (iii) of Theorem 5.1, the kernel of (Cy, - --Cy, )" coincides with
the one of Eg,, where Eg, () is seen as the operator E(-;®, ! (<7), 1) : L2 (1) — L* (1)
(See Appendix A in [3]).

6. Hyponormality of unbounded Cj, - --Cy,

The hyponormality of specific unbounded product Cg, ---Cy
this section, which is the main result in this paper.
Conveniently, the following lemma is proved before the main result.

. 1s investigated in

LEMMA 6.1.
k=1
/ <h¢’j' ( H Ry, oq)ll> Eo, (h¢j+1 oq)J'l)) oD ‘E‘Dk(f)‘2d“
X I=j+1
k=1
S /Xh‘Dj ' (1 Hrlhd’tﬂ Oq)ll> <h¢1+1 ) |f|2d“ (6.1)
=J

k -1
holds for every function f € L? ((1 + 2 ho,Eo, (H hy, | od),l)> d,u) if and only
I=1 1=j

if
k—1 5
/X ha, - H he, oq);l ‘Eo, <h¢j+1 oq),f) o @y Eqy (f) dit

I=j+1

k—1
< /X o, - ( 1 hq)lﬂoq)ll) Eo, (hey., 0®;") fdu 6.2)

I=j+1
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holds for every <f -measurable function f : X — R, where j is an arbitrary number
in Jk.

Proof. (6.2)=-(6.1) could be conducted by [[3], Proposition A.3].
(6.1)=-(6.2): By [[3], Theorem A.4], for any

k -1
ferx ((1 + E,l ho Ee,; (tl"[th)t+1 o d),1>) du) , we have that

k—1
/X (hq)j' < H he,.., Oq)ll> Eo, <h¢j+1 oq)jl>> oq)k'E‘Dk(f)zdnu

I=j+1

k=1
S / ho,; - H he, o ! ‘Eo, (h¢j+1 oq);1> fdu, (6.3)
X I=j+1
k -1
in which Eg (f) € L%r ((1 + 3 hoEo, (H hy,.., od),_l)> du) , and j is an arbi-
=1 T \i=j

trary number in J .
Define a measure vy : &/ — Ry by

k -1
Vi(A) = /A (1 + > hoEo,; (th,,ﬂ od),_1>> du,A € o,
=1 1=j

where j is an arbitrary number in J;. By the dense definiteness of Cy, --- Cy,, Vi is
o-finite. Choose {Q,,};_ ;| C o satisfying V() < e, m € N and Q,, /X as
m — oo. For an .o/ -measurable function f: X — R, by [[13], Theorem 1.17], there
exists a sequence {sq}%_, of &/ -measurable simple functions such that

0<sa . Xa,f a o — o
Observe that {sq}5_; C L2 (v;). In the view of formula (A.6) in [3],
0<Eo, (Sa¢) /" Eo,(Qf) ae. [u] as o — oo
Hence, by Lebesgue monotone convergence theorem and (6.3),

k—1
k (h%-' ( I #o.0®; ) Eo, (o o%l)) 0y B (10, /) du

I=j+1

Ol—>00

k—1
= lim ¥ (h‘bj' ( H he,., oq)ll> ‘Eo, (h¢j+1 oq)j1>> Oq)k'E‘Dk(Sa)zd.u

1=j+1
k—1 )

< Jim [ ho,- | T houio®" |- Eo, (hoy. 0 @) shu (6.4)
I=j+1

k—1
= [ o ( I %o, od>ﬂ> Ea, oy 097" ) (o, /) 2du, (6.5)

I=j+1
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where m € N and j is an arbitrary number in J;. Repeating the same process above,
we obtain (6.2). This completes the proof. [

THEOREM 6.2. Suppose that (AS) holds and Cy, ---Cy, is densely defined. Then
the following statements are equivalent:

(i) Cg, ---Cy, is hyponormal for each k € J,.

k -1
(ii) ¥ hoEo, (H hg,., o (I),1> >0 a.e. [u] and for each <f -measurable function
=1 t=j

f:X —>R+,
2
k—1 . .
hq)j' l:Ij—-{,_lhq)Hloq)l -Eq)j (h(pjﬂoq)j ) Oq)k
Eo, = | <Eo(f?)
—1 —1
o, - (ll:[+ g 09, ) Ea, (g, 0®7")

a.e. [{], where j is an arbitrary number in Jy, and k € J,,.

