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OSCILLATION CRITERIA FOR CERTAIN EVEN ORDER DIFFERENTIAL
EQUATIONS WITH DISTRIBUTED DEVIATING ARGUMENTS

GEFENG YANG AND ZHITING XU

(Communicated by N. Yoshida)

Abstract. By using averaging function and the approach developed by Philos and Kong, Kamenev-
type and interval oscillation criteria are established for the even order differential equation with
distributed deviating arguments,

("D @5 ) + / Firg do(£) =0,

The obtained results are extensions of existing ones for second order linear differential equations.

1. Introduction

In this paper, we are concerned with the oscillatory properties of the following
even order differential equation with distributed deviating arguments

(r() D ()P D (1)) + /F E))do(E)=0, neven,  (L.D)

where t > 7o > 0 and p > 0 is a constant.
Throughout this paper, we assume that the following conditions hold:

(A1) F € C([tg,) x [0, ] x R,R) and signF (¢,&,x) = signx for r > 19, & € [, B].
Moveover, there exist functions g € C([ty,) x [ct, B],RT = (0,0)), and f € C}(R,R)

with 70
X
xf(x) >0 and 017 >k>0 forx+#D0,
such that
F(t,8,x)x2q(1,8)f(x) forx>0,12>1, ¢ € [o,B];
(A2) g€ Cl(Jtg,) x [, B],R), g(t,&) <t forall t > 19, & € [, B], g(t,&) is non-

decreasing with respect to 7 and &, respectively, and

li f oo;
Jlim _inf  g(1,£) = <=
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158 GEFENG YANG AND ZHITING XU

(A3) re CY([tg,0),R) with [r~1/P(s)ds = oo, litminfr(t) =c¢>0. Forany € >0,

—00

there exists a 7 > ty such that

B
|7 ()| < £/q(t71f)d0(§) for all t > t;

o

(A4) o € C!([a,B],R) is nondecreasing, and the integral of Eq.(1.1) is a Riemann-
Stieltjes one.

By a solution of Eq.(1.1) we mean a function x € C"~ ([T, ), R) for some T; > tg
which has the property

()" @)D () € €' ([T 0), R)

and satisfies Eq.(1.1) on [Ty,e°). A nontrivial solution of Eq.(1.1) is called oscillatory
if it has arbitrarily large zeros; otherwise it is said to be nonoscillatory. Equation (1.1)
is oscillatory if all of its solutions are oscillatory.

It is clear that Eq.(1.1) includes the following equation
(=D @) P~ (@) + Flr,x(g ()] = 0. (1.2)

The oscillation of Eq.(1.2) was first studied by Agarwal, Grace, O’Regan [1], and also
considered by several researchers [17,18]. On the other hand, the recently paper by
Wang and Zhang [15] has presented some oscillation criteria for Eq.(1.1). For gen-
eral interest of the oscillation of high order differential equation, see, for example,
[1-5,8,10,12,13,15,17,18,19] and references therein.

As we known, the oscillation results provided in [1,15,17,18] require the integral
of the coefficients of Eq.(1.2) on the entire interval [fy,ec). But, from the Sturm Sepa-
ration Theorem, oscillation is only an interval property. More precisely, if the exists a
sequence of subset [a;,b;] of [tg,o0), b; < aj11, a; — o as i — oo, such that for each
i there exists a nontrivial solution of equation which has at least two zeros in [a;,b;],
then every solution of the equation is oscillatory, no matter what the behavior of the
coefficients of the equation is on the remaining parts of [fy,e°). This idea was used
by Kong [9] to establish interval oscillation criteria for second order linear differential
equations. Recently, Tang and Yang [13] and Tiryaki, Basci and Giilec [14] have pre-
sented several interval oscillation theorems for a class of even order nonlinear damped
differential equations and second order functional differential equations, respectively.

