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QUASILINEAR ELLIPTIC PROBLEMS WITH CRITICAL
EXPONENTS AND DISCONTINUOUS NONLINEARITIES

PHUONG LE

(Communicated by Dongsheng Kang)

Abstract. Using arecent fixed point theorem in ordered Banach spaces by S. Carl and S. Heikkila,
we study the existence of weak solutions to nonlinear elliptic problems —diva(x, Vu) = f(x,u)
in a bounded domain Q C R" with Dirichlet boundary condition. In particular, we prove that
for some suitable function g, which may be discontinuous, and § small enough, the p-Laplace
equation

—div(|Vu|P"2 Vi) = [ul? 2u+ 8g(x,u)

has a positive solution which goes to 0 as § — 0T, where p* is the critical exponent.

1. Introduction

Let N > 2 be an integer and Q C R" be a bounded domain with Lipschitz bound-
ary dQ. We study the following nonlinear elliptic problem

—diva(x,Vu) = f(x,u) inQ, (D)

u=0 on 0Q, '
where f is not necessarily continuous with respect to its second variable and may have
critical exponent.

This problem has been studied extensively in literature by many authors. A gen-
eral method for proving the existence of solutions of (1.1), when f is a Carathéodory
function and has subcritical growth, is critical point theory. When f is discontinuous
and has critical exponent, the situation becomes difficult because the energy functional
associated with (1.1) does not belong to C! class and because of the lack of compact-
ness of embedding WO1 P(Q) C L (Q). Nevertheless, many authors dealt with this
case using several methods in nonsmooth analysis. To name a few, when a(x,&) = &,
problem (1.1) was studied in [3, 5, 10] and references therein. When a(x, &) = |E[P—2&
(p-Laplace equation), it was studied in [13] for f(x,u) = A|u|?" ~2u+g(x,u). Later,
when a(x, &) = |E|PW=2E (p(x)-Laplace equation), it was studied in [14] for f(x,u) =
AJulP" =2y + g(u). When a;(x,&) = |&[Pi~2&; (anisotropic quasilinear elliptic equa-
tion), it was studied in [9].
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In the present paper, we exploit the fixed point theorem introduced in [6] to prove
the existence of a nontrivial weak solution u € WOl P (Q) of (1.1). Note that in [6], S.
Carl and S. Heikkild applied their theorem to the problem —Au = f(x,u) and proved
the existence of one solution. However, the solution they obtained may be the trivial
one if f(x,0) =0. By using a suitable set having the fixed point property, the trivial
solution in our result is excluded.
As an application, in section 4 we will consider the following critical problem
—div(|Vu|P~2Vu) = [u|?" 2u+ Sg(x,u) inQ, (L.2)
u=0 on 0Q, '

where g is not required to be Carathéodory but sup-measurable.

It is well known that if g =0 and Q is a star-shaped domain then (1.2) has no
nontrivial solution (see [11, 12]). The perturbation dg(x,u) ensures the existence of
a nontrivial solution to problem (1.2). The existence of a positive solution of (1.2)
was studied in [2] when p =2, g is the Heaviside function in u and & is sufficiently
large. This problem is also studied in [1] using a variational approach when p =2 and
g(x,u) = h(x)H (u— a)ud, where h(x) is both nonnegative and integrable on RY, H is
the Heaviside function, 0 < g < 2*—1 and 6 > 0. In section 4 of this paper, we will
prove that when & is sufficiently small, problem (1.2) has a positive solution which
convergesto 0 as 6 — 0T

Throughout this paper, we assume that p € [2,o0). As usual, we denote:

p*=pN/(N—p)if p<N and p* = if p > N (hence p* =« if N = 2),
p'=p/(p—1),
1
lulp = (Jq |u|P)7, the norm of u in LP (),
|u|eo = esssup{|u(x)| | x € Q}, the norm of u in L*(Q),

1

lul| = (Jo [Vue|?) 7, the norm of u in W * (),

LF(Q) ={ueLP(Q)|u(x) >0foraex e Q}.

It is well-known that p* is the maximum number such that the continuous embed-
ding Wol’p(Q) C L7(Q) holds true for all g € [1,p*]. Moreover, if g € [1,p*) then this
embedding is compact.