k -1
(iii) 3, ho,Eo, ( I K., o(I)t_1> >0 a.e. [u] and
=1 t=j

k—1
(h‘l’j' (11111]1@“ Oq)l_l> ‘Eo; <h¢j+l Oq);l>> o Dy

* k-1

-1 -1

he,; - ( II hg, o® " | Eo, (h¢_/+1 oD, )
I=j+1

Eo <1

a.e. [{], where j is an arbitrary number in Jy, and k € J,,.

k -1
(iv) lZlhq)_,-Erb_,- (th)t+1 0d),1> >0 a.e. [u] and
= t=j

1

E
O k-1 » »
ho;- | I he 0@ |- Eo, <h¢j+l °od; >

I=j+1
1

k—1
(h‘l’j' (11111]1@“ Oq)ll> ‘Eo; <h¢j+l Oq)jl>> o Py

a.e. [{], where j is an arbitrary number in Ji and k € J,.

<
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Proof. (i)<>(ii): By the definition, the hyponormality of Cy, ---Cy
with

k -1
o I2 ((1 + 3 he,Ea, (H ho, ., o¢[1)> du)
=1 T \i=j

k -1
C {fELz(li) : lzlhq>,Eq>, (H}h@ﬂ oq)tl> ~E¢l(f)od);l ELZ(“)}'
= [:J

. 1s equivalent

k—1
/th>j' < H h¢l+l oq)ll> (h%ﬂ d) ) ‘E(DA( f)o 1;1‘2d.u

I=j+1

k—1
< /thb_,- : ( H h¢1+1 oq)ll> 'EfD_,- (h¢j+l od)]fl> ‘f‘zd.ua (6.6)

I=j+1

k -1
where f € L? ((1 —|—lzlhq>qu>j (H'h%l od),‘l)> d,ll),
= t:]

where j is an arbitrary number in J; and k € J,,. By (2.10) and (A.7) in [3], (6.6) is
equivalent with

2
k—1
/X Eqy (h‘l’j' ( H hy,., O(Dll> Eo, <h¢_/+1 Oq).fl)) o f || du

I=j+1

/h‘b ( H hg., 0@ ) Lo, (h¢j+l Oq);1> \f\2du,

I=j+1

k -1
where f € L? ((1 + ¥ hoEo,; (H hy, oCI)t_1>> du) . By Lemma 6.1, the above
I=1 1=j

formula is equivalent with

k—1
/X Eqy (h‘l’j' ( H hy,., O(Dll> Eo, <h¢_/+1 Oq).fl)) oDy f du

I=j+1

/h‘b ( H e, 0@ ) Eo, (h¢j+1 od);1> f2d“’ (6.7)

I=j+1

where f:X — R, is an < -measurable function. Set

k—1
(hq)j' <l H"_lh¢l+1 Oq)ll> 'E‘Dj <h¢j+1 Oq)jl>> o ®y;
=j
Ok = P
~1 ~1
ho, - < I1 hg. 0@ ) ‘Eo, <h¢j+l °®; )
[=j+1

ae. [u],
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where j is an arbitrary number in J; and k € J,. By making the substitution f «

k-1
hq>j . (11111%'“ o(Dl_1> Eo, (h¢_/+1 o(D;1>f in (6.7), for an &/ -measurable func-

tion f:X — R, , we have that (6.7) is equivalent with

k—1
/ Eo,(6c,f)%d / s, - ( I hd,mocl)ll) Eo, (hy,,, 0®7!) Pdp, (63)

I=j+1

where j is an arbitrary number in J; and k € J,. For any A € &7, by substituting
71(A)f in place of f and formulae (A.7), (A.1) in [3], (6.8) is equivalent with

E9-2d</ Eo, (f2)d1, 6.9
[Dklm o (O.f) du o) o, (f)du (6.9)

where j is an arbitrary number in J; and k € J,,. Then Proposition 3.2 and [[1], Theo-
rem 1.6.11] complete the proof of this part.

(i) = (iii): By (iii), Eq,k(ek% J.)? < Eq,k(ek% ;)> which implies that Eq, (9,37.,,) <1 ae.
[1], where j is an arbitrary number in J; and k € J,,. This implies (iii).

