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ON SINGULARITIES OF LABELED GRAPH C*-ALGEBRAS

DEBENDRA P. BANJADE, AMY CHAMBERS AND MENASSIE EPHREM

(Communicated by L. Molndr)

Abstract. Given a directed graph E and a labeling .# , one forms the labeled graph C*-algebra
by taking a weakly left-resolving labeled space (E,.Z, %) and considering a universal generat-
ing family of partial isometries and projections.

In this paper, given a labeled space (E,.Z, %), we provide a process in which one can
build a “larger” desingularized labeled space (F, %Zr,%r) whose graph F essentially maintains
the loop structure of the original graph E and such that the unitization of C*(E,.#, %) is a full
corner of C*(F,. %7, BrF).

1. Introduction

Since the early 1970’s graphs have been used as a tool to study a large class of C* -
algebras. In 1980, in [10], Enomoto and Watatani introduced the notion of C* -algebras
associated to directed graphs represented by adjacency matrices, and the theory of graph
algebras has been rigorously developed in subsequent years. In [13], Kumjian, Pask,
Raeburn and Renault defined the graph groupoid of a countable row—finite directed
graph with no sinks and showed that the C* -algebra of this groupoid coincided with a
universal C*-algebra generated by partial isometries satisfying relations naturally gen-
eralizing those given in [6].

Since that time, many people have worked on generalizing these results to arbitrary
directed graphs and beyond, including higher rank graphs, ultragraphs, and labeled
graphs.

After the introduction of ultragraphs by Tomforde in [14], Bates and Pask, in [3],
introduced a new class of C*-algebras called C*-algebras of labeled graphs. Later, in a
series of papers (along with Carlsen) [4, 2], they provided some classifications of these
algebras, including computations of their K -theories.

For a directed graph, a singular vertex is simply a vertex that emits infinitely many
edges or none at all. In their paper [7] Drinen and Tomforde presented a way to desin-
gularize a directed graph, by presenting a larger graph whose C*-algebra contains the
C* -algebra of the original graph as a full corner.

In recent years several works have been done on labeled graph C* -algebras, such
as the ideal structures (gauge—invariant, primitive etc.). However, in most of these
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works two restrictive assumptions are regularly made: the graph would have to have
no sinks and the labeled space would have to be set—finite (see [1 1], [9]). In this work,
given a labeled space (E,.%, %) where % may contain “singular” sets, we build a
“larger” desingularized labeled space (F,.%F,%r) with a C*-algebra C*(F, %r, Br)
containing C*(E,.%¢,%); and that the unitization of C*(E,.Z, ) is a full corner of
C*(F, %, %r) (see Theorem 4.18).

REMARK 1.1. In [7], Drinen and Tomforde describe a desingularization process
for directed graphs, which allows for the extension of certain results involving graph
C* -algebras. The constructions and results described in this paper are highly inspired
by this work, as well as Tomforde’s later paper, [14], in which he skillfully generalizes
the Drinen-Tomforde Desingularization to ultragraphs. However, the constructions and
proofs contained in this paper are significantly different from those works, primarily
because each projection in the set of generating projections of the C*-algebra of a di-
rected graph or an ultragraph corresponds to a vertex of the graph or ultragraph, whereas
each projection in the set of generating projections of the C* -algebra of a labeled graph
corresponds to a set of vertices.

A directed graph E = (EO,E1 ,s,7) consists of a countable set EY of vertices and
E' of edges, and maps s,7: E R identifying the source (origin) and the range
(terminus) of each edge. The graph is row—finite if each vertex emits at most finitely
many edges. A vertex is a sink if it is not a source of any edge. A path is a sequence of
edges eje;...e, with r(e;) = s(ej+1) foreach i=1,2,...,n— 1. An infinite path is a
sequence eje; ... of edges with r(e;) = s(e;41) for each i.

For a finite path p = eje;...e,, we define s(p) := s(ey) and r(p) := r(e,). For
an infinite path p = eje;. .., we define s(p) := s(e1). We use the following notations:

tE' ={ec E' :5(e) =1}.

E*:= U E", where E" := {p: pis a path of length n}.
n=0
E* := E*UE™, where E” is the set of infinite paths.

The paper is organized as follows. In section 2 we develop some terminologies
for labeled graphs. In section 3 we describe labeled graph C*-algebras. In section 4
we first introduce the notion of a singular set, the labeled graph equivalent of a singular
vertex for graphs, we then construct a desingularized labeled graph (F,.%F), build a
labeled space (F,.%r,%r), and present the main result.

The desingularization process is a two step process. Given a labeled graph (E,.%),
we first desingularize the labeled graph by removing the existing edges, adding new
edges, and labeling. This creates a new labeled space (F,.%F). For the second
step, given a set A C ZEO, we create a new set B and build a new labeled space
(F,%r,%#r). A reader who would like to jump ahead and see the desingulaization
process may read example 4.4 and the subsequent remarks.
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2. Preliminaries

Let E = (E°, E', 5, r) be a directed graph and let <7 be a countable alphabet
(a countable set of colors). A labeling is a function % : E ' &/. Without loss
of generality, we will assume that o/ = Z(E'). The pair (E,.%) is called a labeled
graph.

Given a labeled graph (E,.%), we extend the labeling function . canonically
to the sets E* and E* as follows. Using 7" for the set of words of length n, .Z is
defined from E" into &/" as ZL(ejey...en) = L(e1)ZL(e2)... £ (e,). Similarly, for
p=eiey...€E”, L(p)=L(e1) L (er)... 6;@7“.

Following a tradition, we use .Z*(E) := U Z(E"),and X"(E) = Z(E7).
n=1
Foraword a =aja;...a, € £"(E), we write

s(a) :={s(p):p€E", ZL(p) =}

and
r(a) :={r(p):p€ E", Z(p) = a}.
Similarly for o = ajay... € Z7(E),

s(a):={s(p): p€ E”, ZL(p) = a}

Each of these sets is a subset of E°. The use of s and r for an edge/path verses a
label/word should be clear from the context.

A labeled graph (E,.Z) is said to be left—resolving if for each v € E° the function
Lt (v) — & is injective. In other words, no two edges pointing to the same vertex
are labeled the same.

Let % be a non-empty subset of 2E" Givena set A € Z we write £ (AE") for
the set {Z(e) :e € E' and s(e) € A}.

For aset A € # and a word a € Z"(E) we define the relative range of o with
respect to A as

r(A,a):={r(p):p€E*, Z(p) = o and s(p) € A}.

We say A is closed under relative ranges if (A, o) € & for any A € # and any
o Z(E").
A is said to be accommodating if

1. r(a) € P foreach a € £*(E)
2. & is closed under relative ranges

3. A is closed under finite intersections and unions.

If % is accommodating for (E,.%), the triple (E,.£, %) is called a labeled space.
For trivial reasons, we will assume that & # {0}
A labeled space (E,.Z, %) is called weakly left—resolving if for any A, B € &
and any oo € L*(E)
r(ANB,a)=r(A,a)Nr(B,a).
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3. Labeled graph C*-algebras

DEFINITION 3.1. Let (E, %, %) be a weakly left-resolving labeled space. A
representation of (E,.Z, %) in a C* -algebra consists of projections {p4 : A € A}, and
partial isometries {s, : a € o/} that satisfy the following Cuntz-Krieger type relations.