In this paper, by using averaging function and the approach developed by Philos
[11] and Kong [9], we establish Kamenev-type criteria as well as interval criteria for
Eq.(1.1), and extend the results in [9,11] to Eq.(1.1), which improve and complement
some existing results in [15]. To show the importance of our main results, two interest-
ing examples are included.
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2. Oscillation results

In this section, we shall establish Kamenev-type and interval oscillation criteria
for Eq.(1.1). For notational simplicity, we define

21—n B . 1 »
Q)= " l/p(t)g/(t,a)g 2(t,oz) and “:7(%> )

(n—2) (p+1)r+t
We say that a function H = H(t,s) belongs to a function class ¢, denoted by
He s, if He€ C(D,[0,)), where D = {(t,s) : fp < s <t < oo}, which satisfies
H(t,t) =0, H(t,s) >0 for t > s > 1y, H has partial derivatives dH/dt and dH/ds
on D such that
JH
ot
where h,h; € Liye(D,R).
For given functions i € C(D,R), p € C!([tp,o),R") and n € C!([ty,),R). Let
o’

(5)

(t,s) = hy(t,s)H(t,s) and %—I;I(t,s) = —hy(t,5)H(t,s),

p'(s)

Ai(s,t) = hy(s,0) + . Aa(t,s) =ho(t,s) —

o(s) p(s)’
and
B
O1(s.1) = [ 4(1.E)do(E)~'(s) = Ma(s.1)n(s).
B
Os(1,5) = [ q(t,£)d0(E) = 1'(5) + Aalr.5)n(s):

The following two lemmas will be needed in proving of our main results. The
first is the well-known Kiguradze’s Lemma [8]. The second can be obtained easily by
Kiguradze and Koplatadze’s Lemmas, see [10, Chapt. 1].

LEMMA 2.1. ([8]) Let u € C"([tg,>),R). If u™(t) is of constant sign and not
identically zero on any interval of the form [t* o), then there exist a t, >ty and an
integer j, 0 < j <n, with n+ j even for u" (1) >0, or n+ j odd for u™(t) <0 such
that

j >0 implies that u(k)(t) >0 for t>2t,, k=0,1,---,j—1,
and
j<n—1 impliesthat (-1 *u®@)>0 for t>1, k=jj+1,--.n—1.

LEMMA 2.2. ([10)) Ifthe function u(t) is as in Lemma 2.1 and u" = (£)u™ (1) <
0 forany t > t,, then

Zlfn
(n—1)!

u(t/2) > a0 forall largert.
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Firstly, we give Kamenev-type criteria for Eq.(1.1).

THEOREM 2.1. If there exist functions p € C'([ty,),R"), n € C'([ty,=),R),
and H € F such that for any T > t,
A t p+1
[t )7 Jas== @D

limsupﬁT/H(t,s)p(s) (@s(1,5) 1 o

{—o0

then Eq. (1.1) is oscillatory.

Proof. Suppose to contrary that Eq.(1.1) has a nonoscillatory solution x(¢). With-
out loss of generality, we may assume that x(¢) > 0 and x(g(¢,€)) >0 fort >t >1) >
0, & € [a,B]. Since

B
(r" V()P @)y < —/q(t,é)f[X(g(t,é))}dG(é) <0,

o

the function r(¢)|x"~1(r)[P~1x"=1(z) is decreasing and x"~1)(r) is eventually of one
sign. If x"~1)(z) < 0 eventually, then there exists a constant § > 0 such that

—r(t) ("D (1)) < =8P < 0.