For p1,p2 € (1,p*] if p* <o or py,ps € (1,00) if p* =0, denote by K; and K;
the inverses of Sobolev coefficients of continuous embedding WO1 P(Q) C LP1(Q) and
WO1 P(Q) C LP2(Q), respectively, that means

|”‘p2'
[Jull

|”‘p1
[Jull

K = sup
uew, "’ (Q)\{0}

, K= sup
uew, ” (Q)\{0}

Suppose that C;,i € {0,1,2,3} are positive constants. We impose the following
hypotheses on a and f:
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(A1) a: QxRN — R is a Carathéodory function;
(A2) |a(x,&)| < ko(x)+Co|E|P~", fora.e x € Q and forall & € RV, where ko € L7 (Q);
(A3) (a(x,&) —a(x, &) - (E—&') = Gl — &P forae x € Q and forall £,&" € RV;

(F1) f: QxR — R is sup-measurable, i.e x+— f(x,u(x)) is measurable in Q whenever
u:Q — R is measurable;

(F2) |f(x,s)] <ki(x)+Ci|s|P1~!, fora.e x € Q and for all s € R, where k; € LP1(Q);
(Q1) g: QxR — R is a Carathéodory function;

(Q2) |q(x,s)| < ka(x) +Cals|P2~", fora.e x € Q and forall s € R, where k € LP2(Q);
(Q3) (g(x,s) —q(x,s"))(s—s") =0 fora.e x € Q and for all 5,5’ € R;

(FQ) s+ f(x,s)+q(x,s) is increasing for a.e x € Q.

Our main result is the following theorem:

THEOREM 1.1. Assume that the conditions (Al)-(A3), (F1)-(F2), (Q1)-(Q3)
and (FQ) are satisfied, then problem (1.1) possesses a weak solution u in the following
cases:

() 1<p1,p2<p,

(ii) p1 = p2 =p and C3— K" —GK5* > 0,

(iii) p1=p, 1 <pr <p and C3—C,K" >0,

(iv) pp=p, 1 <p; <p and C3 —CK}*> > 0,

(V) p<p1,p2 < p* and [ko|y + [ki]  + \kz\p/z < €, where € is sufficiently small. More-
over, ||ul]| — 0 as € — 0, keeping other constants C; fixed.

Furthermore, if u is a subsolution of (1.1) then the above solution u can be chosen
in{we Wol’p(Q) |u<w} incases (i)-(iv). If (1.1) has a subsolution u such that ||u™ |
is sufficiently small then the above solution u can also be chosen in {w € WOl 2(Q) |
u < w} incase (V).

As an example of functions satisfying all assumptions of Theorem 1.1, we may
take a(x,&) =|E|P2E, f(x,s) = |s|”" 25+ Sg(x,s) and ¢(x,s) = 0, where

0 if s <0,
glx,s)=<1/2 ifs=0,
1 if s >0,

and ¢ is sufficiently small. In section 4, we will prove that the problem associated with
this example actually has a positive weak solution.

The next theorem is well-known in sub-super solution theory. For example, see
[7, 8] and references therein. In this paper, we will introduce a new and simple proof
using the fixed point theorem mentioned in [6].

THEOREM 1.2. Assume that conditions (A1)-(A3), (F1)-(F2), (Q1)-(Q3) and
(FQ) are satisfied and problem (1.1) has a subsolution u and a supersolution U satis-
Sfying u <u. Then (1.1) has a weak solution in [u,u).
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2. Preliminaries

In this section, we recall some basic concepts and tools on ordered Banach spaces
which will be used in the sequel. See [6] for more details on these definitions and
notations.

The subset X of a normed space X is called an order cone iff the following are
true:

- X, is closed, convex, nonempty and X # {0};
-IfueX; and a >0, then ou € X4 ;
-Ifue Xy and —u € Xy, then u=0.

A Banach space (normed space) (X, || -||) endowed with a partial ordering < in-
duced by an order cone X by x <y iff y —x € X, is called an ordered Banach space
(ordered normed space).