(CK-1) If A, B€ A, then papp = panB> PAUB = PA + PB — Pang, and Py =0.
(CK-2) Forany a, b € 7, 5,55 = Py(a)Oup-
(CK-3) Forany a € o/ and A € &, 5,pA = Pr(a,a)Sa-

(CK-4) For A € # with Z(AE") finite, and ANB = 0 for all B € A satisfying
B C Eg-nk, we have
PA = Z Sapr(A,u)SZ'
ac€.Z(AE")

The labeled graph C*-algebra is the C*-algebra generated by a universal repre-
sentation of (E,.Z,%). Foraword i = aj;---a, we write s, to mean Sq, - - - Sq, . One
easily checks from the relations that sZs,l = Pr(u) and that sysu = 0 unless one of 1,
v extends the other. In this case, e.g. if u = va, we have sys, = Pr(v)Sa-

Using € to denote the empty word, we find that

C"(E,.Z,%) =span {supasi,: u, ve L(E)U{c} and A € B} .

Here we use s to denote the unit element of the multiplier algebra of
C'(E,Z,B).

Given a weakly left-resolving labeled space (E,.Z, %), we say that the labeled
space is set—finite if, for any A € 4, the set s (A) is finite.

Notice that if E has no sinks and (E,.Z, %) is set-finite, then for any A € & we
get

pPA = 2 sapr(A,a)SZ' (CK-5)
acZ(AE"Y)

4. Desingularization

We begin with the definition of a singular set in (E,.,%).

DEFINITION 4.1. Let (E,.Z, %) be alabeled space. A set A € A is said to be a
singular set if A contains a sink or {a € &7 : s(a) € A} is not finite.

The main step of the desingularization procedure does not depend on the labeled
space. We start with a labeled graph (E,.#’) and build a labeled graph (F, %%), where
the graph F has no sinks. With this construction, given a labeled space (E,.%, %)
that may contain singular sets, we construct a larger labeled space (F,.Zr, %r) whose
C* -algebra has the desired properties.
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Suppose (E,.%) is a labeled graph with the labeling set 7. Since the labeling
function . : E! — <7 is onto and E! is countable, the set </ must be countable.
Let o ={ay, aa, ..., an}, where N is the cardinality of </, which could be finite or
countably infinite. Let Z(tE') = {a € o/ :t € s(a)}.

We describe the construction of the desingularization of a labeled graph and follow
with the definition. It may be useful to take a look at Example 4.4 when going through
Definition 4.2.

Starting with the set of vertices E°, we add vertices and create new edges and
labelings as follows:

e For each vertex 7 € E:

o If ¢ is a sink, attach an infinite path to ¢ with vertices v/, vtz, ... and correspond-

ing edges labeled by, by, ... (for each sink, the labeling of this added path will
be the same).

o If ¢ is not a sink then let

o — max{i:a; € L(tE")} if the set L (tE") is finite
T ) if the set Z(tE") is not finite

If k; < oo, attach a path of length k; to ¢ with vertices vtl, vtz, ceey vf’ and cor-

responding edges labeled by, by, ..., by, . If k; = oo, attach an infinite path to ¢
with vertices v,l, v,z, ... and corresponding edges labeled by, b,, ....

e Foreach i=1...N,if a; € ZL(tE"), look at the set of edges fﬁl(ai)ﬂt_El. For
each e € £ ! (a;) NtE', remove the edge ¢ and add an edge from vertex v/ to r(e)
and label this edge as ¢;. Each edge labeled a; is now replaced by a path labeled
b1b2 PN b,‘C,‘.

DEFINITION 4.2. The desingularization of the labeled graph (E,.%) with label-
ing &/ is the labeled graph (F,.%F) with labeling <7 having vertex and labeling sets:

FO=EuJ{ti=1,... .k}

teE0
and

o = BUC
where B := {by, by, ... b} with [ = max{i:q; € &/} if E has no sinks and the
labeling set .o/ is finite or [ = e otherwise, and C = {c| ,c2, ..., cy} where N =

max{i: a; € o/} if the labeling set <7 is finite or N = oo if the set of labels is infinite.
The set of edges as well as the source, range, and labeling maps are determined by the
construction.

REMARK 4.3. This process of desingularization creates a one-to-one map from
the set X*l(ai) onto Xgl(blbz ...bjc;). Denote this map by ¢. Let B; = b1b,...b;
and ¥; = by...bijc; = Bic;. Thus ¢ : .,Sf*l(a,-) — ffl(%) is one-to-one, onto, and
source and range preserving (at the level of graphs). Moreover s(a;) = s(¥%) € E° and
rla;) = r(y) C EY.
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EXAMPLE 4.4. Consider the following labeled graph (E,.%).

X v)lc v)% v?c
3
c
3
vy
b3
Vin
c
by by b
s vy v
by by bs by
1 2 3 4
Z v, L= vy vy
c{
by 1 by 5
U—— vl ——2..

Notice that each vertex in E° is a source of the label b; and b; only.
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EXAMPLE 4.5. Consider the following labeled graph (E,.%).

w3

w2
ay

U — Wi

Then (F,.%F) becomes:

W w3...

€1

REMARK 4.6. Given a labeled graph (E,.%), the construction of (F,.%F) is not
necessarily unique, and different constructions do not necessarily yield isomorphic la-
beled graphs. This is due to the fact that .« may be ordered in different ways. We will
demonstrate this fact using the following example.

EXAMPLE 4.7. Consider the following labeled graph (E,.%), where « = {s,t}.

y

t
X ——%



212

D. P. BANJADE, A. CHAMBERS AND M. EPHREM

Ordering &7 as of = {a; = s,ay =t} the labeled graph (F, ZF) will be:

by b,
X —— v, —— Vv

Cll cx'
by by b3
y pl v§

Ordering &7 as of = {a; =t,a, = s} the labeled graph (F, ZF) will be:

by b,
X —— v, —— i

Czl
by 4 b, b3

cl y vy vy
by | b 2
LV, —V;

2

REMARK 4.8. Let (F,4r) be a desingularization of a given labeled space

(E,%) and let ¢ be the function described in Remark 4.3.

1.
2.

E°C FO.
Each edge ¢ in E' is now replaced by a (unique) path ¢(e) in F, sharing the

same source and range.

If eje;...e, isaloop in E then @(ej)d(er)...d(ey) is the corresponding loop
in F, with base point in EO; and this is a one-to-one map from the collection of
loops in E onto the collection of loops in F with base points in E.

For any i, r(b;) = r(B;), and r(b;) NE® = 0.

For any non empty subset A of E° and any i, Zr(AF') = {b;}, 0 C
Lr(r(A,Bi)F") C{bis1, i}, and r(A, 1) = r(A,a;).

Suppose a labeled space (E,.%, %) is given. To help us build a desingularized

labeled space (F,.%r,%r) we will define two new collections of subsets of F. Let

€ = {r(A,B;) 1 A€ B,ic N}U{0},
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2 :={r(B;):i e N}U{0} = {r(b;) : i e N}U{0}.
One can easily see that each of the sets 4" and Z is closed under finite intersection.

We provide a few other properties of the elements of 4 and Z in the lemma below.

LEMMA 4.9.
1. Forany A€ B andany C€ ¢, ANC=0.
2. Forany A€ # andany D€ 9, AND =10.

3. IfC = V(Al,B,') and C = r(AQ,ﬁj) then

0 if i#j
NG = PR
b {r(AlﬂAz,ﬁi) if i=j
Hence C\NC, € €.
Moreover r(Ay1, B;) Ur(A2,B;) =r((A1UA2), B;) if i = j. This is useful for avoid-
ing redundancies of the /s when writing the union of elements of ¢ .

