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ON THE EXISTENCE OF PERIODIC SOLUTIONS FOR A
p-LAPLACIAN NEUTRAL FUNCTIONAL DIFFERENTIAL
EQUATION WITH TIME-VARYING OPERATOR

ZHENGXIN WANG, JINDE CAO AND SHIPING LU

(Communicated by J. Yan)

Abstract. In this paper, a kind of p-Laplacian neutral functional differential equation with time-
varying operator as follows

<<Pp (u'(r) - i ci(t)u'(t — r,-))> = [ (1)) +B(0)g(u(t —v(r))) +e(t),

i=1

is studied and some new results are obtained. It is worth noting that the parameters c;(7)(i =
1,2,---,n) are functions and the coefficient §(r) (which is ahead of g) is sign-variable here. It
is interesting, but it is so challenging and difficult that few people have discussed it so far.

1. Introduction

In the past few years, the existence of periodic solutions has been studied exten-
sively, see [1, 2, 3, 4, 5, 6, 7, 8] and references therein, especially the existence of
periodic solutions to p-Laplacian functional differential equations has received more
and more attention, see references [1, 3, 4, 6, 7, 8] for more details. For example, Lu
and Gui [6] studied a kind of p-Laplacian Rayleigh differential equation

(0p (' (1)) + £/ (1)) +8(v(t = 7(1))) = e(t). (1.1

Cheung and Ren [1] studied the existence of periodic solutions to a kind of p-Laplacian
Rayleigh equation of the form

(@p(X' (1)) + f (¥ (1)) + Be(x(t — 7(r))) = e(1), (1.2)

where B > 0 is a constant. Lu er al. [5] studied a kind of neutral differential equation
with deviating arguments as follows

(x(t) —ex(t = )"+ f(K' (1)) + glx(t = (1)) = p(1), (1.3)
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where ¢ # 1 is a constant, some results on the difference operator D : Cr — Cr, [Dx](¢) =
x(t) — ex(t — r) and the existence of periodic solutions were obtained. Recently, Lu [4]
studied a p-Laplacian neutral functional differential equation of the form

n

(00((u0) = Y esuti=rp)))

n

= f(u()u(6) + (1) (u(r)) + Y Bj()g(ult —v;(1) + p(r), (1.4)

Jj=1

some results about the difference operator D : Cr — Cr, [Dx](t) =x(t) — 3, cjx(t —rj)
j=1
and the existence of periodic solutions were presented.
On the other hand, Liang ef al. [3] and Wang ef al. [7] studied the existence of

periodic solutions to the following p-Laplacian neutral functional differential equations

m

(00 () — cle)xt— 0) ™)) ™+ SO @) + 8lxle — ) = o) (15)
and

(0p (¥ (1) = )X (1 = 1)) = F(x(O)X' (1) + B()g(x(t = T(1))) +e(0),  (1.6)

respectively, where ((¢) is allowed to change sign.

Observing the above equations, it is easy to note that the coefficients which are
ahead of function g in Eqgs.(1.1-1.4) are constants or the sign-fixed functions. More-
over, the coefficients c(¢) of the difference operator in Eq.(1.5) and Eq.(1.6) are func-
tions, but the second term in these equations are f(x(z))x'(¢). Therefore, it is easy to
obtain the a priori bounds of periodic solutions for Eqs(1.1-1.6), which is crucial for
the existence of periodic solutions.

To the best of our knowledge, there are few results on the existence of periodic
solutions to the following equation of the type

(o (w0 i We=n)) = 1 0) + BOR 7)) +elr), (AT

where @, (1) = [u|P2u for u#0 and @,(0)=0,p > 1; f,g € C(R,R); e(t),B(1),7(t)
are continuous periodic functions defined on R with period T > 0,

[aaso [

ci(t) e CY(R,R) and ¢;(t+T) =c;(t), (i=1,2,---,n); T,ri(i=1,2,--- ,n) are given
constants.