Let X be an ordered normed space with the ordering < and the order cone X, P
be a subset of X, a be an element of P and {a,} be a sequence in P. We say that:

- a is a sup-center (respectively, inf-center) of P if sup{a,y} (respectively, inf{a,y})
exists and belongs to P forall y € P;

- P is (weakly) sequentially order compact if increasing and decreasing sequences of
P have (weak) limits in P;

- P has the fixed point property if each increasing mapping G : P — P has a fixed point;
- X is a Banach semilattice if X is an ordered Banach space satisfying ||x*|| < ||x|| and
|x~|| < ||x|| for all x € X where x™ = sup{0,x} and x~ = inf{0,x};

- {an} is increasing (resp., decreasing) if a, < an (vesp., a, > an ) whenever n < m;
- {an} is bounded if there exists a constant C > 0 such that ||a,|| < C forall n € N;

- X4 is a (weakly) fully regular order cone if each bounded and increasing sequence of
X, is (weakly) convergent.

We also denote
By(b,R)={xeX ||x—b| <R} and [by,br]x ={x€X |b) <x< by},

where b,b;,br, € X .
The following fixed point theorem is proved in [6]:

LEMMA 2.1. Let P be a weakly sequentially order compact subset of an ordered
normed space X having a sup-center or an inf-center. Then P has the fixed point

property.

We now introduce some concrete types of sets having the fixed point property
beside closed balls as in [6]. Lemma 2.2 bellow slightly generalizes [6, Corollary 2].

LEMMA 2.2. Let X be a Banach semilattice which is reflexive or has a weakly
fully regular order cone X+ and Y be a closed subspace of X. Moreover, assume that
for every x €Y, we have x™ € Y. Then any nonempty set P of the following types
possesses the fixed point property:
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(i) P=B}(a,R), whereacY and R>0,
(i) P=By(a,R)N{xeX |b<x}, whereacY,beX and R>0,
(iii) P = By (a,R) N [b1,b2]x, where a € Y,by,by € X,a<by and R> 0.

Proof. Note that if X is reflexive then its order cone X, is weakly fully regular.
Moreover, every set P of types (i), (ii) or (iii) is a weakly closed subset of X because
it is convex and closed. Also, it is clear that P is bounded.

We show that P is weakly sequentially order compact. In order to do this, let
{xn} C P be an increasing sequence. Put y, = x, —xp, n =1,2,..., then {y,} C X5 is
an bounded and increasing sequence, which weakly converges to some y because X
is weakly fully regular.

Therefore, {x,} is also weakly convergent and its weak limit is y+ xo, which
belongs to P since P is a weakly closed subset of X . The case that {x,} is decreasing
can be done similarly.

We prove that a is a sup-center of P. Let y € P then sup{a,y} = (y—a)" +a.

In case (i), from the Banach semilattice property, we get

Isup{a,y} —all=[(y—a) || < [ly—al| < R.

Moreover, sup{a,y} € Y since a,y € Y. Therefore, sup{a,y} € By (a,R) = P.
In case (ii), y € P C By(a,R), hence sup{a,y} € B} (a,R) from the above proof.
Moreover, b <y implies b < sup{a,y}. Therefore,

sup{a,y} € By(a,R)N{xe X |b<x} =P.

In case (iii), y € P C By (a,R), hence sup{a,y} € By (a,R) from the above proof.
Moreover, by <y < by, and a < by, so by < sup{a,y} < by. Therefore,

Sup{aay}EB;(aaR>m[blyb2]X:P- |

The following remark is useful in applications:

REMARK 2.1. For p > 1, Sobolev spaces W!?(Q) are Banach semilattices with
the usual ordering and reflexive. Hence for X = W!?(Q) and Y = WO1 P(Q), all sets of
types (i), (ii) or (iii) mentioned in Lemma 2.2 have the fixed point property.

3. Proof of Theorem 1.1 and Theorem 1.2

For u € W'P(Q) and ¢ € W, ”(Q), we define
(Au, @) = [qa(x,Vu)-Vo,

<FM,(P> = fo(.X,M)(P,

(Qu, @) = [oq(x,u)e.