4. If Dy = r(b;) and D> =r(b;) then

_fo it
DD~y 1]
Hence DiND, € 9.

This also implies that the collection {r(b;)} is pairwise disjoint. This is useful
for avoiding redundancies of the bls when writing the union of elements of 9.

5. IfC=r(A,Bi) € € and D=r(b;) € Z then
_J0 i i#
COD—{C if iz
Hence CND € 6.

Moreover r(Ay,B;) Ur(bj) = r(b;) if i = j. This is useful for avoiding redun-
dancies of the indices when writing the union of elements of € with elements of

7.

DEFINITION 4.10. Given a labeled space (E,.Z, %), let (F,.%F) be a desingu-
larization of the labeled graph (E,.%). Define % as:

PBr ={AU(UL,C)U (UL D)) :A€ B, CieC, Dj € 7}.
For an element M = AU (UC;) U(UD;), where C; = r(Ai,B,), Dj = r(B:;), we

can assume that the collection of indices {r;,r;} is pairwise unequal, that is, no two
Br;»Br; are of equal length. This makes the set AU (UC;) U (UD;) a disjoint union,
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which helps significantly for showing that (F, %7, %r) is weakly left-resolving and
other proofs down the line.
Now, let o € .Z*(F), then

r(A, o) if a=by...

r(Ci, o) if a=byy1... or a=cy...
r(Dj,a) if A=byt1... or A=cy,...
0 otherwise.

r(M, o) =

In the next two theorems, we will show that (F, £, %r) is a labeled space.

THEOREM 4.11. Given a labeled space (E, £, %), let (F,£r) be a desingular-
ization of the labeled graph (E, ). If (E,£, %) is weakly left-resolving, then so is
(Fa D?Fy @F) .

Proof. In order to prove that (F,.%r,%r) is weakly left-resolving, we need to
show that (M NN, a) =r(M,0) Nr(N,c) forany M,N € B and any a € L (F).

Let o € £*(F),and let M = AU (UC;) U (UD;), N = BU(UC;) U (UD}), where
each union is finite, G; = r(A;,B,), D; = r(ﬁsj) and the elements in the collection
{ri,s;} are pairwise unequal. Similarly, C; = r(Ay, By, ),D; = r(By,), also the elements
in {dy,h;} are pairwise unequal. To show that r(M NN, o) = r(M, ) Nr(N, ), we
will consider following cases:

Case 1: o =by..., that means o begins in bj.

Case 1(a): o = by...c;,, that means o ends in c;,. Thus o = ¥, Vs, ... Vs,
Now, r(M,o) =r(A, ) = r(A Yy Ve ---Yy) = r(Asanayy - .. ary) = r(A,apay, ... ay,) €
(E, 2, B).

Similarly, #(N, o) = r(B,an ay, . . . az,)

Since M NN = (AN B)U (UCNCG)) U (UGND))) U (UD;NCG)) U
(U(D;N D)), we get

r(MNN,a) =r(ANB, )
=r(ANB,a,a, ...a;,;)
=r(Aanay, ...a;,) \r(B,ayay, .. .az,)
=r(M,a)Nr(N,o).
The third equality is because (E,.Z, %)
is weakly left-resolving.

Case 1(b): ot =YY, ---Vi,0102 ... br =Y, Vsy - - - Y1, Br-

V(M7OC) :V(A,O() :V(A»%l%zu%dﬁr)
= r(r(A7%1%2"'%d)7ﬁr)

= r(r(A7atlat2 ~~~atd)7ﬁr)'
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Similarly, r(N,o) = r(r(B,ayay,...a;,),B). Also, r(M N N,o) = r(r(AN
B,ayay,...a,),Br). Let A" = r(A,ayay,...a;,), B'=r(B,aya,...qa,). From Case
1(a), we get that r(ANB,aya,...a,,) = A'NB. Also, we have that r(M,a) =
r(A",B,), r(N,a) = r(B',B,), and r(MNN,o) = r(A’NB’,B,). Our goal now is to
show that r(A"NB,B,) = r(A',B,) Nr(B',B,). For this, it is enough to show that
r(A,B)Nr(B,B,) Cr(A'NB.B,). Lett € r(A’, B,)Nr(B', B;). This implies that there
exists a unique x € A" such that r = /. Also, since ¢ € (B, 3,), we get x € B'. There-
fore, x € A'N B’ and t = v/. This implies that € r(A'NB’,B;) = r(M NN, ). Thus,
r(M,a)Nr(N,o) C r(M NN, ). Make a note that the reverse containment is always
true. From 1(a) and 1(b), we have that r(M NN) = r(M, ) Nr(N, ) when ot = by ...

Notice that in particular, r(ANB,a) = r(A,a) Nr(B,or) when A,B € & and o
begins in bj.

Case 2: o =by... or o0 =cp—1... with n > 1, that means « begins in b, or
ch—1 and n > 2.

Then r(M,o) = ¢ unless n—1 € {r;,s;}. Similarly, 7(N,a) = ¢ unless n—1 €
{dk,hl}. Also, r(MNN,o) = ¢ unless n—1 € {ri,Sj}ﬂ{dk,hl}.

Case 2(a): Suppose n— 1 € {ri} N{dy}, say WLOG n—1=r; =d;. Then
r(M, o) = r(Cr,a) = r(r(A1, Br,), o) = r(Ay, B )
and
r(N,a) = r(C,a) = r(r(A1, By, ), ) = r(r(AY, Bry), @) = (A7, Br 0).
Now,

r(MNN,a) =r(C;NC}, )

r(r(A;1NALL B ), @)
r(Al ﬁA/l,ﬁrIO()

= r(Alaﬁrla) ml"(All,ﬁrlOC)

=r(M,0)Nr(N, ).

Case 2(b): Suppose n—1 € {ri}N{h;}, say n—1=r; = h;. Then r(M,or) =
r(r(A1,Bry), &) = r(A1, B ) and r(N,a) = r(Dy, ) = r(r(By,), &) = r(Bp,,a) =
r(Br ).

r(M,o)Nr(N, o) =r(Ar, Bra) Nr(Br o) = r(Ar, Br ).
r(MNN,a) =r(CiND},a) =r(Ci,a) =r(Ay, B a).

So, r((MNN,) =r(M,a)Nr(N,a).

Case 2(c): The case n— 1 € {s;} N{dy} is symmetrical to 2(b).

Case 2(d): Suppose n—1 € {s;} N{h;}, say n—1=s; =hy. Then r(M,ct) =
r(D1,o) = r(r(By), o) = r(Br o). Similarly, r(N,a) = r(B, a). Hence, r(M N
N,o) =r(M,a)Nr(N,a). O
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THEOREM 4.12. Given a labeled space (E, £, %), let (F,£r) be a desingular-
ization of the labeled graph (E,£). Br is closed under finite unions, finite intersec-
tions, and relative ranges. This makes (F,£r,%Br) a labeled space. Moreover, Br
contains no singular sets.

Proof. 1t is trivial that B is closed under finite unions.

We show that % is closed under finite intersections. For this, let M = AU (UC;) U
(UDj) and N = BU (UC,) U (UD}) , where each union is finite.

p Then MNN = (ANB)U (U(C:NGy)) U (UGN D)) U (U(D;N D)) which is in
F -

Next, we show that %Br is closed under relative ranges. Since, r(AUB,a) =
r(A,a)Ur(B,a), for any sets A, B € % and any word o (in any labeled graph), it
suffices to show that the set ZU € U Z is closed under relative ranges. Let o be
a fixed word and we consider sets B € &, C € ¢, and D € &, and we show that
r(B,a),r(C,a), and r(D,0t) € BU €U 2.

