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EXISTENCE OF A NON-TRIVIAL SOLUTION
FOR NONLINEAR DIFFERENCE EQUATIONS
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(Communicated by Qingkai Kong)

Abstract. The existence of a non-trivial solution for a discrete non-linear Dirichlet problem in-
volving p-Laplacian is investigated. The technical approach is based on a local minimum theo-
rem for differentiable functionals due to Bonanno.

1. Introduction

There seems to be increasing interest in the existence of solutions to boundary
value problems for finite difference equations with p-Laplacian operator, because of
their applications in many fields. Results on this topic are usually achieved by using
various fixed point theorems in cone; see [4, 18, 22, 23] and references therein for de-
tails. This kind of problems play a fundamental role in different fields of research, such
as mechanical engineering, control systems, economics, computer science, physics, ar-
tificial or biological neural networks, cybernetics, ecology and many others. Important
tools in the study of nonlinear difference equations are fixed point theorems and upper
and lower solution techniques; see, for instance, [16, 19, 20] and references therein. It
is well known that critical point theory is an important tool to deal with the problems
for differential equations. More, recently, in [5, 6, 8, 9, 13, 14, 15, 17, 21] by starting
from the seminal papers [1, 2], the existence and multiplicity of solutions for nonlin-
ear discrete boundary value problems have been investigated by adopting variational
methods.

The aim of this paper is to establish the existence of at least one non-trivial solution
for the following discrete boundary-value problem

A0y Bulk~ 1))+ aid, k) = Af ), kE[LT)
u(0) =u(T +1) =0, ’
where T is a fixed positive integer, [1,7] is the discrete interval {1,....,T}, f:[1,T] x
R — R is a continuous function, A > 0 is a parameter, Au(k) = u(k+1) —u(k) is
the forward difference operator and g, € Ry for all k € [1,T], ¢,(s) = |s|P s and
I <p < oo,

Mathematics subject classification (2010): 39A10, 34B15.

Keywords and phrases: discrete nonlinear boundary value problem, non trivial solution, variational
methods, critical point theory.

© depay, Zagreb 517
Paper DEA-06-30


http://dx.doi.org/10.7153/dea-06-30

518 MOHSEN KHALEGHI MOGHADAM AND SHAPOUR HEIDARKHANI

More precisely, based on a local minimum theorem (Theorem 2) due to Bonanno
[7], we ensure an exact interval of the parameter A, in which the problem (1.1) admits
at least one non-trivial solution.

As an example, here, we point out the following special case of our main results.

THEOREM 1. Let h:[1,T] — R be a positive function and g : R — R be a non-
negative continuous function such that

g(t)

_— = (o o]
t—0t+ [17*1 +

Then, for each

2pr cP
" p(T+ )P TSI h(K) oot Jo 8(E)dE [

Ae } 0
the problem

—A(9p(Aulk—1))) + qudp (u(k)) = Ah(k)g(u(k)), ke [1,T],
u(0)=u(T+1)=0,

admits at least one positive solution in the space {u:[0,T +1] - R:u(0)=u(T+1) =

0}.

We refer to the paper [3, 10, 11, 12] in which Theorem 2 has been successfully
employed to the existence of at least one non-trivial solution for two-point boundary
value problems.

The rest of this paper is arranged as follows. In section 2, we recall some basic
definitions and the main tool (Theorem 2) and in section 3, we provide our main results
that contains several theorems and finally, we illustrate the results by giving examples.

2. Preliminaries

Our main tool is a local minimum theorem due to Bonanno (see [7, Theorem 5.1]),
which is recalled below (see also [7, Proposition 2.1]). Such a result is more general
than [24, Theorem 2.5] since the critical point, surely, is not zero.

First, for given @, ¥ : X — R, we defined the following functions

Supu€¢—1(]rl7r2[) \P(I/L) — \P(V)

r,rn) = inf 2.1
Blrr) ved=1(]r,r) ry—@(v) 1)
nd w() ¥(u)
V) = SUP, 1 (]—oor u
p(ri,r2) = sup o 2.2)
ved ! (Jri.ra) v)=ni

forall ri,r, € R, with rj <ry.
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THEOREM 2. ([7, Theorem 5.1]) Let X be a reflexive real Banach space, ® : X —
R a sequentially weakly semicontinuous coercive and continuously Gateaux differen-
tiable functional whose Gdteaux derivative admits a continuous inverse on X* and
Y : X — R a continuously Gateaux differentiable functional whose Gateaux derivative
is compact. Put I), = ® — AY and assume that there are ri,ry € R, with r| <ry, such
that

ﬁ(}”hl"z) < p(rlvr2)

where B and p are given by (2.1) and (2.2). Then, for each A € A }m m[

there is uy, € D' (Jry,r2]) such that I (ug ;) < I (w) for all u€ ®'(Jry,r) and
L (up ) = 0.

