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IMPLICIT DIFFERENCE INEQUALITIES CORRESPONDING
TO PARABOLIC FUNCTIONAL DIFFERENTIAL EQUATIONS

MILENA NETKA

(Communicated by L. Berezansky)

Abstract. We give theorems on implicit difference inequalities generated by initial-boundary
value problems for parabolic functional differential equations. We apply this result for the in-
vestigation of the stability of difference schemes. Classical solutions of mixed problems are
approximated in the paper by solutions of suitable implicit difference methods. The proofs of
the convergence of difference methods are based on a comparison technique and the results on
difference functional inequalities are used. Numerical examples are presented.

1. Introduction

Differential inequalities found applications in several topics concerning differen-
tial or functional differential equations. Such problems as: estimates of solutions of
ordinary or partial differential or functional differential equations, estimates of the do-
main of the existence of classical or generalized solutions, criteria of uniqueness and
continuous dependence, are classical examples, however not the only ones. Moreover,
discrete versions of differential inequalities, the so called difference inequalities, are
frequently used to prove the convergence of numerical methods.

Parabolic functional differential equations have the following property: difference
methods for suitable initial or initial-boundary value problems consist in replacing par-
tial derivatives with difference operators. Moreover, because differential equations con-
tain a functional variable which is an element of the space of continuous functions de-
fined on a finite dimensional space, we need some interpolating operators. This leads
to nonlinear difference functional problems which satisfy consistency conditions on all
sufficiently regular solutions of functional differential equations. The main task in these
consideration is to find a finite difference approximation of an original problem which is
stable. The methods of difference inequalities are used in the investigation of the stabil-
ity of nonlinear difference functional equations generated by initial or initial-boundary
value problems.

In recent years, a number of papers concerning implicit numerical methods for
functional partial differential equations have been published. Difference approxima-
tions of classical solutions to first order partial functional differential equations were
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considered in [3], [5]. Initial problems on the Haar pyramid and initial-boundary value
problems were considered. Implicit difference schemes for nonlinear parabolic equa-
tions with initial-boundary conditions of the Dirichlet type were studied in [1], [9].
The convergence of a class of implicit difference methods for parabolic equations with
initial-boundary conditions of the Neumann type were investigated in [7], [8]. Mono-
tone iterative methods and implicit difference schemes for computing approximate so-
lutions to parabolic equations with time delay were analyzed in [11], [12], [19]. The
stability and convergence of numerical method of lines for initial boundary value prob-
lems were investigated in [10].

The aim of the paper is to show theorems on implicit difference inequalities cor-
responding to parabolic functional differential equations with general initial-boundary
conditions. We give also applications of theorems on implicit difference inequalities.
More precisely, we propose implicit difference schemes for the numerical solving of
functional differential equations. We give a complete converegence analysis for the
methods and we show by examples that new difference schemes are considerably better
than classical methods.

Results presented in the paper are new also in the case of differential equations
without the functional dependence.

Sufficient conditions for the existence and uniqueness of classical or generalized
solutions of parabolic functional differential problems can be found in [2], [6], [13],
[14], [17], [18]. The monograph [20] gives an exposition of the theory of parabolic
functional differential equations. We use in the paper general ideas for finite difference
equations which were introduced in [15], [16].

We formulate our functional differential problems. For any metric spaces X and
Y we denote by C(X,Y) the class of all continuous functions defined on X and taking
values in Y. We will use vectorial inequalities with the understanding that the same
inequalities hold between their corresponding components. Write

Eo = [~bo,0] x [~b,b] and E = [0,a] x [~b,],

where a > 0, by € Ry, Ry = (0,4o0) and b = (by,...,b,), b; >0 for i=1,...,n.
Set ro =bo+a, r=2b and B = [—r,0] X [—r, 7], = [—ro,a] X [-b—r,b+r]. For
a function z: X — R and for a point (¢,x) € E we define a function z(, ) : B— R by
24w (T,y) = 2(t + 7,x+Y), (7,y) € B. For (t,x) € E we put

Dlt,x] = {(r,y) eR"™™:7<0, (t+1,x+y) € EgUE}.

It is clear that D[t,x] = [~bo —¢,0] X [-b —x,b —x] and DIt,x] C B for (¢t,x) € E.
Let M, ., be the class of all n X n matrices with real elements. Write & = F X
C(B,R) x R" x M,,x, and suppose that F : E — R is a given function. We will say
that F satisfies the condition (V) if for each (z,x,w,q,s) € E and w € C(B,R) such
that w(z,y) = w(t,y) for (7,y) € D[t,x] we have F(t,x,w,q,s) = F(t,x,W,q,s). Note
that the condition (V) means that the value of F at the point (7,x,w,q,s) € Z depends
on (t,x,q,s) and on the restriction of w to the set DIt,x] only. Let us denote by z an
unknown function of the variables (z,x), x = (x1,...,%,). We consider the functional
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differential equation
0r2(t,x) = F(1,%,2( v, 0h2(t,x), Ox2(t,X) ), (1.1)

where 0z = (0x,2,...,0x,2), Ouz = [HXisz],;j:l’_._?n. We assume that F satisfies the
condition (V') and we consider classical solutions of (1.1). Now we formulate initial-
boundary conditions for (1.1). Write

Si={xe[-b,b]:xi=b;}, Spri={x€[-b,b]:x;i=—bi},i=1,...,n
0f =S, OF =Si\UL LS, Qi =Suri\Ui 1S, i=1,...,n.
Set
(9()E+ [0, a)xQ
WE; =[0,a)xQ;,i=1,...,n,
a()E = Ui:l (aOElJF @] a()Ei_).