Any fixed word o may have following representations:

o (O :bnbn+1 ~~~bklck1blb2~~~bkzck2 ble---bkjckjblb2~~~bri
:bnbn_H...bklcklykz...ykjﬁi

o 0=k YinYis - - Vi Bi
o 03=Dbpbyi1...brCi Vi Vis - Vi
® 04 = CyVipVhs - - Vi
We know that, if n#£ 1 in o4, r(B, ;) = ¢. Otherwise,
r(B,ou) = r(r(B,Yi Y - -- Yi;): Bri) = (A, Br,) €€,

where A = r(B,y, ykz...ykj) € A. Also, r(B,ap) = ¢. Moreover, if n # 1 in o3,
r(B,03) = ¢. Otherwise, r(B, 03) = r(B,ay,a, . - .akj) € A. And, r(B,ou) = ¢.
Similarly, for any i € {1,2,3,4}, r(C,0;) lies in & orin %€ and r(D, ;) lies in
%,in € orin 9.
That %r has no singular sets follows from the fact that the graph F has no sinks
and

— Forany set A € B, Zr(AF") = {b;},
— For any set C = r(A,B;), 0 # L (CF') C {b;,1,ci},
— For any set D = r(b;), 0 # Zr(DF"') C {b;;1,c;}, and
— Foranyset A€ A, r(A,y;) € B. O
DEFINITION 4.13. Given a labeled space (E,.Z, %), let (F,.%F) be a desingu-

larization of the labeled graph (E,.%). We call (F, £, %F) a desingularization of the
labeled space (E,. %, %A).
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THEOREM 4.14. Suppose (E, £, %) is a weakly left—resolving labeled space

and suppose (F,%r,%Br) is a desingularization of (E,£,%). If a set of projec-
tions {Qa : A € Br} and partial isometries {T, : a € o/} forms a representation
of (F,%r,PBr), then there is a representation of projections {Py : A € #} and partial
isometries {S,: a € o'} of the labeled space (E, L, A) in C*(F, L, Br).

Proof. Foreach A € %, define Py := Qy4, and for each a; € ./ define S, := Ty, .
. Given A and B in B, PAPp = Pynp, and Py p = Py + Pg — Pynp follows trivially.

. For a;,a; € o, SZ,-Saj = T;Tyj Or(y) 0i,j = = Py 5, ,j follows from [1, Lemma
3.2].

. Forany a; € o and A € #, S, Pa = T, 04 = Ora )Ty, = Praar)Se, -

. Suppose A € B with Z(AE") finite, and ANB = 0 for all B € A satisfying
BCEY,. Let Z(AE") = {ay,,an,, ... ay,} with kj <k < ... <k,. Then

Sin

Py =04
=Tp, Qr(Avﬁkl)TEkl [by repeated use of (CK-5)]

=Ty, Qr(Aﬂkl )TY:I + Tﬁklﬂ Qr(Aﬁkl+1)T§k1+l
= TYkl Qr(AA/kl )T;cl + Tﬁkz Qr(Aﬁkz)TEkz
= T)’kl Qr(Aﬁ’kl )T;;q + Tsz QV(Avaz)T)”/iz + Tﬁk2+1 Qr(Aﬁsz)TEsz

e
= 2:1 T)’ki QV(AJk,-)TJj/;- +Tp,, 0, (Aﬁk,z)Tgk,,
i=
n—1
* *
= 21 Ty, Ora) Ty, + T rtao) Ty,

= 2Ty, Qra Ty,

I
[

—

SakiPr(A,uk )SZ,( )
as desired. [

LEMMA 4.15. Let (E,Z, %) be a labeled space where o/ = {a;:i=1,...,N}.

Suppose {Sq,Py:a € ;27 A € B} is a representation of (E, £, %) on a Hilbert space

H. Let,%”,,::{ ESQlS* hejf} If A€ P and k € A, then Py(k) € ;.
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n—1
Proof. If k=h—Y" 54,8, (h) then
=1

n—1

Pa(k) = Pa(h— ) S4,5;,(h))
i=1

ZPA aj I,l
Zsat a;

which is in 77, ; this is because PyS,S = SaP,(Aﬂ)SZ = S,S)Py. Therefore Py(k) €
J6,. O
The following theorem is analogous to [14, Lemma 6.4 and Lemma 6.5]. How-

ever the proofs are different because the desingularization process of an ultragraph is
different from the desingularization process of a labeled graph.

THEOREM 4.16. Let (E, £, %) be a labeled space and let (F,£F,%Br) be a
desingularized labeled space of (E,.£,%). For every representation {S4,Py : a €
o A € B} on a Hilbert space H, there exists a Hilbert space Iy = A & I and
a representation {T,,Qpy : a € p,M € Br} on At satisfying:

1. Py = Qg forevery A € A,
2. S4;=Ty foreveryi=1,...,N,
3. P:= ZQ,(;,I.) is the projection of A onto 7.

Proof. Let%ﬂl::%andforn:Z,...,let%,::{ ZSMZS* che

Define % := H# & (b, 5,). For Ae B, i=1,...,N, and (hyki,ka,...) € A7
define the following projections:

Ou(h, ki, ky,...) := (Pa(h),0,0,...)
Qr(bi)(hakl;kZ;---) = (0,...,0,](,‘,0,...)

Qr(Aﬁi)(h,kl;kZ;---) == (0,...,0,Ps(k;),0,...).

In the last two cases, the nonzero terms appear in the 7 component. As usual, a
projection associated with a disjoint union is defined as the sum of the projections
associated with the individual sets.

The projection O, (4 g,) is valid since Py (k;) € 7, by Lemma 4.15.

We are using the fact that the elements of Zr can be written as disjoint unions of
finite numbers of elements of &, €, and 2 when defining projections associated with
elements of %r.
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First we define the generating partial isometries.
Tbi(h7k1,k2, .. ) = (07 .. ,07]{5707 .. .)7

where the nonzero term appears in the 7% component. A straight-forward calculation
yields that

Ty, (h ki, kz,...) = (0,h,0,0,...),
and

Ty (hkyka,..) = (0,...,0,ki1 — Sa_,Si_ (ki1),0,...),

where the nonzero term is in the 5% component.
T, (hk1,ka,...) == (0,...,0,8,,(h),0,...),

where the nonzero term is the .74 component; it is easy to see that S, (h) € . This
givesus 7, (h,k1,ky, ...) = (S, (k:),0,0,...).
Combining the above definitions, we get

Ty (h.ki ko, ..) = (Sa,(h),0,0,...),

Ty (h ki, k2, ...) = (k1,0,0,...),
Ty, (h ki ko, . .) = (S4,(R),0,0,...),

and
i—1
Tp (h ki ko, ) = (o,...,o,h— D SakS;k(h),O,..) ,
k=1

where the nonzero term is in the .54 component.

Next we prove that the collection {T,,0u : a € «/p,M € PBr} forms a represen-
tation for (F, £, %r) by showing that it satisfies (CK-1) - (CK-4) of definition (3.1).

To prove (CK-1), we prove that for all sets M,N € Br, Ournv = OuOn and
Omun = Oum + On — Omnn - To prove that Qynv = O On we will first prove that the
property holds for simple sets in ZU% U Z, then we take M,N € A, written as
disjoint unions and show that the property holds.

