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GENERALIZED SOLUTIONS TO A
NON-LIPSCHITZ GOURSAT PROBLEM

VICTOR DEVOUE

(Communicated by J. M. Rakotoson)

Abstract. We study the semilinear wave equation in canonical form with non-Lipschitz non-
linearity by using the recent theories of generalized functions. We investigate solutions to the
Goursat problem. We turn this non-Lipschitz Goursat problem with irregular data into a bipa-
rameter family of problems. The first parameter replaces the problem by a family of Lipschitz
problems and the second one regularizes the data. Finally the family of problems is solved in an
appropriate biparametric (¢,&, %) algebra.

1. Introduction

The distribution theory has some limitations when nonlinear problems are consid-
ered. The theories of algebras of generalized functions [1], [11], which form at least
presheaves of differential algebras, seem to be an efficient tool to overcome these lim-
itations. They have already been used to solve many nonlinear and irregular problems.
For example, in the case of singular data and Lipschitz nonlinearity, a method consists
in replacing the given problem with a one-parameter family of smooth problems and
has been successfully used in [5], [15], [16], [18] among other references. With similar
techniques, various type of nonlinearities are considered in [17], [19].

The main purpose of this paper is to establish the existence of a global solution

d%u

ax—ay =F ('7 " u)
(for example F(-,-,u)) = u?), in the case of irregular data given along the characteris-
tic curve C = (Ox) and along a monotonic curve y of equation x = g (y). We want to
investigate solutions to this nonlinear problem with distributions or other generalized
functions as data. This justifies to search for solutions in algebras which are invari-
ant under nonlinear functions and contain the space of distributions. To do this, we
use some regularization processes and cutoff techniques described in the framework of
(¢,8,2)-algebras of Marti [12], [13], [14], [15], [16] which are an improvement and
generalization of the algebras of Colombeau [1], [11]. These algebras are designed to
admit multiparametric families of smooth functions as representatives of generalized
functions.

for the non-Lipschitz Goursat problem formally written as (Pf,),m) :
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The mentioned ill-posed problem remains in general unsolvable in classical func-
tional spaces. To overcome this difficulty, we associate to problem (Pf,),m) a general-
ized one (Pye) well formulated in a convenient algebra <7 (R?).

We begin by giving general conditions for such an association: a stability condition
of /(R?) in relationship with the nonlinearity and a compatibility condition leading
to a generalization of the usual restriction.

In the case we are studying, the problem (Pg,,) is constructed by means of a family
(Py);,ep of regularized problems, where A = (¢,p) lies in the set A = (0,1] x (0,1].
Our techniques use a family of cutoff functions (f;), and a family mollifiers (Gp)p
regularizing the data in singular cases. Therefore, like in [10], the parameter € is used
to render the problem Lipschitz, and the parameter p to make it regular.

We treat in details the case of irregular data given along the characteristic curve
C = (Ox) and along a monotonic curve ¥ of equation x = g (y). We add some remarks
for the case of regular data.

The classical successive approximations technique used in [8], [9] permits to ob-
tain, for each A, a global solution u); to (P,). Using the precise estimates given
subsection 3.5, we show that the class of (u), in </(R?) is the expected solution
u of the generalized problem (Pgen). Thus, we obtain a global generalized solution,
when the classical smooth solutions often break down in finite time as it is pointed out
in [20]. We show that this solution is unique in the constructed algebra. However, the
generalized problem (P, ), and obviously its solution, a priori depend on the choice of
the cutoff functions and, in the case of irregular data, on the family of mollifiers. With
regard to the regularization, we show that this solution depends solely on the class of
the cutoff functions as a generalized function, not on the particular representative. In
the case of irregular data, the solution of the problem (P,.,) depends on the family of
mollifiers but not on a class of that family.

Moreover, if the initial problem (Pform) admits a smooth solution u satisfying
appropriate growth estimates on some open subset Q of R?, then this solution and the
generalized one are equal in a meaning given in Theorem 13. So the theory of gener-
alized functions appears as the natural continuation of the classical theory of functions
and distributions. In the example we take advantage of our results to give a new ap-
proach of a blow-up problem. The local classical solution extends to a global general-
ized solution which absorbs the blow-up.

2. Algebras of generalized functions
2.1. The presheaves of (¢,&, 77)-algebras

2.1.1. Definitions
We refer the reader to [7], [12], [13], [14], [15] for more details. Take

e A aset of indices;

e A a solid subring of the ring K*, (K =R or C), that is A has the following
stability property: whenever (|s;|), < (ry), (i.e. forany A, |s;| < ry ) for any
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pair ((s3)7,(r3)a) € KA x |A], it follows that (s;); € A, with |A| = {(|r;|)x :
(r2)n €A}

e 4 an solid ideal of A with the same property;

e & asheaf of K-topological algebras on a topological space X, such that for any
open set Q in X, the algebra £(Q) is endowed with a family &(Q) = (pi)ies(q)
of seminorms satisfying

VieI(Q), 3(j,k,C) e I(Q) x I(Q) x Rj, Vf,ee&(Q):pi(fg) < ij(f)pk(g).
Assume that

e For any two open subsets Q;, Q, of X such that Q; C Q,, we have I(Q) C
1(Q,) and if p? is the restriction operator &(Q;) — &(Q;), then, for each p; €
2 (Q1), the seminorm p; = p;o p} extends p; to P(Qy);

e For any family % = (Q,),cpy of open subsets of X if Q = U,ecyQy,, then, for
each p; € Z(Q), i € I(Q), there exists a finite subfamily Q,...,Q, ;) of # and
corresponding seminorms p; € (1), ..., Py(i) € P (y;)) » such that, for each
ueé(Q),

pi(u) <pi(ug, )+ +Pn<i)(u|gn(i) )-

Set
Xine.r)(Q) ={(w), € [EQ)": Vi€ I(Q), ((pi(u)); € |Al},

N2 (Q) = {(u2)z € [EQ) : Vi € [(Q), (pi(un));, € Ial},
€ =A/l4.

One can prove that 24 s ) is a sheaf of subalgebras of the sheaf &M and Mip.6.2)
is a sheaf of ideals of 24 ¢ ») [13]. Moreover, the constant sheaf 24 x | |)/4(1, k,|.)
is exactly the sheaf € =A/I4.

