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MATCHING METHOD FOR NODAL SOLUTIONS
OF MULTI-POINT BOUNDARY VALUE PROBLEMS

QINGKAI KONG AND THOMAS E. ST. GEORGE

(Communicated by Johnny Henderson)

Abstract. In this paper, we study the nonlinear boundary value problem consisting of the equa-
tion ¥y’ +w(t)f(y) =0 on [a,b] and two multi-point boundary conditions. We establish the
existence of various nodal solutions of this problem by matching the solutions of two boundary
value problems, each of which involves one separated boundary condition and one multi-point
boundary condition, at some point in (a,b). We also obtain conditions for this problem not to
have certain types of nodal solutions.

1. Introduction
We study the nonlinear boundary value problem (BVP) consisting of the equation

Y'+w(t)f(y) =0, 1€ (ab), (1.1)

where a,b € R with a < b; and the multi-point boundary condition (BC)
[ m
(@) =¥ hiy(&j) =0, y(b) = X kiy(n;) =0. (1.2)
j=1 i=1

Throughout this paper and without further mention we assume the following:
(H1) w € C'[a,b] such that w(z) >0 on [a,b];

(H2) f € C(R) such that yf(y) >0 for y #0, f(—y) = —f(y), and f is locally
Lipschitz on (—ee,0) U (0,e0);

(H3) there exist extended real numbers fj, fw € [0,0] such that
fo=Tlimf(y)/y and  fo= ‘yl‘iglwf (¥)/y:
Hd)a<m<...<nup<band kjcR fori=1,... ,m;
H5)a<é <...<§<band hjeR for j=1,...,1.
Mathematics subject classification (2010): 34B10, 34B15.

Keywords and phrases: nodal solutions, multi-point boundary value problems, Sturm-Liouville prob-
lems, eigenvalues, matching method.
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The existence of solutions, especially positive solutions, of BVPs with multi-point
BCs have been studied extensively, see [2, 5, 8, 9, 10, 18, 19, 30] and the references
therein. In this paper, we study the existence of nodal solutions, i.e., solutions with
a specific zero-counting property in (a,b), of the multi-point BVP (1.1), (1.2). Great
progress has been made to the study of such solutions for nonlinear BVPs consisting
of Eq. (1.1) (and more general forms of equations) and two-point separated BCs, see
[11, 12, 14, 21, 24, 25, 26]. The existence of nodal solutions of BVPs with nonlocal
BCs has also received a lot of attention in research. We refer the reader to [1, 3, 4,
6, 11, 13, 20, 22, 23, 27, 28, 29] for some recent work on this topic. In particular,
many researchers have been working on the existence of nodal solutions of the BVP
consisting of Eq. (1.1) and the separated—multi-point BC

cosa y(a) —sina y'(a) =0, a€[0,n),
y(b) = XL kiy(ni) =0,

where a,b € R with a < b. However, due to the complexity of BC (1.3), the majority
of the results are only for a special case of BVP (1.1), (1.3). In fact, Ma [22], Ma and
O’Regan [23], Rynne [27], Xu [28], and Xu, Sun, and O’Regan [29] studied the special
case of BVP (1.1), (1.3) with w=1, o =0, and [a,b] = [0, 1], i.e., the BVP consisting
of the equation

(1.3)

_y//:f(y)a t6(071>7 (14)

and the BC N
y(0)=0, y(1)= > kiy(ni) =0. (1.5)

i=1

The main approach was to use the Rabinowitz global bifurcation method to estab-
lish the existence of nodal solutions of BVP (1.4), (1.5) by relating it to the eigenvalues
of the corresponding linear Sturm-Liouville problem (SLP) with the multi-point BC
(1.5). By extending and improving the work in Ma and O’Regan [23], Rynne [27]
showed that the associated SLP consisting of the equation y” + Ay =0 and BC (1.5)
has a strictly increasing sequence of simple eigenvalues {A,},_, with eigenfunctions
0n(t) = sin(v/Aut). Let Ng = {0,1,2,...}. The following is a brief sketch of the results
in [27] on the existence of nodal solutions of BVP (1.4), (1.5).

PROPOSITION 1.1. Let f € C'(R) and k; >0 for i=1,...,m such that

(a) Assume fy, foo < oo, and (A, — fo)(Ay — feo) < O for some n € Ny. Then BVP (1.4),
(1.5) has solutions y* whose derivatives have exactly n+ 1 zeros in (0,1) such that
+y£(t) > 0 in a right-neighborhood of 0.
(b) Assume fo. = o and A, > fy for some n € Ny. Then for any i > n, BVP (1.4),
(1.5) has solutions y* whose derivatives have exactly i+ 1 zeros in (0,1) such that
+y*(t) > 0 in a right-neighborhood of 0.

