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THE INHERITANCE OF m-COMPARISON FROM THE
CONTAINING C*-ALGEBRA TO A LARGE SUBALGEBRA

ZUOWEI ZHANG AND XIA ZHAO*

(Communicated by C.-K. Ng)

Abstract. Let A be a unital simple separable infinite dimensional stably finite C*-algebra and
B be a large subalgebra of A. In this paper, we show that B has (strong tracial or tracial) m-
comparison of positive elements if A has (strong tracial or tracial) m-comparison of positive
elements.

1. Introduction

Large subalgebra was firstly defined by Phillips in [16], as an abstraction of Put-
nam subalgebra in [17], which plays a crucial role on the crossed products of minimal
homeomorphisms (see e.g. [6, 12, 13, 15]). Subsequently, a stronger concept was in-
troduced by Archey and Phillips [3], which is called centrally large subalgebra. Let A
be a unital simple infinite dimensional C*-algebra and B be a (centrally) large subal-
gebra of A. A natural problem is which properties of B could be transferred to A or
which properties of A could be inherited by B. Especially, if a property can pass from
a C*-algebra to a large subalgebra and vice versa, we say the property is permanent
for large subalgebras. Hereinafter, the property is permanent means the property is per-
manent for large subalgebras. Phillips [16] has shown some properties are permanent
such as radius of comparison, finiteness and purely infiniteness. If B is a centrally
large subalgebra of A, Archey and Phillips [3] proved that A has stable rank one if B
has stable rank one. Moreover, Archey, Buck and Phillips [2] obtained tracially 2 -
absorption is permanent if A is stably finite, and 2 -absorption is permanent if A and
B are separable and nuclear in addition.

In the classification of separable simple nuclear C*-algebras, there are some reg-
ularity properties of the C*-algebras. Strict comparison of positive elements, 2 -
absorption and finite nuclear dimension are three attractive regularity properties. Toms
and Winter conjectured that the above three fundamental properties are equivalent for
unital simple separable infinite dimensional nuclear C*-algebras (see [8, 22, 24]). Later,
some other regularity properties are introduced to solve this conjecture (e.g. [11, 19,
23]). To show C*-algebras with finite nuclear dimension is 2 -absorbing, the defini-
tions of m-comparison, tracial m-comparison and strong tracial m-comparison were
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introduced by Winter [23], where O-comparison is strict comparison. Winter [23]
proved that finite nuclear dimension can imply 2 -absorption for unital simple sep-
arable infinite dimensional C*-algebras. For the case where strict comparison implies
Z -absorption in the conjecture, firstly, H. Matui and Y. Sato [14] proved strict compar-
ison and 2 -absorption are equivalent for unital separable simple infinite dimensional
nuclear C*-algebras with finitely many extremal traces. Subsequently, influenced by
this work, Kirchberg and Rgrdam [11], Toms, White and Winter [21], Sato [20] ex-
tended this result almost at the same time. They proved the case independently under
the weaker assumption that the extremal tracial boundary of the C*-algebra is compact
and has finite covering dimension. In [1 1], Kirchberg and Rgrdam gave the definitions
of local weak comparison and weak comparison, and they proved that local weak com-
parison is equivalent to strict comparison for non-elementary unital simple separable
stably finite nuclear C*-algebras with tracial simplex having finite (topological) dimen-
sional closed extreme boundary. However, for general simple C*-algebras, whether
strict comparison, m-comparison and (local) weak comparison are equivalent is still an
open question.

Let A be a unital simple infinite dimensional separable stably finite C*-algebra and
B be a large subalgebra of A. Phillips [16] proved A has strict comparison of positive
elements if and only if B has strict comparison of positive elements. Fan, Fang and
Zhao [9] proved that m-comparison (strong tracial m-comparison) of positive elements
of B could be transferred to A, and they [25] proved that A has weak comparison if
and only if B has weak comparison. To supplement and complete the inheritance of the
comparison properties for large algebra, we consider whether (strong tracial or tracial)
m-comparison of positive elements can be inherited by large subalgebras. To be precise,
our main result in this paper is as follows:

THEOREM 1. Let A be a unital simple infinite dimensional separable stably finite
C*-algebra and B be a large subalgebra of A. If A has (strong tracial or tracial) m-
comparison of positive elements, then B has (strong tracial or tracial) m-comparison
of positive elements.