We call

- u € W, P(Q) a weak solution of (1.1) if (Au, ) = (Fu, @) forall ¢ € W, " (Q),
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- u € WP(Q) a subsolution of (1.1) if u|yq < 0 and (Au, @) < (Fu, @) for all
P eW,"(Q)NL.(Q),

- u € WHP(Q) a supersolution of (1.1) if u|yq > 0 and (Au, @) > (Fu,¢) for all
P EW,"(Q)NL.(Q).

Due to (Al)-(A3) and (Q1)-(Q3), the operator A+ Q : WOI”’(Q) — WL (Q)
is bijective and if (A+Q)u < (A4 Q)v then u < v. The reader may find detailed proofs
for these facts in the appendix.

Now, consider the operator G : W, "” (Q) — W, ”(Q) defined by
G=(A+0Q) "o (F+0).

Then u € WO1 P(Q) is a weak solution of (1.1) if and only if u is a fixed point of G.
Moreover, from (FQ), the operator F + Q is increasing. Therefore G is increas-
ing, too.

From now on, B'(u,R) denotes the closed ball in WO1 P(Q) of center u € WP (Q)
and radius R > 0.

Proof of Theorem 1.1. From the above arguments, all we have to do is to construct
P which has the fixed point property such that if v € P then G(v) € P.

We look for P of type P = B'(0,R). This type of set has the fixed point property
by Lemma 2.2 and Remark 2.1.

Set u=G(v), then (A+Q)u= (F+Q)v.

Choose &' =0 in (A3), s’ =0 in (Q3) and using (A2), (Q2), we have

((A+Q)u7u>:/a(x,Vu)-Vu+/q(x,u)u
Q Q

> [ (@aIVul? = ko)l V)~ [ falo) e

> Cs[ull” = (lkol,y + Kalka| ) [[u]l- 3.1
From (3.1) and growth conditions (F2), (Q2) on f and g, we have

Cs||ul|P—=(lkol , + K2z )| u]
<((A+Qu,u) = ((F + Q)v,u)
< |k1|p ‘”|p1 +C1Mpl 1‘”|p1 + ‘k2‘p2|u‘p2 "‘C2|V|p2 1|”‘p2
< (Kilki| p + Kalka |y + CiKy |v|p) L G o2 [Juf (3.2)
< (Kilkily + Kalka |y +Clk V][ 4 CoRE? [v][P2~ 1) Jull

Therefore,

CgHuH”‘l < kol +K1|k1‘1”1 +2K2|k2\p/2 +C K" Hv”Pl_l +C2K§2||VH”2_1
= M+ C KD |[v]|P !GP ]|,
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where M = |k()|p/ +K1|k1‘p/l +2K2|k2‘p/2.
We must find R > 0 such that if ||[v|| <R then ||u|| < R. This property will be
satisfied if M+ CiK'RPU + G K RP21 < GRP™! or p(R) > 0, where

p(t) = Cyt? ™' — (CIKT' " 1+ G 4 M),

(ii) If p1 = p» = p and C3 — C1K!' — CoK3? > 0 then limy 1w p() = +oo. Thus,

(i) If 1 < p1,p2 < p then p(R) > 0 for R large enough.
) > 0 for R large enough.

)

P(R
i) If py=p,1 <py<p and C3 —CK"" >0 then lim,_ 4o p(r) = +oo. Thus,
R

(
(ii
p(R) > 0 for R large enough.
(iv) This case is similar to (iii).
(

v) If pi,p> > p then
P = G~ @R CRE ) >0

forall # € (0,79] where #o > 0 is sufficiently small. Note that lim,_q+ () = 0.
If we fix ¢ € (0,79 and choose ko, &,k such that

|k0|p/ + ‘kl‘p/l + ‘kz‘p/z < (max{l,Kl,ZKg})_lﬁ(t),

then M < p(¢) and p(r) =p(t) —M > 0. It implies that for all € small enough, we
can choose Re > 0 such that if [ko|,y + |ki[,; +[k2|,, < €, then p(R¢) > 0. Moreover,
limg_>0 Rg =0.

The above arguments imply the existence of R > 0 such that if v € B'(0,R) then
G(v)=u€eB(0,R).