In order to give the variational formulation of the problem (1.1), on 7 -dimensional
Banach space
W :={u:[0,T+1] - R:u(0) =u(T + 1) = 0}, equipped with the norm

T+1 1/p
[Jua] | = {kz |Au(k — 1)p+Qku(k)|p} :
=1

In the sequel, we will use the following inequality

max_|u(k)| < %

|[ue] [, (23)
ke[1.T)

for every u € W. It immediately follows, for instance, from Lemma 2.2 of [21]. More-
over, put

T
B oy = 3 F e u(h)) and I, () i= D)~ A%()  (24)

D(u) =
(u) ) 2

for every u € W, where F(k,t) := [; f(k,E)d& for every (k,t) € [1,T] x R. An easy
computation ensures that I, turns out to be of class C! on W with

T+1

L (uw)(v) = Y, [@p(Auk—1)Av(k— 1) +qilu(k)|P~2u(k)v(k) — A.f (k,u(k))v(K)]

k=1
T
= Z [ (¢p(Au(k—1))v(k) —qk|u(k)|p_2u(k)v(k)+7Lf(k7u(k))v(k)]

for all u,v € W. Itis clear that the critical points of ) are exactly the solutions of the
problem (1.1).

3. Main Results

First, for a given non-negative constant ¢ and a given positive constant d with

B L a4 Y g,
(T +1)p-1 ]
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put

217;:1 max\élch(kv é) - ZI{:I F(k7d)
aq (C) = (20)P T :
et — P2+ X i)
We state our main result as follows.
THEOREM 3. Assume that there exist anon- negative constant ¢y and two positive

constants ¢y and d with ¢; < % (T—|— 1) (2—|—Zk 1qk)1’ < ¢y such that

(A1) aq(cz) <aq(cr).

Then, for any A €] [ the problem (1.1) has at least one non-trivial so-

Pad(cl) Pad(CZ) B
lution uy € W such that 2¢ (T + 1) P < l|uo|| < 2¢2(T + 1)

Proof. Our aim is to apply Theorem 2 to study the problem (1.1). To this end, take
X =W, andput ®, ¥ and [, asin (2.4). Put

_ d, ke[l,T],
v(r) = .
0, otherwise,
e (2c1)? (2c2)?
Cl (&)
TR R (S

Clearly v € W, and ®(v) = %(24—2{:1%) and

T T
¥(v)= Y Fkv(k) =Y F(kd).
k=1 k=1

Moreover, for all u € W such that ®(u) < r;, i = 1,2, taking (2.3) into account, one
has maxe( 7] [u(k)| < ¢;, i = 1,2. Therefore,

M~
—~
=
<
—~
=
N—
N—
VAN
M~
8
)
Ial
B!
—~
=
<
—~
»
N
-
I
\.P—‘
[\

sup  W(u)= sup

ued~! (—co.r;) =1 k=18l<ci

1

[[ul|<(pri) P

Hence,

Supue@*l(foo,rz) "P(Lt) - lP(‘;)
rn—®(v)

S max g <., F(k,u(k)) — Xi_, F (k,d)

(T(+1 1 p(2+z£:IQk)

0< B(r1,m) <

<p

< pag(ca).
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On the other hand, one has

S 217;:1 F(k7d) _zgzlmax\§|<c1 F(k7”(k))
p(rhrz)/p (20)7 ar(2 T
et — P2+ X )

= pag(cy).

Hence, from Assumption (A1), we get B(ry,r) < p(r1,r).
Therefore, owing to Theorem 2, for each A €] PREIE padl(cz)

admits one critical point ug € W such that r; < ®(up) < ry, that is

[, the functional I

—P
P

201(T—|—1) "< [|uo]| <2C2(T+1)

Hence, the proof is complete.

We now present an example to illustrate the result of Theorem 3.

EXAMPLE 1. Choose ¢; =1, ¢y =10*,d=2,T=9, p=4and ¥}_, q; = 14.
Clearly az(c;) = 0.0157 and ay(c;) = 0.00359. We observe that all hypotheses of

Theorem 3 are fulfilled. Hence, Theorem 3 follows that for every A €]16,69[ the
problem

{—A(¢4(Au(k— 1)) + qida(u(k))

Il
N[
>
—
<
—
k‘
N
=
N~
—
—
=
~
w|+
—
—

kel,9],
u(0) =u(10) =0,
has at least one non-trivial solution uo such that 2 x 107 < [luo|| <2 x 107 .
Here we point out an immediate consequence of Theorem 3 as follows.

