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Abstract. In this paper, we study a semilinear p-Laplacian problem

—Apu+h(x)|Vul? = b(x)g(u), u> 0, x RN lim u(x) =0,

x| —ee

where g € (p—1,p], b, h € C¥ (RY) for some a € (0,1), h(x) >0, b(x) > 0,vx € R, and
g € C'((0,%),(0,0)) which may be singular at 0. Using a sub-supersolution argument and a

perturbed argument, we obtain the existence of entire solutions to the problem. No monotonicity
8(s)

condition is imposed on the functions g(s) and 3= .

1. Introduction

In this paper, we consider the existence of entire solutions of the following semi-
linear p-Laplacian problem

—Apu+h(x)|Vu|? = b(x)g(u) in RV,

(1.1)
u>0, limy_.u(x)=0,

where A,u=div (|Vu|P~2Vu) is the p-Laplacian operator, g € (p—1,p],h € C%_(RV)

loc
for some a € (0,1) is non-negative in RV, g satisfies the following conditions:

(81) 8 €C'((0,%0),(0,0)),

(gZ) liIns—>0Jr fp(_f)l =,

(g3) lim,—co £ =0,
and b satisfies
(b1) beC¥ (RV) and b(x) >0,Vx e RV,

(by) the p-Laplacian problem

—Ayu=b(x) in RY,
? (1.2)
u>0, limy _.u(x) =0,
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has a unique solution w € C%(RV).

In recent years, more and more attention has been paid to the existence of positive
entire solutions for semilinear elliptic problems. Results relating to these problems
can be found in [1-3, 6-8, 10, 11-14, 16, 18, 19]. For the equation considered over a
bounded smooth domain  instead of RY, the corresponding problem was studied, for
instance, in [15, 20] and the references cited therein.

The following model

{ —Au=b(x)g(u) in R,

u>0, limy_.u(x)=0,

arises from many branches of mathematics and applied mathematics.
For g(u) = u~" with y > 0, if b satisfies (b;) and the following condition

(b3) [y re(r)dr <o, where ¢(r) = max|y—,b(x),
Lair and Shaker [13] showed that problem (1.3) has a unique solution u € C1:*(RN).

loc

Later, Lair and Shaker [14] and Zhang [19] extended the above results to the more
general g which satisfies (g;) and

(g4) g is non-increasing on (0,c0) and lim,_,q+ g(s) = oe.

Cirstea and Ridulescu [3] proved the above results if g satisfies (g1) and:

(g5) limy g+ 2 = eo;

8(s)

(g6) s is decreasing on (0,o) for some sp > 0;

(g7) g is bounded in a neighborhood of oo.

Recently, Goncalves and Santos [11] also generalized the above results to the case
that g satisfies (g1), (g5) and
(gs) lim, . 82 = 0;
(g9) ”(T‘) is decreasing on (0,0).

Very recently, Covei [4] generalized the problem (1.3) to the following p-laplacian
equation

{—Apu:b(x)g(u) in RV, w3

u>0, limy_.u(x) =0,

and showed that the problem (1.4) has a positive solution u € C1:%*(RV) if g satisfies
(82),(83) and

(810) Sgp(—f)l is decreasing on (0,¢°);

(gll) g€ Lipl()c((ovoo)7 (0700)) with g Singlﬂar at 0;
and b satisfies (b;) and

2)N

(bs) O< [T rP1¢P1dr<°<>1f1<p 2, 0< fir O dr <eoif 2 p <oo,
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Motivated by the results [4] and [17], in this paper, we will extend the results of
[17] and continue to consider the existence of entire solutions to problem (1.1) for the
functions g(s) and < ,,(f)l which do not have monotonicity.

Now we state our main result.

THEOREM 1.1. Let g€ (p—1,p],h € CZ (RYN) for some o € (0,1) is non nega-
tive in RN, and b satisfies (by) and (b,). If g satisfies (g1)-(g3), then problem (1.1)

has at least one solution u € Clla’g (RM).

The paper is organized as follows. In Section 2, we give some preliminaries that
which are going to be used later. In Section 3, we prove Theorem 1.1.

2. Preliminaries

We first consider the following problem

—Apu+h(x)|Vu|? = b(x)g(u) in Q,
2.1
u>0, ulygg=0,
where Q is a bounded domain with smooth boundary in RV (N > 1).

For the convenience, we set f(x,u, Vu) = b(x)g(u) — h(x)|Vu|?. Now we intro-
duce a sub-supersolution method with the boundary restriction.

DEFINITION 2.1. A function u € C1%(Q)NC(Q) is called a subsolution of prob-
lem (2.1) if

—A < 7_7v_ i 97
{ U < f(x,u,Vu) in 22

u>0, Z‘BQ =0.