Suppose that 8, y, ¥ : dhE — R, y : Ey — R are given functions. The following
initial-boundary conditions are associated with (1.1):

Z(I,X) = u/(t,x) on Ej, (1.2)
B(t,x)z(t,x) + y(t,x)0xz(t,x) = ¥(t,x) ondE;, i=1,...,n, (1.3)
B(t,x)z(t,x) — y(t,x)0yz(t,x) =¥(t,x) ondE; ,i=1,...,n. (1.4)

A function z: Eg UE — R will be called the function of class C, if z is continuous
on EyUE, the partial derivatives d,z, dvz= (dx,2;...,0x,2), Oz = [HXix_,z], =1,
on E and the functions dz,dyz,dxz are continuous on E. We consider solutions of
(1.1)-(1.4) of class C,.

For spaces X and Y we denote by % (X,Y) the class of all functions defined on
X and taking values in Y. Let N and Z be the sets of natural numbers and integers,
respectively. We define a mesh in R'*" in the following way. Let h = (hg,h), h =
(h1,...,hy), stand for steps of the mesh. For (r,m) € Z'*" m = (my,...,my,) we
define nodal points as follows

1) = rho, x) = (mihy,...,muhy,) = (xgml),...,xg,m")).

Let us denote by H the set of all h for which there exist (My,...,M,) =M € Z"
and My € Z such that M;h; = b; for i = 1,...,n, Myphy = bg. For h € H we put
[h|| =ho+hi+...4+h,. Let K €N be deﬁned by relations Kho < a < (K+ 1)hg. For
h € H we put

R = {(t") x™) - (r,m) € 217},

and
Eon=EoNR,™, En=ENRL™, By=BNR™,
E); = E NRY™, E, ;= dE NRy.
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Difference operators are defined in the following way. Let e¢; € R" defined by
ei=(0,...,0,1,0,...,0) with 1 standing on the i—th place. Write

J={(.j): i,j=1,....n, i #j}.

Suppose that we have defined the sets J, J_ CJ suchthat Jy UJ_=J, JL.NJ_=0.
We assume that (i, j) € J+ if (j,i) € J4+. In particular, it may happen that J; =@ or
J_ = 0. Relations between equation (1.1) and the sets J,J_ are given in Remark 2.1.

Given z € Z (Egn UEp,R) and (rnm) € Z'"", 0<r<K—1, —-(M—1)<m <
M—1,where M — 1= (M; —1,...,M, —1). Write

1

(rm) _ = [ (r+lm) _  (rm) 15
8oz e [z 2], (1.5)
1
51_+Z(r,m) _ _‘[Z(r,ere,-) _ Z(r,m)]7 i=1,....n,
51-_1(””) — " [Z(r,m) _ Z(r,m—e,-)] i=1,...,n,
and 8z = (8;z20"™, ..., 8,z2("™)) where
5igrm) — é[ayzwm F8A), =1, (1.6)

The difference operator §(2) = [0ili.j=1,..n, is defined in the following way:

S\ lrm) = 54877 fori=1,....n (1.7)

and |
877 = 5 (8,78, 2 + 878, 2"™]  for (i,j) € J-, (1.8)

1
5 rm = 5 (8,820 4 8782 for (i, ) € I (1.9)

Solutions of difference functional equations are elements of the space % (Eop U
En,R). Since equation (1.1) contains the functional variable Z(tx) Which is an element
of the space C(D[t,x],R), we need an interpolating operator T}, : % (By,R) — C(B,R).
We adopt additional assumption on 7y, in Section 3. For a function z: X — R and for
apoint (¢, x(")) € Ey, we define a function Zfpm) : Bn — R by

) (T,3) =2t + 7" +y), (7,y) € Bn.

Set
Falz) "™ = F (1) xtm), ToZjrm]» §zrtm §2) (rtm)

and
A2 = BUim)Zlim) oy rm) §=75m) on GoEF

Al;i[z](r,m) _ B(r,rn)z(r,m) _ y(r,m)5i+z(r,m) on aOElIN
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where i=1,---,n. Write
aoE;r = U?zlaoEiﬂ aoEl: = U?zla()El:i, doEn = BOEIT @] aoEl:

For a function z: Egy UER — R we define a function Ap[z] : doEn — R in the following
way:

Anl2) = Af [0 i (60 <) € B
An[2 = AS [0 i (0 1) € QB

Suppose that yy, : Egpn, — R and Wy, : dpEp — R are given functions. We consider the
difference functional equation

8oz = Fy[z] ") (1.10)
with the initial-boundary conditions:

rm) __ (r,m)

2 =yl on Egp, (1.11)
An["™ = W™ on 9oy (1.12)

REMARK 1.1. Note that the values z("+1”+*) appear in the expressions §z( 1)
and §@) U+ where A = (A1,...,A), A € {—1,0,1}, i=1,...,n and ||A] < 2.
Then (1.10)-(1.12) is an implicit difference scheme for (1.1)-(1.4).

