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BOUNDARY BLOW-UP RATES OF LARGE SOLUTIONS FOR
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Abstract. We use Karamata regular variation theory to study the exact asymptotic behavior of
large solutions near the boundary to a class of quasilinear elliptic equations with convection terms

Apu+ [VuP=) = p(x) f(u), x€Q,

u(x) = oo, X E€0JQ,

where Q is a smooth bounded domain in RY. The weight function b(x) is a non-negative
continuous function in the domain, f(u) € C*[0,+c0) is increasing on [0,), and regularly
varying at infinity with index p > p—1.

1. Introduction and main results

In this paper, we will investigate the exact asymptotic behavior of large solutions
near the boundary for the following quasilinear elliptic problems:

Apu+ [Vul7P~Y = p(x) f(u), x€Q,
(Ps)
u(x) = oo, X €0Q,

where Q is a smooth bounded domain of RN(N > 2) with smooth boundary 9<Q,
1 < p < oo, Apu=div(|[Vu[P~2Vu) is the p-Laplacian. The nonlinear terms f and
b(x) satisfy:

f1) f €C?0,+o), f(0) =0, f is increasing on [0, 4e0);
by) b(x) € C(Q) is a non-negative function .

A large(or explosive) of (P+) we mean that u(x) — oo as d(x) = dist(x,dQ) —
0". Such problem arise in the study of the subsonic motion of a gas [26], the electric
potential in some bodies [19], and Riemannian geometry [5].
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The study of large solution goes back many years. Various authors have investi-
gated the existence, asymptotic boundary behavior and uniqueness of solution to the
problem:

Au=g(x)f(u), in Q, (1.1)

u(x) — oo, as x — dQ.

See references [2, 3, 7, 8, 18, 20, 24, 29, 30]. Still, let us review the following model
Apu=g(x)f(u), in Q,

u(x) — oo, as x — dQ.

(1.2)

This problem also has been studied by several authors, see e.g. [12, 13, 23] and the
references therein. Gladiali and Porru [13] study boundary asymptotic of solutions of
this equation under some condition on f and when g(x) = 1. Related problems on
asymptotic behavior and uniqueness and also studies in [12]. Ahmed Mohammed in
[23] establish boundary asymptotic estimate for solution of this equation under appro-
priate conditions on g and the nonlinearity f. They still allow g to be unbounded on
Q or to vanish on dQ.

More recently, many authors studied the exact asymptotic behavior of solution
near the boundary to the following model:

Aput+ A |VuliP~Y = k(x) f(u), xe€Q

(1.3)
u(x) = oo, X €0Q,

when k(x) = e by a perturbation method and by constructing comparison functions,
C.L.Liu and Z.D.Yang [21] show the exact asymptotic behavior of solution near the
boundary of problem (1.3). Furthermore, under suitable growth assumptions on k near
the boundary and on f both at zero at infinity, the authors [22] show the existence
of at least one solution in C'(€2) base on the method of explosive sub-supersolutions,
which permits positive weights k(x) which are unbounded and/or oscillatory near the
boundary.

In a different direction, F.C. Cirstea [6] opened a unified new approach, they using
the Karamata regular variation theory to study the uniqueness and asymptotic behav-
ior of large solutions to the semilinear elliptic equation Au + au = b(x)f(u) where f
I'— varying at e they show that when f grows faster than any u”(p > 1) then the van-
ishing rate of b at dQ enters into the completion with the grows of f at e. Still in
[8, 9, 10, 25] many authors concerned with the existence, uniqueness and exact asymp-
totic behavior of solutions for the following quasilinear elliptic problem

—Au=Ag(u)—b(x)f(u), in Q
(1.4)
U = o0, on JQ.