DEFINITION 1. We call presheaf of (¢,&, &?)-algebra the factor presheaf of al-
gebras over the ring € = A/I4

A = Zns.2) Ni,.6,2)-

We denote by [u;] the class in <7 (Q) defined by the representative
(Up)nen € Ziae,2)(Q).

2.1.2. Overgenerated rings

Let B, ={(r,1), € (R)*:n=1,...,p} and B be the subset of (R* )" obtained
as rational functions with coefficients in R’ of elements in B, as variables. Define

A= {(al)k e KM 3(by), €B,IAo € AYA < Aot |ay ] gb,l}.
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DEFINITION 2. In the above situation, we say that A is overgenerated by B, (and
it is easy to see that A is a solid subring of K*). If I, is some solid ideal of A, we also
say that € = A/l is overgenerated by B, .

EXAMPLE 1. For example, as a “canonical” ideal of A, we can take
I = {(am KA |V (b3), €B,3h € AVA < Aot |az| < bl}.
REMARK 1. We can see that with this definition B is stable by inverse.

2.1.3. Relationship with distribution theory

Let Q an open subset of R”. The space of distributions 2'(Q) can be embed-
ded into o/(Q). If (6,), (o is a family of mollifiers 0, (x) = -0 (g) xR,
[0 (x)dx=1 andif T € ' (R"), the convolution product family (7 = Qp)p is a fam-
ily of smooth functions slowly increasing in 1/p. Then, taking p as a component of

the multi-index A € A, we shall choose the subring A overgenerated by some B, of
(R*%)A containing the family (p), [3], [18].

2.1.4. The association process

We assume that A is left-filtering for a given partial order relation <. We denote
by Q an open subset of X, E a given sheaf of topological K-vector spaces containing
& as a subsheaf, a a given map from A to K such that (a(4)); = (ay); is an element
of A. We also assume that

0@ < {0 € Zinr(@): lim 1z =01

DEFINITION 3. We say that u = [u;] and v = [v;] € &(Q) are a-E associated if

li — =0.
phm @ (up —v3)

That is to say, for each neighborhood V' of 0 for the E -topology, there exists Ay € A
such that A <Ay = a; (uy —v;) € V. We write

a
u ~ v
E(Q)

REMARK 2. We can also define an association process between u = [u; ] and T €
&(Q) by writing simply
u~T <= lim uy =T.
E(Q),A
Taking E=9', £ =C~, A= (0, 1], we recover the association process defined in the
literature (J.-F. Colombeau [1]).
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2.2. 2’ -singular support

Assume that
z/VQQ//(Q) = {(”A)A e Z(Q) :/%irr%)u;L =0in @/(Q)} DN (Q).

Set
7.,Q) = {[u,l] €«(Q):3T € 7'(Q), )ILIE%)(MA) =Tin @’(Q)}.
2.,(Q) is clearly well defined because the limit is independent of the chosen represen-
tative; indeed, if (iy), € 4(Q) we have }Liir%)ix =0.
2'(R)
2!,(Q) is an R-vector subspace of <7 (). Therefore we can consider the set ﬁDla/ of
all x having a neighborhood V' on which u is associated to a distribution:

ﬁDQ,/(”) = {xe Q:3IVe?(x), uly e @{;{(V)},
¥ (x) being the set of all neighborhoods of x.

DEFINITION 4. The 2’ -singular supportof u € <7 (Q), denoted singsupp (1) =
Sg,/(u), is the set

5% () = Q\Gp (u).

2.3. Algebraic framework for our problem

Set §=C=, X =R? ford=1,2, E=2' and A aset of indices, A € A. For any
openset Q,in R?, &£(Q) is endowed with the Z(Q) topology of uniform convergence
of all derivatives on compact subsets of €2. This topology may be defined by the family
of the seminorms

Py (uy) = sup P q(uy) with Pxo(uy) =sup|D%u; (x)|, K € Q

loe| <t xek
aa1+...+ad 4
and Da = W fOr = (Zh...,Zd) e Q, l e N, o = (061,...7064) (S N . Let A
1 02y

be a subring of the ring R of family of reals with the usual laws. We consider a solid
ideal I4 of A. Then we have

QN :VK € Q VI eN, (Px (uy)), €IA[},
Q)N :VK € Q. VIeN, (Pxi(up)), € llal},

The generalized derivation D : u(= [u)]) — D%u = [D%u; ] provides </ (Q) with a
differential algebraic structure.
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EXAMPLE 2. Set A = (0,1]. Consider

A=RY
:{(mm ERM:TpeR*, ICER, Jue (0,1], VA e (0,u], |my) gcxff’}

and the ideal
I = {(mm eR:VgeRy, DR, Jue (0,1], VA € (0,u], [my] gDM}.

In this case we denote 27°(Q) = 2 (Q) and A*(Q) = A (Q). The sheaf of factor
algebras ¢ () = 27(-)/A(-) is called the sheaf of simplified Colombeau algebras

[1].

We have the analogue of theorem 1.2.3. of [11] for (¢,&,?)-algebras. We
suppose here that A is left filtering and give this proposition for .7 (R?), although it is
valid in more general situations.

PROPOSITION 1. Assume that there exists (ay ), € B with limp ay = 0. Consider
(u3), € X (R?) such that

VK@RZ, (PK_’() (ul))x € |IA|.
Then (uy), € A (R?).

We refer the reader to [4], [7] for a detailed proof.

2.4. Some regularizing conditions
2.4.1. Generalized operator associated to a stability property

When A = Ay x Ay, we denote by A = (€,p) an element of A and we shall set
e=u(A), p=v(A). When A=A, we denote by A = & an element of A and we
shall set e = u (L) =A.

If we use the notation A, we also use p(A) and v(A) in the same expression,
else weuse € and p.

