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GLOBAL DYNAMICS OF A DELAYED
DIFFUSIVE TWO-STRAIN DISEASE MODEL

DANXIA CHEN AND ZHITING XU

(Communicated by Leonid Berezansky)

Abstract. The aim of this paper is to investigate the global dynamics of a delayed diffusive two-
strain disease model. We first study the well-posedness of the model. And then, by selecting
appropriate Lyapunov functionals, we demonstrate that the global stability of the model is fully
determined by the basic reproduction number. Furthermore, using Schauder fixed point theorem
and constructing a pair of upper-lower solutions, we show that the model admits a traveling wave
solution connecting the disease free and co-existence equilibria.

1. Introduction

In [5], the author derived a mathematical model to describe the dynamics of a
communicable disease through a vector population as follows

S(t) =A—usS(t) = BS(0)I(t - 1),
I(r) = BS()I1(t — 1) — (u+ V1), (1.1)
R(t) = yI(t) — uR(1),

where S(z), I(t) and R(¢) represent the sub-populations of susceptible class, infective
class and removed class at time ¢, respectively. A is the recruitment rate of the suscep-
tible population, u is the natural death rate of the population, 3 is the contact rate, y
is the recovery rate of the infective individuals, and 7 > 0 is a constant representing the
length of the immunity period.

It is because that mutation of a pathogen is common and causes serious problems
in treating the resulting disease that one often needs to deal with more than one strain,
see [3, 7]. Thus, the study of disease dynamics with multiple strains is an important
research topic and has attracted sustained attention of researchers in recent decades.
Among those, in [1], by introducing another strain of the disease, the authors extended
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Cooke’s idea, and proposed a two-strain disease model with latency and saturating in-
cidence rate

S(t)1 S(t
8(r) = A —uS() — BRI — Etir
(1) = BECEEEE — () (), 1)
S()I
(1) = BRI — (1 + )b (1),

-5+

() = nh(t) + nh(t) - uR(),

where I (1) and I,(¢) represent the sub-populations of infective class with strain 1 and
strain 2, respectively. As model (1.1), S(¢) and R(z) still denote the population of
susceptible and removed class, respectively. A denotes the recruitment of individuals,
1/u is the lift expectancy, B1 (3;) represents the transmission coefficient of suscepti-
ble individuals to strain 1 (strain 2), 1/y; (1/7% ) denotes the average infected period of
strain 1 (strain 2), u; (U ) is the combination of infection induced death rate and natu-
ral death rate of strain 1 (strain 2), 7; > 0, i = 1,2, is a constant representing the length
of the immunity period, and ¢o; > 0, i = 1,2, denotes the saturation level when the in-
fection population is large. The readers are referred to [1] for the precise interpretation
of the biological implication of (1.2).

Since R is decoupled in (1.2), the authors [1] analyzed the global dynamics of the
following reduced dimensional system

3 S(HI S(t
8(r) = A —uS() — BRI — Etir
S(t
(1) = BEOMED) — () (2), (13)
bt) = B2S(t)h (t—1) — (o +p)b(1).

I+ooh(t—1)

More precisely, it was proved that if the basic reproduction number is less than one,
then disease dies out, but if the number is large than one, then one or two of the strains
become endemic.

Clearly, model (1.2) is of ODE type, which could only reflect the epidemiological
and demographic process as the time changes. We note that the spatial content of
the environment has been ignored in the model (1.2). To closely match the reality,
considering an diffusive epidemic model of PDE type is natural and reasonable [17].
Inspired from [1], we here propose the following delayed diffusive two-strain disease
model

as(tx) _ B (t—tx) _ BoS(tx)h (1—7.x)
a dAS(t x)+A— .US(t x) i+a1111(t—11.,1x) B %+06212%t—7272x) ’
312( 9 _ _d AIz(t x) n % (U2 + )b (t,%),

8R(l X)

= drAR(t,x) + 1111 (t,x) + Y12 (t,x) — UR(2,x),

(1.4)

in which S(z,x), I,(¢,x), I(¢,x) and R(z,x) represent the sub-populations of suscepti-
ble class, infective class with strain 1 and strain 2, and removed class at time # > 0 and
position x € Q, respectively. dy,d;,d>,dr > 0 are the diffusion rates, A is the Lapla-
cian operator and Q is a bounded domain in R” with a smooth boundary dQ. The
parameters A, i, By, B2, 1,72, U1, M2, O, O are positive constants as in model (1.2).
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In the biological context, one of the fundamental problems is to study the stability
of the steady states, since this characterizes whether a disease will become endemic and
this is a major concern for public health offices. For the model under consideration, on
the other hand, the traveling wave describes the disease population into the susceptible
population from an initial disease-free equilibrium to the endemic equilibrium. Bio-
logically speaking, existence of an epidemic wave implies that the disease can invade
successfully and an epidemics arises [17].