Integrating the above inequality from #; to ¢, we get

t
ds
(n—2) (n=2) (. _ _
oty <i-a e
1

By (A3) we find that x"~2)(r) < 0 eventually. But then Lemma 2.1 (note that n is even)
implies that x(¢) < 0 eventually, which is a contradiction. So x*~1(r) > 0 eventually,
then again from Lemma 2.1 we have x/(¢) > 0 eventually. Thus there exists a 7, > 1
such that

X(@)>0 and x"V()>0 fort>mn. 2.2)

Observing that the function r(¢)(x"~"(¢))? is decreasing for 1 > 12, by (A3), there
exists a t3 > t, such that

r(ts)

(" D()P < D (1)P < =22V (@) fort > (23)

Note that (A1), (A2) and (2.2), so

f(x(g(t,8)) = f(x(g(t,)) >0 fort >13, & € [et, B]. 24
It follows from (1.1) and (2.4) that

(OGN 0)) = OO +prn) V@)1 @)
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B
<- / a(t,£)f (x(g(t, £)))do (€)

B
<—f(x(s(.0)) [ alt.£)do () 25)

o

Now, in view of (A3), let
o flls()
2r(t3) (x("_l)([3))17 ’

there exists a #4 > t3 such that, note that (A3), (2.3) and (2.5), for t > 14,

B
prn) ("D ()P (r) < \r’(t)l(x<"_1)(t))”—f(X(g(t»Oﬂ)))/CI(t,é)dG(é)

B B
< (¢ [ e £140(&) (")) - rixtate. ) [ ate. )o@
la ﬁ o
— (gt ) [ qlt.E)do (&) <.

Thus, we find x") (r) <0 for 7 > 14. It is easy to check that we can apply Lemma 2.2
for X' = u, and conclude that there exists a #5 > 74 such that

22—n

x’(%g(z,a)) > e a0 fori >, 2.6)
since
x =D (g(r,5)) = x=V(1) for 1 >15.
ot (=1 (1))~ 15 1)
_ ()" @) [P X ()
WO =00 | ey 0]
Noting that (1.1) and (2.6), we have
W) < —p(o)| /B 0.8)do(&)—n'0)] + 2w o) ~kp(yo (0] L o)
h J ’ p(t) p(t)
2.7)
Replacing ¢ by s, multiplying by H(z,s), integrating from T to ¢, we obtain
/H(t,s)p(s)@z(t7s)ds <H(1,T)W(T) +/H(t7s)p(s)|/12(t7s)\ | % —n(s)]ds

T T
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k / H(1,5)p(5)0(s)| VPV((SS; - n(s)‘(”“)/ ds. (28)

The Young inequality [6, Theorem 61] gives

alt N[ = ()| < k(o] L o] " 2
Substituting the above inequality into (2.8), we get
/ Aot )"
/H(Ls)p(s) [@2(t7s)—,u(pl’77(s)}ds<W(T)H(I,T). 2.9)

T

Dividing by H(¢,T), and taking the upper limits as r — oo. The right hand side is
always bounded, which contradicts condition (2.1). This completes the proof. O

As an immediate consequence of Theorem 2.1, we get the following corollary.

COROLLARY 2.1. Let condition (2.1) in Theorem 2.1 be replaced by

t
1
limsup 7oz /H(t,s)p(s)@)z(t,s)ds:oo (2.10)
[—o0 T
and
p+1
limsup /H @l o @.11)
100 ®P(s)

then conclusion of Theorem 2.1 holds.

COROLLARY 2.2. Let p and M be as in Theorem 2.1 and tlim G(t) = oo, If for
some A > p,

t

limsup / %p(5)@a(t,5)ds = oo, (2.12)

{—o0

]

and

[
e <= 1)

1
where G(t) = [ @(s)p~/?(s)ds, then Eq.(1.1) is oscillatory.
fo
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Proof. Let H(t,s) = [G(t) — G(s)]*, then

AQ(s)
pl/P(5)[G(t) — G(s)]

hz(l,s) =

By the elementary inequality,

(X +Y)PHhgor(xPt 4yt X ¥ >0

)

we obtain
mewmwﬁ%%§ﬂw
<2p[T/tH(t,s)p( )‘h2 Ly |pHar +/H 'p;pds] 2.14)
Noting that
T/t H(t,5)p(s) |h2§;;f(>s|)p s = ji |Gl - G(T)r*”,

and by (2.13) and [16, Lemma (14)],

/ | ( |erl
limsup / (t,8) —————~——ds=0.
t—eo T (p(s)o(s))?