DEFINITION 5. Let Q be an open subset of R?, Q' = Q xR C R?. Let Fua) €
C=(€/,R). We say that the algebra </ (Q) is stable under the family (Fy)), if the
following two conditions are satisfied:

e Foreach K € R? 1 € N and (uy); € 2 (Q), there is a positive finite sequence
o ..., C; such that

!
Pr i (Fua) (- u3)) < X CiPye g ().
=0
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e Foreach K @R?, [ €N, (v;), and (u), € 2 (Q), there is a positive finite
sequence Dj,..., D; such that

! .
Py i (Fua) (om5va) = Fugy (1)) < D DPL (vi = uz).
it

REMARK 3. If &7(Q) is stable under (FH(M)A’ then for all (u; ), € £ (Q) and
(i), € A (), we have

(Fugy(sun)) , € Z(Q)s (FuayCmun +i2) = Fuy (-5,u1)) , € A (Q).
Set f € C* (R?), we define
Cc” (R?) — €~ (R?),

fHHA(f) :FH()L)("'7f)7

H; (f) = Fuy (5 f) - (6,9) = Fuay (60, (x,9)) -
Clearly, the family (H}); maps (C (Rz))A into (C (Rz))A and allows to define a
map from ./ (R?) into & (R?). For u = [uy] € o (R?), ([Fu)(-s-up)]) is a well

defined element of <7 (R?) (i.e. not depending on the representative (1), of u). This
leads to the following definition [7]:

DEFINITION 6. If .7 (R?) if stable under (Fy (1)), » the operator
T (R?) — o (R?), u=[uy] — [Fun)(,u2)] = [Hy (u3)]

is called the generalized operator associated to the family (FH( l)) 3

DEFINITION 7. Let F € C*(R3,R) and (fu(/l))u € (C*(R))™, we define

(4)
Fu)(x,3,2) = F(x,,2fu(2,)(2))-

The family (FM(A))/I
a7 (R?) is stable under (Fun)) , » the operator

is called the family associated to F via the family (f“(’l))u(l) If

T d (R?) = A (R?), u=[u]— [Fuon)(,u2)] = [H ()]

is called the generalized operator associated to F via the family (f“(M)M(M‘
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2.4.2. Generalized restriction mappings
Set g € C*(R). We define L, by
C” (R?) — C(R)
fr= = fel).y)
and R, by
C” (R?) — C*(R)
(= flxgx)).

DEFINITION 8. The smooth function g is compatible with first side restriction
(resp. second side restriction) if

V() € 2 (R?), (uz (8(-),))z € Z'(R): V(i) €A (R), (i (8(-),"))z € (R),
(resp.
V() € Z'(R?), (w3 (8()))z € 2 (R): V(i2);, € A (R?), (i2 (,8()))z € (R)).

Clearly, if u = [uy] € o/ (R?) then [u; (g(-),-)] (resp. [u; (-,g(-))]) is a well de-
fined element of </ (R) (i.e. not depending on the representative of u). This leads to
the following:

DEFINITION 9. If the smooth function g is compatible with first side restriction
(resp. second side restriction), the mapping

Ly I (R) — o (R), u= ] [ (g(-),)] = [Lg (up)]
(tesp. Zy: o (R?) — o/ (R), u=[u;] = [ (-,8())] = [Re (u2)])

is called the generalized first side restriction (resp. second side restriction) mapping
associated to the function g.

PROPOSITION 2. If function g is c-bounded for each K € R it exists K’ € R
such that g(K) C K') then the function g is compatible with first side restriction (resp.
second side restriction).

Proof. Take (uy); (resp. (i3);) in 2'(R?) (resp. .#'(R?)) and set v; (y) =
uy (g(v),y). We have

Pk0 (Vi) < Prrxko (13)
Pi1 (vi) < prrxk,(1.0) () Pr.1(8) + PRk 0,1) (1) -
By induction we can see that for each K € R, and each [ € N, pg; (v;,) is estimated

by sums or products of terms like pgr. g, (nm) (43) for n+m <1, or pg  (g) for k<1,

then pg;(v;) isin |A|. Similarly, setting j, (1) =i, (g(y),y) leads to pk;(jr) € |1al.
Then (u; (g(-),-)), (resp. iy (g(-),-)) belongs to 2 (R) (resp. .4 (R)).
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3. A non Lipschitz Goursat problem

We study the differential Goursat problem formally written as
92
dxdy ‘=

u‘(Ox) =5
ul, =t

F('7'>u)>
(Pform)

where F, a nonlinear function of its arguments, may be non Lipschitz (in u), v is the
monotonic curve of equation x = g (v), the data s, r may be as irregular as distributions.
We don’t have a classical surrounding in which we can pose (and a fortiori solve) the
problem.

We treat in details the case of irregular data given along the characteristic curve
C = (Ox) and along the curve y, we add some remarks for the case of regular data.

3.1. Cut off procedure

Let (r¢), be in Rio’l] such that r. > 0 and lirr(l)rg = H4oo. Set Lg = [—71¢,7e].
E—

Consider a family of smooth one-variable functions (f¢), such that

0 if |z| > re,
sup |fe (2)| = 1, fe(2) = (H1)
z€Lg 1 if_rg+1<Z<rg_17
"fe . .
and 5o is bounded on L, for any integer n, n > 0. Set
z
9" fe
=M,.
2p |3 O] =M

Let ¢¢(z) = zfe(z). We approximate the function F by the family of functions (F¢), =
(F“(’l))u(l) defined by

Fg(x,y,z) = F(x’ya ¢8(Z))

3.2. Construction of & (R?)

Werecall that A = (u(A),v(A)) = (g,p) €A1 x Ay =A, Aj =Ap =(0,1] where
the parameter p is used to regularize the distributions s and ¢, the more general case.
Consider the previous family (r.),. We take

{ % = A/l the ring overgenerated by the following elements of Rio’l] x(©.1]

(M (A3, (VA2 (ruay) (@) 5

Then 7 (R?) = 27 (R?)/.# (R?) is built on the ring € of generalized constants with
(&, P) = (C""(Rz), (Pes) g IGN). In the same way < (R) = 2" (R)/. A (R) is

built on ¢ with (&, %) = (CM(R)> (PKJ)K@]RJEN)'

(H2)
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3.3. Stability of .o/ (R?)

PROPOSITION 3. Set S, = {0 € N°: || =n} when n€N*. Let F € C*(R}R),
F; defined as above in Section 3.1. Assume that

Ve € (0,1],V(x,y) € R* Fe(x,y,0) =0, (H3)
3p>0,YneN,3¢, >0,Ve € (0,1],VK € R?,
sup |D¥Fe (x,y,2)| < cark, (H4)

(x,y)€K; zeR;oeSn

then of (Rz) is stable under the family (FM(M)A‘

We refer the reader to [10] for a detailed proof.

