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OSCILLATION PROPERTIES OF HIGHER ORDER LINEAR
IMPULSIVE DELAY DIFFERENTIAL EQUATIONS

KUNWEN WEN AND LIJUN PAN

(Communicated by Jurang Yan)

Abstract. In this paper, we devote to investigation of higher order impulsive delay differential
equations. Some interesting results for oscillation properties of every bounded solution of equa-
tions are obtained. In addition, an example shows that impulses play an important role in the
oscillation properties of the solutions.

1. Introduction

Impulsive delay differential equations are useful mathematical machinery in mod-
elling many real processes and phenomena studied in optimal control , biology, mechan-
ics, medicine, bio-technologies, electronics, physics, etc [7]. Recently, the oscillatory
behavior of impulsive delay differential equations has attracted the attention of many
researchers [5]-[15]. For instance, in [5], K. Gopalsamy and B., Zhang investigated
oscillation of first order delay differential equations with impulses. [16] generalized the
results of [5]. In [14], J. Yan established oscillation criteria for nonlinear several delays
impulsive differential equations. In [6], G. Huang and J. Shen studied oscillation of
second-order linear IDE with damping:

(1) +a ()2 (1) +p()x(1) = 0,1 > 1o, t 1, W
x) (1) —x) ()= dixV) (t;),ji=0,1. ’
In [15], J. Yan considered the delay effection to (1.1),
(O +aW)Y 0+ T piOx(@) =0 >0 1 A5
i=1 .

X0 (1) = x) (1) = dixD) (1), j=0,1

and generalized the results in [6]. Next, oscillation and nonoscillation of even order
impulsive differential equations were studied and some interesting results are obtained
[9]-[13]. But papers devoted to the study of the oscillation and nonoscillation of higher
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order impulsive delay differential equations are quite rare. As we known, only X., Li
consider the impulsive delay differential equation

@) a0+ T pix(si ) =0, 20 F
b |

) (1) X0 (1) = dx@) (1), j = 0,1, com — 1.

Before stating the conditions on di,a(t),p;(t),g:(¢) in the above equations, let
us first state what we like to present first. In this paper, we consider a kind of higher
impulsive delay differential equation

!/ n
(r0x" =0 0) + S pi0)x(@:0) = 0,1 > 0.1 £ 1
xW) (1) — xU) (tk’) = dix) (11;)7 j=0,1,...m—1,

(1.4)

where

; . 2V (g 4+h) —xUD (1)
< (t’j ) - hli% h

, , (i-1) —xU=1
X () = XD () = hlifg K (B + h})l X (1)

and the delay differential problem
/ n
(roy"0) + Xm0y TT (1+d) " y(gi) =0. (1.5)
i=1 8i <

We assume the following conditions hold:
(A 0L <t <--- <t <--- are fixed points with ]}imtk = oo}

(Ay) pi €C[0,00) = R, i=1,2,---,n, are Lebesgue measurable and locally es-
sentially bounded functions, r € C[0,00) — R, R is the real axis;

(A3) g € Cl0,0) - R, i=1,2,---,n, are Lebesgue measurable functions and
gi (1) <1t satisfying tlim gi (1) = oo}

(A4) {dy} is a sequence of constants for each j and dy > —1.

For any 79 > 0, let 7, = f?-i? t1>an gi(t). Let ¥ denote the set of functions ¢ :
Isni=21y

[ty , 7] — R ,which are bounded and Lebesgue measurable on |7, , 7] .

DEFINITION 1. Forany 1) > 0 and ¢ € ¥, a function x : [76700) — R is said to
be a solution of (1.4) on [’L’O_ ,oo) satisfying the initial value condition

x(t)=0(), ¢ (1) >0, 1€ 1,0, (1.6)

if the following conditions are satisfied:

(i) x(r) satisfies (1.6);

(ii) xU) (¢) is absolutely continuous in each interval (7o, tg, ) , (f, fr1) & = ko, ko =
min {k |t > 7 },x) (1) ,x0) (1) exist and xUV) (1) = xU) (1), the second equality
in (1.4) holds;

(iii) x(t) satisfies the first equality in (1.4) almost everywhere in (7, ,0) .