Hence, by (2.14), note that tlim G(t) = o, we have

p+1
/H I/lz(t . 8)I”

ML HG o7(s)

It following from Corollary 2.1 that Eq.(1.1) is oscillatory. O

REMARK 2.1. Corollary 2.2 improves [15, Theorem 2.2].

Next, we give interval oscillation criteria for Eq.(1.1).

THEOREM 2.2. Let p,n and H be as in Theorem 2.1. If for each T > ty, there
exist constants a,b, and ¢ such that T <a <c <b,

1

22 (b, s)[PH!
H(b,c) ds

@r(s)

b
[Hb5)p)[0x(b:5)~ n
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[Aa(s,a) P!

s }ds >0, (2.15)

/Hsa @1(sa) u

then Eq. (1.1) is oscillatory.

Proof. Proceeding as the proof of Theorem 2.1. For each T > t5, there exists
an interval [a,b] such that (2.7) hold for ¢ € [a,b]. Replacing 7 to s, multiplying by
H(t,s), and integrating from ¢ to ¢ (¢ < b), we have

|/12(t7S)|”+1

o7(5) }ds < W(c).

H(t, ®t
,c/ IP(s) 02019~

Let t — b~ in above inequality, then

1
M]ds <W(e). (2.16)

b
1
WC/HU%S)P(S) [@2(17»5)—!1 o7 (s)

On the other hand, replacing ¢ by s in (2.7), multiplying H (s,#) integrating from
t (t > a) to c. Similar to the proof of (2.16), we obtain

[A1(s,a@)P!

(s }ds <-W(o). 2.17)

/Hsa @1(sa) u
H(c,a)

Now, (2.16) and (2.17) imply that desired contradiction, which completes the proof.
O

COROLLARY 2.3. Let p,n,H be as in Theorem 2.1. If for each | > t,

t

limsup | H(s,)p(s) [@1 (5,1) —

[—o0
1

A1 (s, 1)[PH!

p ]ds >0 (2.18)

and
t

1
limsup [ H(r,)p(5)|@s(r,5) - iG]

foee @r(s)

}ds >0, (2.19)

then Eq. (1.1) is oscillatory.

Proof. Foreach T > 1y. Let I =a =T in (2.18). Clearly, we see from (2.18) that
there exists a ¢ > a such that

[HGs.ap)]er(s.a) - u

a

A1 (s,0)[7*!

07 (s) ds > 0. (2.20)
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Similarly, setting [ = ¢ =T in (2.19), it follows that there exists a b > ¢ such that

()Pt

o7 (s) ds > 0. (2.21)

b
[Hb5)p0)]0x(8.5)

So, (2.20) and (2.21) imply that (2.15) in Theorem 2.2 is true, which completes the
proof. O

COROLLARY 2.4. Ifthere exists a function p € C([ty,*),R*") such that for each
1 > ty, and some A > p,

limsup ————
t~>oop Gk_p(t) .

and

p+1

imsup / 600G p)( [ ats.£1ao(@))as > B ey

o
where G(t) is defined in Corollary 2.2 and tlim G(t) = oo, then Eq. (1.1) is oscillatory.
Proof. Let H(t,s) = [G(r) — G(s)]* and n(s) =0, we get

Ao(1) A9(s)

)= om0 e 0 T 0 - 6w
Note that
/ H(s,D)p(s) Alf:;l()sgpﬂds = )’}pj; G(t) -G
and
/ H(t.5)(s) 'Mf:,;’(i')”“ ds = j_; G(0)— GO .