It is noted that in Eq.(1.7) the functions ¢;(¢),(i = 1,2,---,n) are not constants,

the sign of coefficient (z) which is ahead of g can be changed, and the second term is

f(X (1)), soitis difficult to estimate a priori bounds of periodic solutions. There are two
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main difficulties. On the one hand, fOT f(¥'(¢))dt =0 is no longer valid for Eq.(1.7), on
n
the other hand, the difference operator A : Cr — Cr,[Ax](t) = x(¢) — Y, ¢i(t)x(t — r;)
i=1
has n continuous functions ¢;(¢),(i = 1,2,---,n). To obtain a priori bounds of periodic
solutions and the existence of periodic solutions, one must overcome these difficulties.
Motivated by the above reasons, we will study the properties of time-varying dif-
ference operator A and the existence of periodic solutions to Eq.(1.7). Firstly, some
new results on the properties of operator A are obtained. Then, based on these prop-
erties of operator A and Mawhin continuation theorem, some new results about the

existence of periodic solutions are presented. Finally, a numerical example is given to
illustrate the availability of the obtained results.

2. Properties of time-varying operator A

In this section, we will investigate some properties of a time-varying operator A :
Cr — Cr,|Ax|(t) = x(r) — Z ¢i(t)x(t — r;) by the knowledge of mathematical analysis.

Some new results of the propertles of A will be obtained. Let
Cr={x:xeC(R,R),x(r+T) =x(r), forallr € R},

with norm |@lp = nﬁg); lo(2)|, forall ¢ € Cr,

Cl={x:xc C'(R,R),x(t +T) = x(¢), forallr € R},
with norm ||| = max{|@]|o,|¢’|o}, forall ¢ € C}. Therefore, Cr and C} are both
Banach spaces. For ¢; € C}., let

0 1 ,
— max |¢; = m =1,2,--,n).
= max [a0)]. e = max ()], (i )

¢
Define linear operators:

A:Cr — Cr,[AX](t 2 x(t —r;), forallt € [0,T]. 2.1)

m
Throughout this paper, let Y r; =0 if n > m.
i=n
LEMMA 2.1. If Z c < 1, then A has continuous inverse A~ on Cr with the

following properties, where A is defined by (2.1):
(1) forall f €Cr,

A0 =10+3 5 3 5 e (t— ) )f(—z)

m=lij=lir=1  ip=1j=1 k=j+1
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(2) it holds,

1
(NS

n ’

1-3 c?
i=1

(3) forall f €Cr and p > 1,
T 1 T
/ A A1) dt < —— / |f(t)|Pd;
0 (1 3 C?) 0
i=1

(4) forall feCk,

(5) forall feCk,

m

| (ﬁcij(t— Y rz-k))/f(r— >r).

j=1 k=j+1 s=1

A= 0+ S S S 3

Proof. Conclusions (1-4) are the direct results of [8]. For conclusion (5), one can
obtain it by calculating directly. [J

Now suppose that there is an integer k € {1,2,---,n} such that

= min >1 and 6 := —+
o=, min lex ()] o chk

From the definition of A we have

(0 = x(0) — it~ 1) = —x(0) | r) — 2 3 GOy
i=1 %(7) i2k ck(?)

Let [Ax](t) = f(¢), f €Cr, thatis

— et [x(t ) - ﬁ +y & Glt) o r,-)] — (o),

) i#k Ck(t)
therefore (1) ) )
t
TG0 R aw™ T T A

Doing variable transformation s =t — r; and replacing s with ¢ finally:

X(I) B ck(t—i—rk)

x(t—|—rk) - 2

— x(t—rit+rg
i) 2 ) :
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_ fltn)
- Ck(t"'rk) L fl(t)7 (22)

and f1(z) € Cr as well. Let E : Cr — Cr be defined by

1 c,-(t-i—rk))
Ex|(t) =x(t) — ———x(t+r —E - x(t—ri+r),
[ ]() () Ck(l-i-rk)( k) i;ék< Ck(t—|-rk) ( ! k)
and
dilr) = — and d-(t)——ic"(’”k) i=1,2, k—1,k+1,--n
k _Ck(l+rk) ' - ck(t—l—rk)’ T ’ ’ oY

rn=—r, and Fi=ri—rg, =12 k—1,k+1,---.n,

d? = max |di(t)|, i=1,2,---,n.
t€[0,T]