For model (1.4), in the absence of the strain 2, that is, I,(¢,x) =0, one gets the
following delayed diffusive epidemic model

I+l (t—11 x) (1.5)
all(tx) —d All(t x)+w (‘ul—|—)/1)]1(t )C)

I+on 1) (t—7) x)

{ BS(t,x) _d AS(Z .x)+A 'LLS(I x) ﬂlS(t,x)Il(tf‘l:l,x)

Yang et al [24] studied the existence of the traveling waves of (1.5). Very recently, Li et
al [12] has further investigated the existence of the traveling waves and established the
critical waves and the minimal speed of the model (1.5). The main purpose of this paper
is to study the dynamical behaviors of this model. We focus on the global stability of
the equilibria as well as the existence of traveling wave solutions of the model (1.4).

This paper is organized as follows. In section 2, we study the well-posedness
for system (2.1)-(2.3). In section 3, by means of appropriate Lyapunov functionals and
LaSalle’s invariance principle, we investigate the global dynamics of the four equilibria,
respectively. In section 4, we construct a pair of upper-lower solutions and employ the
Schauder fixed point theorem to prove the existence of traveling wave solutions for
system (2.1). Finally, a brief discussion is given in section 5.

2. The well-posedness

For simplicity, let

S=Hs 1.=F r=Er g Aﬁ—ﬁ’

T Ll R=" AL =1t —7,x), i=1,2.

Then, dropping the bars on S,/;, R, we obtain

3' =dAS+u(1—S8) = BiSfi(lr) — B2Sfa(lr,),

é;—l' =d\ AL+ BiSfi(le,) — (i + ), @
9912 = dr AL+ BSfar(l,) — (Mo + 1),

R =drAR+ 11 + I — UR,

where f;(x) = Accompanied with (2.1), we consider the initial conditions

1+O¢x
S(t,x) = @1(t,x), I (t,x) = @2(t,x), L(t,x) = @3(t,x), R(t,x) = @u(t,x), (2.2)
for all (z,x) € [~7,0] x Q, and the Neumann boundary conditions

8S_811 _312_8R

g an an Y @3
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for all (¢,x) € (0,+) x dQ, where T:=max{1,%»}, ¢;(t,x) (i =1,2,3,4) are non-
negative and Holder continuous in [—7,0) x Q, and d/dn denotes the outward normal
derivative on dQ. The Neumann boundary conditions (2.3) imply that the two diseases
do not move across the boundary 9Q.

Define two threshold values as %; = uﬁ% s

ber of (2.1) is given by %o = max{%, %>} .
By a direct computation, we get the following conclusion.

i =1,2. The basic reproduction num-

LEMMA 2.1. (1) System (2.1) always has a disease-free equilibrium
Ey=(1,0,0,0).

(2) If ) > 1 and %, < 1, then system (2.1) has the single-infection equilibrium
E; = (S,1,,0,R), where

S=—0+al), i1=7(=@1—1),1§=ﬁli1-

(3) I]‘A%2A> 1 and %, < 1, then system (2.1) has the single-infection equilibrium
E> = (S,0,h,R), where

(4) If o := min{%,S*,%,S*} > 1, then system (2.1) has the co-existence equi-
librium (all components are positive) E* = (S*, I} ,I; ,R*), where

_uomp+ o (to +7) + oo (u +n)
o oo+ o B+ o

and I} = o (%:S* — 1), i=1,2.

S*

* 1 * *
y R = ﬁ(ylll +’y212)7

Here, it is easy to see that the co-existence equilibrium is biologically meaningful if
and only if Z;S* > 1,i=1,2.

Next, we consider the positive invariance and uniform boundedness of solutions
for the initial-boundary-value problem of system (2.1)-(2.3).