Differ. Equ. Appl. 7, No. 1 (2015), 43-55. 45

DEFINITION 2. A solution of (1.4) is said to be non-oscillatory if it is eventually
positive or eventually negative. Otherwise, it is said to be oscillatory.

By a solution y of of (1.5) on [’L’O_ 7<>o) , we mean a function which has an abso-
lutely continuous derivative y’ on [T, ,e) satisfies (1.5) a.e. on [7, ,e0) and satisfies
(1.6) on [T(;, 1,'0] . In this paper, we always suppose 7, =1, ,To = lo-

Our plan is the following. First, we prove the oscillation properties of (1.4) equal-
ity to (1.5) (Theorem 1-3), and obtain some sufficient conditons for ensure all bounded
solutions of (1.4) to be nonoscillatory and oscillatory. Next, applying our Theorem
4 and Theorem 5, we state two results (Theorem 6 and Theorem 7) for (1.3). When
m = 2, Theorem 6 generalizes and improves Theorem 4 in [15]; when m > 3, Theorem
7 show that the boundedness and differentiability condition on r(¢) on Theorem 2.8 in
[9] can be canceled. At last, an example is provided to illustrate the use of our results.

2. Main results

In this section we will establish theorems which enable us to reduce the oscillation
and nonoscillation of (1.4) to the corresponding problem (1.5).

THEOREM 1. Assume that (A1 )-(Ay ) hold.
(i) If y is a solution of (1.5) on [ty ;o) , then x(t) = TI (1+dx)y(t) is a solu-

to<ty <t
tion of (1.4) on [to_,oo) .
(ii) If x is a solution of (1.4) on [t()’,oo) ,then y(t) = TI (1 +dk)_lx(t) isa

to<ty<t
solution of (1.5) on [ta,w) .

Proof. First we shall prove (i). Let y be a solution of (1.5) on [f ", ) , then x(¢)

1'[< (14 dy)y () has an absolutely continuous derivative X' on (to_ ,to) Nt ter1) k>
o<ty <t

0. For any ¢ # t,t >t , it is easy to prove that

r)xD @)= T Q+d)r@)yV(),j=0,1,2,---,m—1

to<ty <t

then
/

X"V @] = T (+dg [rey™ = )

to<ty<t

- 1 (+dy (im(t) I1 (1+dk>1y<gi<r>>>
i=1

o<ty <t git) <<t

:—(épi(t) I (1+dk)y(8i(t))>

= to<t;<gi(t)
<i

M=

1

pi(1)x(gi (0)) -
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So we get

[V(t)x } (Z,p, gi( )—0 1> 10,1 # 1,
which implies that x is a solution of (1.4). On the other hand,

D)= I (1 +d)y? (tm)

to <ty <tm
and ' '
D)= TT (+dy? o)
1o <t Styp—1
that is

X (1) = (14 di) 2 (1)

which implies that x solves the second condition in (1.4). So

x()= T[] (A+d)y()

to<ty<t

is a solution of (1.4) on [ty ).
Next we prove (ii). Let x be a solution of (1.4). We shall prove that

vy =TT (1+d)~"x()

to <ty <t

is a solution of (1.5) on [ty ,e). For any t # ;1 > 1,

ey V@] = T (+a)™ [roxm ) 0]

to<ty <t

=—J] (+a)” <2p, gi( )

to<ty <t

= —Zpt ) TT (1 +d)~"x(gi(0))

to<ty <t

Z—Zpi(f) [T (+a™ [T (+d) " x(ai)
i=1

10<t;<gi(?) 8ilt)<u<t
==Yp) [ (+d) 'y(&i)
i=1 gilt) <<t

and

YW= TI (+de)" 59 ()

to <ty <tm

y(l) (tr;) — H (1 +dk)_1x(1) (tn;)

10<tg Stp—1
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[T (+d) ' (1 +dw) ' 29 (1)

10<tg Stp—1

T (+a) " x9 ) =39 (1)

to<tp<tm

Soy(r)= TI (1+d) "x(¢) is a solution of (1.5) on [15 ;) . The proof is com-
to <ty <t

plete. 0
Applying Theorem 1, we obtain the following results.