Then we have

n

n 0
[Ex](t) =x(1) = Y. di(1)x(r —7;) and 2d?<i+zc—":5<l.
i1 i=1 Ck iz Ck

Therefore, by Lemma 2.1 E has continuous inverse E —1.¢r — Cr and it follows from
the equation (2.2) which is equivalent to [Ex](z) = fi(¢) that x(t) = [E~' f1](¢), and
[E~!f1](t) € Cr also holds, this implies that A has continuous inverse A~ : Cr — Cr,
and

AT () =x() = [ET'A]().

Furthermore, one have following results.

LEMMA 2.2. Ifthere is an integer k € {1,2,---,n} such that

1 0
c= min |e(t)] > 1 and §=—+3F <1,
t€[0,T] Ck ik Ck

then A has continuous inverse A~ : Cr — Cr satisfying:
(1) forall feCr,
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where d;,Fi(i =1,2,--- ,n) are defined above;
(2) it holds,
1 _ 1 )
—cd  g—1-— Zc?’
ik

1A~ <
C

(3) forall feCr, p>1,

/OT (A1 f)(0)|"adr < (@)p/(f \f(6)|Pdt;

(4) forall feCk,

(5) forall f€C},

w A O=E N0+ Y 3 Y 3 (TTai- 3 7))
m=liy=lip=1  im=1 " j=1 k=j+1

Si(1-3 7).
s=1
where T;,d; (i=1,2,--- n) are defined above and fi(t) = —%.

Proof. Conclusions (1-3) is in [8] and conclusions (4-5) can be obtained by calcu-
lating directly. O

REMARK 2.1. From the lemmas 2.1 and 2.2, if A~! exists, then A~! is linear.
n

LEMMA 2.3. (8D If 3 ¢ < 1 and f(t) =1, then [A~'f](t) > 0, forall t € R.
i=1

LEMMA 2.4. ([8]) If there is an integer k € {1,2,---,n} such that

cx = min | (1) > 1 and 8¢ < (1—8)cy,
t€(0,7]

)

o

0
where § = L+ % Z—’A Furthermore, if f(t) =1, then [A~'f](t) #0, forall t € R.
iZk

REMARK 2.2. From the inequality §¢{ < (1—8)c, one obtains § < 1 easily, so
the inverse of A exists.
Moreover, when f(z) = 1, for the equation

[Ax](t) = x(r) — zn: ci(t)x(t—r;)) =1, forall x(¢) € Cr, t € [0,T], (2.3)
i=1

we have the following conclusions.
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LEMMA 2.5. If f(t) = 1, then the following conclusions hold.

i=1
A~ f}( ) is not a constant function.

@)1 3.0 < b shen {1 ) £0.
(3) Ifthere is an integer k € {1,2,--- ,n} such that

cx= min |c;(1)] > 1 and 8¢ < (1—8)cy,
t€[0,T]

)

where 0 = — —|— Z L, then fOT[A’lﬂ (t)dt #0.

195

(0 If Z ci(t) is not a constant function, for all ¢;(t) € Cr (i=1,2,--- ,n), then x(t) =
[

Proof. (1) Assume, by way of contradiction, that the result does not hold, then

x(t) =C (C is aconstant), t € [0,T]. Therefore
C— CZC, =1,

from (2.3) we know C # 0, then

which contradicts the assumption of 2 ¢i(t) is not a constant function. This contradic-

=1
tion implies that the conclusion (1) holds

(2) Similar to the (1), assuming, by way of contradiction, that the result does not hold,

then

which together with (2.3) yields

l

1
?/ ch x(t —ry)dt = —1,

1+2c, t—r,]dtzO,

= %/ Zc, x(t —ri)