Let X := C(Q,R*) be the Banach space with the supremum norm || - ||x . Clearly,
any vector in R* can be regarded as an element in X. For u = (uy,us,u3,uy), v =
(vi,v2,v3,v4) € X, we write u > v (u <v) provided u;(x) > vi(x) (u;(x) <vi(x)), i=
1,2,3,4, x € Q. For 7:=max{1, 7, }, define C = C([-7,0],X) with the norm ||¢|| =
maxge(_0]||¢x for ¢ € C. Then C is a Banach space. Define X := C(Q,R%) and
C; =C(]-7,0],X1). Then both (X,X;) and (C,C;) are strongly ordered Banach
spaces. As usual, we identify an element ¢ € C as a function from [—7,0] x R”" into
R* by @(s,x) = @(s)(x). Given a function u : [-7,b) — X for b > 0, define u, € C
by u(s) =u(t+s), s € [-71,0]. Let D = (dy,d1,d»,dg)" . Tt follows from [6, Theorem
1.5] that X—realization of DA generates an analytic semi-group .7 (¢) on X.

For any @ = (@1, 02, 03,¢;) € C; and x € Q, we define F = (F,F,F3,F,) :
C+ —X by

Fi(@)(x) : = (1= ¢1(0,x)) = B11 (0,x) f1 (p2(—7,x))
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- ﬁ2(p1 (07x)f2((p3(_17x))7
B () (x) : = B1o1(0,x) f1(p2(—7,x)) — (11 + 1) 02(0,x),
B5(9)(x) : = B21(0,x) f2(93(—7,x)) — (2 + 12) 93(0,x),
Fi(@)(x) : = 7192(0,x) + 1203(0,x) — 114 (0,x).

Then F is Lipschitz continuous in any bounded subset of C_ . Rewriting (2.1)-(2.3) as
the following abstract functional differential equation

dt

d
{ e =Au+F(u),7>0,u€C,
U =¢c (C+7

where u = (S,1;,1,R), Au := (d;AS,d|Al,drAlL,dgAR)T and @ = (@1, 02,3, 04).
Define

[0,M]c:={peC:0<¢(6,x) <M, V0 €[-1,0],xcQ}

with 0 := (0,0,0,0), and

,_ B P2 1/ np %
M:= <1’ or(ui+n) (+p) 1 <O‘1(u1 +7) * Otz(uz—f—w)))

THEOREM 2.1. For any given initial data @ = (@1, 02,03, ¢04) € [0,M]c, there
exists a unique non-negative solution u(t,x;@) of (2.1)-(2.3) defined on [0,%) and
u; € [0,M]c fort > 0.

Proof. For any @ = (@1, 02,03, ¢4) € [0,M]c and any k > 0, we have

?(0,x) + kF(¢)(x)

®1(0,x) + k(U (1 — @1(0,x)) — Brp1 (0,x) f1 (92(—7,x))
—B201(0,x) f2(p3(—7,x)))
= | ¢2(0,x )+K(ﬁ1<p1(07X)f1( (=7,%)) = (1 +71)92(0,x))
?3(0,x) + K(B2001(0,x) o (3(— 7, %)) — (L2 +7%2) 03(0,x))
04(0,x) + k(11 ¢2(0,x )+J/z<p3(0,x)—u<p4(0,X))

Note that f;(x) (i =1,2) is increasing in x > 0, and for any sufficiently small k¥ >0,

gl — K((u +Bi ;;ﬁz())%)(oyx)

I—x(u+7))e2(0,x

905 +KF @) > | (| ety + 1)) r(0.2) >0.
(1—xu)p4(0,x)

On the other hand, note that, for any sufficiently small x > 0, the functions u; +
k(U1 —uy) — Pruy f(uz) — Bouy f>(u3)) is increasing in uy > 0 for any fixed uy > 0
and uz > 0; uy + K(Bruy fi(uz) — (W + 71)uz) is increasing in u, for any fixed u; >
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0, us + x(Bour fo(u3) — (Lo + 2)us) is increasing in u3 for any fixed u; > 0, and
us + K(y1u2 + Yau3 — HUug) is increasing in ug for any fixed up > 0 and u3 > 0. Then