THEOREM 2. Assume that (A1 )-(Aq) hold. Then all solutions of (1.4) are oscil-
latory (nonoscillatory) if only if all solutions of (1.5) are oscillatory (nonoscillatory).

THEOREM 3. Assume that (A )-(Ag) hold and [1 (1+dy) is bounded. Then

to <ty <t
all solutions of (1.4) asymptotically approach to zero if only if all solutions of (1.5)
asymptotically approach to zero.

THEOREM 4. Assume that (A1 )-(A4) hold. Moreover, suppose that
(As) TI (1+4dy) is bounded and hmlnf I (1+dx) >0;

to<tp<t e

(Ae) pi(t) 2 0,i=1,2,
(A7) Jo "2 I wap,() I (1+d) "du-do, 3dc, » <.

gilu)<tp<u
Then (1.4) has a bounded nonosctllatory solution x with litminf|x (1)] > 0.

Proof. We only need to prove that (1.5) has a bounded nonoscillatory solution y.
From (A7), there exists T > 0 such thatforall t > T, g;(t) > Tp > 0,i=1,2,---,n, and
forallt > T,

t Om—2 o1 1
[N

oo N l
/Zpi(u) [T (+d) ‘du--do, 3do, 2 <~ @.1)
s izl

8i(u)<te<u 4

Let Y be denote the locally convex space of all continuous functions y € C([Tp,°),R)
with the topology of convergence on compact subintervals of [Ty, o). Let

r:{er: Yy <2 To}

where y > 0 is an arbitrary given constant. We note that I" is a closed and convex
subset of Y and it is nonempty.
Now, definemap F :T" — Y by

Y
2

_|_

(Qy) (), t>T,
, To<t<T,

0 ={

N
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where

ST YARTA

/ Spitw I (1+do) 'v(gi(w)du-dc, 3do, o (2.2)
§oi=1 giu)<tg<u

First we verify FI" C T'. Forall y € T', it is obvious that Fiy C T for Tp <t < T.
When ¢t > T, combining (2.1) we get

Fy=2+@)(0)

O o
7//2./1LX
1o AT

/S“’ ip" w I (+d) 'y(gi(w)du--do, 3doc,

gi(u)<u<u

[ O c
S T
) 0w ()

/wZPz H (l+dk)71du---d0m,3d0m,2

gi(u)<y<u

2y

1

4 3
So F maps T into I'. On the other hand, {Fy} is uniformly bounded. The continuity
of FI' — T is verified as follows: Let y, € I',y € I'. For any € > 0, there exists a
postive integer Ng such that |y, —y| < 4¢€ for any n > N,. In particular

lyn (8i(t)) —y(gi ()| <4€, n>Ng,t >Tp.

v, 2
g_ —.
273

Hence

Om—2 O] oo N
|y (2) / / / / Zpl
fo T

] O+M)www»w@wde%M%4

<tk§u

cf [ [y

/ Ep,- w T[] (+d) ' du-do, 3dc, »
5=l 8iu)<tg<u
< 4e- 1 =€
4
So we know that F maps I continuous into a compact subset of I'. Therefore, by

Schauder-Tychonov’s fixed point theorem, F has a fixed point y in T'. It is easy to
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check that the fixed point y is a solution of (1.5). So (1.5) has a bounded nonoscilla-
tory solution y. By Theorem 1, x(r) = I (1+dx)y(¢) is a bounded nonoscillatory

to <ty <t
solution of (1.4). Using condition (As ), we eventually get

litminf\x(t)\ > 0.

The proof is complete. [

Next we shall give an oscillation criterion for (1.4). Suppose m is a given even
number and m > 4. First we give some lemmas which can be used to prove the follow-
ing main Theorems.