COROLLARY 4. Set F (x,y,z) = G(z) =2, Ge(z) = Fe(x,y,2), then o/ (R?) is
stable under (GH(M)

Ir
Proof. We have |G¢(z)| = ‘z”f,S ‘ P then  sup |Ge(2)| <rE. As ¢e(z) =
(x,y)eR;zeR
zfe(z), we obtain
an¢ anf anflf
8z"g (2) =z aan (2)+n aZ%f (2).
Thus
9" e
oz (Z) < reMy +nM, | < oyre,

am
where o, = 2max(M,;nM,_1). Set w(z) = z”, then 8—’”( =M=y (p—i)zz™
for 1 <m < p. According Francesco Faa di Bruno’s formula, the nth order derivative
of G = wo ¢ can be written

anGg o

07" =l iz k=
i1 +...+im=n

M=
™M
o
§
s
2
o
<
o
—
=
N

where the coefficients #;, are integers. Then we get

..... Jim

’ anGg

aﬂ@ﬁ<z Yty (TG (p =) " T atyre < curk

m=1 i1>..2in k=1
i1 +...+ip=n

where ¢, is independent of € . Then assumptions (H3), (H4) are fulfilled.

3.4. A generalized differential problem associated to the formal one

Our goal is to give a meaning to the differential Goursat problem formally written
S (Pform) .
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As the data s and ¢ are as irregular as distributions, we set

®p =5%6p and @ = @], 1
Yo =16, and y = [yp], (d2)

where (Gp) o is a chosen family of mollifiers. Then the data @, y belong to <7 (R)
and u is searched in the algebra </ (R?).

Let (fe), € (C*(R))™ and .# the generalized operator associated to F via the
family (f¢), in Definition 7. Let %y and £, given by Definition 9 with 6 (x) = 0.
The problem associated to (Pf,),m) can be written as the well formulated one:

%u _F)
(Pgen) 8x8y ’

Ko (u) = o,

o) =

In terms of representatives, and thanks to the stability and restriction hypothesis,
solving (Pyen) leads to find a family (1), € 2 (R?) such that

02 .
WL(;;(X’Y) = Fu) (6,015 (x,)) = i; (x,y),

up, (8(0),y) = wvr) ) =Ly ),

where (i;); € A (R?), (jv(/l))).7 (ZV(M)A € A (R). Suppose we can find uy €
C~ (R?) verifying

82ul
m(xhy) = F,LL()L)('xayau)L (x7y))a
uy, (x,0) = @y (x),
u, ((g(v),¥) = W) (y)-

(P2) ey

Then, if we can prove that (uy);, € 2 (R?), u= [u;] is a solution of (Pye).

REMARK 4. Uniqueness in the algebra <7 (R?). Let v = [v;] another solution to
(Peen) - There are (iz ), € A (R?), (1)) ;> (Bvay), €4 (R), such that

9%y .
ax;y (x,9) = Fu) (6,9,v4 (x,5)) + 5. (x, ),

v (%,0) = @y) () + 0y 2 (%),
v.(8(0),y) = W) () + Bu) ()

The uniqueness of the solution to (Py,) will be the consequence of (w;,), = (v —uy); €
N (R?).
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REMARK 5. Dependence on some regularizing family. The problem (Py,) itself,
so a solution of it, a priori depends on the family of cutoff functions and, in the case of

irregular data, on the family of mollifiers. If (6p),.,, and (7)., are families of

mollifiersin 2 (R) and T € Z' (R), itis well known that generally [T 6] # [T * 17, |
in the Colombeau simplified algebra even if [6,] = [1] in these algebra. Therefore,
in the case of irregular data the solution of problem (P,,) in some Colombeau algebra
depends on the family of mollifiers (Gp) o but not on a class of that family. We have as-

sociated the generalized operator .% to F via the family (fe), . Let (he), € (C(R))™
another family representative of the class [f¢] = f in a meaning specified in Section 5
and leading to another generalized operator .7 associated to F'. We can prove that
in fact 7 = #, that is to say problem (Pg,) only depends on the class f of cutoff
functions.

3.5. Estimates for a parametrized regular problem

To solve the problem (Pge,,) associated to (Pf(,rm) we can consider (as it is done
in Subsection 3.4) the family of problems (P, ), . First we are going to prove that (P))
has a unique smooth solution under the following assumption
a) g€ C7(R), g >0,g(R) =R

b) Fg € Cm(Rs,R), VK € Rz, sup ‘ang(x,y,Z” = MK < oo (H)
(x,y)eK;zeR

¢) @p and Y, € C*(R), v, (0) = @y (g(0)).

Following [8], one can prove that (P, ) is equivalent to the integral formulation
(B) () =woaen) + [ Fuay(& CulE0)agas @)
x.Y,8n

where ug 5 (x,) = Wy1) (V) + @y0) (x) — @y(a)(8(»)), with

)
{(Em): g(y) <ELx, 0<n<y}if g(y) <xand0 <y,
Dlx,y,g) =4 HEM:x<E<e), 0sn<y}ifely) >xand0<y,
YPETYA(E M) x<E<g(y), y<n <O} if g(y) = xandy <O,
{(€,m): g(y) <E<x, y<n <O} if g(y) <xandy<O.

THEOREM 5. Under Assumption (H ), problem (P,) has a unique solution in
C=(R?).

We refer the reader to [8], [10] for a detailed proof. The main idea consists in a
Picard’s procedure to define a sequence of successive approximations.

wua(6) =02 (s0) + [ (€ Gt (&, E))agal

From the assumptions, putting v, 5 = u,, ; —u,_; 5, We can prove that

Py Moz (8(a) —g(=a))a)]"
ma#(x) n!

el k.., <
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when K, = [g(—a),g(a)] x [—a,d], with

aFu(/l)
%2 (x,3,)

Mg, u(x) = Mapur) = sup
(x.y)€Ky; tER

and
Dyp = [|Fuiay (Ol g, a0k, -

Finally the sequence u, ; converges uniformly on any compact set to

Uy =gy + X vy
n>1

which verifies (Pi) Gronwall’s lemma gives the uniqueness of u); . Moreover, we
have the estimate

(Da.).
letp ok < N2 lleo g, < Nltt0,0 ] i, + - ’M exp[my u(n) (8(a) — g(—a))a)l.  (3)

PROPOSITION 6. If F (x,y,2) = G(z) = 2P then problem (P;) has a unique solu-
tion in C*=(R?).