Next, suppose that u is a subsolution of (1.1). We consider

P=B(0,R)N{wecW'"P(Q) |u<w}
with R obtained above. Note that
ut e Wy P(Q)N{w e WHP(Q) | u< w}.

In the cases of (i)-(iv), we may choose R large enough if necessary. In case (v), we
may choose u such that ||u"| is small enough. Therefore, P is nonempty and P has
the fixed point property by Lemma 2.2.

Assume that v € P, we prove that G(v) € P.

Since v € P C B'(0,R), we have G(v) € B'(0,R) from the above proof.

On the other hand, because u is a subsolution of (1.1) and u < v, we have

(A+0)(u) < (F+0)(u) < (F+Q)(v).

Thus, u < (A+ Q) o (F+ Q)v= G(v). Therefore, G(v) € P.
Theorem 1.1 has been proved completely. [l
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Proof of Theorem 1.2. As before, we look for P of type P = B'(ug,R) N [u,u] such
that if v € P then G(v) € P. This type of set has the fixed point property by Lemma
2.2 and Remark 2.1.

Set u=G(v), then (A+ Q)u= (F+ Q)v. From (3.2) and v € [u,u] we have

Csl|ul|P~ < M+ CiK, Mﬁi_l "|-C2K2|V|%_1
<M+ Ci (Julpy + [ )" + Cooalulpy + 1)

which means that ||u|| is bounded by a positive number Ry independent of v € [u,7].
Choose ug € WOI”’(Q) N [u,u], R=Ro+ ||ug| and set P = B'(up,R) N [u,1].
If v€ P then v € [u,u]. Thus, |u]| < Ry by the above proof. Therefore,

[l —uoll < [luell + lluol| < Ro+ [[uol| = R, i.e u € B'(uo,R).
On the other hand, from definition of # and monotonicity of F + Q, we have
A+Qu< (F+Qu< (F+Q)v=(A+Q)u.

Thus, u < u.
Similarly, (A+ Q)u= (F+Q)v< (F+Q)u < (A+Q)u. Thus, u <.
Consequently, G(v) =u € P, as desired. [

4. Quasilinear elliptic problems with critical exponents and discontinuous
nonlinearities

In this section, we study problem (1.2). Suppose that N > 3 and 2 < p < N, hence
p* < +oo. Let C > 0 be a positive constant, we impose the following conditions on g:
(G1) g: QxR — R is sup-measurable;
(G2) liminf,_g+ (g(x,5)/sP 1) = 4oo, uniformly in x;
(G3) |g(x,5)] < CsP" !, fora.e x € Q and forall s > 1;
(G4) g € L' /P"=1)(Q), where g(x) = supy < |g(x,s)| fora.e x € Q;
(H1) h: Q xRy — R is a Carathéodory function;
(H2) |h(x,s)| < CsP" !, fora.e x € Q and forall s € R, ;
(H3) (h(x,s) —h(x,s'))(s—s") > 0 fora.e x € Q and for all 5,5 € R, ;
(GH) s — g(x,s)+ h(x,s) is increasing for a.e x € Q and s € R .

THEOREM 4.1. Assume that the condition (G1)-(G4), (H1)-(H3) and (GH)
are satisfied. Then there exists a positive number & such that (1.2) has a positive
solution ug for all 8 € (0,8y). Moreover, ||ug| — 0 as § — 0T,
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Proof. We will apply Theorem 1.1 with a(x,&) = |E|P2&,

s|P 7254+ 8g(x,s) ifs>0,
gy {B s ets)
0g(x,0) ifs <0,

and

(x,5) = Oh(x,s) ifs>0,
TV 6h(x,0) ifs<o.

For & > 0 small, by (G3) and (G4) we have |f(x,s)| < C'|s|?" ' 4 8g(x) for
some positive constant C’. Therefore, (Al)-(A3), (F1)-(F2), (Q1)-(Q3) and (FQ)
are satisfied with kp = k> =0, k; = 0g.

From (v) in Theorem 1.1, there exists dy > O such that problem (1.1) with «a, f,q
as above has a weak solution for all 6 € (0,8)) and this solution converges to 0 as
0 — 0. In order to ensure that this solution is positive, and therefore, also a solution of
(1.2), we have to show that (1.2) has a sequence of positive subsolutions converging to
0 in W, 7(Q).