The establishment of these results relies heavily on the direct computations of the
eigenvalues and eigenfunctions of the SLP associated with BVP (1.4), (1.5), and hence
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cannot be extended to the general BVP (1.1), (1.3) with a variable w and general BC
parameter o by the same approach. The difficulty lies in the fact that the existence of
such eigenvalues is to be established and their algebraic multiplicities are proved to be
1.

Kong, Kong, and Wong [13] studied BVP (1.1), (1.3) in a different way: they
obtained conditions for the existence of nodal solutions by comparing fy and f.. with
the eigenvalues {A,}_, of the SLP consisting of the equation

—y" = Aw(t)y, t € (a,b), (1.6)
and the two-point BC

cosa y(a) —sina y'(a) =0, a€[0,n),
Y (b)=0.

The results in [13] are good because they work with a variable w and a general BC
parameter o, and fy, f- are allowed to be 0 and . Moreover, the eigenvalues of SLP
(1.6), (1.7) are guaranteed to exist, easy to compute numerically, and are algebraically
simple. The ideas in [13] have been applied in [3, 4, 11] to deal with other BVPs
with one separated BC and one multi-point or integral BC. However, we note that the
shooting method, which was used in [13] to deal with nodal solutions, fails to work
alone on BVPs with double multi-point BC (1.2).

Recently, Genoud and Rynne [6] discussed the double multi-point BVP (1.1),
(1.2). By establishing the existence of eigenvalues of the corresponding linear SLP
(1.6), (1.2) and using the Rabinowitz global bifurcation theorem, they obtained results
on the existence of nodal solutions. This work is significant since it made the first
progress in the existence of nodal solutions of double multi-point BVPs. However,
their results were derived under certain assumptions which can be roughly stated as
follows:

(a) For sufficiently small & € (0,1)

(1.7)

m 1
M|k <& and Y |h;| <8, (1.8)
i=1 j=1

(b) the function f satisfies that f(x)/x € C'(R) and 0 < fy, fo < oo.

It is required that the & in Assumption (a) be small, but it fails to determine how
small this 6 should be. Actually, the implicit function theorem, which was used in
the proofs to guarantee the existence of &, does not provide its magnitude. Therefore,
although the work in [6] is of theoretical importance, it is practically difficult in im-
plementation. Moreover, the restrictions on f given in Assumption (b) exclude the
possibility for f to be superlinear or sublinear.

In this paper, we will further develop the methods used in [13] for BVPs with
separated—multi-point BCs to BVPs with double multi-point BCs. More specifically,
we will show that the nodal solutions for BVPs with the separated—multi-point BCs

Y(©) =0, y(b)— 3 kiy(m) =0
=1



16 QINGKAI KONG AND THOMAS E. ST. GEORGE

and

1
y(@) =Y hjy(&;) =0, y(d)=0,
=1

respectively, will meet at some ¢ = d € (a,b) and hence produce nodal solutions for
BVPs (1.1), (1.2). Our results are under explicit conditions and f is allowed to be
superlinear and sublinear. We will also obtain conditions for the nonexistence of certain
types of nodal solutions.

This paper is structured as follows: we present the main results of the paper in
Section 2 and then give the proofs in Section 3 after several technical lemmas are es-
tablished.

2. Main results

We aim to study solutions of BVP (1.1), (1.2) which fall into certain classes defined
as follows.

DEFINITION 2.1. Let n € Ny :={0,1,2,...}. Then a solution y of BVP (1.1),
(1.2) is said to belong to a class .7 for y € {+,—} if
(i) y and y' have only simple zeros in [a,b],
(ii) ¥ has exactly n+ 1 zerosin (a,b),

(iii) yy(r) > 0 in a right-neighborhood of a.
REMARK 2.1. One can easily see that for y € .7,/ with n € Ny and y € {+, -},

y may have n, n+ 1, or n+2 zeros in (a,b).

To establish criteria for BVP (1.1), (1.2) to have various nodal solutions, we need
to use the eigenvalues of the SLP consisting of the equation

Y/ +Aw(t)y=0, t¢ (a,b), .1
and the two-point BC
y(a) =y (b) =0. (2.2)

Itis well-known that the spectrum of SLP (2.1), (2.2) consists of an infinite number

oo

of real simple eigenvalues {A,};_, satisfying that
O=Ay <A < <A<+, and A, — oo

and any eigenfunction associated with A4, has exactly n zeros in (a,b) for n € Ny, see
[31, Theorem 4.3.2].
Let F(y) =[5 f(&)d& for y € R and denote w/, (¢) := max{=£w/(z),0} along with