DEFINITION 2.2. A function # € C1%(Q) N C(Q) is called a supersolution of
problem (2.1) if

—A _2 7_7v_ i 97
{ pu > f(x, %, Vi) in 23)

u>0, ﬁ‘agzo.

LEMMA 2.1. ([15, Lemma 2.4]) Let f(x,u,&) satisfies the following two basic
conditions:
(Dy) f(x,u,&) is locally Hilder continuous in Q x (0,%0) x RN and continuously dif-
ferentiable with respect to the variables u and & ;

(D2) for any Qi CC Q and any a,b € (0,%0)(a < b), there exists a corresponding con-
stant C = C(Qq,a,b) > 0 such that | f(x,u,&)| < C(1+]|&|P),Vx € Q1,Yu € [a,b],VE €
RN .

If problem (2.1) has a supersolution U and a subsolution u such that u < u in
Q, then problem (2.1) has at least one solution u € C"*(Q)NC(Q) in the ordered
interval [u,T).
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LEMMA 2.2. ([4, Theorem 1.2]) Let b satisfies (by). If g satisfies (g1)-(g3) and
(g10), then the following problem

—Apu=b(x)g(u) in Q,
u>0, ulyg=0,

(2.4)

has a solution u € C(Q) NCH*(Q).

LEMMA 2.3. If g satisfies (g1)-(g3), then there exists a function f, such that
i) f1€C'((0,%),(0,%)),
i) £50 < F\(s),Vs > 0 and lim_ o+ f;(s) = oo,

sP—

iii) f, is non-increasing on (0,00),
iv) limg_e £ (s) = 0.

~ o~ o~ o~

Proof. By (g1)-(g3), we can denote
7(S) = Sup P (25)

Observe that

f(s))%, Vs>0 and ¢ > s,

~

and f is non-increasing on (0,0). Moreover,

lim f(s) =c and lim f(s) = 0.

s—0t §—00

Now we can assume f € C!(0,0). If not, we can replace it by

fi(s) = %/j?(l)dt, s> 0.
5

Obviously,
() <Ti(9) SF3), Vs >0
And, for s > 0,
-/ — 1— 2 [s_
N = SF6) = 57— 5 [, T

ie., f; €C'((0,%),(0,%)). Hence Lemma 2.3 holds. [J
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LEMMA 2.4. Let g€ (p—1,p], b,h € C*(Q), h(x) >0, b(x) >0, Vx€ Q. If ¢
satisfies (g1)-(g3), then problem (2.1) has at least one solution u € C(Q) NC“*(Q).

Proof. Let y; € C(Q)NCH%(Q) be the first eigenfunction corresponding to the
first eigenvalue A; of

—Apu=AluPu in Q,
(2.6)

u>0, ulyg=0.

Let § = II*IIT' It follows from (g, ) that there exists a positive constant 6; € (0, 1)
such that

8(s) - B+ |hlBY|Vyn |4

sp=1 7 min, _g b(x)

, Vse (0,51).

Let u= cquf3 with ¢; € (07min{1,|5—1‘ﬁ}). Since ¢! "™ < 1, we have
W

1|eo

—Apu+h(x)|Val? = B Ay (el yp!
—(p=DBB- 1) Byl P2yl P v
+h(x) ety PV vy
<minb(x)g(eryy) <bglervy) = b)), xeQ

Sou=c uflﬁ is a subsolution to problem (2.1).
To construct a supersolution, by Lemma 2.2, we obtain that the following problem

—Apu=bx)uP (Fi(w)+1) in Q
u>0, ulyo=0,

2.7

has a solution u € C(Q) NCH%(Q), which is a supersolution to problem (2.1).

Using the same maximum principle argument as the following proof of (3.2) in
Section 3, we can get that u(x) < u(x),x € Q. It follows from Lemma 2.1 that problem
(2.1) has at least one solution u € C(Q)NCH%(Q) in the ordered interval [u,7]. [

LEMMA 2.5. Let b satisfies (b) and (by). If g satisfies (g1)-(g3) and f, isin
Lemma 2.3, then there exists a function v € C},_(RN) satisfying

{_Apv > b (fi(v)+4) in RY, (2.8)

v>0, limy_.v(x)=0.

Proof. By (g1)-(g3), we define

F(t):/ot <m> "ds, 1>0.
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It follows from L’Hospital’s rule that

1
p—1
— oo,

1
tim 2 _ i (%) "~ lim (é)
oot e N fy(r) + 1 e A fy () 17!
Let w be the solution of problem (1.2) and ¢y = maxpwy w(x). Therefore, there
exists a positive constant ¢, (large enough) such that

€2 s T
g F = / -, r d . 2.9
coc2 < I'(e2) A <st )+ 1) s (2.9)
Now we define a function v by
1w o
w(x) = _/ (=——)""as, vrer". (2.10)
c2 Jo sfi(s)+1