1
By < Bt _ﬁ_1>
+K
< | ealmn) o (Bi+u+n) o <M.
PO T b T et ) | <M
(i +7) w(Btityn) o
(p4(07x)

Thus, ¢(0) + xF(¢@) € [0,M]c. This implies that

1
lim — dist(¢(0) + kF(¢),[0,M]c) =0, Vo € [0,M]c.
K—
Let K = [0,M]c,S(t,x) = 7 (t —x) and B(¢,¢) = F(¢). Then it follows from [16,
Corollary 4], that (2.1) -(2.3) admit a unique non-continuable mild solution u(z, ) €
[0,M]c for ¢ € [0,00). Furthermore, since the semigroup .7 (¢) is analytic, the mild
solution u(z, @) of (2.1)-(2.3) is classic for r > T (see [21, Corollary 2.2.5]). O

3. Global Stability of the equilibria

In this section, we consider the global stability of the equilibria. Generally speak-
ing, it is difficult for us to obtain the global properties of the diffusive model with non-
linear functional responses. Recently, there has been some works on the global asymp-
totic stability of the constant equilibria of reaction-diffusion models by constructing
Lyapunov functionals and using LaSalle’s invariant principle, see [10, 15, 23, 28], for
example. Here, motivated by the works of [1], we investigate the global dynamics of
system (2.1)-(2.3). Such Lyapunov functional takes advantages of the properties of the
function

g(x):=x—1—1Inx, x € (0,40),

with g(x) >0 forall x € (0,+e0) and minp<y<1g(x) =g(1)=0.
Noting that R(z,x) does not appear in the first three equations of (2.1), we first
consider the following subsystem

? =dAS+u(1—=S8) = BiSfi(lr,) — B2Sfa(lr,),
aa_l; =d\AL + BiSfi(ly) — (W + 7)), 3.1
2L = )AL + BrSfr(Iy,) — (o + P)Da,

with the initial conditions
S(t,x) = @1 (t,x), L (t,x) = ¢2(t,%), L (¢,x) = @3(t,x), V(t,x) € [-7,0] xQ, (3.2)
and the Neumann boundary conditions

8S_811 _812_
%_W_W_O,t>0,xe89, (3.3)
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where @;(t,x) > 0 and @;(t,x) # 0 for any (¢,x) € [—7,0] x Q. It follows from the
maximum principle [25] that S(z,x) > 0, I;(z,x) > 0 and L (z,x) > 0 for any (r,x) €
[0,0) x Q.

THEOREM 3.1. If %y < 1, then Ep(1,0,0) of system (3.1)-(3.3) is globally at-
tractive.

Proof. We consider the following Lyapunov functional
L(t) = /Q(L1 (1,0) + La(t,)) dx,

where L (¢,x) = g(S(z,x)), and
Lo(t,3) = 1 (1.%) + 1o(t,x) + By [

-1y

1
Il(e,x)de+ﬁ2/ 1(0,x)d6.
-7

Obviously, L(#) is non-negative in R* and attains zero at Ey. Next, we calculate the
time derivative of L(¢) along the solution of system (3.1)-(3.3).

Note that
8L1 1 u 2
7k E(S_ 1)d;AS — 5(5— )= (S=1)(B1fily,) + Bafa(Iz,))s (3.4)

and
oL,
= = di1Al + AL + BiSfi(Iy, ) + B2Sf2(It,)
1 1
+ﬁ111(1—§1)+ﬁ212(1—%) = Pilz, — Pols,. (3.5)

Consequently, by (3.4) and (3.5), we obtain

dL(r) _ 1 H 2
= —/Q<S(S DAAS +diAl+daA B~ (5= 17+ C(1,) ) d

where

Cu(1.%) =~ fi (s s, — 0aafall)ie, + But (1= 5 ) + Baa (1 o).

which follows that C(7,x) < 0 for %y < 1.
By the Divergence Theorem and (3.3), we get

/Ade:07/A11dx:07/A12dx:O, (3.6)
Q Q Q

and 5
AS Vs
o [ VSl

Q? o $?

(3.7)
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It is easy to see that

dL(r) 1 s 1 s /
N a [ = VS|Pde— [ =(S— 12+ | €y (t,x)dx.
o = —ds [ SIVSIPar—u [ S(s=17dv+ [ it

Hence, %y < 1 ensures % <0onR". And also, for Zy =1, L) _ 0 if and only if

dr
S=1,I; =0, =0. The largest compact invariant set in {(S,1;,5) € R3 : %Et) =0}is
the singleton Ey. By LaSalle’s invariant principle [1 1, Theorem 4.3.4], Ey is globally

attractive when %, < 1. [

Next, we show that the single-infective equilibria £, (S, I1,0) and E»(S,0,1) are
globally attractive.