Our motivations for the construction of implicit difference schemes are the fol-
lowing. Two type assumptions are needed in theorems on the stability of difference
schemes corresponding to (1.1)-(1.4). The first type conditions concern regularity of
F. Tt is assumed that the function F of the variables (¢,x,w,q,s), ¢ = (q1,---,qn),
§ = [Sijlij=1,..n, is of class C! with respect to (g,s) and the functions:

aqF = (8qu,...,8an) and asF = [HSi_,.F},-7j:17_,_7n

are bounded. It is assumed also that F satisfies the Perron type estimate with respect to
the functional variable w.
The second type conditions concern the mesh. It is required that

L L _
1—2h021ﬁasﬁF(P)—i—ho;Tm|85i_/F(P)| >0, P=(t,x,wq,s)€E. (1.13)
1= 1 J= e,
J#i

It is clear that strong assumptions on relations between hog and h = (hy,... h,) are
required in (1.13). It is important in our considerations that assumption (1.13) is omitted
in theorems on difference functional inequalities and in theorems on the convergence
of implicit difference methods for (1.1)-(1.4).
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2. Difference functional inequalities

The following assumption will be needed throughout the paper.

AssUMPTION H[F]. The function F : E — R of the variables (¢,x,w,q,s), g =
(q1,---,qn), s =5ijli j=1,..n satisfies the condition (V) and:

1) F € C(E,R) and the derivatives 9,F = (0, F, ..., 0q,F), OsF = [0;;F]; j=1,..n exist
and the functions J,F : E — R", diF : E — M, are continuous and bounded
2) the matrix d;F is symmetric and
1 .
—E]aq,F(P)]Jr as,,F Z ] i F(P)| =20, i=1,...n, (2.1)
,7&1
and
95, F(P) > 0for (i, j) €J1, 9y, F(P)<O0for (i,j) €J, 2.2)

where P € 2,

3) h € H and there is & > 0 such that for 0 < hy < & and w,w € % (B, R) if w(t,y) <
w(t,y) for (7,y) € By, then

W(Oﬁ) +h0F(t7~xa Thw,q,s) < W(O’B) —|—h0F(t,.X, Thvﬁ,q,s),

4) B : dpEp — (0,0), v:doEp — Ry and h e H, hy < &, T : F (Bn,R) — C(B,R).

REMARK 2.1. We have assumed that for each (i, j) € J, the functions

gij(P) =sign dy, . F(P), P € E,

Sij

are constant. Relations (2.2) can be considered as definitions of the sets J. and J_.

REMARK 2.2. Suppose that f: E x R x C(B,R) x R" x M,x, — R is a given
function of the variables (¢,x,p,w,q,s) and F(t,x,w,q,s) = f(t,x,w(0,0),w,q,s) on
E, where 6 = (0,...,0) € R". Suppose that:

1) f is nondecreasing with respect to the functional variable w,
2) there exist the derivative d,f and the function d,f is continuous and bounded.

Then F satisfies condition 3) of Assumption H[F].

We prove a theorem on difference inequalities generated by problem (1.10)-(1.12).

THEOREM 2.1. Suppose that Assumption H[ F ] is satisfied and

1) the functions u,v : Egp UE, — R satisfy the differential difference inequality

Sou™™ — F[u] "™ < v\ — B, V] on By, (2.3)
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2) the initial estimate utm) < ym) on Eo o and boundary inequalities Ay, [u](”’") <
An[V]"™ on dyEy are satisfied.
Then
um <M on By, (2.4)

Proof. Notice that for » = 0 inequality (2.4) is satisfied. Suppose that
ulim) < y(m) for (t(i),x(m)) € (EgpUER) N ([—bo,l‘(r)] x R™).

We prove that u( 1) <y +1m) for —M < m < M. Suppose by contradiction that
above inequality fails to be true. Let u = (uy,...,U,) be defined by relation

(—v)" T = max {(w—v)" s M <m <M}, (2.5)
We thus get
(u—v)U ) > 0, (2.6)

Then two possibilities can happen,
either (i) : (t0+D,xW) € By or (ii): (10D, xW) € Ey\ doEn.

(i)

(/-‘-i) — bi or X; —

—b;. If xg“") = b; (the other case can be treated similary) then & (u—v)" %) > 0.
But from assumption 2) it follows that

Let us consider the first case. Then thereis i € {1,...,n} such that x

BUHLR) (g — y) rH L) L) 5= (5 — ) 4L <,
Hence BU+14) (4 —v) L1 < 0 which contradicts condition (2.6). Hence
(D xW) € By \ doEn.
Write
AUR) = (4 — )8 4 g [Fh 1)) — F (1) B Ty, g, Sl ), 5(2)u(r+17u>)} ,

BUH) — g [F(,m,x(mjhv[ SulrHim) §@) 1wy _ Fh[v](r,nw]

rul»
It follows form (2.3) that
(u— V)(H-LH) < AH 4 prl), 2.7)

Set

Q(r’m) (T) = (t(r) 7x(m) 5 Thv[t,ln] ) av(r+l,m) + 76 (u - V) (r+l,m),

5(2)V(r+1,m) + 15(2)(14 _ v)(r+1,m)> ,
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where 0 < 7 < 1. Write