(iii) = (ii): By [[3], Lemma A.1], for every ./ -measurable function f: X — R,

Eo, (61,;f)° < Ea, (67 ;) - Ea (f*) < Ea (/%)

where j is an arbitrary number in J; and k € J,,. This implies (ii).
(iii) < (iv): Observe that

k—1
(hq,j. ( H he,, oq)ll> Eo, (h¢j+1 o(Dj1>> o dy

[=j+1

is (I)k_l («7)-measurable, where j is an arbitrary number in J; and k € J,. Then (iv) is
obtained by formula (A.7) in [3].
This completes the proof. [l

The following corollary is trivially obtained by Theorem 6.2.

COROLLARY 6.3. Suppose that (AS) holds and Cy, ---Cy
the assertions in the following are valid:

, is hyponormal. Then

(i) Forevery o -measurable function f :X — R, we have that

Eo,(67]')* < Ea (67}) ae. [u].
(ii) Eo,(6;)* <1 ae. [u].

(iii) Eq, (é) >1ae [u],
J
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1
—1
< (llj—[ he, ., o ®; >.Eq>j <h¢j+loq)j ))oq)k
Ok = P
—1 —1
ha, - (l:lj—'!ﬂhq)l“ 0, ) “Eo, <h¢j+1 oq)j )

where j is an arbitrary number in Ji and k € J,,.

a.e. [u],

7. Counter-examples

In this section, several counter-examples are given to show that Theorem 6.2 can
be valid for the unbounded case.

EXAMPLE 7.1. For a fixed N € N, let X = Jy, ./ =2%, u be a finite measure
on .« such that for m € X,

won={ 1 nZ0

Define a transformation ¢ : X — X such that for m € X,

| km FkpeX, st m=k,2,“
(P(m)—{ 0 else.

Set A={m¢€ X :m#0,m+# k> Yk € X}. Then we have

m  m#0,
(m) = { w(A) m=0.

Hence, i < e a.e. [u] but 7 ¢ L. Furthermore,

. kyp Jdkn,eX, s.t m:k,%17
ho(l)(m)_{ w(A) else.

It follows that for any m € A°, ho ¢(m) > h(m).

EXAMPLE 7.2. Let X,.o/, u be defined as in Example 7.1. On the measure space
(A€,22 1), wehave h < oo ace. [u] but A ¢ L= and ho ¢ < h.

The following example shows that Theorem 6.2 can be satisfied when Cy, - - - Cy,
is unbounded.

EXAMPLE 7.3. As constructed in Example 7.2, we still consider the measure
space (A2, u). Let y; = ¢ defined in Example 7.1 and v = id, k # 1, where
id stands for the identity transformation. Then

k—1
(h‘l’j' (1 I 1h¢1+1 Oq)ll> ‘Eo; (h¢_/+l Oq)J'l)) o Py
=j+
Eo / <1

/s X
—1
@ (Z 1:[ gy 0@ ) Eo, (h¢_/+1 O(Dj )




HYPONORMALITY 21

a.e. [u], where j is an arbitrary number in J; and k € J,. However, Cy, ---Cy, is
unbounded.

8. Conclusion

In this paper, basic properties of product Cy, - --Cy, in L?(u) are conveyed in Sec-
tion 3-5, including the dense definiteness, kernel, adjoint of (not necessarily bounded)
Cp, -+ Cy, in L?(u). The hyponormality of specific (not necessarily bounded) Cp, -+ Cy,
is characterized in Section 6. This exactly shows the difference between (unbounded)
Cy, -+ Cy, and Cp,0g,0.--09, 1N another way.

To summarize this paper, the following open questions are raised.

OPEN QUESTION 8.1. Is there other new examples which are not trivial to show
that Theorem 6.2 hold when C, - - - Cy, is unbounded?

It is noted that this paper is investigated under strong assumption. Thus we ask:

OPEN QUESTION 8.2. What about the hyponormality of Cgy,---Cy, when
Cp,,Cyy 5+ ,Cy, are all densely defined if we drop the assumption Cy, - - - Cy, is normal
foreach k€ J,?

1

For the unbounded case, the polar decomposition isn’t valid and the approaches in
the study are quietly different. Since the hyponormality of Cy, - - - Cyp, is investigated in
this paper, it is natural to ask:

OPEN QUESTION 8.3. What about the cohypnormality and, even the normality
of unbounded product C, ---Cy, in L*(1)?

As the investigation in [3], the quasinormality and subnormality of unbounded
composition operators are of vital significance to the study of theory of composition
operators in L? spaces over a o -finite measure space. Thus we ask:

OPEN QUESTION 8.4. What about the quasinormality and subnormality of un-
bounded product Cy, -+ Cy, in L*()?
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