THEOREM 3.2. If E{(S,11,0) exists (i.e., %1 > 1), but E2(§,O,IA2) does not exist
(i.e., % < 1), then E;y of system (3.1)-(3.3) is globally attractive.

Proof. We construct the following Lyapunov functional

1 I _— 1 t
0= 5y Jo (5 FV +BATTh + St B || 1(6,4)40)
where
S I — /t 1
V — = ,V — _ ,V — TI 5 d
s=28(5). Vi =s8(3). Vi ng(ll 1(s,%) ) ds

By the properties of the function g(x), it is easy to see that the Lyapunov functional V
is non-negative and attains to zero at E;. That is to say, V is positive define. Next, we
show that d‘gg’) < 0 along the solution of system (3.1)-(3.3).

For the simplicity of notation, let

S 1 I
u=§7v=717w=§,F1(w)

_ filliw) fl(l‘rl).
1y I Al filly)

A short calculation gives

#BAD (1=~ 00 +Fi(0) — (1= ) 2.
9;’;1 _ (Iil - %)dlAh + Iilﬁlel(ll)(uFl(W) —v=TF(w) 1),

and

vy,
ot

=g(v)—gw)=v—w+Inw—Inv.
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Thus,
av() 1 11 Ir/1 1 1
dr _ﬁlfl(ll)/Q((S_l_§>dSAS+?(1_1_H>dlMl+Ed2M2)dx
poo(s-5)° 1 uFy(w)
+/Q(_[31f1(1‘1) 3s _g<;>_g( v ))dx
+ /Q (Fi(w) — w+ Inw — InFy (w) + Ca(1,x))dx,
where
——&u _1 f2(17:2) _
Cali0) =~ (1--) ) By Besle) ~ G )R
B,
Py B

Recall that (3.6) and (3.7), we see the first integration of the above is non-positive. By
the same arguments as the proof of [1, Theorem 4.2], we get

Fi(w) —w+1Inw—1InF;(w) <0 for all w > 0 except at w = 1 where it vanishes,

and Cy(r,x) < 0 for (¢,x) € (0,4o0) x Q. Hence, d‘g—t(’) < 0 on R with equality
holding only at E . The largest compact invariant set in {(S,7;,5) € R3 : %St) =0}

is the singleton Ej. Hence, it follows from LaSalle’s invariant principle [1 1, Theorem
4.3.4] that E; is globally attractive. [J

By symmetry, we can prove the following theorem parallel to Theorem 3.2 in a
similar fashion.

THEOREM 3.3. IfE2(§,O,IA2) exists (i.e. %> > 1), but E{(S,1,,0) does not exist
(i.e. 1 < 1), then E5(S,0,1) of system (3.1)-(3.3) is globally attractive.

Proof. Define the following Lyapunov functional

~

! by T
V(t) _ﬁzfz(fz) /Q<V5+ §Vlz +ﬂ2f2(12)wz+§ll+ﬂl/t—rl

t

Il(e,x)de)dx,

where
S LN\ ~ d 1
Vs = <7\>,V = (r>7v :/ <71 S7)C>dS.
s=e(3) Ve=¢ % b Hzg 122( )
The rest of the proof is similar to that of Theorem 3.2, so we omit it here. [
In the following, we study the global stability of E*(S*,I},1;) .

THEOREM 3.4. If E*(S*,1},I3) exists (i.e., o> 1), then E*(S*, I} I3) of system
(3.1)-(3.3) is globally attractive.
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Proof. We construct the following Lyapunov functional

1 I I
W(t) = m/{z (WS+ S—l*Wll + S*WI2 + Bufi(I7) Wy, +[32f2(12)W,2>dx

where

Ws = <S> Wy = (1"> wi= [ (11-( ))d i=1,2
s=& g ) I,-—g Il* ) L — t_Tig Ii*zsyx S, 1= 1,2.