The uniqueness of such solution for a large class of functions f(u) (including u? or
e" as a special case and more general function ) follows as a consequence of the exact
blow-up rate.
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More recently, the following model:

—Au+|Vu|!=b(x)f(u), x€Q

(1.5)
U=-—4oo, x€IQ

were studied widely. When b(x) = 1, by the ordinary differential equation theory and
the comparison principle,Bandle and Giarrusso [1] studied the existence and asymptotic
boundary behavior of solution to (1.5) with two classical nonlinearities f(u) = u?,p >
1 and f(u) =e€"*. In [15], S.B.Huang and Q.Y.Tian use Karamata regular variation
theory, a perturbation method and constructing comparison function to show the exact
asymptotic behavior of large solutions to the problem (1.5).

Motivated by the results of the above cited papers, we use Karamata regular varia-
tion theory to further deal with the boundary blow-up rate of large solutions of (Py.) for
more general nonlinear term f(u), the results of the semilinear equation are extended
to the quasilinear ones.

This paper is organized as follows. In the next section, we give some useful defi-
nitions and prove some properties from regular variation theory. The proof of the main
Theorem carried out in the third section.

Before give out our main theorem, now we introduce a class of functions used
to describe the behavior of weight function b(x). Let x; denote (as in [14, 23]) the
set of all positive, monotonic functions k € L'(0,7)C'(0, 1), for some 7 > 0, which
satisfy:

lim K(1)/K(1) =0, tllr&a( (0)/k(t)) =1, where K1 /k

We point out that [ € [0, 1] if & is non-decreasing and [ € [1,0) if k is non-increasing.
For more propositions of k; refer to [7, 11]. Some examples of functions k € k; are:

(D) k(t) =19 for ¢ > —1 with | = 11
) k(t) = (—Int)? for g <0 with [ = 1;
(3)k(t) = exp(—17) for g < 0 with [ =0.

DEFINITION. A positive measurable function f defined on [A, <) for some A >0
is called regularly varying (at infinity) with index p € R (written f € RVp) if for all

&> 0, lim f(Eu)/fu) = &P
We modify the methods developed in [15], which give the following theorems
THEOREM 1.1. Let f € RVy(p > p—1) with q(p—1) < p satisfy ( fi1), b(x)
satisfy (b1 ).

(1) If b(x) satisfies

. b(x) _ . o
(b) d(l):)m—’o kP (d(x)) = ¢ >0, for k(x) € k1 with 0 <[ < e, and

p’p—1+1(p+1—p)]
p+i(p+1-p)

0<g< (1.6)
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then every solution uy € C'(Q) to problem ( P+ ) satisfies

im e (x) =
d()})am(])(d(x)) S (L7)

where ¢ is uniquely determined by

F(9)KP (1) = 9" (1), (1.8)

and

g = [p”*‘(p— 1)(p—lp+lp+l)}p++w
' co(p+1-p)? '

(2) If b(x) satisfies
(b3) lim % =y >0, for k(x) € K1 with 0 < < e, and q satisfies

d(x)—0 ka(P=1) (d(x)
gp—1D[1—g(p—1)]

l{g(p—1)—p]

then every solution u, € C'(Q) to problem ( Py.) satisfies

qglp—1)—p+ >0 and g(p—1)<p, (1.9)

m i (0/9(d() = &, (1.10)

where @ is uniquely determined by

F@(0) K1~ = 1r=D), (L.11)

and 1

_ 1, alp=1) \ep-D]p=arD
52_[a(m)ql) } ()]

(3) If b(x) satisfies (b3) and q satisfies

l<g< ”1 and pal+qlp—1)(p—1-1)>q(p—D(a—p+1).  (1.12)

then every solution u_ € C'(Q) to problem ( P_ ) satisfies

im0 = & (113)

q(p=D)—p

q(p—1)—p+1 and

where o0 =

53:[w}m

ola—D(p-1)
REMARK. When b(x)satisfies conditions b; and b, for example, we can choose
b(x) = cok? (d(x)) + o(k”(d(x))) ; When b(x) satisfies conditions b; and b3, we can
choose b(x) = c k1P~ (d(x)) + o (k9P~V(d(x))) .
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2. Preliminaries

In this section we give some preliminary considerations on various assumptions
and properties needed for our main result. We start with some basic definitions and
properties of regular variation theory which was initiated by Jovan and Karamata in
a well-known paper of [16] in 1930. For detailed accounts of the theory of regular
variation, its extensions and many of its applications, we refer the interested reader to
[4, 17,27, 28].