The paper is organized as follows. First, we recall the definitions and known
results about Cuntz subequivalence and large subalgebra in Section 2. Then we present
the inheritance of m-comparison from the containing C*-algebra to large subalgebras
in Section 3.

2. Preliminaries

In this paper, for a C*-algebra A, we use A to denote the set of all positive ele-
ments in A and M..(A) to denote the algebraic inductive limit of system (M, (A));_, .
Let K ®A denote the minimal tensor product of the set of all compact operators K and
A; in fact, K®A is equal to the C*-algebraic inductive limit of system (M, (4))_,.
Besides, we always follow the identifications A C M,,(A) C M.(A) CK®A.

Let A be a C*-algebra, ac€ A1 and € >0. (a—¢)4 and f¢(a) denote the elements
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obtained by functional calculus evaluating with the functions (1 — &)+ and f¢(¢), where

0 0<r<e 0<r<e
t—g — b ~ ~ bl and t — R ~ ~ b 1
=) {t—& e<t<||al, fe) {1, e<t<||al, %
(see Figure 1).
Y Yy
(t—e)t 1 *ﬂ(ﬂ

5 all t € e t

Figure 1: Graph of (t — €)+ and fe(r)

The following definitions of Cuntz subequivalence are originally introduced by
Cuntz [5]; for more information, please see references [1] and [16].

DEFINITION 1. Let A be a C*-algebraand a,b € (K ®A) .

(1) a is Cuntz subequivalent to b in A, written by a 34 b, if there is a sequence
(v)7-, in K ®A such that ]351010 vibvi = a.

(2) a and b are Cuntz equivalent in A, written by a ~4 b, if a 4 b and b 34 a.
Denote (a) for the equivalence class of a.

(3) The Cuntz semigroup of A is

Cu(A) = (KRA)1/ ~a,

together with the operation (a)+ (b) = (a®b) and the partial order {(a) < (b) if a 34 b.
(4) The semigroup
W(A) =Mw(A)y/ ~a

with the same operation and order as above.

In fact, if @, b € Ay and a 34 b, then there exists a sequence (vi);_, exactly in A
such that klim vibvi = a. Similarly, if a,b € M, (A)4 (or Mw(A) ) and a Za b, then
(vk)7_, can be taken exactly in M, (A) (or M..(A)).

Next, we give some known facts about Cuntz subequivalence (see e.g. [10, 16,

18]).

LEMMA 1. Let A be a C*-algebra.

(D) If a, b € Ay, then the following statements are equivalent:
(@) a3 b;
(b) (a—€)y Zab forall € >0;
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(c) for every € >0, there is 0 > 0 such that (a—¢€)+ 24 (b—0)+.
Q) Let e>0and a,beAr. If |la—b| < €, then (a—€)y Sab.
B)LetacAy. If f:]0,||all] = [0,0) is a continuous function such that f(0) =0,
then f(a) Za a.
4)Let ac Ay and €1,& >0, then ((a—¢€))1 — &)+ =(a—(e1+&))+.
O)Let €e>0,acAr and g € A+ with 0 < g < 1, then

(@a—g)r Zal(l-gla(l-g)—el g

NOTATION 1. Let A be a unital C*-algebra.
(1) Denote QT (A) to be the set of all normalized 2-quasitraces on A (see [I,
Definition 2.31] and [4, I1.1.17] ).

(2) Define dr; : Mw(A)+ — [0,00) by dz(a) = lim T(a%) for all a € M.(A)4+ and
n—oo

T € QT (A). Besides, we denote the same notation d; for the corresponding functions
on (K®A)+, Cu(A) and W(A). It follows that d; is well defined on Cu(A) and W(A)
by part of the proof in Proposition 4.2 of [7].

For a C*-algebra A, QT (A) is compact if A is unital, QT (A) is metrizable if A is
separable, and QT (A) # 0 if A is stably finite. According to Theorem I1.2.2 of [4], for
any 7 € QT (A), d; defines a lower semicontinuous function on A. Let a € Ay \ {0}.