Obviously, W (z) is non-negative in R™ and attains zero at E*. Following the approach
in Theorem 3.2 with the following modification on function F; as

flliw)  filly)
= =1,2
) R@) T

we can find the derivative of W (¢) along the solution of (3.1), and obtain
=" — < )dAS <_ . _> di AT
dr ﬁlfl(l*)(/ <<S* S) +S* I* I 1Al

+§—{<i*——2>d2A12 dx——/SS )2

+/ 2_—-|-F1(w1)——F1(W1)—W1+1nW1—111V1>dx
Q u Vi

S LI

?a Vi:Fa wi = 177 E(Wl):
i i

u =

BB L0 ) e

Recall that (3.6) and (3.7), we get the first term of the above is non-negative, and

dw (r)
dr

1
g/ <2——+F1(w1)—1F1(w1)—w1+lnw1 —lnv1>dx
Q u Vi

) () o

:/Q <_g<%> —g(:—lFl(W1)> + (Fi(wi1) —wi +1nw; —lnFl(wl))>dx

GO

+ (Fa(wa) —wp +1nwy — lan(Wz))>dx.

Similarly, we can see that dW(’) <0 in RT with the equality holding only at E*. The

largest compact invariant set in {(S*,I},I}) € R3 dW( = 0} is the singleton E*.
Hence, it follows from LaSalle’s invariant pr1n01ple [11 Theorem 4.3.4] that the co-
endemic equilibrium E* is globally attractive. [

In what follows, we study the fourth equation of system (2.1). The equation reads
as
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IR(t,x)
ot

Then we have the following result.

= drAR(t,x) + 11, (t,x) + Yl (t,x) — LR(2,x). (3.8)

LEMMA 3.1. (i) If %9 < 1, then hmR(t x)=0;
(ii) If #1 > 1 but %> < 1, then tlggR(ux) =R;
(iii) If %> > 1 but %, < 1, then IILIE,R(I’X) =R;
(iv) If Zo > 1, then ,ILIE,R(I’)C) = R*.

<
<

Proof. Using the Green’s function I" associated with dgrA and the Neumann bound-
ary condition and integrating (3.8) yields

R(t7x):e_”t/gl"(dRLx,y)(m(O,y)dy
!
—|—/0 e_’“‘S/QI"(dRs7x,y)(ylll(t—s7y)+7/212(t—s,y))dyds. (3.9)

Due to Ep(1,0,0) of system (3.1) is globally attractive by Theorem 3.1, we then have

limS(t,x) =1, lim/(1,x) =0, lim b(r,x) =0.
Hence, noting that [, I'(dgs,x,y)dy = 1 and using the Lebesgue dominated conver-
gence theorem to (3.9), we get tlim R(t,x) = 0; i.e., the conclusion (i) is true. By the

same way, we can proof the remaining conclusions, and omit it here. [

Now, summing up Theorems 3.1-4 and Lemma 3.1, we can obtain the following
conclusion.

THEOREM 3.5. (i) If %y < 1, then Ey(1,0,0,0) of system (2.1)-(2.3) is globally
attractive;

(ii) If #) > 1 but %> < 1, then E{(S,11,0,R) of system (2.1)-(2.3) is globally
attractive;

(iii) If %> > 1 but %, < 1, then Ez(S 0 12, ) of system (2.1)-(2.3) is globally
attractive;

(iv) If Zo > 1, then E*(S*,I},I3,R*) of system (2.1)-(2.3) is globally attractive.

4. Existence of traveling wave solutions

According to the stable analysis of system (3.1)-(3.3) at the equilibrium Ey, E|,
E,, and E*, let Q =R", we will first establish the existence of traveling waves to
system (3.1) connecting the equilibria Ey and E*. More precisely, we look for a special
translation invariant solution of the form (S(x-e+ct),I1(x-e+ct),(x-e+ct)) of (3.1),
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where ¢ > 0 is the wave speed and e is a unit vector in R”. Without loss generality, we
consider n = 1. Letting x+ct by 7, then S(¢),1;(¢),»(t) satisfy the following system

cS'(t) = dyS" (1) + (1 —S(t)) — BiS(t) fi(li (r — cT1))

—BaS(t) f2(L2(t — c12)), @
(1) = di I} (1) + BiS(1) fi(l (1 — e1)) — (i + 1)1 (2), ’
ch(t) = doly (1) + BoS(1) fo (L (t — eT2)) — (M2 + 1) 1o (1),

and the boundary condition
S(—e0) =1, S(4o0) =8*, [;(—o0) =0, Li(+e) =1, i=1,2. (4.2)

The characteristic equations associated with the linearized equations of the second and
third equation of (4.1) at Ey(1,0,0) are

Ai(A, ) =did* — A+ Bie *T — (i +7) =0, i=1,2.