1
s~ 1o | aur@ ) @)dz - oy
hi Jo

/ |05, F (0" (2))|d

|05, F(Q\"™) (1)) |dx,

| hjhi
J#l
and
st = _ong 3 L Mo, P00 ()
O 0‘ h2 0 'ij
J=1"7]
oy [
+ho /
(i ')g]hih.f 0
lrm _ / aqu rm )dT+S<rm)
r,m hO rm alrm
s — o a F(Q"™ (2))dr + 8"
where i =1,...,n and
(r,m) hO
S.. =
Y 2hihj Jo

It follows from Assumption H[ F'] that:

S0 S0 fori=1,....n,
SE™M 20 for (i,j) €Jr, S <0 for (i, j) €U,
n
S(””+Z +2S 2 Y || =o.
i=1 (i,7)eJ
‘We conclude from Hadamard mean value theorem that
BU#) = i)y — )(HL#)
+2S r+1 JMu+e;) +2S v)r+1,u—ei)
i=1
+ 2 S [ (r+l uteite;) + (I/L _ v)(rJrl,ufeifej)jI
(i,))el+
2 S [ (r+1 petei—ej) 4 (u— V)(VJFlv#*eierj)jI'
(i,))el-

PO (2)dr, (i) €.

(2.8)

(2.9)

(2.10)

2.11)

(2.12)
(2.13)

(2.14)

This gives B""*) < 0. The functions w = U[pm]» W= V[ny satisfy the condition w(7,y) <
w(t,y) for (t,y) € By. We conclude from condition 3) of Assumption H[F] that
A < 0. According to (2.7) we have (u— v)(’“?“) < 0, which contradicts (2.6).

Hence inequality (2.4) is proved on Ej,.
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Put Ep = E x C(B,R) x R" and suppose that
fiE = My, f=1fijlij=1,.1, G:Eo—R

are given functions. We consider the functional differential equation

Kz(t,x) = N fij (1,90 2(1,%) + G(t,%, 21y, Br2(t,)) (2.15)
ij=1

with initial-boundary conditions (1.2)-(1.4). Let &, 8, 5 be the difference operators
defined by (1.5)-(1.9) respectively. If we apply Theorem 2.1 to the difference equation

50Z rm) _ Z flj"m 2 ("+1 m)+G(() (m) Tthm]a(SZ (r+1, m)) (2.16)
ij=1

where fi(jr’m) = £;j(#") xM) 1 <, j < n, then we need the following assumption on
f: foreach (i, ) € J the functions f;;(z,x) = sign f;;(t,x), (t,x) € E, are constant on
E, see assumption (2.2). We prove that this condition can be omitted if we modify the
definitions of 5,1,'2(”1””) for (i,j) € J. More precisely, we consider problem (2.16),
(1.11), (1.12) with &, 3, &, 1 <i < n, given by (1.5)-(1.7) and we define 9;;z for
(i,7) € J in the following way

rm 1 - -

if fz(j ) <0, then 5,‘J'Z(r+1’m) — 5 [6i+6j Z(r+l,m) +5i S;rz(ﬂrl,m)]’
rm 1 N

it 720, then &zt = 5[5,*6}5’“7’”)+6,. 8 glrrtm].

Set

Gh [Z}(r,m) _ z f}(J-r”n)(SijZ(r+l”n) + G(l(r),x(m),ThZ[r7m]752(r+l"m)).
ij=1

We consider the difference functional equation corresponding to (2.15)
802" = Gyl (2.17)

with the initial-boundary conditions (1.11)-(1.12).

ASSUMPTION H[ f, G] The functions f: E — My x,, G: Eo — R" are continuous
and:

1) G satisfies the condition (V') and there exist the derivatives d,G = (J,,G,...,9,,G)
and the function 8,1G : 29 — R” is continuous and bounded,

2) the matrix f is symmetric and

1
—§|8,1,.G ’—l— f”tx 2 ’f,jtx| i=1,...,n,
jl
J#

where P = (t,x,w,q) € Ey,
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3) h € H and there is & > 0 such that for 0 < hy < & and w,w € F(By,R) if
w(7,y) < w(t,y) for (7,y) € By, then

w(00) 4 hoG(t,x, Tayw,q) < w%0) 4 hoG(t,x, Taw,q),

4) B : ath — (0,00)7 Y ath —>R+ and Ty : ﬂ(BlhR) —>C(B7R).

THEOREM 2.2. Suppose that Assumption H[ f,G] is satisfied and:

1) the functions u,v : Ey, UER — R satisfy the differential difference inequality
Sou"™™ — Gp[u] "™ < Sy — Gy [V on By,

2) the initial estimate ulrm) < ylrm) o Eop and boundary inequalities Ay, [u](”m) <
Ah[v}(”m) on Ey are satisfied.
Then
ul™ < on By, (2.18)

Proof. 1t is easy to see that for r = 0 inequality (2.18) is satisfied. Suppose that
ulim) < y(im) for (Z(i)7x(m)) € (EophUER)N ([—bo,t(r)] x R™).

We prove that
ulrthm) < i bm) for M < m < M.