In view of lim G(z) = e, we have

——

Jas. Pt 2

. 1

and
as, Dt At

. 1
’lg{lml/ (s,D)p(s) 07 (5) s= -t (2.25)
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From (2.22) and (2.24), we get

: (s, D)7
limsup 777 / H(s,1p(s)[@1(s.) - T [as
1 Aerl
:}L%WI/[G(S) /q ds— p— >0,

i.e., (2.18) holds. Similarly, (2.23) implies that (2.22) holds. By Corollary 2.3, Eq.(1.1)
is oscillatory. O

REMARK 2.2. From the above oscillation criteria, one can obtain different suffi-
cient conditions for oscillation of Eq.(1.1) by different choices of H(z,s). Following
the well known Kamenev-type condition [7], let

H(t,s) = (t—s)*, A>p.

As the direct consequences of Theorems 2.1-2.2, we can establish oscillation criteria
for Eq.(1.1). Here we omit the details. [

To illustrate the main results obtained in this paper, we consider the following
interesting examples.

EXAMPLE 2.1. Consider the delay differential equation

() D (1) =D ()Y + / (1, E)P(E)E =0, neven, (2.26)

12
where t > 1, ¢ >0,
rit)=t"%4c, g(t,&) =t&, f(x) =x, and g € C([1,) x [%,1},]1%*)
with
/q > oth >0, 4 >4

172
For Corollary 2.2, let

Then 21n)
At 2=-n
2o (1 — £ = l‘_4 —1/3tn—2 > tn—2
2(7S) (I—S)S, (P() (l’l—Z)'( +C) (&) 3
where 21n)
o=t Ly
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It follows from [6, Theorem 41] that
(t—s)* =% —Ast*™! fort>s>1,

we can obtain, forall T > 1,

limsup /H t,5)p ()0 (¢,s)ds
t—o0
/ c1 th— Asth!
> lim - / (t—s)*~ds > lim / ds = oo,
t—>oo A t—)oo ([ _ 1)1 s
T T
and
limsup / ‘ 2(1,9)| —————ds
P~ @r(s)
T
¢ & / A—4 —A—3n+2
< — limsu 7/t—s T s
C% t~>oop (t — T))L ( )
T
t
At : —A—3n+2
< —311msup K ds < oo,
C2 t—o0

Thus, all conditions of Corollary 2.2 are satisfied, Eq.(2.26) is oscillatory. O

EXAMPLE 2.2. Consider the even order differential equation

(r(O) D ()P ()Y + / (0, E)x(E) P \X(tE)AE =0, neven, (227)

1/2

where ¢ > 1) > 1, r(t) satisfies (A3), g(t,&) =&, g € C([tg, ) x [5,1],R*) with

/q g > L0 >0
12

and @ ()G~ (Pt1(z) is decreasing for 1 > fy, where G(¢) is defined as in Corollary 2.2,
and tlim G@) =
Let po := max{l,p}, then we can verify that Eq.(2.27) is oscillatory for y >

p“u Indeed, let p(¢) = 1 and () = 0. Note that A > p > 1 and from [6, Theorem
41], we have

[G(s) — G()]* = G*(s) —AG()G*~'(s) fors>1> 1. (2.28)
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It follows from G’(z) = @(¢) that for each [ > 19,

1

limsup / G p(s)( [ als.£)de )ds
l

t—o0
1/2

t

)L Y _ Y

> limsup == — / O} Gt 900) = 31 (2.29)
l

For any y > ngrl U, there exists A > pg such that

Y ‘ulp-&-l

This means (2.22) holds.
On the other hand, note that (p(t)G’(I’H)(t) is decreasing, by [9, Lemma 3.1], we
have

/ [G(t) - G(s)* G:ﬂ(lz s > / [G(s)—G(l)}A%ds. (2.30)
l 1

By (2.29) and (2.30), condition (2.23) holds for the same A . Applying Corollary 2.4,

we find that Eq.(2.27) is oscillatory if y > ph™'u. O
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