Siwl (¢ by (¢
’y;":/ /w+—()dt7j:1,“.7l7 and ’)/l_:/ Wﬁ()dl7i:1,...,m.
a w(t) n w(t)
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By (H2), F is strictly increasing on [0, o) and strictly decreasing on (—e,0]. Let F;l
and F~! be the inverses of F on [0,e0) and (—eo,0], respectively. Clearly, since f is
an odd function on R, then F;l = —F~! Thus we may define

Fli=F'=-F"

THEOREM 2.1. Let n € Ny. Assume either (i) fo < 7LW2 and fo = oo, or (ii)
feo K Apja) and fo = oo, where |n/2] is the integer part of n/2. Suppose thatfor any

r>0,
m Y
k,-F1<re') F1<L> 23
2 Sy ) < @3

hold. Then BVP (1.1), (1.2) has a solution y}, € ;) for y e {+,—}.

and

Note that when n = 0 or 1, the assumptions of Theorem 2.1 imply that either
fo=0or f.. =0.
REMARK 2.2. (a) We comment that (2.3) implies that
m
N kil < 1. (2.5)

i=1

In fact, since w'_(1) > —w'(1),

[P ()
” >/, ) =

S (75) > B ()

Then (2.5) follows from (2.3). Similarly, (2.4) implies that

Hence

[
> |hjl < 1. (2.6)
j=1

On the other hand, when w(¢) = 1, (2.3) reduces to (2.5), and (2.4) reduces to (2.6).
(b) If f(y) = |y|?~ty for ¢ > 0, then (2.3) reduces to

S
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and, (2.4) reduces to

i | ( w(b)ey.f+ )1/(’1“) {
i\ ——== <1.
=1 ! w(a+b—E))

As a consequence of Theorem 2.1 we have the corollary below.

COROLLARY 2.1. Assume inequalities (2.3) and (2.4) hold and
either fo =0 and f.. = oo, or foo =0 and fy = oo.

Then

(a) BVP (1.1), (1.2) has positive and negative solutions in ﬂoy forye{+,—}ifki=0
fori=1,....mand h; >0 for j=1,...,1.

(b) BVP (1.1), (1.2) has solutions in 907 for y € {+,—} with exactly one zero in (a,b)
if either ki >0 for i=1,...,m and h; <0 for j=1...,0 such that ¥';_  hj <0; or
hj =20 for j=1,...,l and k; <O for i=1,...,m such that >tk <O.

(c) BVP (1.1), (1.2) has solutions in 907/ for ye {+,—} with exactly two zeros in (a,b)
if ki <O fori=1,...,m such that 3" ki <0 and h; <0 for j=1...,1 such that
Y 1hj<0.

Let {{' ) and {7}, be the eigenvalues of SLPs consisting of the equation

V' +¢w(t)y=0, 1€ (a,b), (2.7)
and the BC
y(@)=0, Y (b)=0 (2.8)
and
y(a)=0, y(b)=0, (2.9)

respectively. Then the following is about the nonexistence of certain types of nodal
solutions of BVP (1.1), (1.2).

THEOREM 2.2. (i) Assume f(y)/y < ! for some n € Ny and all y # 0. Then
BVP (1.1), (1.2) has no solution in F;! forall i >n+1 and y€ {+,—};

Assume f(y)/y > CY}H for some n € Ny and all y # 0. Then BVP (1.1), (1.2) has
no solution in ﬂiyfor all i<nand ye{+,—}.

(ii) Assume f(y)/y < &2 for some n € Ny and all y# 0. Then BVP (1.1), (1.2)
has no solution in ﬂiyfor allizn+1and ye{+,—};

Assume f(y)/y > 2. for some n € Ng and all y # 0. Then BVP (1.1), (1.2) has
no solution in ﬂiyfor all i<nand ye{+,—}.
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3. Proofs of the main results

In order to prove Theorems 2.1-2.2, we first consider the BVPs consisting of Eq.
(1.1) and one of the BCs

Y(©) =0, y(b)~ 3 ky(n) =0 G3.0)
i=1
and z
y(a) = Y hjy(§;) =0, ¥(d)=0, (3.2)
j=1

where ¢ € [a,b) and d € (a,b] are arbitrary. We classify the solutions of the above
BVPs into the following classes, as extensions of the class defined in Definition 2.1.

DEFINITION 3.1. Let n € Ny.
(a) Forany c¢ € [a,b), asolution y of BVP (1.1), (3.1) is said to belong to class .7’ [c, b
for ye {+,—} if

(i) y and y' have only simple zeros in [c,b],

(ii) y' has exactly n zeros in (c,b),

(i) yy(c) > 0.
(b) For any d € (a,b], a solution y of BVP (1.1), (3.2) is said to belong to class .7, [a,d]
for ye {+,—} if

(i) y and y" have only simple zeros in [a,d],

(ii) y' has exactly n zeros in (a,d),

(iii) yy(d) > 0.