On the other hand, by the Lemma 2.1 (2) and f(r) = 1, we have

1
o = [[A~ A1) ] <A flo = A7 € ——
1-3 c?
i=1

1 T n n
ar| < 7 [* Sleoljste—rldr <o Y. .
i=1 i=1

(2.4)

(2.5)
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n
In view of |x|p > 0 and from (2.4) and (2.5), we know Y, c? >
i=1

© 0_1
Y <3z
i=1

(3) By way of contradiction, supposing that the conclusion (3) does not hold, then

= /OTx(t)dt =0.

T
| ey
0

Since f(t) = 1, we have

Ax(6) = x(6) = 3 cle)x(t =)
i=1
=—c x(t—r) — X() Ci(t)x —r)| =
= k(t) (t k) Ck(t) +i7gkck(t) (t l)‘| =1
that is
x(1) ci() N
—ci(t) lx(t —ry) — m + Z;( Ck(t)x(t - r,)] =1,
* 1) < al) 1
x(t cilt _
X(t rk) - ?(t) - ik Ck(t)X(t - ri) - Ck(t)
Doing variable transformation:
1 o iyowattn) ooy 1
x(t) - Ck(t —|—rk) (t + k) i;ézkck(t + rk) (t i+ k) Ck(t + rk)7

which together with (2.6) we obtain

1 Tx(t—l—rk)dt_l Tzc,-(t—I—rk)

T Jo ci(t+r) T Jo #kck(f+rk)
1 /T 1 1 /T
- = 7dt5—/ x(t)dt
T Jo cx(t+n) T Jo ©)
)
‘ / / ‘ t—i—rk
T Ck(t—|—rk T Ck t—|—rk
T 1+
+ Mx(t—rﬁ—rk)
T Jo 7k ck(t—l-rk)

<|xlo< +3

t#k

. This contradiction implies that the conclusion (2) holds.

x(t —ri+ry)dt

) = [x[od,

1. which contradicts

(2.6)
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together with ¢ (z) does not change sign on [0,7] which from n[loil}] lex(£)] > 1, we
t€lo,

get

1] < [x]o, (2.7)

1

TR Ly (e

cg 'T o cr(t+ry)
On the other hand, by the Lemma 2.2(2) and f(¢) = 1 we obtain

1

o =147 A1) < 1A~ < gy

(2.8)

which together with (2.7), one has
8¢ > ¢ (1-9),

which contradicts & cg < ¢x(1 —8). This contradiction implies that the conclusion (3)
holds. [

REMARK 2.3. The second conclusion can be obtained from Lemma 2.3. In fact,
from Lemma 2.3 we know, if ¥ ¢ < 1 and f(¢) =1, then [A~!f](r) > 0, for all
i=1

t€R, 5o [} [A"'f](r)dr > 0. In addition, the third conclusion can not be obtained
from Lemma 2.4 directly.

In view of Remark 2.1, we can conclude the following results from Lemma 2.5.
LEMMA 2.6. If f(t) =C # 0, for the equation
[Ax](¢ 2 ci(t)x(t—r) =C,

where x( ) € Cr, then the following conclusions hold.

()Ich <2,thenf0[ LC)(¢)dt # 0.
(2) Ifthere is an integer k € {1,2,--- ,n} such that

cx = min |ci(2)] > 1 and 8¢ < (1—8)cy,
t€[0.T]
where 0 = — —|— Z L then [) [A='C)(t)dr # 0.

REMARK 2.4. These results on the properties of time-varying operator A improve
the results in previous literatures [3, 4, 5, 7, 8].
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3. The existence of periodic solutions

In this section, based on the above properties of operator A in the section 2 and
Mawhin’s continuation theorem [2], we investigate the existence of periodic solutions
to Eq.(1.1).

Firstly, we introduce Mawhin’s continuation theorem.