Suppose by contradiction that above inequality fails to be true. Let u be defined by
relation (2.5). Then condition (2.6) is satisfied. It follows easily that (t(”l),x(“)) €
En \ doEn . We conclude from assumption 2) that

(=) < (=) ) 4 g (G ] ) — GhM(”“)] )
It follows form condition 3) of Assumption H[ f, G] and from the above inequality that

(u— )+

<ho ¥ S8 —v) )
i,j=1

+ho {G(t(r) X (Th) ] 5u(r+1.,u)) _ G(t(’) X (TaV) ] 5v(r+1,u))] .
Write
J = {0, ) e g £ 03, g = g\ ),
and
(rp) _ SR I nw
SO - _2h0§h_2-f;l +(2 hl_h,,}fij }
=1"" i,j)eJ f
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) _ if(r,[l)_ 2": 1 |f(r7u>}+i 13 G(P"M) (1))dt
B 2 =) hjhi g 2hi Jo "

J#i
S(r’“):if-(-r’“)—i 1 |£H) _L 1y G(P"M)(1))dt
i— hlz ii “~ hjh L 2h;i Jo 7

J#i

where i=1,...,n and

PUR (1) = (1) X (Tyv) g, SV 418 (- v) Hm),

Ul
‘We conclude from the Hadamard mean value theorem that
(u _ v)(r+1,,u.)(1 _ S(()H.U-))
<hy [ i Sz(.rf)(u _ V)(r+l,,u.+e,-) + isl(rj‘-)(u _ V)(r+1,,u.—e,-)
i=1 i=1
L) (r+1,uteite;) (r+1,u—ei—e;)
+h0 2 )T,hlf” I:(M—V)r cirej +(M—V)r ¢ e-’:l

_ L (r,u) N\ utei—ej) (L u—eite))

(i,/)es ")
It is easily seen that Sl(.rjkm, S >0, fori=1,...,n and
(ru) ¢ () - () Ut _
S +ho Y, S o Y S ko Y |7 =o. (2.20)
i=1 i=1 (i,j)e] hjhi ™Y

From (2.19), (2.20) we conclude that (1 —v)"+1:#) < 0 which contradicts (2.6). Hence
inequality (2.18) is proved on Ep,.

3. Implicit difference schemes

We first prove a theorem on the existence and uniqueness of solutions to (1.10)-
(1.12).

THEOREM 3.1. Suppose that Assumption H[ F ] is satisfied and
Y Eop = R, W :0ER — R, B:00Ey — (0,+e0), and y: dEp — Ry.

Then there is exactly one solution uy, : Eg y UER, — R of problem (1.10)-(1.12).

Proof. Suppose that 0 < r < K is fixed and that the solution uy, to problem (1.10)-
(1.12) is given on the set (Eop UEp) N ([—bo,t(’)} x R™). We prove that the values
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uflrﬂ’m), —M < m < M, exist and that they are unique. It is sufficient to show that

there exists exactly one solution of the system of equations

2t bm) — 5 o (1) 5 Ty (), 8207 §PZHLmY (3 )

[rm]>
where —(M —1) <m<M—1,and
AR =l tm) on 5By, 3.2)

It follows from Assumption H[ F'] that there is Ay, € R4 such that

LS| _
Ap =2ho Y, ﬁawF(P) —ho Y, h h —|0dy,F(P)|, P€E. (3.3)
i=1" (i.j)el
Write -
h'\V i (r:m)
G\ 1] = h + Y T, i=1,...,n,

1

hiB(rm) 4 y(rm) . B(rm) 4 y(rm)
where 7 € R and
%lfr’m) lg,5] = F(t(r)7)c(”'),Th(uh)[,’,,,bcbs)7
where g € R", s € M,,»,,. Difference problem (3.1), (3.2) is equivalent to the system

Z(r+l,m) _ 1 IA [Ahz(rJrl,m) +u§1r,m) +h0glgr,m) [(SZ(rJrl,m)’5(2)Z(r+1,m)]}7 (3.4)
h

+
where —(M —1) <m<M—1 and

(r+lm) _ (rtLm)r (rr1m—e;) +
{z G 4 | on QE, (3.5)

(

Z(}'Jrl,m) _ GEI’+1 ;M) [Z(rJrl ;m-+e;) } on aOEl:i ,
where i = 1,...,n. Set Xj = {x(m) =M < m < M}. For y € .%(Xp,R) we write
2 = x(xm),

S = (81", &™) and 8" = 8% jet,...ms

where 0, §;j, 1 <i< n, are defined in Section 2. The norm in the space F(Xp,R) we
define by
|1, = max{|x™ | : x(") € Xp}.
Set
= {x eF(Xp,R): x™ = Gng’m)[x(”’_ei)} on &k, and
2™ = G [yt on GE, i = 1n}

4

Let W,.;, be an operator defined on Y;, in the following way:

Wen[2]") = Anx™ + ul™ 1 ho@ " 5 ), §@) xbﬂﬂ 7

1+Ap
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where —(M —1) <m<M—1 and

Wonlx]™ = GV [Won[] ™)) on doE;, (3.6)
Wenl[)™ = G [Win ] ™+ on doE; 3.7)

where i = 1,...,n. It follows that W,y : Y, — Y4 . It is clear that problem (3.4), (3.5) is
equivalent to the equation