DEFINITION 2.1. A positive measurable function L defined on [A,+oo) for some
A > 0 is called slowly varying at infinity if for all & > 0, lim L(Eu)/L(u) =1.
U—o0

From the above definition we easily deduce that if L varies slowly, then uP L(u) €
RV,.

DEFINITION 2.2. A function f(u) defined for u > A is called a normalized reg-
ularly varying function of index p (in short f € NRV) ) if it is C! and satisfies

i 0 _

u=ee f(u)

The concept of normalized regular variation can be applied at zero as follows:

DEFINITION 2.3. We say that f is normalized regularly varying at (the right of)
zero with index p € R (written f € NRV,,(0+)) if u — f(1/u) is normalized regularly
varying at co with index —p.

PROPOSITION 2.1. If L is slowly varying, then:

(1) For any o >0, u*L(u) — oo, u=*L(u) — 0 as u — oo.
2) (L(u))a varies slowly for every o € R.
(3) If Ly varies slowly, so do L(u)Ly(u) and L(u)+ Ly (u).

PROPOSITION 2.2. (Representation theorem) The function L(u) is slowly vary-
ing if and only if it can be written in the form

u t
L(u) :M(u)exp{/ @dt} (u>B),
B
for some B > 0, where @ € C[B,e) satisfies lim o(u) =0 and M(u) is measurable
U—o0

on [B,eo) such that lim M(u) = My € (0,0).

PROPOSITION 2.3. (see [21] Weak Comparison Principle) Let Q be a bounded
domain in RN(N > 2) with a smooth boundary dQ where @ : (0,a) — (0,a) is con-
tinuous and non-decreasing. Let uy,uy € WP (Q) satisfy

/\Vu1|p*1Vu1Vl//dx—|—/(pull[/dxg/ |Vu2|p71Vu2Vl//dx+/(pu2l//dx
Q Q Q Q
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for all non-negative y € WO1 P(Q). Then the inequality
uy <up, on 0Q

implies that
uy <upy, in 0Q.

LEMMA 2.1. The function ¢ given by (1.8) is well defined and

t P .
(1) lim ! = by
’ q(p—1)—p+2
[o'm]"” o
S TEE

(3) lim 4’,,(’) — lim 2% — 1im 2 — o,
t

00" (1) 109" () 100" (1)
10" 072" (1) _ prp—ip—Ip+]
@) lim nrlew) — prl=p?

Proof. (1) As f € RVy(p > p—1) with g(p—1) < p satisfy (fi),it is easy to
know that the function ¢ given by (1.8) is well defined. By (1.8), we find

(p—1)0P72(1)9 (t) = £ (9(1))KP(1)9 () + pf (9(1)) K2~ (1)k(r)

Thus
o F0O)KP@) (1) pf(9(0)KPT()k()
=T e T (Do) @D
Then ,( )
100 L f0@) e’ p k()
M0 o1 f(00) 00) | p-1IBK()
From this, we obtain that
19'(t) p 2.2)

M - 1-p)

(2) By a direct calculation of (2.1), we have

0" (1) +(p—1)(p—2)9" 1) [0 (1))

= /" (6())K"())[9'( ]+2pf(¢(t)1<”1 k()9 (1)

+ £ (@)K ()0 (1) + p(p— D f ($(0) KP2 (1) (1)
+pf () KP (0K (1),

which implies that
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" 1 "