Then one could check that
. 1
de(a) = lim d ((a— —) ) .
n—soo n 4

Moreover, it is shown that d; defines a state on W (A) by the proof of Theorem 2.32 in
[1].

Now we recall the notion of large subalgebra and centrally large subalgebra de-
fined in [16] and [3].

DEFINITION 2. Let A be a unital simple infinite dimensional C*-algebra. A unital
subalgebra B of A is said to be large in A, if for every m € N\ {0}, a1, az,..., am €
A,e>0,x€ A} with ||x||=1,and y € B4 \ {0}, there are ¢y, ¢2,...,cn €A and g €B
such that

(1) 0<g<1;

() |lcj—aj|| <efor j=1,2,...,m;

(3) (1—-g)cjeBfor j=1,2,....,m;

) g3y g3ax;

G) [[(1-gx(1-g)l[>1-e.

B is said to be centrally large in A if we require that in addition

©6) |lgaj—ajg| <€ for j=1,2,...,m.
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A basic example of a large subalgebra is given in [16]. The next lemma is some
basic properties about large subalgebras and centrally large subalgebras, which appears
in [16, Lemma 4.8] and [3, Lemma 3.4].

LEMMA 2. Let A be a unital simple infinite dimensional C*-algebra and B is
a large subalgebra of A. Let m,n € N\ {0}, aj,as,...,am € A, by, bs,..., b, €
A, e>0,x€ AL with ||x|| =1, and y € By \ {0}. Then there are cy,ca,...,cm €
A dy,do,...,d, € Ay and g € B such that

(1) 0<g<1;

() |lcj—aj|| <efor j=1,2,....m, |bi—di|| <€ fori=1,2,...,n;

G3) llejll < llajll for j=1,2,....m, |bil| <||dil| for i=1,2,....n;

4) (1—g)cjeBforj=1,2,....m, (1—-g)di(l1—g)eBfori=1,2,...,n;

(5) gZax, §3BY;

©) [(1-g)x(1-g)|>1-¢.
If B is a centrally large subalgebra of A, then we have that in addition

(7) ||lgaj—ajg| <€ for j=1,2,....m, ||ghi—big|| <& fori=1,2,...,n.

3. Main results

In this section, we present our main results. First, we recall the definitions of
(strong tracial or tracial) m-comparison of positive elements introduced by Winter in
[23].

DEFINITION 3. Let A be a unital simple separable C*-algebra and m € N.
(1) A is said to have m-comparison of positive elements, if for any positive con-
tractions a, by, b1,...,bm € Mw(A) \ {0}, we have

ajbo@...@bm
whenever dr(a) < d.(b;) forevery T € QT(A) and i =0,...,m.
(2) A is said to have tracial m-comparison of positive elements, if for any positive
contractions a, by, by, ...,by € Mw(A)\ {0}, we have
aZby®-- Dby
whenever d;(a) < ©(b;) forevery 7€ QT (A) and i =0,...,m.
(3) A is said to have strong tracial m-comparison of positive elements, if for any
positive contractions a, b € M.(A)\ {0}, we have

azb

whenever d;(a) < mLHT(b) forevery 7 € QT (A).
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Itis obvious that m-comparison of positive elements implies tracial m-comparison
of positive elements and strong tracial m-comparison of positive elements implies tra-
cial m-comparison of positive elements. According to Proposition 3.3 in [23], m-
comparison and tracial m-comparison of positive elements are exactly equivalent for
separable simple unital C*-algebras.

Next, we give some necessary lemmas.

LEMMA 3. [16, Lemma 6.13] Let X be a compact Hausdorff space. If {f,} :
X — RU{eo} (neN\{0}) is a sequence of lower semicontinuous functions such that
Six) < fo(x) < forall xe X, and g: X — R is a continuous function such that
glx) < '}51010 fn(x) forall x € X, then there is an integer ng > 0 such that g(x) < fy,(x)

forall x € X.