Proof. We have

Fu) (6 y,up (x,)) = Gy (ua (x,9)) = (S (un (x,3))) "

aG _
We compute %(z) = pd)ﬁ(;f) (Z)‘P[‘(A)(Z) Thus

IGun)
e

—1 —1
< Pryg) ‘fuM)(Z) *Zf;lm)(z)‘ < priy oy |11+ rugoMi| < e,

and ¢; = 2pmax(Mj, 1) is independent of u (A). Then assumption ( H ) is verified and
problem (P;) has a unique solution in C*(R?).

4. Solution to (Py;)

THEOREM 7. With the previous Assumptions (H ), (H3), (H4 ), if u;, is the solu-
tion to problem (P))) then problem (Pyen) admits u = [“A]{W(RZ) as solution.

Proof. According to [8], u = [uy] is solution to (Pgen) if (u3), € Z (R?). Then
we shall prove that
VK € R* VI €N, (Px, (1)), €A.

We proceed by induction. We have: VK € R? 3K, e R’z K CK,,
AP < D
oo < 10 i, < [[1t0.2 ]|, + — - exPlMa) (8a) —g(=a))d]
a,

< Jlito 1L, (1+explacir?; (8(a) — g(~a))])
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As (HMOJLHooKa)A € A we have

(N0l , (1+explacit ; ((a) —g(=a))) € A.

As A is stable, we deduce (Pg (1)), € A, then the Oth order estimate is verified.
We have

au,l aqu y

Ty = )+ [ Fuy o L (.0,
hence )

Up 2
P (1,0)(u) < sup W(X,y)‘ +H(SEE|FH<A)(X7C,MA (x, C))D-
Moreover
P, (00)(Fiu(ay (+75142)) < Proo(Fuay (-5 un)) < Horly 5,
then 5
Up )
P (1,0)(u2) < H e . COTy ()@

As A is stable, we get (PK’<1’0> (u,l))l € A. We have

8u . 8u07,1
a_y(x7y)_ ay (x7y)

+/g; Fu) (8,3,(8,))d6 —£ ) OyFuM)(g(Y)’ Cou (8(),€))d¢,

thus

ﬁuol

N (x,y)‘ + ((g(a) — g(—a)) +ag'(y)) sup | Fun) (6,15, (x,3))] -

Pg 0,1y () < s;p

Hence 5
Up )
P uy) < :
x,(0,1) (42) H R

. JrCo"ﬁ(M (g(a) 7g(7a) Jrag/(y))

and, as previously, (P 0.1)(#2)), €A. Finally
(Pk.1(uz)), €A.
Assume that (PK,I(M/I))A € A forany !/ < n. In fact we have
Px 1 = max (Pgu, Pty P2y P3 i, Pa )
with
Pin = Pg (n1,0) 5 Pon = Pg (0n+1)K,(00+1)

Psn= sup  Pgay1p)s Pan= sup  Px(ap+1)-
a+p=n:p>1 a+f=maz1
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For n > 1, we have by successive derivations

oty oty y gn
S ey) = R )+ [ SR (v G (. )dE.

As K C K,, we can write

"y, 9" uy 2"
(xsyl;gx W(%y)’ S\ e (;;J)EK WFMA)(X’MMA(XJ))’ :
, oo K k
We have
n
(oK WFM(M(’C’%”A(XJ))‘ < Pra(Fu) (5 ma))-
Moreover
a"““o,/l A
ox"t1 ca.
K/ 5

According to the stability hypothesis, a simple calculation shows that for any K € R?,
(Pk (n+1,0) (”l))A €A, then (Py,(uy)), €A. Letus show that (Py,(uy)), €A for
every n € N. We have by successive derivations, for n > 1,

an+lu an+lu
BTHA(XJ) = ?ﬁ’l(%y)
8j 8”
= SIS I0) 5ty G0 3 00) — [ o Fug (s -3
n—1 ]+1 (n— _] 9/
~ -G y)a—ijm)(g(y),y,wv(x)(y))
§"00) [ Fugey (). S (60). g,
As K C K,, we can write
8”“ n—1 _,j+1 n—j) aj
|G ,y‘ o B S [¢f (y)"WFMA)(g(y),y,U/v(x)(y))‘
+e(0) (@) 00 | S (1)
(xy)ek | OV
+ag"t(y) (SI;P | Fuay (6,13, (6, 9)) |+ Py o1y (0,0 -
x,y)eEK

For any K € R?, we have

i
sup ﬁF(X,_V,MA(X,y))‘ gPKﬂ(F('Waul)'
(xy)ek | 9V
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Then, forany n € N, (Px (o,+1)(#2)), €A. We deduce that (P (1)), € A.
For ot + 3 =n and 8 > 1, we have now

D(OC‘VB*l)D(lﬂl)

Py (a+1,8)(3) = sup uj, (x>y)‘

(x.y)eK

= sup |D'“PDE, ;0 (x,yu; (%y))’ < Pin(Fua) (5 5uz)-
(xy)eK
We finally obtain
Psu(up) = sup Py (gi1,8)(U2) < Prn(Fup)(s5u2))

a+B=np>1

and the stability hypothesis implies (P3,(u;)), € A. In the same way for o+ =n
and o > 1, we have

Pg (api1)(un) = ( Sl;PK DPE, G (v, (x,9))| < Pea(Fua (1))
xX,y)€
We deduce
Pyn(up) = sup P (apr1)(n) < Pra(Fup)( - uz))
a+B=na>1

and the stability hypothesis implies (P4 ,(;)), € A. Finally, we have (Px ,11(13)); €
A.

THEOREM 8. problem (Pg,) has a unique solution in the algebra </ (Rz).