Let A; be the first eigenvalue and @; > 0 be a corresponding eigenfunction of the
eigenvalue problem —A,u = A|u[P~2u in Q with zero Dirichlet boundary condition.

Setting ue = €¢;. We look for € > 0 such that —A,u, < u’g’tl + 0g(x,ue), or
equivalently, A;(£@)?~! <uf "'+ 8g(x, 1),

By (G2), there exists sy > 0 such that g(x,s) > (1;/8)s"~! forall s € (0,s0) and
a.e x € Q. Thus, u, is a subsolution of problem (1.2) if € € (0,50/|@1]e) -

Now the existence of a positive solution ug to problem (1.2) and the convergence
of {ug} follow immediately from Theorem 1.1. [J

REMARK 4.1. Two trivial examples of g satisfying Theorem 4.1 are g(x,s) =
|s|972s with 1 < g < p and

0 if s <a,
glx,5)=<1/2 ifs=a,
1 if s > a,

where a < 0.
We choose /& = 0 in both examples above.

5. Appendix

For the reader’s convenience, in this appendix we prove the fundamental facts in
theory of monotone operators saying that the operator A+ Q is bijective and (A +Q)~!
is increasing. These facts are used in the proof of Theorem 1.1.

LEMMA 5.1. Assume that conditions (Al)-(A3) and (Q1)-(Q3) are satisfied,
then operator A+ Q : WOI"p(Q) — WL (Q) is bijective and if (A+ Q)u < (A+ Q)v
then u < v.
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Proof. Our proof has 4 steps.
Step 1. (A+ Q is monotone) Let u,v € WOI"p(Q), we have

(A+Qu— (A+Q)vu—v)
= /Q[a(x, Vu) —a(x,Vv)](Vu— Vv)dx+ /Q[q(x7 u) — q(x,v)](u—v)dx
> /QC3|V14—VV\pdx
= Galu—v|”,
by (A3) and (Q3). Therefore, A + Q is monotone.

Step 2. (A+ Q is hemicontinuous) Let u,v,w € WOI"p(Q).
e We prove that: lim,_o(A(u+1v),w) = (Au,w).
Setting A (x) = a(x, Vu(x) +tVv(x))Vw(x), t € [-1,1].
By Young’s inequality, we have

1 |
e ()] < 7 lae, Vu(x) +1Vv @) + Z[Vw)]P.
On the other hand, by (A2)

ko (x)| + Co| Vau(x) + 1 Vv(x)[P~1)¥'

la(x, Vie(x) + Vv ()P < (
< 2% |ko(x) [P + 27 C' [Vu(x) + tVv(x) [P
<2

|
|

P ko ()P 4207 CE [V (x) [P + 204 CE |V ().
Therefore,
|7y (x)] < h(x),
with
20 , ot el plarded 1
h(x) = ?\ko(X)\” + p, O |Vu(x)|? + o o \VV(X)\”+I—)\VW(X)\”~

From the hypothesis, we have h € L!(Q).
We have |, (x)| < h(x), V¢ € [—1,1] and lim, ¢ i (x) = a(x, Vu(x))Vw(x) for a.e
x € Q. By Lebesgue’s dominated convergence theorem, we conclude that
Hm(A(u+1v),w) = (Au,w).
11—
e Similarly, we have: lim,_o{(Q(u+1v),w) = (Qu,w).
e From the above proof,
lim,_o((A+ Q) (u+1v),w) = ((A+ Q)u,w),i.e A+ Q is hemicontinuous.

Step 3. (A+ Q is coercive) From (3.1), for u € WOI”’(Q) \ {0} we have
((A+QJu,u)

a2 Gl = (ol + Kolkal ).
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i.e A+ Q is coercive.
Applying Browder’s theorem in [4], from steps 1, 2 and 3 we conclude that A+ Q
is surjective.

Step 4. (Assuming that (A + Q)u < (A+ Q)v, we prove that u < v) By the hy-
pothesis, we have

(A+ Q) — (A+Q)u, ) >0, Yo € Wy (Q) N L. ().