LEMMA 1. (Lakshmikantham et al [7]) Assume that
(Ho) m € PC' (R",R) and m(t) is left-continuous at ty,k =1,2,...,
(Hy) For ty,k=1,2,... and t > 19,

m' (1) < p(O)m(t)+q (1), 1 # 1,
m(tF) < dem (1) + by,

where p,q € PC (R ,R),d; > 0 and by, are real constants. Then for t > 1,

m(t)<m(to) ] dkexp</tp )

to <ty <t fo

H djexp /p )
t0<tk<t 1 <tj<t

/ IT diexp (/ p(G)dG)q(S)ds. (2.3)
o s<n <t s

LEMMA 2. Let y be a given solution of (1.5). Assume that (A1 )-(A4) and (Ag)
hold and -
A / ——ds = oo,
@), 7o

Suppose that there exists T >ty such that x(t) >0 for t > T, then there exists T'>T
and N € {1,3,....,m— 1} such that for t > T’,
Xt (z) >0 i=0,1,...,N;
(=D V0D (1) >0, i=N+1,...,m—1, (2.4)
!
( OF (t)) <o.

The proofs are omitted, because their proofs are similar to [ 1] but without impulses.

THEOREM 5. Assume that (A1)-(As), (Ag) and (Ag) hold. Moreover suppose
that
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(Ag) gi has an absolutely continuous derivable g, on (t(; ,oo) , and gt > 0;

(Aro) ft:sm—Bde rvdvf ZPI( )Hg <tk<w(1+dk> Ldw = oo,

Then all bounded solutions of (1.4 ) are oscillatory.

Proof. We only need to prove that all the bounded solutions of (1.5) are oscillatory.
Suppose that the assertion is not true. Without loss of generality, we may suppose that
there exists T > 0 such that y() >0 forz > T.

Firstly we consider the case when N = 1. By Lemma 2, we get

(1) > 0,5 (1) >0,y (1) <0,y (1) >0, y" V(1) >0, 1 >T' > T.

So (y(gi (1)) =y (gi(t))gi(t) > 0, which implies y(g; (¢)) is increasing in ¢ for ¢ >
T'. Therefore, for t > T',

(ry" V@) ==X p) TT (+d) ™ y(si(0)
=1

gilt)<u<t

< S T (1+d) " v(e (1))
i=1

gilt)<u<t

<MY pit) I (1+d)", (2.5)

S <<

where M = 1m1n y(gi(T")) > 0. Let @ (t) = r(t)y™ Y (¢), then u(r) >0 for 1 > T".

From (2.5), we have

_Mipi @ JI (+dy",
i=1 ;

o) = o).

Using Lemma 1, we obtain for ¢ > T’

o <o) -M[ Sp) ] (+d)as
=1 gi

That is

So
M oo N
YDy > M /t Yopits) [T (1+d)ds. (2.6)
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Let y (1) = —y"2)(r), then y (r) > 0 and from (2.6), we have

M e _
_/ Sopils) T] (1+dy)'ds,
r@) e 5 8ils)<te<s

v(n') = vin).
Applying Lemma 1, we get

0< y(e) M/ ds/ Zpi(v) 11 (1+dp) " dv.
gi(v)<tx<v
It follows that
M/ —ds/ Epl (l+d) 'av. @)
,' v <tk<V

Multiplying (2.7) by #"~3 and integrate on [T*,¢),T* > T’ to find
1
/ sm—3y(m—2) (S) ds
M/ m- 3ds/ —dv/ Zp, ]‘[ (1+dy) " dw. (28)
v

(w)<ne<w

On the other hand,

1 1
/ Sm73y(m72) (s)ds = / Sm73dy(m73) (s)
t
e — (m—3)/ s m3) (5) dis
T*
1
e —(m— 3)/T* sy (s)
T — (m — 3) X
1
-~ =) [[ 30y )}
303 () = { m = 3) 94 (5) |
(m—3) (m—4)5"=59) 3

(m—3) (m—4) (m— 5)/t

> Sm—3y(m—3) (S)

_ Sm—3y(m—3) (S)

(m 3) (S)

c,,

T

b +

Sm76dy(m76) (S) }

s

m—4
m+l+l( _3)'
T* + 2 tlyl T"’