LEMMA 4. Let A be a unital simple separable stably finite C*-algebra. Suppose
that a,b € Ay and € > 0. If di(a) < d.(b) for all T € QT(A), then there is § >0
such that dr((a—€)+) < di((b—98)4+) forall T € QT (A).

Proof. Let f¢(r) be a continuous function from [0, ||a||/] to [0,1] defined by (1).
Then we have

de((a—e)2) < 1(fe(a) < dela) < d(b)

forall € QT (A).

Define f: QT(A) — R and f, : QT(A) — R by f(1) = t(fe(a)) and f,(7) =
di((b—1);), then f is continuous and f, is lower semicontinuous. Since d¢(b) =
r}i_l:r;df((b —1/n)4), then we have 7(fe(a)) < d;(b) = nlglgodf((b —1/n)4) forall 7€
QT (A). Lemma 3 implies that there exists an integer n > 0 such that 7(fz(a)) <
di((b—1);) forall T€ QT (A). Let § = L thus, we have d;((a—¢)1) < t(fe(a)) <
di((b—90)4) forall Te QT(A). O

Using the similar proof, replacing d;(b) with #de(b)’ we have the same result
as follows:

REMARK 1. Let A be a unital simple separable stably finite C*-algebra. Suppose
that a,b € A, and € > 0. If d;(a) < m%rldf(b) forall T € QT (A), then thereis 0 >0

such that d:((a—€);) < ;iqd:((b—6)) forall 7€ QT (A).

LEMMA 5. [16, Lemma 2.7] Let A be an infinite dimensional simple C*-algebra
which is not of type I. Let b € A4\ {0}, € >0 and n € N\ {0}. Then there are c € A}
and y € AL\ {0} such that

n{(b—¢€)4) < (n+1)(c) and {c) + (y) < (b)
() in W(A).

Next, we prove m-comparison of positive elements could be inherited by a large
subalgebra.
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THEOREM 2. Let A be a unital simple infinite dimensional separable stably finite
C*-algebra. Let B C A be a large subalgebra. If A has m-comparison of positive
elements, then B has m-comparison of positive elements.

Proof. Let a, by, ..., by be positive contractions of M..(B)\ {0} such that d;(a) <
d:(b;) for all T € QT (B); we need to show that a Xp by ® b1 @ - --® b,,. According
to Lemma 1 (1), we only need to show (a— €)1 Spbo® b1 @ --- Db, forall € >0.
Without loss of generality, we may assume that (a — &)y # 0. By Corollary 5.8 in [16],
we have B is stably large in A, thus M,,(B) is large in M, (A) for every positive integer
n. Therefore, we may assume that a, by, ...,b, € B.

Since d(a) < d¢(b;) forall T € QT (B), Lemma 4 implies that there exists & >0
such that d¢((a —%§)+) < d:((b; — &) ) forall 7€ QT (B) and every i =0, 1,...,m.
Let wi(t) =d:((bi — 6;)+) —dc((a—5)+) > 0. Since we have assumed (a — £)+ ;é 0,
we get (a—5)4 > (a—¢); > 0. Lemma 1.23 in [16] implies that inf cr(z) dr((a —
£)4+) >0. Foreach i=0,1,...,m and 7 € QT (B), we have

dr((bj—6;)+)
dr((bi—6)+) _ dr((bi—6)+) __di((@e=%)1)
wi(T) die((bi—&)+) —de((a—5)s)  Gllbizd)e) 4
de((a=5%)+)

Besides, by the proof of Lemma 4, we have dr((a — 5)+) < ©(f5 (a)) < dz((bi — 8)+)
forall T € QT (B), where f%( a) is defined by (1). Thus, we obtaln

del(bi—8)) _ del(bi~8).)
(@51 = 1(fg(@)

for all 7 € QT(B). Since d¢((b; — ;)+) is a lower semicontinuous function and

7(fg(a)) is a continuous function on QT'(B), we have % is a lower semi-
'3

continuous function on QT (B). Then % has a minimum value on QT (B) by
'3

the compactness of QT (B). Denote the minimum value as m; foreach i =0,1,...,m.