Forany c € [a,b) and d € (a,b], we let {p,(c)}r_, and {v,(d)};;_, be the eigen-
values of the SLPs consisting of Eq. (2.1) and the two-point BCs

Y(e)=0,y(b)=0 (3.3)

and
y(a)=0,y(d)=0, (3.4)

respectively. It is well-known that {,(c)}5>, and {v,(d)};_, satisfy that
0=po(c) < pi(c) <---pa(c) <---, and fy(c) — oo,

and
0=wvy(d) < vi(d) < - vu(d) <---, and v, (d) — oo}

and any eigenfunction associated with ,(c) or v,(d) has exactly n simple zeros in
(¢,b) or (a,d), respectively, for n € Ny, see [31, Theorem 4.3.2].

From [26], it follows that any initial value problem (IVP) associated with Eq.
(1.1) has a unique solution which exists on [a,b]. As a result, the solution depends
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continuously on the initial condition (IC) and parameters. Let ¢ € [a,b). For y €
{+,—1},let y(z,p) be the solution of the IVP consisting of the Eq. (1.1) and the initial
conditions

ye)=vp and y(c)=0, (3.5)

where p > 0 is a parameter. Let 6(z,p) be the Priifer angle of y(z,p), ie, 6(z,p) is a
continuous function on [a,b] such that

tan@(r,p) =y(t,p)/y'(t,p) and 8(c,p)=m/2.

By the continuous dependence of solutions on parameters, we have that 6(z,p) is con-
tinuous in p on [0,e0) for any ¢ € [a,b]. We note that the following two lemmas are
minor extensions of Lemmas 4.1, 4.2, 4.4, and 4.5 in [14]. Here, we assume ¢ € [a,b).

LEMMA 3.1. (i) Assume fo < Un(c) for some n € Ny. Then for any € > 0, there
exists p. > 0 such that 0(b,p) < nw+m/2+¢€ forall p € (0,p.].

(ii) Assume Uy(c) < fw for some n € Ny. Then for any € > 0, there exists p* >0
such that 6(b,p) Znn+mw/2—¢ forall p € [p*,).

LEMMA 3.2. (i) Assume fow < Uy(c) for some n € Ny. Then for any € > 0, there
exists p* > 0 such that 0(b,p) < nw+m/2+¢€ forall p € [p*, o).

(ii) Assume Uy(c) < fo for some n € Ny. Then for any € > 0, there exists ps >0
such that 6(b,p) 2 nn+mn/2—¢€ forall p € (0,p.].

Based on Lemmas 3.1 and 3.2, we establish the following result which is an im-
provement of [13, Theorem 2.1].

LEMMA 3.3. Assume either (i) fo < Un(c) and Uy+1(¢) < fuo, 07 (ii) fouo < Un(C)
and Uy41(c) < fo, for some n € Ny. Suppose that (2.3) holds for any r > 0. Then BVP
(1.1), (3.1) has a solution y} € F;)[c,b] for y € {+,—}.

Note that the assumption fy = t,(c) or fe = ty(c) is allowed in Lemma 3.3, but
not in Theorem 2.1 in [13].

Proof of Lemma 3.3. Consider the case when fy < U,(c) and p,+1(c) < fw. Without
loss of generality, assume Yy = +. The case for when y = — is done similarly. Let
y(t,p) be the solution of Eq. (1.1) satisfying (3.5) with ¥ =+ and 0(¢,p) its Priifer
angle. By Lemma 3.1, for any small € > 0, there exists 0 < p. < p* < oo such that

0(b,p) <nm+m/2+¢€ forall p e (0,p,]

and
0(b,p) = (n+1)r+mn/2—¢€ forall p € [p*,eo).

By the continuity of 8(z,p) in p, there exists p. < p, < Ppt1 < p* such that

0(b,pn) =nn+n/2+€ and O(b,ppi1)=n+1)T+7/2—¢, (3.6)
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and
0(b,pn) < 0(b,p) <O(b,pp+1) for py < p < Ppst1- (3.7)

Defining an energy function for y(z,p) by
1
E(.p) = 51V (o) +w()F((0,p)) fort € [a,b]and p > 0.
Then by Eq. (1.1)

B1.0) =W OFO(.0) > "= E(p).

Thus we have that for i = 1,...,m,
Bl b
n E@p) _ E(t7p)dt>_/ WO gy

E(nlvp) ni E(tap) i W([)

Hence B
E(Mi,p) < e E(b,p) for i=1,2,...,m. (3.8)

Note that for p = p, and p = p,+1,

EMi,p) = w(ni)F (y(ni,p)) for i=1,2,...,m. (3.9)

It is seen from (3.6) that as € — 0

Y(b,p)=o(1) and |y(b,p)l=p+o(l)

and hence

E(b,p) =w(b)F(y(b,p))+0(1) = w(b)F(y(b,p))[1+o(1)].