X = Wen[x]- (3.8)
Suppose that y, ¥ € ¥},. Write

00 () = (1), ). T (1), 5 + 28(% = 2)™,
§(2) 5 m) Hg(z)@_x)(m),

Suppose that the numbers S(()r’m>, Sgrjrm),, Sgr’_m), i=1,...,nand SE;’m), for (i, j) € J are

defined by (2.8)-(2.11) with the above given Q(”’”(T). By using the Hadamard mean
value theorem to the difference

glEr,m) [SZ(m)’ 5(2)Z(m)] - glsr,m) [5%(m)75(2)x(m)}

we get
[Wr.h[Z](m)—th[X}( )](1+Ah) (Ah+Sé”"))(x X)H

+ ZS x x m+e, + ZS x)(m—e,-)
i=1

+ 2 Sl.j’ [X_x)(m+ei+€_,-)+(2_x)(m—e,-—ej)]
(i,j)€J+

= X s -t
(i,j)el-

where —(M — 1) <m < M — 1. The above relations and (2.12)-(2.14) imply

~1(m m A
W [7] — Won[x] ™| < —22

lZ—xllx, for—(M—1)<m<M-1.
h

Suppose that (t(’“) ,x(m)) € dyEp . It follows from (3.6) and (3.7) that

(r,m)
7] (m) _ m__ Y 7] (m—ei) _ (m—e;)
th [}d th[)d hiﬁ(nm) + y(nm) {th[x] th[x] }
for (01 xM) € GE,, and
,},(r,rn)

Wenl2)™) = Won[2)™) = [ W[4 — W[ )}

hlﬁ (r7m) + ’}/(rvm)
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for (¢1U"+1),x") € 9yE, ., where i = 1,...,n. The result is
Wen[7]™ — W, < 3.9
WAl Woalz] ) < T 39
for (t"+1) x(")) € gyEy. Hence for y, 7 € Y, we have
IWenl )~ Wonl2] 3, < (3.10)
rh(X Xh X 1+ Ay .

The Banach fixed point theorem implies that there exists exactly one solution to (3.8).

It follows that the values uf{“ M M < m <M, exist and that they are unique. Since

up is given on Egy, the proof is completed by induction.
ASSUMPTION H[ 6, F]. There exists o : [0,a] x R+ — R4 such that:
1) o is continous and o(#,0) =0 for 7 € [0,q],

2) o is nondecreasing with respect to both variables and the maximal solution of the
Cauchy problem o'(r) = o(¢t,w(z)), ©(0) =0, is ©(t) =0, ¢ € [0,4],

3) the estimate
F(t,x,w,q,5) = F(t,x,w,q,5) < o(t,||w—wlp)

is satisfied for w,w € C(B,R), w > w and (¢,x,q,5) € E X R" X My, .

ASSUMPTION H[ T} ]. The operator Ty, : % (Bn,R) — C(B,R) satisfies the condi-
tions:

1) for w, w € % (Bp,R) we have

1Ta[w] = Ta[][|5 < [[w =gy,

2) if w: B — R is of class C' then there is 7, : H — R, such that

I Tafoen] —wlls < 7. (h), and Jim . (h) =0,
where wy, is the restriction of w to the set By,.

THEOREM 3.2. Suppose that Assumptions H[F ], H[ o,F ], H[ Ty, ] are satisfied
and
1) up : Egp UER, — R is a solution of (1.10)-(1.12),
2) v:EgUE — R is asolution of (1.1)-(1.4) and v is of class C, and vy, is restriction
of v to the set Egp, UEp,
3) the functions B : dE — (0,4o0), v: dE — Ry are continuous, and B(t,x) > 1 on
WE,
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4) for o : H — R the following initial-boundary inequalities are satisfied

|wl(’r7m) _ w(rvm)’ < ao(h) on E0h7
|\{/;lhm) _ \{/(hm)} < op(h) ondyEy

and I{ir%oco(h) =0.
Then there is o : H — Ry such that

|(uh —vh)(r’m)} <oa(h) onkEy,

and lim oc(h) = 0.

h—0

Proof. There are

Th:En—R, T:00Ey—R, Bi:H—Ry and B,:H—R,

such that
60v§1r,m) =k [vh](r,m) + F}(]r.,m) on Ey,
Ap[vp] ™ = ‘Pg’m) + f‘l(lr’m) on doEp
and

|F§,r’m)| < Pi(h) onEy, lfl(,r’m)| < Ba(h) on doEn,
lim B; (h) = lim 8, (h) =
hl_I%ﬁl( )=0, hlil%ﬁz( )
Let ¥, = vy + o where @y, is a maximal solution of the problem
o'(t) = o(t,0())+ Pi(h), ©(0)= cay(h)+ Ba(h).

Then we have Gl(lr’m) > uflr’m) on Epy and

An[ttn — )™ = An[un — vi — op] "™
=y - Ah[vhﬂ " — e gy
< Ba(h) - wl(,r)
<(1-p¢ > oy <0.

35

(3.11)

(3.12)

(3.13)

We show that 50\751”") — Fy[in]"™ >0 on Ey\ doEy. It follows from Assumption

H[ o, F] that

r,m ~ 1(r.m rm 1 T r ~ 1(r.m
Sovy™ — Fa[n] ™) = So )+%[w1(1+1)—w1(1)] — Fy[7n] ")

+ Fi[vn] ") — Fa o))

rm r.m 1 r r
> S — Falon) ™+ — [0 " — o]
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—o(t", op(1M)).
Since wy, is convex, we have that

rm ~ 1(rm 1
8oy ™" — Fulo) " > o
0

From Theorem 2.1 follows that " < #"" on Ey. Analogously we prove that ") >

wl(: ™) on Ep, where

Wﬁr’m) = vﬁr’m) - wl(lr) on Ey.