Since % > 1 forall i=0,1,...,m and all T € QT (B), we have a = min{m; :
'3

i=1,2,...,m} > 1. Thus, we get % > a>1 forall 7€ QT(B) and all
T 2

i=0,1,...,m. Notice that g(¢) = ﬁ is a monotonically decreasing function, then we
have
de((bi—8)+) _ o
wi(T) Sa-—1

forall i=0,1,...,m and all T € QT (B).

Letn> 2% —1. Thenn>%—lf0rallz—07l7 ,m and 7€ QT (B).
As B is large in A, then B is a simple infinite dimensional C*-algebra by Proposition
5.2 and Proposition 5.5 in [16]. Since B is unital, we have B is not of type I. By Lemma
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5, for above b;, &; and n, there are ¢; € By and y; € B, \ {0} such that

n((bi—6i)+) < (n+1){ci), 2)
(ciy + (i) < (i) (3)

fori=0,1,...,m, where () € W(B). Then (2) implies that

n

s ld‘r((bi — &)y ) <di(ci)

forall T € QT (B). Therefore,

1
n+1

I
=

i(7)— d:((bi—6;)+)>0

for all T € QT (B), where the last inequality is by the choice of n. Therefore, we have
di(c;) >dc((a—%)) forall T€ QT (B). According to Proposition 6.9 in [16], we have
the restriction map from QT (A) to QT (B) is a bijection. Thus, d¢(c¢;) > d:((a—%)+)
forall 7€ QT (A). Since A has m-comparison of positive elements, we have

€
(a——) SACB B
2/+

Let co® -+ ®cy=c € My11(B), then there exists v € M1 (A) such that

fev—(a-2). <

Since M,,11(B) is a large subalgebra of M,,1(A), by Lemma 2, there exist v €
M,41(A) and g € My,11(B) such that

(i 0<g<sL;

(i) [|v=o < grepfirrs
(i) | vo <[/ v s

(iv) (1—g)vo € My+1(B) and

(V) e3BY0BYID - DYm.
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Then according to (ii) and (iii), we have
* * * * * * €
[l vocvg —vev' <] vocvg —voev™ || + || voev' —vev™ [|< T 3)
Combine with (4), we get

. £ £
HVOCV0‘<"‘§)+H<§~

[a=gmoc(@-goy —(1-g)(a=3) (1-9)] <5

Therefore, Lemma 1 (2) implies

Thus

€ € .
(1-¢)(a=3) (1-9)=5) Ss(1-gwe((l-gw) Ise.  (©
2/ + 2 n
Using Lemma 1 (4) at the first step, Lemma 1 (5) at the second step, (6) and (v) at the
third step, (3) at the last step, one conclude that

)

S (01-9(a-5) 0-0-3) o

JBCOYD - DYm
~BCOD DDy D - Dym
ijO@"'@bl’m

that is, a Sp bg® - - - @ by,. Thus, we have proved B has m-comparison of positive
elements. [J

Now we consider whether the tracial m-comparison of positive elements of A
could be transferred to B. Since A is a simple separable unital C*-algebra, if A has
tracial m-comparison, Proposition 3.3 in [23] implies that A has m-comparison. Then
Theorem 2 implies that the large subalgebra B has m-comparison, thus, B has tracial
m-comparison naturally. That is, we get the following corollary.

COROLLARY 1. Let A be a unital simple infinite dimensional separable stably
finite C*-algebra and B C A be a large subalgebra. Suppose that A has tracial m-
comparison of positive elements. Then B has tracial m-comparison of positive ele-
ments.

Next, we show strong tracial m-comparison of positive elements could be deduced
from the containing C*-algebra to a large subalgebra.

THEOREM 3. Let A be a unital simple infinite dimensional separable stably finite
C*-algebra. Let B C A be a large subalgebra. If A has strong tracial m-comparison
of positive elements, then B has strong tracial m-comparison of positive elements.
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Proof. Let a, b be positive contractions of M..(B) such that d(a) < #ﬂf(b) for
all 7€ QT (B). Without loss of generality, we may assume «a, b € B . We need to show
that (¢ — &)+ Spb forall € > 0. Similarly, we assume (a— &)y # 0.