LEMMA 3.1. (Gaines and Mawhin [2]) Suppose that X and Y are two Banach
spaces, and L : D(L) C X — Y is a Fredholm operator with index zero. Furthermore,
Q C X is an open bounded set and N(x,1) : Q x [0,1] — Y is L-compact on Q . If:
(1) Lx #AN(x,A), forall x € 0QND(L),A € (0,1),

(2) ON(x,0) #0, forall x € IQNkerL,
(3) deg(JON(-,0),Q2NkerL,0) # 0, where J : ImQ — kerL is an isomorphism,
then the equation Lx = Nx has a solution in QN D(L).

In order to apply Lemma 3.1 to study the existence of T —periodic solutions to
Eq.(1.1), supposing that E c < 1, so the problem of existence of T — periodic so-

lutions to Eq.(1.1) can be converted to the corresponding problem of the following
system:

{x’l(t)Z[A (94 (x2(-)))] (¢) 3.1)

40 = F ([A (@(ea( )] () + BO)gale — (1)) +e(0),

where ¢ > 1 is a constant with % + Ll] = 1. In fact, if x(-) = (x1(-),x2(-))" is a
T — periodic solution to Egs.(3.1), then x () must be a T — periodic solution to Eq.(1.1).
Thus, in order to prove that Eq.(1.1) has a T— periodic solution, it suffices to show that
Eqgs.(3.1) has a T —periodic solution.

Now, let

X=Y={x=x()x()" €CRR*):x €Cr,x€Cr},

lw| = max{|wilo,|v2lo},Y¥ € X or Y. Then, X and Y are both Banach spaces.
Defining a linear operator

L:D(L)NX =Y, Lx=x" =), (3.2)

where D(L) = {x = (x;(:),x2(-))" € C'(R,R*) : x; € C},x, € C}} and a nonlinear
operator N : X — Y by setting

o Lm0
9490 = ( (4 O] ] - B —vp o)) O
and another nonlinear operator N(-,A) : X x [0,1] — Y by setting
. _ (A~ (gq(x ())]()
210 = ( 6 1 (a0 2 B =0+ O
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It is easy to see that N(-,1) = N and Eqgs.(3.1) can be converted to the abstract
equation Lx = Nx. Moreover, it follows from the definition of L that kerL = R? and

ImL = {y eY: fOTy(s)ds = O} . So ImL is closed in ¥ and dim kerL = codim ImL =

2, then the operator L is a Fredholm operator with index zero. Meanwhile, let projec-
tors P: X — kerL and Q:Y — ImQ be defined by

1 /T I
Pe=1 [xoa, ov= [ ywar (3.5)

Therefore kerL = ImP, kerQ = ImL. Let operator Kp denote the inverse of
L|p()rkerp» then

T
Knl()= [ Ga.9(s)ds. (3.6)
where ;
= 0<s<tT
_ T O 4,
G(I’S)_{STT7O<I<S<T. (37)

From (3.3), (3.4) and (3.5) we know N is L-compact on Q and N(-,A) is L-
compact on Q x [0,1], where Q is an open bounded subset of X .

For the sake of convenience, we list the following conditions.
[H] There are constants r > 0 and m > 0 such that |f(x)| < r|x|™, for all x € R.
[H,] There are constants ¢; > 0 and ¢, > 0 such that

L1]x|™ < |g(x)| < £2]x|™ and xg(x) > 0, forall |x| > 0.

P
q

n n
[H3] Let K; = X c?(l +3 c?) and
i=1 i=1
o ,,DT—(W'Q(,:"_H) N ,»Tz_mT+l BT DT - \ ™! N TPI;’I m+1
2T E 1-E 02 1-E 1-E ’
where
1 1
o lm b T BH(0)de | o 1=m
"5 0<m<l, [207} 25 0<m<,
D— [a Jo ﬁ*(t)dt} 1 , O<m E—{ Lo @a =m
ES T p+ m
r " 1. Lo B (t)df] m
[/ﬁlfoTBw)dr] ’ mn= {elfofﬁfmdr ’ m>1.