Hence combining (2.9) with (2.10), we have 0 < v(x) < ¢;. Obviously, we obtain
v (x) < cg_l. It follows from lim|y .. w(x) = 0 that lim|y_.,v(x) = 0.
Moreover, by Lemma 2.3, we obtain

A b(x) =~ AW
= Gy @ ! v(x)P
71 0(@) + (@) ! dv<71<v<x>>+<v<x>>fl)|v ()]
—Apv N
<= x€RY,

S A1) + (v(x)
i.e.,
—Apv = &5 b () (F(v(x)) + (v(x) )
> by () (F, (v(x)) + (v(x)) 1), xe RV

This completes the proof. [l

3. Proof of Theorem 1.1

Now consider the perturbed problem
{ —Apuy + h(x)|Vug|? = b(x)g(ux) in B(0,k), G
up >0, urlopox =0, .

where B(0,k) = {x € RN : |x| < k},k=1,2,3,...

It follows from Lemma 2.4 that problem (3.1) has one solution u; € C(B(0,k)) N
Ch%(B(0,k)).

Set ug(x) =0 V |x| > k. Let v be as in Lemma 2.5, we assert that

ue(x) <v(x), xeR¥ k=1,2,3,.... (3.2)

To show (3.2) we need Diaz-Saa’s inequality (in [5]).
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LEMMA 3.1. For i=1,2 let w; € L™ (Q) such that:

w; >0 a.e inQ and wi =wy on dQ,
1
wi € WhP(Q) and A,w! € L(Q).

Then,
1 1
AWl A w!
/Q< él — éz (w1 —wp)dx >0,
P P
wy L&)

provided ::—; € L=(Q) for i # j, where i,j =1,2.
Verification of (3.2). Consider the open subset of RY, namely
Br, = {x € RV |up(x) > v(x)} CC B(0,k).

Setting wy := ()P and wy :=vP we get,
1

1 1
AWl —A,w?
0</B ( 5711 — Iﬂz)(wl—wz)dx
kv

N P
Wy Wy

—A Up —A,yv
= ( pfl _—p—pl (uf —vP)dx
By Mk %

1

x)g(uy) — h(x)|Vu bW (f (v)+ 1
[ (ot trsug N RO

up71 yp—1

= (b(x)<g(uk> _(71(V)+l))—w>(uf—vl’)dx

Biy ! v WPt
< /Bk‘vb(x) (iz,ukl) — (L) + %)) (ul —vP)dx < 0,

which is impossible. So By, =0 and (3.2) holds.
Now, we need to estimate {u;}. For any bounded C'** - smooth domain Q' C RY,
take Q; and Q, with C"%- smooth boundaries, and K; large enough, such that

Q ccQccQ ccB(0,k), k=K.

Note that
u(x) > u(x) >0, vx € B(0,K), (3.3)

when B(0,K)) is the substitution for Q in the proof of Lemma 2.4.
Let

Pr(x) = b(x)g(ur) — h(x)|Vig|?, x € B(0,Ky).
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Since —Apu(x) = pr(x),x € B(0,K;), by the interior estimate theorem of Ladyzen-
skaja and Ural’tseva [12, Theorem 3.1, p.266], we get a positive constant C; indepen-
dent of k such that

max [Vu(x)| <Cp max u(x) <C max v(x), Vxe B(0,K;), (3.4)
x€Qy XGB(O,Kl) XEB(O,KI)
i.e., Vi (x)| is uniformly bounded on &, . It follows that {p;}%, is uniformly bounded
on Q, and hence p; € LP'(Q;) for any p; > 1. Since

—Apur(x) = p(x), x € Qo,

we see by [9, Theorem 9.11] that there exists a positive constant C, independent of k
such that

luellyren @) < Colllokllzri@q) + lukllzr @), V= Ki. (3.5)

Taking p; > N such that o < 1 — % and applying Sobolev’s embedding inequal-

ity, we see that {||uk||c1.e(g,)}%, is uniformly bounded. Therefore px € C* (Qi) and
{llokl| g (51)};1 is uniformly bounded. It follows from Schauder’s interior estimate
theorem (see [19, Chapter 1, p.2]) that there exists a positive constant C3 independent
of k such that

lurllcragy < Callloellcag,) + lmlle,))s Yk = K, (3.6)

e, {lluell e @/)}Z is uniformly bounded. Using Ascoli-Arzela’s theorem and the
diagonal sequential process, we get that {uk};l has a subsequence that converges uni-

formly in the C'(Q') norm to a function u € C1(Q) and u satisfies
—Apu+h(x)|Vul? = b(x)g(u), x€ Q'
By (3.3), we obtain that
u>0, Vxe Q.

Applying Schauder’s regularity theorem we have that u € C1*(Q'). Since Q' is arbi-
trary, we also have that u € Czl JY(RN). It follows from (3.2) that lim o, u(x) = 0.
Hence Theorem 1.1 is proved. O
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