Choose @ = (u—v)4 as a test function and put Q1 = {x € Q| v(x) < u(x)}, we
have

0< /Q[a(x,Vv) —a(x,Vu)|V(u—v)idx+ /Q[q(x, v) —q(x,u)](u—v)4dx

=/, [a(x,Vv) —a(x,Vu)]V(u—v)dx+ A [q(x,v) — q(x,u)](u — v)dx.

Thus,
/Q [a(x,Vv) —a(x,Vu)|(Vv — Vu)dx + A [q(x,v) — q(x,u)](v —u)dx < 0.

On the other hand, by (Q3) we have:
[ laten) =gt} = wdx > o,
Q
and by (A3)
/ [a(x,Vv) —a(x,Vu)|(Vv — Vu)dx > C3/ Vv —Vu|Pdx
Q. Q.

:cg/ V(i) |Pdx
Q
=G[(u—v)+|.

Thus, (u—v)+ =0,ieu<v.
Next, suppose that (A + Q)u = (A+ Q)v, the above proof implies that u < v and
v<u. So A+ Q is injective. [

REFERENCES

[1] C. O. ALVES, A. M. BERTONE, J. V. GONCALVES, A variational approach to discontinuous prob-
lems with critical Sobolev exponents, J. Math. Anal. Appl., 265 (2002), 103-127.

[2] M. BADIALE, Critical exponent and discontinuous nonlinearities, Differential Integral Equations, 6
(1993), 1173-1185.

[3] M. BADIALE, G. TARANTELLO, Existence and multiplicity results for elliptic problems with critical
growth and discontinuous nonlinearities, Nonlinear Anal., Theory Methods Appl., 29 (1997), 639—
677.

[4] A. BEURLING, A. E. BEURLING, A theorem on duality mappings in Banach spaces, Ark. Mat., 4
(1961), 405-411.



434

[5]
[6]
[7]
[8]
[9]

[10]

[11]

[12]
[13]

[14]

PHUONG LE

G. BONANNO, P. CANDITO, Non-differentiable functionals and applications to elliptic problems with
discontinuous nonlinearities, J. Differ. Equations, 244 (2008), 3031-3059.

S. CARL, S. HEIKKILA, Elliptic problems with lack of compactness via a new fixed point theorem, J.
Differ. Equations, 186 (2002), 120-140.

S. CARL, S. HEIKKILA, Nonlinear Differential Equations In Ordered Spaces, Chapman & Hall/CRC,
London, 2000.

S. CARL, S. HEIKKILA, Existence and multiplicity for quasilinear elliptic inclusions with nonmono-
tone discontinuous multifunction, Nonlinear Anal., Real World Appl., 10 (2009), 2326-2334.

H. CHRAYTEH, J. M. RAKOTOSON, Eigenvalue problems with fully discontinuous operators and
critical exponents, Nonlinear Anal., Theory Methods Appl., 73 (2010), 2036-2055.

S. A. MARANO, D. MOTREANU, On a three critical points theorem for non-differentiable functions
and applications to nonlinear boundary value problems, Nonlinear Anal., Theory Methods Appl., 48
(2002), 37-52.

1. POHOZAEV, On the eigenfunctions of the equation Au+ A f(u) =0, Dokl. Akad. Nauk SSSR, 165
(1965), 36-39.

P. Puccl, J. SERRIN, A general variational identity, Indiana Univ. Math. J., 35 (1986), 681-703.

X. SHANG, Existence and multiplicity of solutions for a discontinuous problems with critical Sobolev
exponents, J. Math. Anal. Appl., 385 (2012), 1033-1043.

X. SHANG, Z. WANG, Existence of solutions for discontinous p(x)-Laplacain problems with critical
exponents, Electronic Journal of Differential Equations, Vol. 2012 (2012), No. 25, pp. 112.

(Received September 21, 2011) Phuong Le
(Revised March 15, 2012) Dipartimento di Matematica

Universita della Calabria

87036 Arcavacata di Rende

Italy

e-mail: 1lephuong@mat .unical.it

Differential Equations & Applications
www.ele-math.com

dea@ele-math.com