Consequently we have that

’uﬁr’m) - vl(lr’m)| < a)l(lr) on Ej,.

REMARK 3.1. Suppose that all the assumptions of Theorem 3.2 are satisfied and
0:[0,a] xRy x C(I,Ry) — Ry is given by o(t,p) = Lp on [0,a] x Ry, where L €
R, . Then

’ul(]r’m) — v}lr’m)| < a(h) on Ep,

where ~
&(h):(oco(h)+32(h))eL“+@(eL“—l) if L >0, (3.14)
a(h) = op(h) 4 Ba(h) +aPy(h) if L=0. (3.15)

Now we formulate a result on the error estimate. For x € R", X € M,;x,, X =
[Xijlij=1,..n, We put

n

Ixll = Jl,

i=1

I1X|| = max{ Y |xi| : 1 <i<n}
=1

LEMMA 3.1. Suppose that all the assumptions of Theorem 3.2 are satisfied with
o(t,p) =Lp on [0,a] xR, where L € R, and:

1) for P= (t,x,,q,s) € E we have: ||0,F (P)|| < Lo, [|0:F (P)]|| < Lo,

) fo
2) v =W on Eyy and Yy, =Y on dyEy, and interpolating operator Ty, : F¢(By,R) —
C(B,R) is given in [4] and |y(t,x)| <N on &E,
3)
L

v:EyUE — R is a solution of (1.1) - (1.4) and v is of class C* and there is
€ Ry such that

[| Qv (2,x) — v (t,y)|| < L||x—y|| on EgUE. (3.16)

Then
|(un —va)"™ | < @(h) on Ey, (3.17)
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where up, : Egp UE, — R is a solution to (1.10)-(1.12) and vy, is the restriction of v
to the set Ey UEy and & is given by (3.14)-(3.15) with

N 1. L 3 " N
Bl(h)zECh0+L0(C+L)HhH+L0C||hH2’ B2(h) = NC||h|

and C € R is defined by the relations
|0uv(t,x)| <€, [|0uv(t,x)|| <C  onEgUE. (3.18)

Proof. Tt follows from (3.16), (3.18) and from Theorem 5.27 in [4] that

|atv(r,m) _ 50‘)}(:,111)’ < Ch07 ||axv(r,m) . 5v§]r,m)|| < C||hH,

N | —

Qe — 8@ | < LI, [T (v) g — V(o001 s, 15 < Cl

on Ep. Then inequalities (3.13) are satisfied with the above given Bl, Bz- Then in-
equality (3.17) is a consequence of (3.14)-(3.15).

In the result on the error estimate, we need estimates of the derivatives of the
solution v of problem (1.1)-(1.4). One may obtain them by the method of differential
inequalities.

Now we consider implicit difference schemes for problem (2.15), (1.2)-(1.4).
AssUMPTION H[¥, 0] Suppose that there is o : [0,a] x R — R4 such that con-
ditions 1), 2) of Assumption H[ o, F'] are satisfied and
G (t,x,w,q) —9(t,x,w,q) < o(t,||w—w|s)
where w,w € C(B,R), w>w and (¢,x) € E.

THEOREM 3.3. Suppose that Assumptions H[ f,G], H[G,c], H[Ty] are satis-
fied and:

1) wn:Eon — R, Wi doEp — R, B € C(ER,(0,+)), v € C(dEp,Ry) and
B(t,x) =1 on QE,

2) v: EgUE — R is a solution of (2.15), (1.2)-(1.4) and v is of class Cx and vy, is
restriction of v to the set Eyp UE},

3) thereis o : H — Ry such that
™ —w | < oo(h) on Eon ¥ —¥U| < 0o(h)  on doE
and ’llir% op(h) =0. Then we have:

1) there exists exactly one solution uy, : Eg, UER — R of problem (2.15), (1.2)-(1.4);
2) there is o : H — Ry such that

|(un —va)"™ | < at(h)  on Ey (3.19)

and lim oc(h) = 0.
h—0
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Proof. Proceeding like as in the proof of Theorem 3.1 we deduce that there exists
exactly one solution up of problem (2.15), (1.2)-(1.4). We will show that (3.19) is
satisfied on E},. There are

FhIEh—>R7 f‘hiathHR,
’)71:H_>R+7 ’}72:H_)R+7
such thatfor —- (M —1)<m<M—-1,0<r<K-1,

50v§1r’m) = Gn|vn]"™ + Fl(,r’m) on Ep, (3.20)
Ah["h}(nm) = ‘I’l(lr’m) + fl(lr,m) on (}‘th,

and
V™| <fi(h) onEn, |FV™|<a(h) on doEn,
lim 71 (h) =0, lim 72(h) = 0.
Write 7y, = vy + @y on Ey, where @y, is a maximal solution of the problem
o'(t) = o(t,0(t)) +71(h), ©(0)=oo(h)+7(h).

Then we have uﬁr’m) < Gl(lr’m) on Epy and

An[tn — 7] "™ = An[un] "™ — An[un] "™ — Ap[cn] ")
Wy Ah[vh]( " — By
( ) (r,m w}(l r) <0.

VAN
U

We show that
60\7}(:””) > Gy [ﬁh}(r,m) on Ey \ doFEp.