_ ! 2
0= o e =7 ool (@)K (1)[9 (1)]
+2pf (9(0))KP~H(O)k(1)9 (1) + p(p — 1) F (¢ (1) KP~2 (1)K (¢)
+pf (o) KN (OK (1) — (p— 1) (p—2)0P ()]0 ()| (2.3)

Taking into account (2.1), we still have

Thus

0" (1) _(em)k(@)[¢ (f)]" et . 2f (0()) [¢' ()] ™7
[0/ ()] P pf(9())k(t 7(00))
(P 1 [ ()]q qp+p—1 ,(l‘) [¢’(t)]q—qp+p—l
K(r - k(1)
(p=1)(p—2)6" ()]0 ()] """
P (9(0)) K=t (1)k(t)
= E| +Ey+E3+ E4— Es.

By (1.8), we get

¢2(l)f”(¢(t)) (ffgl(g)))q 1117+17+1t[]ig;¢q ap+p— l(t)f(qfqpﬂ?)

limE; = —lim

10 pr=0  f(o(r))

Thanks to Proposition 2.2, f € RV, which is equivalent to f(u) being of the form

f(u) ZM(u)uPexp{/Bu @dt} (u>B),

where @ € C[B,) satisfies lim ®(u) =0 and M(u) is measurable on [B, ) such that
U—0
lim M(u) = My € (0,e0). This fact implies that

U—o0

}%W:P(P—l)~ 2.4
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So,
; — _ P yqaptptl q—ap+p—1(,\;—(g—ap+p)
lim £y = p(p WQ@_LWQ lim ¢ (1)t . (@5)

Similarly, we have:

¢(t)f,(¢(’)) <t¢/(t)>q s p¢q ap+p=1 (), ~(a-ap+p)

limE; = 2lim
t—0 t—0

f(e@) N @)
_ P QPP g—aptp—1(,\,—(a—ap+p)
; _p-1 p GaPtPl e ap =1\ —(a—ap+p)
iy [ e,
: _q_n[__p  qrwtrd q—ap+p—1(,\;—(g—ap+p)
lim Ey = (1 DL@_LwJ lim (1)t , 2.8)

. _p-1(p-2) P a-aptptl q—qp+p—1 (a—ap+p).
}E%Es_ p [l(p—l—p)} }gréd) (1)~ (2.9)

On the other hand, (1.6) and Proposition 2.1 show that

lim ¢4~ 9P+P=1 (1)~ (4=9PHP) = oo,
t—0

Taking into account (2.6)-(2.9), we have

"

lim ([)—(t) =1limE; —|—11mE2 —|—11mE3 +1limE4 — limE5 = oo,
1—0 [4/ (14— D)=P+2 10 1—0 1—0
[¢'(1)]
That is,
/ —1)—p+2
. [‘P (Z)]q(p )=p B
lim—————— =0.
=0 ¢ (1)
0' () _ PNENNE
o = l(p_’i_p) , this implies that
o) =0. (2.10)
0 ¢' (1)
[¢( ] q(p—1)—p+2
By 1151(1) P =0 and (1.6), we get
¢ (t) =0, (2.11)
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using (2.10)-(2.11), we obtain

1. " ! "
097 (1) 109/ (1) 97 (1)

$(1) o(1) ¢'(r)

=lim

(4) By (1.8) and (2.3), we get

=0.