For A,B € %, Qs0p = Qanp follows easily.

If C= r(B»ﬁi),

QAQC(hvkl7k27'”) = QAQr(B7Bi)(hakl7k27'”) = QA(Oa' .. 707PB(ki)707'”)
= (Pa(0),0,...) = 0= Q) (h,k1,k2,...).

Thatis, Q4Q0c = 0= Osnc-
If D=r(b;),

QAQD(haklak27"') = QAQr(b,- (h7k17k27"') = QA(07'”707ki707"')
— (PA(0),0,...) = 0 = Quryspn (ki Ko ).
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Thatis, Qa0Op =0 = Qanp.

Or(a ) Qrapy) (k1 koo ) = Qra gy (0., 0, Pg(k;),0,....)

~ J(0,...,P4(0),0,...) if i
~1(0,...,0,PP3(k;),0,...) if i=j
~Jo if i

(0,...,0,Psn5(ki),0,...) if i=j

= Or(aprra.py (k1 k2, ).

Qr(Aﬁ,-)Qr(b_,-)(hakhkL .. ) = Q,(A’Bi)(o, . ,07kj707 .. )

_J(0,...,P(0),0,...) if i
~1(0,...,0,Py(k),0,...) if i=j

= Oy vy (hiki ks ).

Qr(b1)Qr(v;) (hy k15K, ) = Qi) (0., 0,k,0,...)

o if i
~100,...,0,k,0,...) if i=j
= Qririey) (oK1 Ko, ).

Now, let M =AU (UL, G) U (UL, D)), N = BU(U2,C) U (U2, D)), where each
union is finite, and let C; = r(A;,B,,), D; = r(ﬁsj) where the elements in the collec-
tion {rj,s;} are pairwise unequal. Similarly, C; = r(Ay,Ba,), D; =r(By,), with the
elements in {dy,h;} pairwise unequal. Thus,

mj my

Om = QA+2Qc+2QD and QN—QB+2QU+2QD/-

i=1

Then

OnQn = QA+2QC +2QD 108+, Oc + Y Oy
i=1 k=1 i=1

nyp np nyp mp mp my

—QAQB+22QCQC +22QCQD’+22QD Op;

i=lk= i=1l= j=1l=

nyp np nyp mp mp my

=Oans+ Y, Y, Ocinc, + >y Oc,np; + > Op,np;-

i=1k=1 i=11=1 j=1i=1
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On the other hand,

MON = [AU(ULL,G) U (UL D)] N [BU U, G L (U2, D))
=(ANB)U (UL, U2, GNC) U (UL, U2, CiNDY))
U (U;& U2 DijE) .

Since this is a disjoint union, we get:

np np np mp mp mp

Omrv = Qang + 2 2 Ocnc, + 2 2 Oc;np, + 2 2 Op;np;-

i=1k=1 i=11=1 j=11=1

This shows that Oy On = Oy -

Next, we prove the second part of (CK-1). i.e., Oyuny = Oum + On — Opnnv- We
implement a similar strategy as before; we first prove that the property holds for simple
sets in BUE U2 and then prove it for general elements of Zr written as disjoint
unions.

For A,B € A, Qaup = Oa + Op — Qanp follows easily.

For A€ B and C € €, Qauc = Q4 + Oc follows immediately from the definition
since A and C are disjoint.

Similarly, for A€ & and D € &, Qaup = Qs + Op follows immediately.

ForCe% and D€ 2,

On if cCD
= Q0c+0Op—QOcrp-

For C; = V(A,ﬁi)7C2 = r(B7Bj) € %, if i # j, then Oc,uc, = Qc, + 0Oc, fol-
lows from the fact that C;,NC, = 0. If i = j then C;UC, = r(AUB,[3).
Therefore Qc,uc, (h,ki,kz,...) = (0,0,...,Paup(k;),0,...) = (0,0,...,(Px + P —
Pang)(ki),0,...) = (Qc, + Qc, — Oc,nc,)(h,ki,kz,...). Therefore Qc,uc, = Oc, +
Oc, — Ocne, -

Similarly, if D1,D, € &, we get Op,up, = Op, + Op, — Op,rD, -

Now, for the general case, let M = AU (U,Cy,) U (U, Dy,), where Gy, =
r(Ax,Bx), Dy, = r(b;), and M is written as a disjoint union of A, the Cy’s, i =
L,...,ny, and the Dy;’s, i=1,...,m. Let N =A"U(U}Z,C.)U(U}Z D)), also a
disjoint union with similar assumptions.

Let i = {ki} N {r;}, T ={k}n{s;}, Tz ={L}n{r}. T = {li} 0 {s;},
and let T=T{UThUT;UT;. Then MNN = (ANA")U (uki:,jen (C, mCLj.)) U

(ukizsjgz (C, mD_(.J.)) U (u,,.:,jerf3 (D, mCLJ,)) U (uli:_yjeﬁ (D, mD_(.J.)), where these
are disjoint unions. Also MUN = (AUA")U (Uy¢rCy,) U (UygrDy,) U (U,j.gCﬁj.) U

(u,j¢rc;j) U (u%TD_(,J.) U (uk,:,_,.erl(ckiuc;j)) u (Uk,:s,erz(Ck,-UDij)) U

{QC+QD if CND=0
Ocup =
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Us=rjers (Dy, UCLJ.)) U (Uli:s]ET3 (D, UD@J,)) . This is also a disjoint union, except
possibly for the inner pairs. Observe that

Omnn = Qanar + ( D Oc,.ne, ) ( D Oc, oy, )
ki

ki=r;€Ty i=s;€T

( D QD,me) ( D QD,mD'>~
li=r;€T; li=s;€T;

Computing Qyuy we get:

Omn = Qaunr + Y, Oc,, + D Op, + D QC’ + ), QD’

k@T LT ri@T 5;&T

+ ) O, uey, + D O, up;,
ki= I’,ETI ki =S; ETZ

+ ) Op, uey, D Op, up,,
l'—I’,ET:; l; SIET4

= (0a+0u = Qarw) + 3, Oc,, + D Op,
ki¢T 1;¢T

+ Qc’ + Y, QD’
r]¢T \J¢T

+ 2 [QCk’. + QC; - QCkiﬁC;..]
ki:erTl / /

+ 2 [QCk’. + QD_/S - QCkiﬁDg_]
ki:.\'jGTz ! /

+ Y [Op, +0c Op,nc; ]
li=ri€Ty ! !

+ 2 [QDli +0p, — QDllan..]
li:.\'jGH / !

= QA + QA/ + 2 QCk’. + 2 QD[[.
kidT LT

+ 2 0+ Y Op,
ri¢T si¢T

+ [Qc,. +Qc; |
k,‘=l’_,‘€T1 !

+ [Qc,. + Qng - QCkiﬁD.@j]

ki=s;€T,

+ ) [Op, + Qc;, — QDlimc;j]

l,‘=l’_,‘€T3

+ X [0p,+0p; —Opyrny ]

li=s;€Ty
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lQAﬁA’+ D Oc,, ne;, + Y Oc DL

ki rJGTl ki= \JGTZ

+ Y Op, ncy, + D Op, no;,

li=r;€T; li=s;€Ty

= (Q/H-ZQcklﬂ-ZQD,i) (QA""ZQC’ +3 0p )
ki li

Tj Sj

lQAﬂA"" Y O, ncy, + D O, oy,

ki= I’,ETI ki SETZ

+ Y QD,mC’+ D QDIQD"|

l; I’,ET:; l; SIET4

=0um+On — Omunn-

This concludes the proof of (CK-1).
To prove (CK-2), we prove that forany a, b € o, T, T), = Q,(a)S
For b,‘,bj c dr,

be_Tbj (h,ky,...) =Ty (0,...,0,k;,0,...) in the 5 | component
o it i
B (0,...,0,k;,0,...) if i = j; 2 component
= 0,y (k...