It follows from Assumption H[ G, o] and (3.20) that
srm) _ s (rm) L (1) ()
50vhrm — 50vhrm + % [whl’ _ whl’ }

1

= G o] T 4 L

2 f,(rm ,- r+1 ) +G( ( ) ( )a(Thvh)[r,m]’6V1(1r+l7m))_)71(h)
i,j=1

—G(l‘() (m) (Tth)[rm 5\1 (r+1, m))-l-G(l() (m) (Thvh)[rm 5\1 (r+1, m))

R NCSING)

+h0[wh —%h

— oy — o] > Gulm] ).
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From Theorem (2.2) follows that uﬁr’m) < ﬁﬁr’m) on Ej. Analogously we prove that

uflr’m) > w](,”’“) on Ey, where:

. (r,m) (r,m) (r) ~(r,m) (rym)

Wy =w, —p onEy and W, =wv"" —op(h) on Egp.

Consequently we have that }(uh - vh)(rvm)} < wl(l’) on Ey,. Then the condition (3.19) is
satisfied with a(h) = wp(a). This completes the proof.

4. Numerical examples

We apply the results presented in Section 3 to a differential equation with deviated
variables and to a differential integral problem. Let n =2 and

E =10,0.5] x [-0.5,0.5] x [-0.5,0.5], Ey= {0} x[—0.5,0.5] x [0.5,0.5].

Initial-boundary problems considered in the present section have solutions on E.
The following examples satisfy all the assumptions of Theorem 3.3.

EXAMPLE 4.1. Consider the differential equation with deviated variables

9z(t,x,y) = duz(t,x,y) + dyyz(t,x,y)
+xy0yz(t,x,y) +2(2,0.5(x +y),0.5(x —y))

+ [xz —y? —|—4t2(xzy2 —x? —y2) — e’(wfxzﬂz)]z(t,x,y) “4.1)
and the initial-boundary conditions
z(0,x,y) =1, (x,y) €[-0.5,0.5] x [-0.5,0.5] 4.2)
and
2(1,0.5,y) = z(t, —0.5,y) = @3 (1,3) €0,0.5] x [~0.5,0.5], (4.3)
2(6,%,0.5) = z(t,x,—0.5) = /@025 (1 x) €[0,0.5] x [~0.5,0.5].

The solution of (4.1)- (4.3) is known, it is v(¢,x,y) = @) Let us denote by uy, :
Ey — R the solution of implicit difference problem corresponding to (4.1) -(4.3). Write

() _ 1 (rm) _(rm)
“n _(2N1+1)(2N2+1)m§M}u" "h

, 0<r<No, (4.4)

where vy, is the restriction of v to the set Ej, and
M ={me (m,mp): =Ny <my <Ni, =N, <mp <N}

and Nohy=0.5, Nihy =0.5, N>hy =0.5. The numbers £l(lr) are the arithmetical means

of the errors with fixed (). We give experimental values of the above defined errors

1 1
forh(): m;hl:h2:m'
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Table I

()2 0.0625 0.1250 0.1875 0.2500 0.3125 0.3750 0.4375
E}Er) : 0.000006 0.000017 0.000030 0.000044 0.000058 0.000072 0.000086

Note that condition (1.13) is not satisfied in our example and the explicit difference
method is not convergent. In fact, the average errors of that method exceeded 108.

EXAMPLE 4.2. Consider the differential integral equation
9z(t,x,y) = Owz(t,X,y) +xy0xyz(t,x,y) + Ayyz(t,x,y)

X y
+xy2/ z(t,s,y)ds+yx2/ z(t,x,s)ds
0 0

—fxy)z(t,x,y) +g(t,x,y), 4.5)
with initial-boundary conditions
z(0,x) =0 forx € [-0.5,0.5], (4.6)
and
z(t,—0.5,y) — dxz(t,—0.5,y) = (1 —y) sin(7r) exp(—0.5y), 4.7

7(t,0.5,y) + dz(¢,0.5,y) = (1 4+ y) sin(7zz) exp(0.5y),
where (¢,y) € [0,0.5] x [—0.5,0.5] and

7(t,x,—0.5) — dyz(t,x,—0.5) = (1 — x) sin(7t) exp(—0.5x),
z(,x,0.5) + dyz(2,x,0.5) = (1 4 x) sin(7t ) exp(0.5x),

where (¢,x) € [0,0.5] x [—0.5,0.5] and

Fxy) =y + 3y +0° 47,
g(t,x,y) = mcos(mt)exp(xy) + 2xysin(7mt).

The solution of (4.5)-(4.7) is known, it is z(z,x,y) = sin(7z) exp(xy).
Let us denote by up, : Ej, — R the solution of implicit difference problem corre-

sponding to (4.5)-(4.7). Let £l(lr) be the arithmetical means of the errors defined by

(4.4). In Table II we give experimental values of £l(lr) for hg = 2(1)—0, hy=hy = ﬁ.

Table IT

12 0.075 0.150 0.225 0.300 0.375 0.450 0.500
e,i” - 0.0003721 0.0010198 0.0018419 0.0027397 0.0036224 0.0044096 0.0048474

In the considered case condition (1.13) is not satisfied and the explicit difference
method is not convergent. The average errors of that method exceeded 108.

The above examples show that there are implicit difference shcemes for parabolic
functional differential equations which are convergent and the corresponding classical
methods are not convergent. This is due to the fact that we need relation (1.13) for
steps of the mesh in the classical case and we do not need this condition for our implicit
difference schemes.
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