385

i [0 O1P20" ) o )P0 ()] (9 ())K(t>+1‘ o' (1)I"f (9(t )
=0 kP(1)f(¢(t)) =0 prA( () kpHL(r) =0 f2( (1)) k(
|¢'()\” 20'(1) 9 ()P0 (K (1)
ek (o) TR A (e0)
i (P (- >mov2[ofwmr*
=0 pkPL(1) f2(9(1)) KP=1(r)
=FN+FkKh+F+F,—Fs.
L 9RO (90) 119 (1) 12 19 (1) (K (1) \ P+
Fl_zh—{% pf(o()) ‘(Z)(t)‘ (q)(t)) (tk(t))
_ plp=lp p rtt
=55 [p—I—l—p] (2.12)
Similarly,
Py = p[p_:;_ }'ﬂ 2.13)
14 p=l1
F3=—(p—1)[p+l_p} , (2.14)
P p=l1
_(1_1)[p+l_p} : (2.15)
_ _(p—=D(-2) p el
Fs—— . [p - _p} (2.16)

Thus, taking into account (2.12)-(2.16), we get

L 100120 ()

0 k(1) F(0(0))

The proof of Lemma 2.1 is now complete. [

=FN+FKh+FB+F—F5=

In a similar way we can prove that:

pPp—Ip—Ip+I]
(p+1—=p)P

LEMMA 2.2. The function ¢ given by (1.11) is well defined and

(1) hm o

0 _

q(p=1)

—0 @

© =

l[q(pfl)*P] '
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oM _ o) _ i ) _ .
(@) lim Zres = lim e = lim Jriy =0

e 02" )
) jirg k"(”’”(f)f(w(t))

(4)}L0 ka(p—=

9 (1Y = a(p=1) ]51(17*1)
)(t)f(q;(;)) p—a(p—1) ’

3. Proof of the Main Theorem

In this section, we are now ready to present the proof of Theorem 1.1.

Proof. Give 0 >0,V € (0,6), denote
Qs ={xeQ,0<d(x) <8}, dQs ={xeQ,d(x) =6},

Qp =5\ Qp, Q5 =5 5.

Proof of (1): Case I: k is non-decreasing, then [ € (0,1].
Refer to the reference [21] and [30], we can choose a § > 0 sufficiently small such
that

(1) d(x) € C*(Qy5), and |Vd(x)| =1 in Q,5;
(2) k(x) is non-decreasing on (0,29);

(3) cok? (d(x) — B) < b(x) < cok” (d(x)+ ) for all x € Qy5 with B € (0,6) being
arbitrary.
Setu (x) =&F9(d(x) = B), er where

£t [pf’*l(p— 1)(p—lp+lp+l)] -
(cote)(p+1-p)P

Vuk = E5¢ (d(x) = B)Vd(x),

and

div(|Vig [P2Vug) = (E5)P7 [(p— 1)]0 (d(x) £ B) P29 (d(x) + B) [V (x)|?
10 (d(x) £ B) P20 (d(x) £ B)Ayd(x)].
This implies that
Apity Vi |90 —b(x) fuf)
> k7 (d(2) + B) S (4f) | AT (d(x) + B) + AF (d(x) + B)A,d(x)

A (d(x)+B) —col,
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Apitg =+ | Vug 107 —b(x) f(ug)
<P (d(x) = B) fug) [Ay (d(x) = B) + Ay (d(x) — B)Ayd (x)
£ Ay (d(x) = B) — ol

where we set

o = DE O
AT = &)
E SO0 .

wisEten) 0=

!

(gi)q(p—l)m (t)\q(p—l)
ke () f(E*¢(r))

Ay (1) =

mA%(0) = lim(p— 1)1 L0 1002”0

o o FER0 () k()£ (E0 (1))
_ (p—1)(EEpp-t 1P tp Pt
(p=1)(E)" P p TS
and
lim A (1) = lim AT () =0
rena(p—1)—p+2
tim AZ(0) = timg )01 2 (t))¢”<r> 1) =0
This yields

lim [AT (1) + A (1)Apd(x) AT (1) —co] =€
lim [A7 (1) +A; (1)Apd(x) £ AF (1) —co] = —¢

Thus we can choose 6 > 0 small enough so that

B
Apug & |Vul;\q(p_1) - b(x)f(uB) <0, xeQ

{A,,ug +[Vag |17 — b(x) f(uf) 2 0, x€Qf,

B

Set M(8) = max(y—ssu+(x), N(8) = &1¢(25), where u(x) is a non-negative solu-
tion of problem (P4 ). It can be easily seen that

us(x) <M(9) —i—uB,x € 895,

ug <N(O)+ux(x), xe 8!2;3’