Therefore, be_ Ty, = i, iOr(b;)» a8 expected.
For bi,Cj € o,

T, Te;(h,ky,...) = T,(0,...,0,84(h),0,...) in the 5} component
~Jo if i#j
B (0,---,0,84;(h) = Sa;Sas (Sa; ()),0,...) if i=j
=0.

Therefore, T, T.;=0.
Finally, for ¢;,c; € o/F,

Te;(h,ky,...) = T;(0,...,0,84,;(h),0,...) in the 7#; component
_fo it it
(85, 8a,(1),0,.) if i=j

_J0 it i
(Pr(a;) (h),0,...) it i=j.



224 D. P. BANJADE, A. CHAMBERS AND M. EPHREM

Therefore, T T; = 6;,; O,

These three cases give us (CK 2).

To prove (CK-3), it needs to be shown that T,Qm = Q) T, for all a €
and all M € Br. Recall from the definition of % that any M € HBr is of the form
M =AU (UL,C) U (U} D)) where each C; € ¢ and each D; € 9. For the proof,
we show the following specific results and then get the general result using the fact that
(F,%p,Br) is weakly left-resolving: First we show that for all 7,

L T,04=Qrap) T, for A€ %,
L. T, 0c = Q)T for C €%, and
L T,,0p = Qyppy Ty, for D€ 7,
and for all &,
IV. T 0a = Qa1 for A€ 5,
V. T.,0c = Oy, T, for C€ €, and
7. 0p = Qp.c) T, for DE .

Proof of I: First note that if A € Z then
Ty, Qa(h,ki,ka,...) = Ty, (Pa(h),0,0,...) = (0,P4(h),0,...)

and
Qr(A,bl)Tb*l (h7k17k27' : ) = Qr(A,bl)(OahaOa"') - (O’PA(h)?O’)
so that T Oa = Qya )T, - Also, for i >2,
Tb’t_QA(h,kl,kz,...) = Tb’t(PA(h),O,O,...) =0

and
Or(ap;) = 0 (since r(A, b;) = 0)

so that T, Oa = Qa5 T,

Proof of 11: Let C € % Then C=r(A, ;) forsome Ac B and j>1.Ifi# j+1,
then r(C,b;) = 0 so that Q,(c;,) = 0, which implies that Q¢ T, = 0. Also,

T, (Qc(h,ki,ka,...)) = T, (0,0,..., PA(k;),0,...,0)
where the nonzero term is in the jth coordinate. But since i # j+ 1,
7,.(0,0,...,P(k;),0,...,0) = (0,0,...,0 = §4,5;.(0),...,0),

which implies that T,;Qc = 0. Thus, if i # j+ 1, Oycp) Ty, = T, Oc. Now, assume
that i = j+ 1. Then

T}:;Qc(hvklak2a' . ) = Th*jurl(ovov' . 7PA(kj)7' .. 70)
(nonzero term in the jth component)
=(0,...,Pa(kj) —Sa_,.SZJ_(PA(kj)),...,O)

(nonzero term in the (j + 1)st component).



ON SINGULARITIES OF LABELED GRAPH C* -ALGEBRAS 225

Also

Or(c.b) Ty, (hs ki, kas )
= Qrcyin) Ty, (hok1ka, )
= Q,(Aﬁj)(o, ok — Saij;j(kj), ...,0)
(nonzero term in the (j+ 1)st component)
=(0,...,Ps(k;) —PA(SajS;j(kj)), ...,0)

(nonzero term in the (j + 1)st component).

Thus, if i = j+ 1, Quc)Th = T Qc-

Proof of II: Let D € 9. The proof that T,;0p = O, (p 5, Ty, is similar to the proof
of II.

Proof of IV: First note that if A € % then
ai

TC*;QA(h,kl,kz,...) = TC’;(PA(h),O,...) = (87 (0),0,...)=0

and
Or(ae,) = 0 since r(A,c;) =0

so that
TCTCQA =0= Qr(A,ck)'

Proof of V: Let C € € so that C = r(A,B;) forsome A€ % and j > 1.

T..0c(h,ki,ka,...) = T;(0,...,Ps(kj),...,0) (nonzero term in jth coordinate)

- (SZiPA(k,‘),O,...,O) ifi=j
o else.

Also

OrcenTe; (ki ko, ) = Ora g e I, (kKo )

Qr(A,bl...bjc,-)’Ig(h7kl7k27'") ifi=j
0 else

Qr(A,)/,')(SZ,-(ki)voa"'vo) ifi=j

{O else

[ Oraa (S5, (k). 0,...,0) ifi=j
0 else
{(P,(A,a,_)sj{i(ki),o,...,0) ifi=j

0 else.
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Therefore, T,;0c = Qy(c,c) To; -
Proof of VI: Let D € & so that D = r(b;) for some j > 1.

TCTQD(haklak27' . ) = ’IgQr(bj)(h7kl7k27'”)
=T.(0,...,kj,...,0) (in jth coordinate)

_ ) (84 (ki),0,...,0) ifi=
)0 else.

Also, note that if i # j, Qvp.e;) = Qr(r(p)).c) = O since r(r(bj),ci) =0 when i # j.
Then if i # j, Qyp.c)T.; = 0. Now suppose that i = j. Then r(D,c;) = r(r(b;),ci) =
r(r(b1 e bi),Ci) = V(b] .. .b,-ci) = V(’)/l) = r(a,-). Hence, Qr(D,c,-) = Qr(a,-)7 which 1mphes
that

Or(pey Te; (Mo k1, ks ) = Qr(a) (Sg, (i), 0,...,0)
= (Pr(a,-)SZ,- (k:),0,...,0)
= (SZiSaiSZi(k,-),0,0, ...,0)
= (SZ,- (ki)70707 s 70)
To complete the proof that (CK-3) is satisfied, let M € S so that, written as a

disjoint union,

M=AU(UL G)U (UL D).
Then

Om =04+ 0c,+ Y, O,

i=1 j=1
This implies that
n
T 0m=T,;0a+ 3 T,;0c+ > T, 0p,

m
i=1 j=1

= Qr(A,a) =+ 2 Qr(C,-,u) + 2 Qr(Di,u) Ta*
=1 =1

= Qr(M,a)Ta* .

To prove (CK-4), it needs to be shown that for all M € Br,

Om = 2 Iy Qr(M,a) Tu* :

acZ(MF")

As in the proof of (CK-3), we prove the following specific cases and then extend to the
general result using the fact that (F, . %F, %r) is weakly left-resolving.