Proof. Letu=[u;], o (B?) the solution to (Pg,) obtain in Theorem 7. Let v = [v; ]

another solution to (Pge,) . Thereare (iy); € A (R?), (O‘v(l))k e N (R), (Bv(ﬂ.))l €
A (R), such that

2%y .
ax;y (x,3) = Fup) (x, 3,02 (x,)) + iz (x, ),

V. (x,0) = @y2) (x) + oy ) (%),
v (8(),y) = W) () + Bua) ()

It is easy to see that
(UH// L(E.0) didC) e (R?).
Then there is (j;); € 4 (R?) such that

) =0 (o0 [ Fun) (6,80 (8 O)EAL 4 (),

’,
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with V0,4 (x,y) = Uy, (x,y) + Q)L (.X,y) , where

ug 3 (X6, Y) = Wy (V) + 0y a) (%) — ua) (8())s
0. (x,y) = Bya)(v) + oy (2) (x) — Buay (8())-

Then (6;,); belongsto .4 (R?). So there is (0;), € .4 (R?) such that
nle) =uoa(en+ [ F)(E L (e 01 o (). @
X V.8
The uniqueness of the solution to (Pgen) will be the consequence of

(Wa)y = (va—up), € A (R?).

First, we will prove that VK € R?, (Pxo(wy)), € |Ia|. We have

wa o) = o)+ [ (Fun) (6698 0) = Fuay (&, Eoun (,€)) dgac.
However

2)(&,Ema (&, C)) (5 Cun(8,4))
—wa(8.0) [ —E(E L (8.0) + n((E.8) —uz (&, 0)))an,

0

then we get
wy (x,y) = 03.(x,y)
I 0 ([ TR G (6.0 s (68 )
Let (x,y) € K, we have D(x,y,g) C K,. If g(y) < x, then
a3 < gy [ /m (.0l dEdL + 0.,
magiay [ [ 03 6 OIEAE + o,

Take ¢, (y) = sup  [wi(&,y)|, 2a' = (g(a) — g(—a)), then
gels(~ayg(a)]

y
W3 ()] < 02120 [ €2 (D) + [0,

We deduce that ey (y) < mg2)2d g €1(£)d8 + |0y |l g, for any y € [0,a]. Thus
according to the Gronwall’s lemma

"y
er(v) < lloplleok, exp('/o M p(2)2d'dg).
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Then
3. (9) <102l i, €XP (Mg u(3.)20'y) < (102 ||co i, €XP (M4 (3.)2d ).

We obtain the same result in the other cases, hence

Vy € [—a,d], €, (y) <0y ||.. , eXP(mg(2)2d a),

consequently
[Welloo i, < 1102 || &, €XP (M (1) 26 a).

As (0y), € A (R?) then <||6,1HM’K{1)/1 € |I4] . Moreover [|0y||.. g, exp(my (2)2d'a)

is a constant, consequently (Hw,1 lloo. Kg) L€ |L4| . Which implies the Oth order estimate.

According to Proposition 1, we deduce (w;); € 4 (R?); then u is the unique
solution to (Pye) for the family (F u( l)) 5

EXAMPLE 3. A degenerate Goursat problem in (¢,8,?)-algebras. We study
the Goursat problem in the case where ¢ and y are one-variable generalized functions,
¥ = (Oy). (We take g = 0). To solve the problem (Py,) associated to (Pf,,) we can
consider, as previously, the family of problems

82ul
—(x7 ) ()L)(xayaul(xm))))a
dxo0
(P1)3 1, (20) = 0 w0
13,(0,)) = Wy (v),

where (QDV(A))\/(A) and (V1)) 3 () are representatives of ¢ and y in o (R). If uy, is

the solution to problem (P( )) then problem (Pyen) admits u = [uz] g2y as solution.
Moreover

(o) =020+ [ Fu(Em (&m)dgan
~uostn+ [ ([ Fu(x)(é,n,ux(é,n))dn>dé

with

ugp (%,¥) = Wy) (V) + @y (%) — @) (0).
The case of the degenerate Goursat problem solved in [16] is a particular case of our
study. If A=Ay x Ay =(0,1]x (0,1],if F=0and ¢ =y =& then u= [ug, | =u; +
up where u; ~ 1, ® 8,4+ 8, ® 1, but up cannot be associated with a distribution. Thus,

even in the linear case, the Goursat problem with distribution data has a generalized
solution which is not (associated to) a distribution.

REMARK 6. Construction of .27 (R?) in the case of regular data. If the data s and ¢
are smooth, we take A=A =(0,1],and u(A)=A =¢€. Let (r¢), bein (Rj)w’” such
that liIT(l)rg = 4oo. We take ¢ = A/l the ring overgenerated by (1), ,(ry);,(€%);,,

E—
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elements of (RS)*!). Then o (R?) = 27 (R2)/.# (R?) is built on the ring % of
generalized constants with (£, %) = (C°°(]R2)7 (Px.) KR GN) and, in the same way,
o (R) =2 (R)/A(R) is built on € with

(5,2) = (C™(R), (Pes) gepgen) -

Nonetheless, the algebra .o/ (Rz) is not the same in the two cases, regular data and
irregular data. We set ¢ = s and y =1, elements of C*(R) canonically embedded in
o (R). If o € o (R) we take o,(5) = o, if o € A (R) we take o,(3) = 0. Then
we can rewrite this section and we get similar results. We have the same definitions as
previously and we obtain the same theorems, the same proofs replacing ¢,(;) by ¢ and
Wy(a) by y. As previously (Theorem 7 and Theorem 8), we can prove that problem

(Pgen) has a unique generalized solution u = [u; ] in the algebra <7 (R?).

5. Independence of the generalized solution from the class of cut off functions

Recall that A} = (0, 1], set

21(R) = {(fe), € [C"(R)]™ : YK €R. VI EN, (Pxy(fe), € 4]},
MR) = {(fe)e € [C*R)M :VK € R, VI €N, (Px(fe)), € Ilul},
A (R) = Z1(R)/M(R).

Consider .7 (R) the set of families of smooth one-variable functions (h¢),c,, € 21(R),
verifying the following assumptions

Ise) € RO sup [he(2)| = 1, 5)
2€[—5¢,5¢]
0if |z| = se,
he(z) =
Lif —se+1<z<s¢—1,
Jg eN"V(he), € 7(R),Ve,s. < 1. (6)
n
h
Moreover assume that 3 ng is bounded on J; = [—s¢,s,| for any integer n, n > 0.
b4

We have (fe)eep, € 7 (R). Recall that ¢¢(z) = zfe(z) for z € R, Fe(x,y,2) =
F(x,y,0¢(z)) for (x,y,z) € R* and

Z€[—re,re]

Let f € T (R)/ A1 (R) be the class of (f;),. Take (h¢), another representative of f,
that is to say (he), € 7 (R) and

(fe —he)e € M(R). @)
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Set 0¢(z) = zhe(z) for z € R, He(x,y,2) = F(x,y,0¢(z)) for (x,y,z) € R? and

n

sup
ZE€[—se,5¢]

e (Z)‘ =M,

Our choice is made such that (supp (/¢)), have the same growth as (supp (f¢)), with
respect to the scale (rg) . » in this way the corresponding solutions are lying in the same
algebra o7 (R?).