Consequently, taking into account (f;) and proposition 2.3, we obtain

us(x) < M(5)+ul;,x6 Qg
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ug <N(O)+us(x), xe QE.
This implies that

ug —N(6) <u+(x) <M(5) ug, x€Q ﬂQg
We conclude that, for all x € QB ﬂQE,

o NO) o wel) M) up
9(d0)£B)  ¢(dx)£P) " 9(dx)£B) " 9(d(x)=B) )

Recall that,
xe Q[; HQE = (926\613)“926713 = 925,[5 \Qﬁ
So d(x) — 0 implies B — 0. Letting d(x) — 0 and € — 0 in (3.1), we have thus

proven that (1.7) holds.

Case 2: k is non-increasing, then / € [1,+o0).
In order to prove Theorem 1.1, in this case, we define ¢;(¢) as

F(0r(0))” = of (1), (32)
It can be easily seen that ¢; (K (7)) = ¢(¢). Diminish & > 0, such that
(1) d(x) € C*(Qy5), and |Vd(x)| =1 in Q,5;
(2) k(x) is non-decreasing on (0,29);

(3) (co—€)kP (d(x)) < b(x) < (co+€)kP(d(x)) forall x € Qy5 with B € (0,8) being
arbitrary.
Define u £(x) = EE01(K(d(x)) +K(B)), erf;,here

éi:[p” (p —1)(p+l—pl+pp)]p =y
(cox2e)(p—p—1)P

A simple calculation yields

Vi (x) = E5; (K(d(x)) £ K (B))k(d(x)) Vd (x),
and
div(|Vag |~V ) (x)
= (£5)7 " [(p—1)|91 (K(d(x)) £ K(B)) [P~
x¢1< (d(x)) + (ﬁ))\k(d(x))\”lVd(x)\”
+(p— 1)y (K(d(x)) =K (B)) [P
x¢1( (d(x)) = K(B)) [k(d(x)|”~)K (d(x))|Vd (x)]?
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101 (K(d()) =K (B)) P01 (K(d(x)) £ K(B)) [k(d ()" k(d(x)) £ ()
This implies that
Apuy £ | Vu 19070 —b(x) f(ufy)

2 k”(d(@)f(uﬁ)[BT(K(d(X)HK(ﬁ))
+B;5 (K(d(x))+K(B)) + B} (K(d(x)) +

Apitg + | Viug |10~ —b(x) f(ug)
<K (d(x)

~—
=
<
=
@
—
fal
=
Ny
I
fal
=

where we set

() = P DEHP Mo, (0)|P 29" (1)K (d(x))
’ K2 (d(x)) f(E+01(2))
=y = E 00120, (0)
’ k(d(x))f(EF¢i (1))

PP o i 101

- kP=aP=1(d(x)) f(EF i (1))
It is worth pointing out that here = K(d(x)) £ K(f), and

d(l;)nlo (K(d(x))£K(B)) =0, x€ Q;;.

Next, we are going to find

lim BX(r) (i=1,2,3,4).
o, P () (i )

By virtue of (3.2), we have

F(600))01(1)? + pf (91(1))tP~ = (p— 1)L (1), (0).