I. M =A forsome A € £,
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II. M =C forsome C € % sothat C =r(A,f;) for some i > 1, and

II. M =D forsome D € & so that D = r(b;) for some j > 1.

Proof of : Tf A € B, then % (AF") = {b1}. Then Ty, Qyapy) Ty, = T Ty Oa =
Ox-

Proof of I1: Suppose C € ¢ so that C = r(A, ;) forsome i > 1.
If a; € L(AE'), then Zr(r(A,B)F") = Lr(r(A,by...b))F') = {ci,bir1}. We
need to show that

Orap) = Tei Qririapy).c) Ter T Tois Cr(ria B) i) T 1 -
Recall that y; = by ...bic;. Note:

Qa0 T = e @a g T )
= T 0y a1 (S5, (k),0,0,...)
= T, (Piaay Sty (ki),0,0,...)
=(0,..+,84;Pr(a a)Sz; (i), 0,...)
[nonzero term in the ith component]
= (0,...,PsS4S%, (Ki),0,...)

[nonzero term in the ith component].
Note also that:

Tbi+1Qr(A7Bi+1)Tbt+1 (URSHETR
= Ty Cria o) (0 ki — S4:S%, (Ki),0,...)
[nonzero term in the (i 4 1)st component]
=Ty, (0,...,Pa(ki) = PaSq;Sy, (i), 0,...)
[nonzero term in the (i 4 1)st component]
=(0,...,Ps(ki) — PaSq;Sy, (ki),0,...)

[nonzero term in the ith component].

Then
[Tc,- Qr(A.,Yi)Tc’If + Tbi+1 Qr(A,ﬁiH)Tth} (h,kl ko, )
=(0,...,Py(k),0,...)
= Qs p) (ki ka, )
so that

T Qrriaf).c) Ter + o Cr(ria ) i) Ty = Cra )
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Now assume a; ¢ Z(AE"). Then Z¢(r(A,b;)F') = {b;,}.

Tbi+1Qr(r(Avﬁi)vhiJrl)ThiJrl (h,kiska,...)
= TbiHQ,(AﬁM)T;‘iH(h,kl,kz, o)
=T, Orapiy) (0 ki =S4, Sy, (ki) 0,...)
[nonzero term in the (i + 1)st component]
=T, (0,...,Pa(ki) — PaSa;Sy, (ki),0,...)
[nonzero term in the (i + 1)sf component]
=(0,...,Pa(ki) — PaSq; Sy, (Ki),0,...)

[nonzero term in the ith component].
But since a; ¢ Z(AE'), PyS4;S,, = 0 so that

Ty 1 Qrtria ) b T,y (ot k2, ) = (0, Pa(Ki), 0,..)
- Qr(A,ﬁi)(h,kl,kz’ o).

Therefore, we have the desired result.

Proof of 111: Suppose D € Z so that D = r(b;) for some j > 1. Since we assume
that every a; € &7 is the label for some edge in E ! it must be the case that for every
=1, Zr(r(b;)F') = {bji1,c;}. We need to show that

*

Orv)) = Te; Crr(vy). e Te; + Tojr Crir o)) by0) Ty
First note that
Qr (r(bj)scj (h klak2’ )
—TCjQrc- (h k17k27~~~)
Te;Qr(c;)(Sa; (k),0,0,...)
=T, (P,(uj)SZj (k),0,0,...)
= (0,...,SujP,(aj)SZj(kj),O,...)
[nonzero term in the jth component].
But by (CK-2), Pr(aj) = SZjSaj so that SajP,(uj)SZ,_ = SajSZjSajSZj = (SL,],SZ,_)2 = SajSZ,_.
This gives ' ' '
TCIQ,, )ej (h ki,ka,...)=(0,.. SajSZ (kj),0,...).
Also,

Th,+1er /+1) j+l(h kl,kz, )
= Tbj+1Qr(bj+1)Tbj+l (h,k17k27...)



ON SINGULARITIES OF LABELED GRAPH C* -ALGEBRAS 229

=Tp;11Qr(bj) (0s- - Kj — Sa; 85, (K;),0,....)
[nonzero entry in the (j+ 1)st component]
=(0,...,kj — Sq;S; (kj),0,...)

llju

[nonzero entry in the jth component].
Putting these together, we have that

Qr (r(bj)scj)te; (h ki, ko, .. )+Thj+1Qr (r(b ,+1)Tb*j+1(h7kl7k27"')
= (0, kjvo )
- Qr (h k17k27 )
Now assume that M € % . Let
M =AU (UL G)U (Ui D))
be written as a disjoint union. For any a € <y, we get r(M,a) = r(A,a) U
UL, r(Ci,a)] U [UjL r(Dj,a)].  Since the collection {A,C;,D; :i=1...n, j=

1...m} is pairw1se disjoint and (F,.%F,%Br) is weakly left-resolving, the collection
{r(A,a),r(Ci,a),r(Dj,a) :i=1...n, j=1...m} is also pairwise disjoint. Therefore

Qr(M,u) = Qr(A,a) + 2 Qr(C,-,u) + 2 Qr(Dj,u)
i j

= Qr(a.a) T Qur(Cia) T Qur(D}.0)
= Or(aa) + Cr(UCia) + Or(uD; )
Then

On =04+ 0c+ Y Op,

i=1 j=1

= 2 1, Qr(A,a) Ta* + 2 Ter(UCi,h) Th*

acL(AF") be.Z[(UG)F"]

+ 2 T. Qr(UDj7C) Tc*
ceZ|(UD;)F!]

= 2 T, [Qr(A,a) + Qr(UC,-7a) + Qr(UDj.,a)} Ta*

ac L (MF1)

= 2 TuQr(M,u) Ta
ac L (MF1)
This concludes the proof of (CK-4).
Now we prove (1), (2), and (3) of the theorem.
Identifying Py with Qq, foreach A € %, and S,, with T,, foreach i=1...,N,
(1) and (2) of the theorem follow.
To prove (3), notice that the set of projections {Q,(hi)} is pairwise orthogonal

and that the sum ZQr(b,—) converges to a projection, say P, in the multiplier algebra
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M(C*(F, %F,Pr)). Moreover, P(h,ky,...) =(0,ki,...). Therefore P is the projection
of 7% onto /7. 0O

We recall that for any labeled space (E,.%, %) and any two words u, v € £*(E),
szsv =0 unless one of u, v extends the other. Thus, in (F, - %p, Br), if u € L*(F),
t,;‘l f, is zero unless u begins with by, i.e., s(u) = EY. In fact,

tyifu=nb«a
tytity =<4 M )
bilby {0 otherwise.

Similarly

S = ST, ifv=bia
vibithy 0 otherwise.

LEMMA 4.17. Let (E,. £, ) be a labeled space and suppose (F, Lr,BF) is a
desingularised labeled space of (E, L, %). Suppose {T;,05:a € op, A€ Br} isa
representation of (F,Lr,%F). Let {So;, =Ty, Pr:a; € &/, A€ o/} be the represen-
tation built as in Theorem 4.14. Let A = C*{S4;,Pa}.

I IfM=AU(U" C,)U (] UM Dy,) € Br, then QuTy Ty, = Qa. Consequently, if
r(p) € & then T, Ty, Ty, = TM

2. Forany i>1 andany M € $Br, T,0u € . Consequently, for any i,j > 1 and
any M € By, T%QMT’; e .

3. Forany M € #F and any v € Z¢(F), Ty, Ty, OuT, Ty, T, € 2.
4. Forany d € N and any M € S,

. T Th +X lfMﬁr(bl)—r(bl)
Tp, OmTp, = { s otherwise

Sfor some X € 2.

Proof.

L QaTi Ty (hoki,...) = QaTh,(0,h,0,...) = Qa(h,0,...) = (Py(h),0,...) =
Oa(hyky,...). Therefore QAT;,IT},*1 = Q4 . Using similar calculations, for C € ¥
and D € 2, we get QCT;,ITI,j‘l =0, and QDTth;,*l =0.