PROPOSITION 9. Set F € C*(R3,R), ¢ € C*(R,R), F(x,»2) = F(x,y,0(2)).
Forany o = (ay,00,03), a1 >0, ap >0, o3 >0 with |o)| = a1 +0+a3 =n#0,
we have

= 3 ()@Y S du (o)
dx% dy%2 0z (x.y) %9 ’O‘*szl azlj¢z

llﬁln =1 pi(a,B)

where B € N3. The set pi(a,p) mennoned in the inner sum consists of all nonzero
multi-indices (ki,....ki,l,...,l;) € (N ) such that

i i
0<h<..<liy Y kj=p3 D kilj=os.
j=1 j=1

The proof uses the Multivariate Faa di Bruno’s formula [2].
COROLLARY 10. Set F € C*(R3,R), 0¢(z) = zhe(z) with (he), € 7 (R),

Hﬁ(x7y7z) = F(x7Y7 O¢ (Z))a

o= (o,00,03), g =20, ap >0, oz =0 with || =0y + 0+ 03 =n #0. Then,
for B € N3, 1 < |B| < n, there exist constants C\g| which no depend of F and ¢, such
that VK € R?, V (x,y) € K, Vz € [—s¢.5¢],

(?”HE
0x% gy%2 7%

(e32)| < D Peyp (F)Cpgyse’

1<|Bl<n

Proof. We have

"o, A"h, 2",
oz (Z) =2 9z (Z) +HW(Z)
Thus
9", , ) .
a—zn(Z) < seMy, +nM,_ | < 0pSe < Oy,

where o, = 2max(M saM)
(5), we have s¢ < 7, then

(?”HE
0x% 0y%2 079

). Thus we deduce the formula. Moreover, according to

(x,3,2)| < Py p| (F)Cigjre®

1<[Bl<n
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COROLLARY 11. Set S, ={a € N°: |a| =n} when n€ N*. Let F € C*(R*,R),
H; defined by
He(x,y,2) = F (x,y, 0¢(2))-
Assume that
V(x,y) €R*F(x,y,0)=0,
31’0 > O,V(X € N37 |OC| =n> p07DaF(xayaZ) =0,

VneN,n< po,3d, >0,Ve € (0,1],YK €R*,  sup  [DUF(x,,2)| < durl",
(x,y)€K; z€Je ;€8N
(8)

then o/ (R?) is stable under the family (HH(M)A‘

Proof. Indeed, we have VK € R?, V (x,y) € K, Vz € Jy1), Vo € N?,

aan

ova gonygzen | < X Pripl (F)Cpprd® < dig ré*Cipyre™

1<|Bl<n I<IBI<p

< Cnr§0<l+q)
where ¢, no depends to € and r¢. As 0:(z) =0 if z ¢ J;, we have

sup IDHe (x,y,2)| < cur?? )
(x,y)€K; zER €S

and, according to Proposition 3, & (R?) is stable under the family (H)), -

THEOREM 12. Assume that p = po(1+q). Under the same hypotheses as Corol-

lary 11, problem (Pgen), a fortiori its solution, does not depend of the choice of the
representative (fe)gcy, of the class f € 7 (R)/M(R).

Proof. We have associated the generalized operator .# to F via the family (f¢), .

Let (he), € (C=(R))™ another family representative of the class [f;] = f and leading
to another generalized operator ¢ associated to F. We have to prove that ¢ = .,
that is to say 2 (u) = .7 (u) for any u € o/ (R?). Then, in terms of representatives,
we have to prove that, if (uy),, (v1), € Z (R?) and (w;), = (vi —uy); € A (R?),
then

(F( 0 ) = F (o, 0ua) (02))), € A (R?).
Let
Ay (x,y) = oy (Vi (%,3) = dua) (. (x,y)) -
We have VK € R?, V(x,y) € K,

Aj (x,y) = v (6 0)hpa) (V2 (6,) = ua (6,3) fucr) (. (x,5))

thus

Ay (x,y) = wa (6 0y (v (6,9)) s (6,) (huay 2 (6,9)) = fun) (a (x,3))) 5 (9)



174 VICTOR DEVOUE

moreover
huay 0 va = funy 0 = (huay 0 va — by o) + (huay 0 Uz — fuay o uz) -
As

By (v (6,9)) = hyay (s (x,))

= (a(x,y) —ua(x,y)) A %Z(ul(x,yHn(m(w)*ux(x,y)))dm (10)
we have

by 0 (6,9) = fu) (a(x,y))

d
= 06) [ 7 1, + o () + () — ) (). (1D

We deduce that ¥V (x,y) € K,
1
|y (v (5,9) = fu) (up (x,9) | < \WA(XJ)\/O Mydn + | (huz) — fum)) (un (x,y))]
< |wa (e )| MY+ pay (B = Fu)-
where J,u(l) = [75;1(1)’5#(1)] . Then
182,063 < 1w (9] + ez Ceo )] (Iwa (6,) M3 + Py 1 ey = i)
< wa (e )| (1 [ (e, 9) | M) + i (6, 9) | P 1 ( — fu@))-
Consequently,
185 (%, )| < Wil g (1 + HM/IHWAKMi) Fluzlleo g Pyt Buiay = fuan))-
Let

dy = Pio(wp) (14 Pro (uz ) M1) + Pro () a1 () = fuia))-

According to (7), we have (p] o () = fuia )) € |I4], moreover (wy ), €
A (R?), then we have (Pg(w;)); € |IA| and ( )i € |IA\ As

F(x7y7 Ou(r) (V). (X,y))) - F(X,y, ‘Pu(l) (ul (x7y)))

1
= 8250 [ G000y (0 (30 4 1y (03 59)) = ) (o 3D

1
=AM ()C,y) (/0 %_Z(x7y7 ¢,u(l) (u(x,y))) +77A/1(X7Y))d77) ) (12)
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we get

|F(x7y7 Ou(r) (Vl (X,y))) - F(X,y, ‘Pu(ﬂ.) (ul (x7y)))|

g dlrz(()l) \A;L(x,y)| < dlrz(()l)d)“'

Then we have

(Pxo (F (7,0 (72)) = F (-, 0ua) (u2)))), € al-

It implies the Oth order estimate. According to Proposition 1, we deduce
(F(0u) 02)) = F (s Bua) (u2))), € A (R?).