THEOREM 4. Assume that there exist two positive constants ¢ and d with %(T +
1)%(24‘21{ 1‘]k)1’ < ¢ such that

(A2) F(k,t) >0 forall (k,t) €[1,T] x[0,d],
2,{:1max\§\gc1’(k=5) 2° Si_ Flkd)
(A3) cP < (T+1)p71(2+2;{:1qk) k ldl’ .

Then, for each

dP(2+ 30 qr) (2¢)P
pYi-i Fk,d) " p(T + 1P~ Si maxpe . F(k,&)

the problem (1.1) has at least one non-trivial solution ug € W such that ||ug||- < ¢

Ae

Proof. Applying Theorem 3 we have the conclusion, by picking ¢; =0 and ¢; =
c. Indeed, owing to our assumptions, one has

p 1dl’

(1 _(T+)) : ()+ZA 1‘1k)> zllemax‘chF(k,é)
<)
)

aq(c) < >
(T(+1 Tk —dP 2+ 31 4k
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. (T+l)p_lzgzlmax\§|<cF(kvé)
(2¢)P
_ 1 ST F(k,d)
Q+¥i @) ar
=a,4(0).

In particular, one has

(T+1)p-tyl max (<. F(k,§)
Gy |

aq(c) <
Hence, Theorem 3, taking (2.3) into account, ensures the conclusion.

REMARK 1. If f is non-negative, then, thanks to [8, Theorem 2.2], the ensured
solution ug in the conclusions of Theorems 3 and 4 is positive.

As a special case of the problem (1.1), we consider the following problem

—A(9p(Au(k— 1)) + qidp (u(k)) = Lo(k)g(u(k)), ke [l,T], G.D)
u(0)=u(T+1)=0 ’

where o : [I,7] — R and g € C(R,R) are nonnegative. Put G(t) = [{ g(&)d& for all
t € R. For a given non-negative constant ¢ and a given positive constant d with

2c
T A
put
bd(C) = o G(C) - G(d>

P
et — 4P (24 Sho1 )
Then, taking into account that in this case,
T
max 2 F(k,&)=G(c) Y a(k)
1€l<c =1 k=1
Theorems 3 and 4 take the following forms, respectively.

THEOREM 5. Assume that there exist anon- negative constant ¢y and two positive

constants ¢y and d with ¢; < % (T—|— 1) (2—|—Zk 1qk)1’ < ¢y such that
(B1) ba(c2) < ba(ct).

Then, for any
e _ 1 ’ _ 1 [
P(Za=1 0(k))ba(c1) p(Ei=y 0(k))ba(c2)
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-

the problem (3.1) has at least one positive solution uy € W such that 2¢, (T + I)TP <
1-p

Hu()H < 26‘2(T+ 1) P

THEOREM 6. Assume that there exist two positive constants ¢ and d with %(T +

p=1 T 1
)7 2+3I_,q0)? < c such that

G(c) __» G
(B2) =5 < TP Iy ) 47

Then, for each

} P2+ ) (2c)?
(pXi_ a(k)G(d)" (p(T + 1)~ 3 a(k))G(c)

the problem (3.1) has at least one positive solution ug € W such that ||up||e < c.

We now prove the theorem in the introduction.

POOF OF THEOREM 1: For fixed A as in the conclusion, there exists positive
constant ¢ such that

y P P
< .

p(T+1)P=13[ h(k) Jo 8(8)dE
Moreover,

t
t d
the condition  lim & = oo implies lim M = +oo,
(—0+ tP~1 t—0t tP

—1 1
Therefore, a positive constant d satisfying d < 2(T + I)JT (243, qr) Pc canbe

chosen such that
+%L1a) _ Jig8)ds
pA Y h(k) -

Hence, the conclusion follows from Theorem 3 with ¢; =0, ¢; = ¢ and f(k,t) =
h(k)g(t) forevery (k,t) € [I,T] xR. O

REMARK 2. For fixed y put

A 2 <
= su wC e~ 7E ¢
T p(T+ )P S h(k) celor,)y[ Jos(8)dS

The result of Theorem 1 for every A €]0,A,[ holds with ||ug||. < y where uq is the
ensured positive solution in W (see [ 10, Remark 4.3]).

Finally, we present the following example to illustrate the result of Theorem 1.
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EXAMPLE 2. Consider the problem

{ CAfstaute 1)+ ey =2 Fe W PGB -ut) ke[LS], (5

u(0) =u(6) =0,

where ut := max{u,0}. Let h(k) = ¢* and g(t) = 1+ e~ (t7)2(3—1") forall k €
[0,5] and 7 € R, where 1" := max{z,0}. It is clear that lim, o+ % = +oo. Pick
vy = 1. Hence, taking Remark 2 into account, by using Theorem 1, for every A €

lo, m —¢; [, the problem (3.2) has at least one positive solution ug € {u: [0,6] —

R:u(0) =u(6) =0} such that ||up||. < 1.
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