Since F has a continuous inverse F !, it follows that for p = p, and p = p,+1

|y(b,p):F1<EVE}ZZZ))>>(1—|—0(1)) as € —0; (3.10)

and it follows from (3.9) thatfor i=1,...,m

y(ni,p) < F~ 1<E 7> £ ) if y(ni,p

and

_y(nl.7p) < F~ 1<E(TIHP

lf l7 \ .
w(n;) ) y(m.p

Hence

y(1i.p)] <F1<M>. G.11)
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Define .
L(p) =y(b,p) = X kiy(1i,p). (3.12)

Let n = 2k with k € Ny. Since y(b,pax) > 0 and y(b,pau+1) < 0, by (3.10), (3.11),
(3.8), and (2.3) we have for € > 0 sufficiently small

[(pax) = y(b, pax) — i kiy(ni, pax)

i=1

> y(b, pax) — 3 kil [y(1i, p2x) |

i=1

(B2 oS ()
> p- ( bp2k> X ilF (W)+o(l)>0

and

L(pak+1) = y(b,pars1) — X kiy(Mis p2ur1)
i=1

<y(b,pars1) + 3 kil ly(1is pars1) |
i=1

< —F1(E(b’pzkH))(l—i—o(l))—ki|k,-F1<E(ni’p2k+1)>
i=1

w(b) w(n;)
-1 E(b,pyi1) S | el E(b, pay1) o
<-F <7w(b) >+i§Ik,|F <7W(m) )+ (1) <o.

By the continuity of I'(p), there exists p € (pak, Par+1) such that T'(p) =0. Sim-
ilarly, for n = 2k + 1 with k € Ny, there exists p € (Paxs1,P2xs2) such that T'(p) =0.
In both cases, since € > 0 in (3.7) we see that

nn+n/2<0(b,p)<(n+1)n+m/2.

Since

fO@,p))y(,p)
r2(t,p)
where r = (y24y)!/2, we have that 6(-,p) is strictly increasing on [c, b]. We note that
y(t) =0 if and only if 6(z,p) =0 (mod 7) and y'(¢) = 0 if and only if 8(¢,p) = /2
(mod ). Thus, y has exactly n zeros in (c,b) and y has exactly one zero strictly

0'(t,p) =cos’ 0(t,p) +w(r)

)
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between any two consecutive zeros of y'. Initial condition (3.5) implies that y(z,p) > 0
in a right-neighborhood of ¢. Therefore, y(z,p) € 7,7 [c,b].

The proof for the case when f. < U,(c) and U,+1(c) < fo is essentially the same
as above except that the discussion is based on Lemma 3.2 instead of Lemma 3.1. [J

The next lemma follows from Lemma 3.3 for the case where d € (a,b].
LEMMA 3.4. Assume (i) fo < Vu(d) and V,41(d) < fw, or (ii) fo < Vi(d) and

Vur1(d) < fo, for some n € Ny. Suppose that (2.4) holds for any r > 0. Then BVP
(1.1), (3.2) has a solution y} € ) [a,d] for y € {+,—}.

Proof. Consider the following transformation: t =a+b—1,d =a+b—c. Then
BVP (1.1), (3.2) becomes the problem consisting of the equation

&y b —0 b 313

W—’—W(a—’— _T)f(y)_ ) TE(a, )7 ( )
and BC

d 1

Z()=0, yb)- Y hyla+tb—&)=0. (3.14)

j=1

Clearly, ¢ € [a,b), a<a+b—§&;j<b for j=1,2,...,] and

b w(a+b—1)]" B b [—w'(a+b—71)]-
/a+b—§j w(a+b—1) a /+b g wlatb—1) o

_/ w (a+b— T)drzféjwzr(t)dt:yﬁ
+b-g w(a@a+b—1) o w(r) 7

Hence inequality (2.4) implies that inequality (2.3) holds for the transformed BVP
(3.13), (3.14). Also note that {v,};*_, are eigenvalues of the SLP involving the equa-
tion

d’y A
W—F wla+b—1)y=0, té€(a,b),
and BC (3.3). Thus the conclusion follows from Lemma 3.3.

The Lemmas below play critical roles in the proof of Theorem 2.1.
LEMMA 3.5. Assume (2.3) holds for any r >0 and c € [a,b). Let {u;(c)}7, be
the eigenvalues of SLP (2.1), (3.3). Let i € Ny.