and B (1) =max{p(z),0}, B~ (t) = max{—f(r),0}. Supposing the following inequal-
ities hold

K -
K it m<p1,
(-2 ) i
E <1 and =1
WY LB i m=p— 1.
(1-2)

i=1

n
THEOREM 3.1. Under the assumptions [H]-[H;] and 3, ¢) < %, Eq.(1.7) has
i=1

at least one T-periodic solution.
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Proof. Let Q) = {x: Lx =AN(x,A),A € (0,1)}. If x(-) = (u(-),v(:)) " € Qy, then
one can obtain from (3.2) and (3.4) that

(o=t le O] 8
"(6) = Af (A [AT (@ (v())] (1)) + AB(1)g(ult — (1)) + Ae(t).
From the first equation of (3.8), we have v(r) = ¢, (%[Au’ ](t)), which together with
the second equation of (3.8) yields

[9p (1Ad)(0))]" = 27 (1)) + AP B(0)g (ult

Integrating two sides of Eq.(3.9) on the interval [0, 7]

T T
/O £ (6))di+ /O B(t)g(u(t —y(r)))dt = 0.

Let p*(r) = max{B(¢),0},B~(¢) =

furthermore,

— (1)) +APe(t). (3.9)

(3.10)

max{—p(1),0}, so B(t) =B (1) =B~ ().

/()TBWt)dtZO,/OTB’(I)dt)O and /OTB(z)dt:/OTW(t)dz—/oTﬁ*(t)dz

Since fOT B()dt £0, fOT B (t)dt and fOT B~ (¢)dr need not be all vanish, without loss
of generality, supposing fOTB‘(t)dt > 0 (The case of fOTB+(t)dt > 0 is shown as
Remark 3.2). Note that (3.10) implies

[ B @stut—yoar= [ 76wy [ B gt p)ar

Applying the integrating mean theorem, one can see that there exists a constant £ €
[0,T] such that

W[ B = [ rdwas [ B Ot )

(3.11)
Now we claim that there exist constants D and E such that
T 1
(&~ @) <o ( [ Worar)” B G.12)
where
[ r }%Zl’—m O<m<1 |:(/2f0TB+([)df:|'L21m 0<m<1
po ) lailswa R R DY IR o S
" 1 Gy ﬁ*(t)dt} L
[h ./&)Tﬁ*(t)dt} ’ m= [(1 TB-(nydr] m>1

Case 1: If u(€ —y(&)) =0, then (3.12) holds.
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Case 2: If [u(E—y(E))|>0,let 1 ={r€[0,T]:u(t—y())=0},L={t€[0,T]:
lu(t—y(z))| > 0}. By (3.11) and assumption [H,]-[Hz] one has g(0) =0 and

T
bl =@ [ B0
T
< le(E—y@)] | B (ar

< [y ([ + ) @letut- v
< r/OT\u’(t)|mdt+€2\u|6”/0Tﬁ+(t)dt

If 0 <m < 1, then by Jensen inequality, one has

/ » EzfoTﬁJr(f)d’er
s a

e ]
leo D)t T2 T

1 o\ + x
2m[<w (d,/u ran) (i) |

il 2 ([wora)’

() B0t 7 1
+|:£1fOTﬁ—([)d[:| 2 \u|0

If m > 1, then by (a+b)% <an —l—b%,a,b € [0,+o0),m > 1, one has

ME—HENI < | dt]'h ([ wopra)®

It is easy to see that (3.12) holds.