Since d:(a) < ﬁr(b) < deT(b) for all T € QT (B), Remark 1 implies that
there exists 0 > 0 such that dr((a— )< m+1 d:((b—0)+) forall T€ QT (B). Let
w(t) = m+1 dr((b—98)+)—d:((a—%)+). By the assumption of (a—€); # 0, we have
(a—%)+>(a—¢€)4+>0. Lemma 1.23 in [16] implies that inf;c o7 () dc((a—§)+) > 0.
Then we have

de((b—6)+)
de((b—6)+) _ di((b—8)+) (@ 5)1)
+1 Cdi(b=8)y)—(m+1Dd((a—2),) _d((b=8)y)
(- Ow(@) (b))~ (m+ Diella=§)) - 00) )
dr((h75)+ has a

for all T € QT (B). By the similar proof in Theorem 2, we have T s (@=5)7)

lower bound 8 > 1 and W has an upper bound ﬁﬁ forall 7€ QT (B).

Let n > pi — 1. Then n > % 1 for all T € QT (B). By Proposition

5.2 and Proposition 5.5 in [16], we have B is simple and infinite dimensional. Since
B is unital, B is not of type I. Hence, Lemma 5 implies that there are ¢ € B and
y € B4\ {0} such that

n{(b—8)+) < (n+1)(c), @)
(c) +(y) < (D), ®)

where (-) € W(B). Since d. defines a state on W (B), (7) implies that d¢(c) > Jdc((b—
0)4) forall T € QT (B). Therefore,

et —de((a-3). )
> a@-8))—ar (e F) )

_ mildfab—a)n—df((a—;)) e d(6-9),)

(1)~ s de((b-8),) >

for all 7 € QT (B ) where the last inequality is by the choice of n, that is, we have
di((a—%)+) < deT( c¢) for all T € QT (B), and then by Remark 1, there exists ;

such that
a(((a=3).-5) ) <peelle=a0)

forall 7€ QT(B). Let f5, : [0,]la||] — [0, 1] defined as (1), then
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forall T € QT(B). Since B is large subalgebra of A, QT (A) — QT (B) is a bijection,

and thus,
€ €
oe(((-5),-3) )<

forall T € QT (A). Since A has strong tracial m-comparison of positive elements, we

have
€ £ €
(+3). = ((“—z)+‘z>+ =l

It follows that there exists v € A such that

it —(a-5), ] <5

Since B is large in A, there exist vo € A and g € B such that
(i) 0<g<1

(i) g3py:

(iii) (1-g)vo € B:

(iv) [[vo [[<[/ v and

™ v=voll< gt

23, (0))

By (iv) and (v), it follows that

[[vofs, (€)vo = v f5, () v [| <[l vo.fs, () vo — vo S, () v" ||
+ 1 vofs (e)v' —vie (e)v' ||

< £
1

With (9) and || 1 —g||< 1, we have

[a=gvss(@vi-g-(1-g)(a=3) (1-8)]
<[ (T =g)vofs (c)vo(1—g) = (1=g)vfs ()" (1-g) |
Ha-grvsaEera-g9-0-g(a-3) 1-2)

€
<5 (10)

Thus, Lemma 1 (2) and Lemma 1 (3) imply that

(a-2 (a—§)+<1—g>—§)+

S (1—=g)vofs (c)vp(1—g)
2B f5(c) Zpe. (1)
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Therefore, using Lemma 1 (4) at the first step, Lemma 1 (5) at the second step, (11),
(i1) and (8) for the last three steps, we have

o= (f9.).

€
< 1— <__> 1—9)—=
NB<( gla=3) (-2 2>+€9g
SBcdgIpcdynb,

which follows that a Zp b. Thus, we have proved B has strong tracial m-comparison
of positive elements. [

With the results in [9], we have the following sufficient and necessary condition.

COROLLARY 2. Let A be a unital simple infinite dimensional separable stably
finite C*-algebra and B be a large subalgebra of A. A has (strong tracial or tracial)
m-comparison of positive elements if and only if B has (strong tracial or tracial) m-
comparison of positive elements.
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