2<T*>’y’<r*><—1>’”’—( Y

i!
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= 0 (1) = (T (1) =y 1) (m—3) 1+
mz:lt m+t+l (m—3)! =+
i!
m_4 PN m i(m_3)!
3 () () (1
(T*)m—3y(m—3) (T*) —y(t) (m _ 3)! +
Sy a2t 29

i!
In view of (2.8), (2.9), we obtain

— (1" Y IN(T) =y (1) (m = 3)!
m—4

+ 2 (T*)lyz(T* 1)m+l (m 3)'

i!

s 3ds/ —dv/ Zp, (1+dy) 'aw. (2.10)

<tk<w

Using (Ajp), we obtain y(7) — e as t — e, which is a contradiction.
Next we consider the case when N > 1. By Lemma 2, we get y/(¢) > 0, y"(¢) >0,
t>T’, soy isincreasing in ¢ for ¢ € [T’, ). We note

1
YOy =y T+ | Y (s)ds 2 y(T) +y (Tt =T).
So y(t) — o, as 1 — oo, which is a contradiction. The proof is complete. ]

As appplication of the previous results, first of all, we point out that main results
in [8] are valid even if the differentiability and boundness of r () is removed. Indeed,

multiplying exp ( f,; a(s) ds) on the first equality of (1.3), then (1.3) can be rewritten
as

/
[exp (ft; a(s) ds) x(m=1) (t)]
+exp(fra(s)ds) 3 pi)x(gi(0) =0, 1> 00 £0, 21D
i=1
XD (1) =2V (1) = a9 (1), j=0,1,...,m— 1.
It has the form of (1.4) by setting

F(¢) = exp (/tota(s)ds> CPit) = exp (/t(:a(s)ds) pie).

Our Theorems 4 and 5 directly lead us to the following results.

THEOREM 6. Assume that (A )-(Ae) hold. Moreover, suppose that
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(Ab) /tof/toom2,../&)"1%/5w7(u>i§1pi(u>x

[1 (+d) 'dudo, 3do, <.

8i(w)<ne<u
Then (1.3) has a bounded nonoscillatory solution x with litminf|x (1) >0.

REMARK 1. When m =2, (1.3) deduces to (1.2), so Theorem 6 generalizes and
improves Theorem 4 in [15].

THEOREM 7. When m is even and m > 4, assume that (A} )-(As) , (Ag), (Ag)
and (Ag ) hold. Moreover, suppose that

00 oo 1 oo n -~
(Alp) / sm*ds/ _—/ F Y i) [T (14d) dw=eo.
fo s T0) v i=1 gi(w)<t<w
Then all bounded solutions of (1.3) are oscillatory.

It can easy to see that let

t — —
i =exp ([ alo)ds) PO =)0 0), P =r0) 1),
fo
Multiplying 7 (¢) on the first equality of (1.1), then (1.1) reduces to the problem

[r (1)« ()] F()() ———
{()( W) = dkx<>(k),oj_of‘1, (2.12)

Multiplying 7 (¢) on the first equality of (1.2), then (1.2) reduces to the problem

[;—»(t)x’(t)} +§I_’() ( (1)) = 0,1 > 10,1 # 1, (2.13)
W (5) =

XU ( D (1), j=0,1.

REMARK 2. The above equations (2.12) and (2.13) are special form of (1.4), so
our Theorems generalize and improve the relative results in [6, 15].

EXAMPLE 1. Consider the equation

/ _9 -1

(Lx" (1)) + 3Lt 2 t—%)_ 2x(t—3)=0>11#k 2.14)
' o ; N )
x) (tk)—x(f) (t ): (k+]i)j+2_l x) t,),j=0,1,2,
where m=4,n=1
1
21 9 1\ 2 k’
t T2 (t—< ty=t——=, ty =k, d
pl() 16 < 3) agl() 37 k s Uk (k+1)1+2
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It is easy to see that (A} )-(A4), (Ag), (Ag) and (Ag) satisfied, and

g1(w)<y<w
1
N 1\ 72 k+ 1)/
= 1sa’s vdy —6w7g (w——) ( +kj) d
2 s vl 3 g1 (w)<k<w
1
1 ° =21 1\ 2
2/ sds vdvy —w_% (w——) w2dw
! s v 16 3

By Theorem 5, every bounded solution of (2.14) is oscillatory. But the delay differential

equation
1

1, \ 21 79( 1>7 ( 1> 1
—x (¢ —t 2 (t— = t—=)=0,tr=> =
(zx O) T 3) "U73)70 17,

has a nonnegative solution x = /7. This example shows that impulses play an important
role in the oscillatory properties of equations under perturbing impulses.