2. Since T;,0a = Ty, Qr(y)ra- and r(y;) € B, we get r(y;)) NA € . Therefore
T,04 = S Py €.

3. If v is the empty word, the result follows from (1). Otherwise, 7,7, T,,, is zero
unless v startsin by, i.e., s(v) C E*. If M isasin (1), then Ty, Ty, OuTy Ty, Tjy, =
OuT, Ty, Tb"1 this is zero unless r(v) NA # 0. The result follows from (1) and (2).
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4. First we prove that T, Ou Ty, = Tp, T, whenever M Nr(by) = r(b1); otherwise
Ty, Ou Ty, isin &. Write M =AU (U?Llei)U(UT:llDlj) , where Cy, = r(A,, Br,) ,
Dy; = r(by;), written as a disjoint union. Since Ty OuT,, = Ty, Qv )m T, » We
see that Tp, QMTb*l is non-zero if one of the k;’s or one of the /;’s is to equal 1.
Ifa k; =1, say k; = 1 then C; = r(Ay,b;), for some A; € Z. This gives us
TleMTb*l = Tle,(Al’bl)Tg‘l = QAlTblTb"l = 0y, € 2. If on the other hand an /;
isequal to 1,say I, = 1, then T, OmT,, = Ty, Qu) Ty, = Tp, Ty, - Now, if d > 1,
recall Tg, =T, , +1Tp,. Hence

Tg, = Tp, , — Ty,
=Tp, ,— [Ty >+ Ty ]

d—1
=Ty — 2 Ty
=1
This gives us
d—1
Tp, OnTj, = Ty, Ou Ty, — Y, T, 0Ty,
=1
d—1
=T, Ty — Y, T,0uTy.
i=1

Each T7,,QuT, isin 2. O

The following result is similar to [14, Proposition 6.6]. The results are slightly
different due to the fact that the two desingularizations are for different spaces.

THEOREM 4.18. Let (E,. £, %) be a labeled space and suppose (F, Ly, PBr) is
a desingularised labeled space of (E,.£,9B). Suppose {tq,qa:a € o, A€ Br}isa
representation that generates C*(F, Ly, BF). Let {sq, =ty,, pa:ai € &/, A€ o/} be
the representation built as in Theorem 4.14 and let A = C*{s4;,pa}.

Then

1. A=C*(E, &, B)

2. If tyyty, € C*(E, 2L, %) then U is a full corner of C*(F,%F,%r), otherwise,
there exists a unital sub-algebra % of C*(F, %r,PBr) such that.
e ¥ is isomorphic to a full corner of C*(F, %r, BrF).

o C'(E,Z,%B) is isomorphic to a sub-algebra of % with
Z|CYE,Z,PB)~=C.
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Proof. We will prove that 2l = C*(E,.%,%) by showing that 2l satisfies the
universal property for (E,.Z,%). After that, letting P = 1,1, , we will prove that
Z /A= C, where Z =P -C*(F, %r,PBr)- P

Suppose {Sy,,Ps : ai € o/, A € B} is a representation of (E,.Z,%). Let
{T4,0m :a € or, M € Br} be the representation of (F,.%r,HBr) constructed as in
Theorem 4.14. By the universality property, there exists a homomorphism, 7 from
C*(F,%r,%r) onto C*{T,,0a}. Restricting 7 to A we get 7(s,,) = n(ty,) =Ty, =
Sa;» and 7(pa) = m(qa) = Qa = P4, for each a; € <7, and each A € . Moreover
this map is onto. This gives us a homomorphism of 2 onto C*{S,,,Ps}. Therefore
A=C"(E, %, B).

Now let tugmt,, € C*(F, £F,%r) be a generating element of C*(F, L7, %r). If u
or v is the empty word then P-t,,gumt,, - P = tblt,flt#thjtbltZl isin 2, by4.17 (3) or (1).
Otherwise, P-tuqut,, - P =ty ty, tuqmtytp, 1y, is zero unless both u and v begin in by .
In that case, P-tugmty - P =tugmt, ; also either L= Y, Vi, - - Vi, OF U= Yi, Viy - - - Vi Bt »
forsome d > 1.

In the first case, i.e., if U = ¥, ¥, ... ¥, , we have that r(u) = r(y, Y, - - Yr) =
r(ag ak, - ..ay,) € A. Therefore 1,qpt, € A.

In the second case, since B; = by ...b,, we see that tqut\’ﬁ is non zero only when

v ends in by, thatis, v.=",%, ..., Bs- Using ' =Y, Yey - Yius V' =V, Yy -+ Vi »
-1

we have thMt =tulg, Mtﬁd o _t,u’thlthbl V, 2 tuty, Mty ty,. Thisis in 2 unless
=

MnNr(by) =r(b;), and both u" and v’ are empty words. In that case the first term is

1y, plus an element of 2 and each term in the sum is in 2A. Therefore 7,qumty is

either in 2 or is of the form t;,lt,’;l + X, for some X € 2(. This concludes the proof. [J

It is easy to see that 2 is a unital C*-algebra, where as C*(E,.#, %) may not
be. However, if % contains E° (making C* (E, £, %) unital), we can do better. With
a slight modification of the definition of the Hilbert space .7, we can show that 2 =
P-C*(F,%r,%F)-P

COROLLARY 4.19. Let (E,.£, %) be a labeled space and let (F, %F,%Fr) be a
desingularized labeled space of (E,.Z,%). Suppose E’ € #. Then C*(E,.%, %)
is a full corner of C*(F,%r,%Br). Therefore C*(E,.£, %) is Morita equivalent to
C*(F,Lr,%r).

Proof. Given a representation {S,,Py : a € o/,A € A} on a Hilbert space 7",
define S = Ppo(#"). Now use S in the construction of C*(F, %F,%r). The result
follows from 7, 7)), = Pro. [

Consider the directed graph and desingularization in Example 4.5.

1. If ' ={0,{wi,w2,ws,...}} then C*(E,.¥,B") = .>(C) = the space of 2 x 2
matrices of complex numbers, and C*(F,.%r, #}) = # = the space of compact
operators. In this case, it is not difficult to see that T},IT};‘l = Ofw wawsnn) T

Tpc, Q{W1~,W27W3~,.~}Tb*1q Plwy w3, }+S“1P{W17W2 w3, }S* €C(E.Z ‘%1)
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2. If % is the set of all finite subsets of {wi,ws,ws,...} then C*(E, ., %%) =

P #:(C). Here T,, T}, is the unit element of the unitization of C*(E, %, B).
i=1

REMARK 4.20.

. Given any labeled graph (E,.Z), the singularization process is at the labeled

graph level. As a result, any labeled space (E,.Z, %) is desingularized regard-
less of whether % contains singular sets or not. It may be possible to modify the
process, taking % into consideration, and get a better result.

. The process essentially maintains, at the graph level, the loop structure and co-

finalities of the original graph. We believe that one may be able to classify
the ideals of C*(E,.%,%) such as gauge—invariant ideals, primitive ideals of
C'(E,%,P).

. Given a labeled space (E,.Z, %), if 2 contains no sets A with | Z(AE")| = oo,

i.e., each set in Z emits only finitely many (or none) labels, it may be possible
to achieve a similar result by only adding an infinite tail to each sink in E and
labeling it as by,bs, ... and leaving the edges of E (and the @;’s) alone. If this
conjecture is true, it may be more efficient and practical.
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