Let & —y(E) = kT + &, where k is an integer and & € [0,7], note that (3.12)
implies

(& —7(8)| [ T
0

N

BBt wa]"
afiBwar]

(@I = (& - @) <D ( [ Worar)” + Bl

W@+ [ eras] <@+ | [ Ws)as

( |mdt) —|—E\u|o+/ | (¢)|dt, forallt e [0,T],

Therefore,
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1
T m T
o< ([ Wrar)” +Budo+ [ W ola

then by E < 1, one obtains

D T / m % l T /
‘M|O<ﬁ ) ‘I/t (Z)| dt +ﬁ ) ‘I/t (t)|dt (313)

that is

Since
T
[ foptiati eV utoras = ey (40— [ gp(lau
= /(pp Au —1—20, t r,}dt
:—/O |[Au/](t)|pdt—/0 o, ([Ad](2 ch '(t —ry)dt,

which together with Eq.(3.9) yields

T
[ 1w a
0

T
_ / 0p ()0 () = [ @ ([AW)0)) Y, i)' (¢ = e

0
1
<2c?</ 10, ([Au]( th>q</ 1l (1 |sz>
i=1

4

[ [ W@ BT + \e\oT] ulo

géczQ(/T ufm—éct 1) ) (/ Wl IPdt>
(/ (¢ |’“dt+|e|oT>[1 = /I \’"df%
_/T |u’(t)dt}

(/ Wl (¢ |’“dt> +—/ (¢ ldf] "

+ |B\052T
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) gC? K/OT |u/(t)|pdt> % +§'1€? </0T u/(mpdt) j | </0T |u’(t)”dt> %

m+1

rD _ (p=m)(m+1) ro_o_mil ro, P
r—m T 7 1)|Pdt
+[1—E T1TE ](/0 ' ®) )
D \mtl_ (pm)mi)
)

+|B0£2T2m[<ﬁ mp

m+l

1 m+1  (p—1)(m+1) T 7
S T "(6)|Pdt
H() S ([ wora)
1 1
‘e‘oTD /T ’ P p—m ‘e‘()T /T ’ p 1-1
OPdt| T HPdt| T
1 (e g W) ’

T T > T 1
< [ |u/(f)|pdt+K2</0 u’<r>|f’dt) v |u’<t>|f’dt) ,

where

)4 q i=1 i=1
and
(p=m)(m+1) h_mil p=m p-L
kK="2T T T gleT2n (DT - >m+1+(T ’ )mH
2T T CE 1-E 02 1-E 1-E '

Then by Lemma 2.1(3) one gets

T T
[ wwrd = [ a-tad o var
0 0
T

1 /
< ﬁ/‘) |[Au')(2)|Pdt
( _Elci)
< [ Wra
(- Fayl
i=1

T m+l1 T 1
+K2(/0 ' (¢)|Pdt) 7 +K3(/0 u’(;)ﬂd,)p}

Therefore, it follows from m < p— 1 and [H3] that f) [/ (z)|Pdz is bounded, which
means there exists a positive constant M (independent of A ) such that

T
/0 W (2)|Pdt < M. (3.14)
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It follows from (3.13) and (3.14) that

1 1
T 5 oem 1 T 5
</ |u/(t)pdl‘>prP’” —|-—E (/ M/(l)pdl)pT
- 0

-1

'—Ml.

p—1
p

|uo <

D 1
< —M”T o +—M”T 7
1-E 1-E

From the first equation of (3.8) again that

T
| @) @ =o,
this implies that there exists a constant 1 € [0, 7] such that A~!(¢,(v(n))) = 0, which
together with the first part of Lemma 2.1,

1

Mz

(P )+

lij=1lip=1 im=1j=

m

therefore
n
0
¢ i

7 .
1 < i=1 ‘V‘gil,

n n n B
XY XIIaMi <—
. i1 1—26’?
i=1

B

Mz

V()97 = |y (v
m:111:112:1 im=1j
that is
PRI
lv(n)] < lL] vlo.- (3.15)
1-3 c?
i=1

It follows from the second equation of Eq.(3.8) that

T T T
| @< [Cir o)+ [t

r P oi_m
() wwrar) " 1 4 Blagut + ot

: ))|dt+/OT\e(t)|dt

<MY T' % +|BlogmT + leloT := Mo,

where gy = max |g(u)]|, together with (3.15) one obtains

|u| <My
n

L

1

g—1
mi+ [ Wl < [—] Vo + Mo,
I—Zc
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0 —1
n X g
It follows from Y, c? < % that l izl ] < 1, therefore there exists a positive con-
i=1 (
stant M, such that

Vo < M.