REFERENCES

[1] D.D.BAINOV, M. DIMITROVA, Oscillation of sub- and superlinear impulsive equations with constant
delay, Appl. Anal., 64 (1997), 57-67.
[2] L. BEREZANSKY, E. BRAVERMAN, Oscillation of a linear delay impulsive differential equations,
Comm. Appl. Nonlinear Anal., 3 (1996), 61-67.
[3] L. BEREZANSKY, E. BRAVERMAN, On oscillation of a second order impulsive linear delay differen-
tial equations, J. Math. Anal. Appl., 233 (1999), 276-300.
[4] W.Z.FENG, Y.S. CHEN, Oscillations of second order functional differential equations with impulses,
Dym. Continuous, Discrete Impulsive System Ser. A:Math. Anal., 9 (2002), 367-376.
[5]1 K. GOPALSAMY, B., ZHANG, On delay differential equations with impulses, J. Math. Anal. Appl.,
139 (1989), 110-122.
[6] G., HUANG, J.H. SHEN, Oscillation of second-order linear ODE with impulses, J. Nat. Sci. Hunan
Norm. Univ., 26 (2003), 8-10.
[71 V. LAKSHMIKANTHAM, D. D. BAINOV, P. S. SIMEONOV, Theory of Impulsive Differential Equa-
tions, World Scientific, Singapore, 1989.
[8] X.D. L1, Oscillation properties of higher order impulsive delay differential equations, International
Journal of Difference Equations, 2, (2007), 209-219.
[9]1 L.J.PAN, G.Q. WANG, S.S. CHENG, Oscillations of even order nonlinear differential equations with
impulses, Funk. Ekva., 50 (2007), 117-131.
[10] L.J.PAN, Oscillations of higher order nonlinear impulsive differential equations with damping, Appl.
Math. J. Chinese Univ. Ser. A (in Chinese), 22, (2007), 35-42.
[11] K.W. WEN, G.Q. WANG, S.S. CHENG, Oscillations of a higher order nonlinear differential equa-
tions with impulses, Demonstratio Mathematica, 3 (2010), 575-603.
[12] K.W. WEN, G.Q. WANG, S.S. CHENG, Asymptotic dichotomy in a class of third-order nonlinear
differential equations with Impulses, Abstract and Applied Analysis, ID: 562634, (2010), 1-20.
[13] K.W. WEN, L.J. PAN, Asymptotic dichotomy in a class of odd-order nonlinear differential equations
with impulses, Journal of Industrial Mathematics, ID: 421231, (2013), 1-9.
[14] J.R. YAN, Oscillation of nonlinear delay impulsive differential equations and inequalities, J. Math.
Anal. Appl., 265 (2002), 332-334.



Differ. Equ. Appl. 7, No. 1 (2015), 43-55. 55

[15] J.R. YAN, Oscillation propeties of second order impulsive delay differential equation, Comput. Math.
Appl., 47 (2004), 253-258.

[16] Y. ZHANG, A.M. ZHAO, J.R. YAN, Oscillatory criteria for impulsive delay differential equations, J.
Math. Anal. Appl., 205 (1997), 461-470.

(Received July 3, 2014) Kunwen Wen
(Revised November 18, 2014) Department of Mathematics
Jiaying University

Meizhou, Guangdong 514015, P.

R. China

e-mail: wenkunwen@126 .com

Lijun Pan

Department of Mathematics
Jiaying University

Meizhou, Guangdong 514015, P.
R. China

e-mail: p131977@126.com

Differential Equations & Applications
www.ele-math.com
dea@ele-math.com