(i) Suppose fo < Wi(c) and fo = oo and let yi(t;c) € T, [c,b] be the solution of BVP
(1.1), (3.1) given by Lemma 3.3. Then lir;l vi(cic) = oo
c—b—

(i) Suppose fo < i(c) and fo = oo and let y;(t;c) € T, [c,b] be the solution of BVP
(1.1), (3.1) given by Lemma 3.3. Then HI})‘, vi(e;e) =0.
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Proof. (i) Assume the contrary. Then there exists a sequence {ci}y ; C [a,b)
such that ¢, — b~ and y;(cg;cx) — [ for some [ € [0,0).
(a) Assume first / € (0,o). Let y () be the solution of Eq. (1.1) satisfying the IC

y(b)=1 and y'(b) =0. (3.15)

Note that for k € N
vilckiex) — y(b) as cx — b~

and
yi(ckicr) = y'(b) =0.

By the continuous dependence of solutions of IVPs on the ICs and parameters, we have

]}im yi(t;cx) = y(¢) uniformly for all ¢ € [a,b].

Since for each k, y;(t;cy) satisfies

Zkly ni) =0, (3.16)
then y () satisfies (3.16). Define an energy function for y(¢) by

ST WOP A wOF((0), 1 €lab] G.17)

It follows that (3.8) holds with E(-,p) replaced by E(-) and so does (3.11). Addition-
ally, with y'(b) =0 we have

E@t) =

E(b) = w(b)F(y(b)),

7(b)| =F‘1<%>. (3.18)

Since y(b) =1> 0, by (3.11), (3.18), (3.8), and (2.3) we have

and so

=S ki) = [50)| - 3 el
i=1

i=1

T
i=1

However, this contradicts that y(¢) satisfies (3.16).
(b) Now assume [ = 0. Since y;(cx;cx) # 0, let zi(t;5cx) = yi(t;cr) /yi(cr,cx). Tt
follows that z;(7;¢;) is a solution of

7"+ w(t)gi(z)z =0,
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where
f(yi(ck,ck)z), for 2 £0,
ge(2) =14 Vilewen)z (3.19)
fo, forz=0;

and gi(z) is a continuous function for z € R since fy < e. Note that as k — oo,
grx(z) — fo. Also note that

zilcrser) =1 and zi(cx,cx) = 0.
Let Z(7) be the solution of the IVP
7+ fow(t)z=0, z(b)=1, 7/ (b)=0. (3.20)
By the continuous dependence of solutions of IVPs on parameters, we see that

]}im zi(t;¢x) = z(t) uniformly for all 7 € [a, b].

Since y;(t;cx) satisfies (3.16) for each k, then z;(7;¢;) satisfies (3.16) for each k and

so does z(1).

If fo =0 then z(r) = 1. It follows from (3.16) that ¥"  k; = 1 which implies that
" |ki| > 1. This contradicts (2.5) and hence contradicts (2.3) by Remark 2.2.

If fo > 0, define an energy function for z(z) by

E() = 5IZOP + 2w=0F, 1€ fab] @21
Then
B0 = B E0P > -0,
So we have,
o 1 (E(b>>_/bE’(’>dz>—Y
E(nl) Ni E(t) - '
So,
E(n) <e’ E(b), fori=1,2,....,m.
Additionally,
E(T]l) > %W(T]l)[f(nl)]z, fori = 1727...,7}’17
nd
) _So N2
E(b) = Zw(m)[z(b)]"-
Hence,
2l <\ 22 and (0] = [ 2o
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From the assumption that (3.16) holds, we have

=Y kiz(ni) = |2(b)] = Y |kil|Z(ny)] (3.22)
i=1 i=1
2E ()
i 3.23
_ZI\ fow ) (3.23)
2E(b)< 1 et /2 )
> — 0, 3.24
o o & ) (24

contradicting z(r) satisfying (3.16).

(ii) Assume the contrary. Then there exists {ci}; , C [a,b) such that ¢, — b~ and
yo(cgser) — 1 for 1 € (0,09].

(a) Assume / € (0,00). Then the argument follows similarly to that in part (i), (a)
above and is omitted.

(b) Assume [ = oo. Since f. < oo, then by replacing fy by f., the argument
follows similarly to that in part (i), (b) above and is omitted.

The next lemma for BVP (1.1), (3.2) is a parallel result to Lemma 3.5 with a
similar proof.

LEMMA 3.6. Assume (2.4) holds for any r >0 and d € (a,b]. Let {v;(d)}7.,
be the eigenvalues of SLP (2.1), (3.4). Let j € Ny.