It is easy to show the following lemma [22, lemma 3.1], see also, [12, lemma 2.1]
or [18, lemma 4.4].

LEMMA 4.1. Assume that %; > 1. Then there exist ¢; >0 and A} >0 such that

IAI(A,c)

Tkl & AR =0 =12

Furthermore, Aj(A,c) also satisfies
(i) if c < c;, then Aj(A,c) >0 forany A > 0.
(ii) if ¢ > ¢, then Aj(A,c) =0 has two different positive solutions A (c) < Ai(c)
with
_ >0, A€(0,41(c))U(Ain(c),4e0),
Ai(d.e) { <0, A€ (A(c) An(c).

4.1. Construction of the upper-lower solutions

In this subsection, we assume that %, > 1 and %, > 1. In addition, we fix ¢ >
c* :=max{c],c}} and always denote A;;(c) by A;1, i =1,2. Now, by the ideas [2, 12,
19, 20, 22, 27], we define six continuous functions as follows, for r € R,

— 1 Hoqop
St =1, S( :max{l——e‘”7 }
) S(t) o unogon+oufr+ o

1
Ti(t) = min {elﬂﬁ — (i 1)}, L,(t) = max {elﬂf (1- Miegit),O}, i=1,2,

1

where o,M;, €& (i = 1,2) are positive constants to determine in the following lemmas.
LEMMA 4.2. The functions S(t) and 1(t) satisfy the inequality
diT{ (1) = eIy (1) + BiS(O)Ai(T1 (1 —em)) = (m+ W) (1) <O, (43)
forall t # 1y := g-In (- (%1 —1)).
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Proof. When t <11, T1(¢) = ¢™'. Note that S(z) = 1 and T;(t) < 1’ for all
t € R. Then

Ty (1) = I, (1) + BiS(0) ATy (¢ — emr)) — (1 + n)Ta (¢)
<Ay (1) =Ly (t) + BiSOT (t — ety) — (w1 + 1)1 (1)
<e

1t
M A — cAag + Bre M — (g +71))
=0.

When t > 11, I,(t) = oc%(‘@l —1). It follows from the fact I, (1) < ai(%l —1) forall
t € R that

diy (1) — eIy (1) + BiS@) fi(T1 (1 — et1)) — (i + 7)1 (1)
ST (0) =y (0) + BifiTa(t — em)) — (w +n)T1 (1)
0.

This completes the proof. [l

Similarly, we can get the following lemma.
LEMMA 4.3. The functions S(t) and 1,(t) satisfy the inequality

oIy (1) — cLy(t) + BoS(0) fo (Tt — cT2)) — (M2 + 1) Ta(£) <0, (4.4)
forall t # 1> := 7-1n (- (%2 — 1)).

LEMMA 4.4. The functions S(t), 1,(t) and I,(t) satisfy the following inequality

d,S"(t) = S (1) + u(1=3() = BiS(0) i (Ly <t—cn>>—ﬁﬁ(r)fz(zz(t—crz))<(2.5)

The proof is trivial and we omit it.

LEMMA 4.5. Let 6 € (0,min{A1,A21}) be sufficiently small. Then the functions
S(t), 11(t) and I(t) satisfy the inequality

diS" (1) ~ 8/ (1) + 1(1 = $(0)) ~ BiSO AT (1 — 1)) — BaS(1) fo(Ta (i — em2)) > 0,

(4.6)
o(ouBo+mpPr)
forall t #t3:= N oo Bt oo B <0.
Proof. If t > t3, then S(t) = ——H%% ___— Hence,

pon o+ frtonpr

dyS"(t) = S'(1) + (1= 8(t)) = BiS(t) /i1 (t —cm)) — BoS(1) o (It — cTa) )
ﬁl ﬁ2

>dS" (1) — S (1) + u(1 — S(t)) — _1S( ) — a_25( )
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If ¢ <13, then S(t) = 1— L. Note that the function f;(x) <x (i =1,2) forall
x>0 and I;(r) <M1, i=1,2, forall t € R. One gets