Let Q; = {x:x € kerL,ON(x,0) = 0}. If x(-) = (x1(-),x2(+)) " € Qy, then x is a
constant vector, and

/ H@g(x2))] ()dt

=0. (3.16)
- / Jeler) +e(n)]d

QN(-X7O> =

From assumption [H{] we know f(0) = 0, which together with fOT e(t)dt =0 we have

1 T
(A7 (94(x2))] ()dr =0,

/ﬁdt

In view of fOT B(t)dr # 0 and the second formula of (3.17), we know g(x;) =0,
which together with [H,] we obtain x; = 0. Moreover, it follows from the first formula
of (3.17) that L ["A~1(@,(x2))dr = 0, by Lemma 2.6 we obtain ¢,(x2) =0, that is
xp = 0. Therefore Q, C Q.

Now, if we set Q = {x:x= (u,v) " €X,|ulo <M +1,|v|o < Mp+1},then Q, C
Q) C Q. So conditions (1) and (2) of Lemma 3.1 are satisfied. Now we prove that
condition (3) of Lemma 3.1 is satisfied.

For all x € QNkerL,A € [0, 1], defining

(3.17)

Hx2) = {)LJQN(x,O) +(1=A)x, if foiﬁ(t)dt >0,
AJON(x,0) — (1 —A)x, if fy B(r)dr <O,
where J : ImQ — kerL is a homeomorphism with J(x1,x,) = (x,x;). Hence
H(x,A)#0, forall (x,A) € dQnkerL x [0,1].
By the degree theory, one has

deg{JON(-,0),Q2NkerL,0} = deg{H(-,1),QNkerL,0}
= deg{H(-,0),Q2NkerL,0}
= deg{+1,QNkerL,0} # 0.

Applying Lemma 3.1, proof is completed. [J

REMARK 3.1. Noting the definitions of L and N(-,-), one can obtain kerL = R?
and g(x1) is a constant, when x = (x,x3) " € kerL. Therefore, it is easy to obtain (3.17)
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from (3.16), and this also implies that it is easy to obtain the solutions of ON(x,0) =0.
If one defines L = (Ax},x}) ", then the priori estimates of QN(x,0) =0 will be very

difficult, furthermore, it may be difficult to obtain the existence of periodic solutions to
Eq.(1.7).

REMARK 3.2. If [ B (t)dr > 0, then it follows from (3.10) that

/()Tﬁ+(f)g( dl‘ / ﬁ ( )))dt /OTf(u/(t)) d.

By the integrating mean theorem, we also know that there exists a constant © € [0, 7]
such that

/B+ 1)dt = /B —y(1)))dt — /OTf(u’(t))dt.

The remainder is similarly to Theorem 3.1. Therefore Theorem 3.1 only needs one of
JE B*(r)dt and [ B~ (t)dr is positive.

4. Numerical simulation

EXAMPLE 4.1. Considering the following equation:

[(p5 <u'(t) - <11—2cost>u/(t _5)— (11—2sim>u/(t —3))]/
=5@(1))? +3<sint - ?) (u(r —cost))® 4cost.  (4.1)

Corresponding to Eq.(1.7), we have p =5, T =2m, f(x) = 5x3, gx) = ,r=35,
0L =2,0=4, m=3, cl( )= 112 cost, c(t) = 12 sinz, B(t) = sint — %, y(t)—cost

e(t) = cost. Moreover, Z ) =1 < § anditis easy to verify that [H,] to [H3] all hold.

=1
Thus by applying Theorem 3.1, we know that Eq.(4.1) has at least one 27— periodic
solution.

REMARK 4.1. It is easy to see that the conclusion of Example 4.1 can not be
obtained by references [1, 2, 3, 4, 5, 6, 7, 8], and what is more important is that the
properties of time-varying operator A improve the results in previous literatures [3, 4,
5,7, 8].
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