Thus, taking into account (3.2) and f € RV, , we obtain

i) . 19,(1)
P oy TP =PI
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Then

im0 __p
MO Bi()  pop1
Similar arguments of the proof of ¢ show that

i 191120 (0P pPH(p +1)
=0 ¢P N (r) (p—p+1)7

So,

lim Bi(t): lim (p_l)(éi)pl f(¢1 ) \¢1 )P~ 2¢1()

d)—0 | d(x)—0 f(EXi (1)) )

__(p=1p" Y p+1)
N e

im im(p — + 1f(¢1 ) tq)l p—1
a0 = il = 0E <éi¢1<r>>[<¢1<>> ]

k(d(x)) d(x)k(d(x))
_(=Dp— 1)( Pyt
“TEp i)

In obtaining (3.3), we have used r = K (d(x)) £ K(B) and

i K(d(x))i[((ﬁ):l

a0 AR a0~ dk(d()

A simple calculation yields

lim By (t) = lim Bi () =0.
d(;)rgoa() Am By (1)

We conclude that

lim [B () + B3 (t) + B (1)Apd(x) £BS (1) — (co+ €)] =€

t—0

lim [By (1) +B; (1) + B (1)Apd(x) £ By (1) — (co—€)] = —¢

Similarly to the proof of Case 1, we can obtain (1.7) holds.
Proof of (2): Case I: k is non-decreasing, then [ € (0,1].
Diminish 6 > 0 such that

(1) d(x) € C*(Qy5), and |Vd(x)| =1 in Q,5;

(2) k(x) is non-decreasing on (0,29);

(3.3)
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(3) cgk?P=V(d(x) — B) < b(x) < cgk?P~V(d(x) + B) forall x € Qy5 with B € (0,8)
being arbitrary.

Set ulj;(x) =E*p(d(x)£B),x€ Qlf,

sg'j::[ 1 q(p—l) ]m
cgtep—q(p—1) ’

where ¢ appears in (1.11), therefore,
Vil = &5 (d(x) + B)Vd(),

and

div(|Vig [P2Vug) = (E5)P 7 [(p—1)]@ (d(x) £ B)|" ¢ (d(x) £ B)|Vd(x)|?
+[@ (d(x) £ )72 (d(x) £ B)A,d(x)].

Thus

Bpit +[Vag |17 = b(x) f ()
> K10 (d(x) + B) () [ (d(x) + B)

+CF () + B)Apd () + CF (d(x) + B) — ¢,

Ap“B + ‘VMBVI(P*I) — b(x)f(uB)
<K= (d(x) - B) fluz) [Cr (d(x) - B)
+C (4 — B)Apd()+ 5 (d) ~ B) —cy]

where we set: , "
oy~ P DE g 012" ()
! k1=D(0)f (E=0(1))
0 a2 PO (<0 UL X 3
GO= " EEen) = 0 E )

From Lemma 2, and direct computation shows that:

o b e Q)
limCi () = 0; limC3e) = lim T ) =0

and

limC3i(t) _ lim(éj:)q(pfl) {t(p’ (1) } q(p-1) [K(t) } a(p-1) f((p(;)

t—0 t—0
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1 [ q(p—1) ]‘I(P—l)
(EHp—gqlp—1)Llp—g(p—1) '

This yields

lim [CT (1) +C5 (1)Apd(x) +CF (1) —cq| =€

lim [C}7 (1) +C; ()Apd(x) +C5 (1) —¢q] = —¢

Similar arguments of the proof of (1) show that (1.10) holds.

Case 2: k is non-increasing. Then [ € [1,+e0).

Diminish 6 > 0, such that
(1) d(x) € C*(Qy5), and |Vd(x)| =1 in Q,5;
(2) k(x) is non-decreasing on (0,29);

(3) (cqg— €)kIP=V(d(x)) < b(x) < (cq +€)kI P~V (d(x)) for all x € Qys with B €
(0,0) being arbitrary.

Define u;;(x) =&+ (K(d(x)) £K(B)), x € QF, here

éi _ [ 1 q(p—1) } pfq(ll’*l)
Gt p—qp 1)

where @, () is given by as f (¢ (1))r4P~1) = "' (1).

Since the argument follows the same ideas as for case 2 of (1), we omit the details.
Proof of (3). The proof of (3) is a slight variation of that of (1), therefore it will

not given. O
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