REMARK 7. Inthe case of regular data, we can show analogously that the solution
to problem (P,) does not depend of the choice of the representative (f¢), of the class
fegR)/A(R), as in Theorem 12.

6. Comparison with classical solutions

Even if the data are as irregular as distributions, it may happen that the initial
formal ill-posed problem (Pf,),m) has nonetheless a local smooth solution as it will be
seen in the example 4. We are going to prove that this solution is exactly the restriction
(according to the sheaf theory sense) of the generalized one.

The generalized solution to problem (Py,) is defined from the integral represen-
tation (2). Thus, we are going to study the relationship between this generalized func-
tion and the classical solutions to (Pf,),m) (when they exist) on a domain € such that
V(x,y) € Q, D(x,y,g) C Q. This justified to choose Q = (g(u),g(v)) x (u,v) when
(u,v) €R? with u <0< v.

REMARK 8. If the non regularized problem (Pf,),m) has a smooth solution v on
Q then, necessarily we have Q C R?\singsupp (u).

Recall that there exists a canonical sheaf embedding of C*(-) into & (-), through
the morphism of algebra

00 :C”(0) — 7 (0), f—[fi] (where O is any open subset of R%and f; = f).

The presheaf .o allows to restriction and as usually we denote by u|,, the restriction
on OOfMEM(Rz).

THEOREM 13. Let u = [u;] be the solution to problem (Pge,) given in Theo-
rem 7. Let Q be an open subset of R? such that Q C R*\singsupp (u). Assume

that Q = |J Q¢ with (Q¢), is an increasing family of open subsets of R? such that
ISV

Q: = (g(ag),g(be)) x (ag,be) when (age,be) € R? with ag < 0 < be. Assume that

problem (Pfopy) has a smooth solution v on Q such that sup |v(x,y)| < re —1 for
(x,y)€Qe

any €. Then v (element of C* (Q) canonically embedded in <7 (Q)) is the restriction

(according to the sheaf theory sense) of u to Q, v = ulq.
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Proof. We clearly have V (x,y) € Q,3¢y,Ve < &, (x,y) € Q¢. Then D(x,y,g) C
Q¢ C Q and following [8], [9],

vy =)+ [ PECVEO)agdL.
JID(xy.g)
We take as representative of u the family (u; ), given by Theorem 7, we have

Y00) €0, (6) = ualen) + [ Fu(8 a8 )zt

x.).8

and vo(x,y) = up;(x,y). Set (wy); = (up|g—v), and take K € Q. There exists
€1 such that, for all € < g, K € Q¢. According the definition of Q, there exists
a, 0<a< (bg—ag)/2, such that K C Q, C Q with Q, = [g(as+a),g(be —a)] x
[ac + a,be —a]. Take (x,y) € K, then D(x,y,g) C Q,. Note that, for (&,5,z) € Q¢ X
(—re+1,r—1),wehave F(€,¢,z) = F:(£,6,z) by construction of F;. Thus v, which
values are in (—rg + 1,7¢ — 1), and u; are solutions of the same integral equation,
which admits a unique solution since F; is a smooth function of its arguments. Thus,
for all € = u(A) < ¢, v and u, are equal on Q.. Then (Px,(v)), € A for any
K € Q and n € N. Then v (identified with [(v),]) belongs to </ (). Moreover, for
all e =u(A) < e, supy)ep, Iwa(x,y)| =0, hence (Pg;(w;))a € |la| forany [ € N
as w, vanishes on K. Thus (wy); € 4" (Q) and v = u|g as claimed.

EXAMPLE 4. Assume that A = (u(A),v(A)) = (g,p) € A1 x Ay = A, A =
Ay = (0,1]. Consider the problem

2%u _ 2
oxdy
(Pform) u‘(Ox) _ VP(L%

1—x

oy = vpP(1=)-

ol

This problem is classically highly ill-posed. Let be (Pg,) the generalized associated
problem as it is done in Subsection 3.4.

%u _F)
P oxdy "
(Peen) Ko (u) =@,

gg(”):uﬂ

where .# is associated to F = u? via the family (f) ¢ given in Subsection 3.1, by
Definition 7. The generalized functions ¢ = [¢,] € & (R) and y = [y, ] € & (R)
are constructed from
1 1 o Op (x—2z)
Pp(x) = <9p *Vp(ﬁ)) (x) = <VP(E)7Z =0 (x—2)) = g%fllfzbsli,zdz
1 1 , 6p (v —2)
wp(y) = <9p * vp(ﬁ)) 0) = p(T=) 2= 6 (V—=2) = ggl(l)ﬁl,zbgpljdz
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where (6)) , 1s a chosen family of mollifiers. Then @y (resp. v ) regularize vp()

(resp. vp(ﬁ) ). To solve the problem (Pg.,) associate to (Pform) we can consider (as

it is done in Subsection 3.4) the family of problems

02 2
Ty (6,) = (uz (e, 9)) fun) (wa (6,)))7
u; (x,0) = q)v().)(x)7
u;, (0,y) = Wy () -

(Py)

If uy is a solution to (P;) then u = [uy] is solution to (Pg.,). We have the restrictions

L= (o i )on| = (o)
() 1—x 1=yl (o) 1—y

Then (Pfom) has the classical solution v in C=(Q) where Q = (—eo,1) x (—eo, 1),

1
1—x

vp(

1
v(x,y) = m>

and Theorem 13 shows that the restriction of u € .o (Rz) to Q is precisely v. The local
classical solution v which blows-up for x =1, y = 1, extends to a global generalized
solution u which absorbs this blow-up.

REMARK 9. Inthe case of regular data, whenever problem (P,,) admits a classi-
cal smooth function v on some open subset £, we can show that v (element of C=(2)
canonically embedded in o7 (Q)) is the restriction (according to the sheaf theory sense)
of u to Q as it is described in Theorem 13.
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