(i) Suppose fo < vj(d) and f. = oo andlet y;(t;d) € ﬂﬁ[a,d] be the solution of BVP
(1.1), (3.2) given by Lemma 3.4. Then dlim+yj(d;d) = oo,
—a

(il) Suppose fo. < Vvj(d) and fo = oo andlet y;(t;d) € <7j+ [a,d] be the solution of BVP
(1.1), (3.2) given by Lemma 3.4. Then dlim+ yj(d;d) =0.
—a

REMARK 3.1. Lemmas 3.5 and 3.6 are for the existence of nodal solutions for
BVPs (1.1), (3.1) and (1.1), (3.2) in the classes %y[c,b} and Z-Y[a,d], respectively,
with y = 4. Parallel results hold for y = —.

REMARK 3.2. (a) For n € Ny and ¢ € [a,b), Lemma 3.3 establishes the existence
of a solution y,(t;¢) of BVP (1.1), (3.1) in 9" [c,b]. However, the uniqueness of such
solutions are not guaranteed. We claim that for each n € Ny, there is at least one
continuous curve Ay, in the p -¢ plane which satisfies that

(i) for each (p,c) € AS, ¢ € [a,b) and p = y,(c;c);

(ii) for each ¢ € [a,b), there is at least one point (p,c) € AS.

This is shown as follows:
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Note that the solution y of Eq. (1.1) used to define the function I' in (3.12) satisfies
the IC (3.5) and as a result, y and " have continuous dependence on the initial point c.
To emphasize such dependence, we rewrite (3.12) as

F(p C yc b P Zklyc ni,p

Then T is a continuous function of (p,¢). Since forany n € Ny and ¢ € [a,b), yu(c;c)
is a root of T'(p,c), then p = y,(c;c) if and only if (p,c) is on the intersection set
I of the continuous surfaces z =T'(p,c) and z = 0. From the proof of Lemma 3.3
we see that when n = 2k, I'(py) > 0 and T'(pog41) < O for all ¢ € [a,b). Therefore,
the intersection set / must contain a continuous curve in the p -c¢ plane which starts at
¢ = a and ends up with ¢ = b. Similarly for the case when n =2k + 1.

(b) For n € Ny and d € (a,b], Lemma 3.4 establishes the existence of a solution y, (¢;d)
of BVP (1.1), (3.2) in ., [a,d]. With the same argument as above, for each n € Ny,
there is at least one continuous curve A¢ in the p-d plane which satisfies that

(i) for each (p,d) € A4, d € (a,b] and p = y,(d;d);
(i) for each d € (a,b], there is at least one point (p,d) € A¢.

Now we prove our main result, Theorem 2.1.

Proof of Theorem 2.1. Without loss of generality, we consider the case where y = +,
Jo < Ajna) and fio = eo. The other cases can be proved similarly. For any ¢ € [a,b)
and d € (a,b], let 1, (c) be the n-th eigenvalue of SLP (2.1), (3.3) and v, (d) the n-th
eigenvalue of SLP (2.1), (3.4). We note that u,(a) and v,(b) are the n-th eigenvalues
for SLP (2.1), (2.2), and hence A, = u,(a) = v,(b).

For n € Ny, let i = |n/2|, j=n—i. Clearly j > i. From [17, Theorem 4.1] and
[16, Theorem 2.2] we see that for i, j > 1, u;(c) is strictly increasing and 1111171 ui(e) =

P

oo, and v;(d) is strictly decreasing and dlim+ Vj(d) = . We note that lg(c) = vo(d) =
—a
0 forany c € [a,b) and d € (a,b]. It follows from the assumptions that for any ¢ € [a,b)
and d € (a,b]
fo < pi(a) < pile) and pivi(a) < pivi(c) < fo,
and
Jo<vj(b) <vj(d) and vji1(b) < Vjri(d) < fe
Since (2.3) and (2.4) hold, by Lemmas 3.3, 3.4 we have that BVPs (1.1), (3.1) and

(1.1), (3.2) have solutions ylm € 7" c,b] and y[,.zl € 7;"[a,d], respectively. Therefore,
by Lemma 3.5, (i) and Lemma 3.6, (i) ' '

lim y[ ](c;c) =co and dlim y[.z] (d;d) = oo.

c—b~ —at”!

Let pim( ) = yE ](c;c) such that (pim(c),c) is on the continuous curve A{ and

2y 2l 2] : : d :
p; (d) =y} (d;d) such that (p;”(d),d) is on the continuous curve A}, as defined in
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Remark 3.2. Note that yp] (a;a), y£.2] (b;b) € (0,00). By the continuity of the curves A{

12 (d*;d*). Also note that

and A4, there exists ¢* = d* € (a,b) such that yWetien) =y;

;
0! (e"er) =0 and (Y (@,a%) 0.
By the uniqueness of solutions of IVPs, we have
y?](z,c*) EyB-z](t,d*) for 7 € [a,b].

We denote

wat) = (t,¢) =y (0.a%) on [a,B].
Thus, we have that y, € ;" [c*,b] N 7" [a,d*]. Considering that y;(c*) = 0, we see
that y, has n+ 1 zeros in (a,b). It is easy to see —y, is also a solution of BVP
(1.1), (1.2) since f is an odd function. Thus —y/, has n+ 1 zeros in (a,b). Clearly,
condition (iii) in Definition 2.1 is satisfied by one of y, and —y, for y=+ and y= —,
respectively. Therefore, one of y,, and —y, isin .7," and the otherisin .7, . [J

The following Lemma plays an important role in the proof of Corollary 2.1.

LEMMA 3.7. (i) Assume either (a) fo < Uo(c) and 1 (c) < foo 0r (D) foo < Uo(c)
and Uy (c) < fo and suppose (2.3) holds for any r > 0. Then the solutions yg € 907[0719}
of BVP (1.1), (3.1) obtained from Lemma 3.3 are positive and negative, respectively for
Y= {+’ _}‘

(ii) Assume either (a) fo < Vo(d) and vi(d) < fw or (b) fw < Vo(d) and vi(d) <
fo and suppose (2.4) holds for any r > 0. Then the solutions yg € %y[a,d] of BVP
(1.1), (3.2) obtained from Lemma 3.4 are positive and negative, respectively for y =

{+7_}'

Proof of Corollary 2.1. (a) Without loss of generality, we consider the case where
Jo=0 and f. = and y = 4. The other cases can be proved similarly. Under the
assumptions, from Theorem 2.1, BVP (1.1), (1.2) has a solution yg := y())’ S ﬂoy. We
claim that yo(z) > 0 on (a,b). In fact, from the proof of Theorem 2.1,

yo(t) :yg] (t;¢%) :yg] (1;d") for some ¢* =d* € (a,b),

where y([)l] € Jy"[c*,b] and y([)z] € 7, [a,d*]. By Lemma 3.7,

wW(#) >0 on [¢*,b] and 32 (1) > 0 on [a,d"].

Therefore, yo(z) > 0 on [a,b].
The proofs for parts (b) and (c) are similar and hence are omitted. [

The following are needed in the proof of Theorem 2.2 on nonexistence of solutions
of BVP (1.1), (1.2). For o € [0,7), let {{! (o)}, denote the eigenvalues of the SLP
consisting of Eq. (2.7) and the BC

{cosa y(@)—sinay(a)=0, a€l0,n),
y'(b) = 0.
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We note that for n € Ny, {!(0) = ¢!, where ! is the n-th eigenvalue of SLP

(2.7), (2.8). From [15, Lemma 3.32] and [17, Theorem 4.2] , C,f (o) is continuous and
C!(a) is strictly decreasing in & on [0,7); moreover,

lim §j(a)=—co and lim & () =, ;(0). (3.25)

- n—1
o—T

Consider the BVP consisting of Eq. (1.1) and the BCs

cosa y(a) —sinay'(a) =0, a€[0,n),

y(b) — _glk,-y(ni) =0. (3.26)

The following result from [13, Theorem 2.2] plays a key role in the proof of Theorem
2.2.

LEMMA 3.8. (i) Assume f(y)/y < C}(a) for some n € Ny and all y # 0. Then
BVP (1.1), (3.26) has no solution with the derivative having i+ 1 zeros on (a,b) if
o € [0,7/2), and has no solution with the derivative having i zeros on (a,b) if a €
[z/2,7), forall i > n.

(ii) Assume f(y)/y > an(a) for some n € Ny and all y # 0. Then BVP (1.1),
(3.26) has no solution with the derivative having i+ 1 zeros on (a,b) if o € [0,7/2),
and has no solution with the derivative having i zeros on (a,b) if o € [m/2, ), for all
i< n.

Proof of Theorem 2.2. (i) By contradiction, suppose BVP (1.1), (1.2) has a solution
y€ 77 forsome i >n+1, y€ {+,—}. Then there exists o* € [0,7) such that

cosa* y(a) —sina* y' (a) = 0.

This means that y(¢) is also a solution of BVP (1.1), (3.26) for o = *. From our
assumptions, along with (3.25) and the fact that §,(ct) strictly decreasing in o on
[0,7), we have that for any « € [0,7)

fO)y <& =610) <&y (o).

By Lemma 3.8, (i), BVP (1.1), (3.26) has no solution with the derivative having i or i+
1 zeros, depending on o*, on (a,b) forall i > n+ 1. We have reached a contradiction
toye 7.

The proof of the second part of Theorem 2.2, (i) is similar to above except that
Lemma 3.8, (ii) instead of Lemma 3.8, (i), is used.

(ii) The proof is similar to part (i) and is omitted. [
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