)= S (0) + p(1 = 8()) = BiSO) i (Tt — 1)) — BaS() fo Dot — )
> dyS" (1) — e (1) + (1 — S(0)) ~ BSOL (1 — 1) — BoS(O)Ta (1 — 1)

> (_ 4,6 +c+ %)em _ Byetili=en) _ g an(i—cn)
> ( —d,c+c+ % — Brenen ﬁze”b'm) e
Then, for sufficiently small o >0,
—do+c+ % — BreMien — Breh1en > ),

which gives that (4.6) holds for # < 3, which completes the proof. [J

LEMMA 4.6. Let 0 < & <min{o,Ai1,A12 — A1 }. Then, for My > 1 sufficiently
large, the functions S(t) and I, (t) satisfy the inequality

dI{(t) = eIy (t) + BiS(O) ALy (t — em)) — (4 NI (1) = 0, 4.7)
forall t # 14 := élnMLl.
Proof. For t > 14, then the inequality (4.7) holds immediately since I(r) =0 on

[t4,00). For t <t4, then I, (¢) = M1 (1— My ) . In view of the fact £ (x) > x(1— 0x)
forall x > 0, and

M1 —Mie™) <L) <M, 1—=e” <S(1) <1, Vi eR,

1
c
we get
di I (1) = Ly (1) + BiS(t) f1 (L (r — cm)) — (1 + 1)L (2)
> d I (t) — Iy (t) + BiS(0) I (t — ety) (1 — oLy (1 — cTp)) — (1 + 1)L (2)

—MlAl(A‘ll'i_gl,C) (A1+er) ﬂ o eZ?LUt ﬁl MH—G
:e(z’ll+gl)t<_MlAl(A’ll+£1,C)—B1ale(}t’ll_£1)t ﬁl G 81 )

Note that e(®—€1)" < 1 and eM17€) < | gince 6—¢; >0, A;;—€ >0,and 1 <14 < 0.
Therefore

— MiA{ (A1 +€1,¢) — BrogelPn—ar — ﬁ1 (o—ey)r
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1
> —MA1 (A1 + €1,¢0) — Brog — %-
Consequently, we need only to choose

ofia
M1>max{1,— Broa + B )},

oA (A1 +€1,¢
then (4.7) holds. [

Similar to the proof of Lemma 4.6, we can get

LEMMA 4.7. Let 0 < & <min{0o, 421,42 — A21 }. Then, for My > 1 sufficiently
large, the functions S(t) and I,(t) satisfy the inequality

oLy (1) = ch(t) + BoS(t) o (L (1 — cw2)) — (2 + 1)L (1) = 0, (4.8)
forall t #t5:= ;—zlnMLz.

4.2. The verification of Schauder fixed point theorem

In this subsection, we shall use the usual Banach space B := C(R,R?) of bounded
continuous functions endowed with the maximum norm

1] = fgﬂg(l@ (O] +12(1)[+1¢3(2)]) for @ = (91, 2,¢3) € B,

see [14, 26]. Next, for any ¢ > ¢*, we construct the profile set as follows
Te={(S,11,1) € B: (8,1,,1,)(1) < (8,11, L) (1) < (S,11,12)(1) }-

Clearly, I'. is a bounded nonempty closed convex subset of B.

Define p1; < 0 < pjp satisfying dsp2 —cp—v=0, pa1 <0 < py satisfying
dip?—cp—y=0 and p3 <0 < p3, satisfying dop®> —cp —y =0, where y >
max{ty + 7, + 1} is a constant such that

YS() + (1= S(1)) ~ BiS() A1t — ) — BaS(0) fo(lalt — 7))

is monotone increasing in S > 0. For (S,1},) € Tz, we denote

H (8,10, 1)(¢) = y8() + (1 — (1)) — BiS(0)fi (1 ¢ — em))
= BSt) f2(L(t — cT2)),
Hy(S,1,2)(t) = y1i(¢) + BiS(t) fi(li (t — cT1)) — (1 + )N (1),
H3(S,11,1)(t) = v (1) + BoS(0) fo((t — cT2)) — (2 + 1) 1o (2).
By the definition of y, we see that H; is monotone increasing in S and monotone de-

creasing in I and I, ; H, is monotone increasing in both S and [ ; and H3 is monotone
increasing in both S and .
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Then we define an operator F = (Fy,F»,F3) : T'. — B as follows

L (" gont=s) L [T ppuatis)
FI(S7II7I2)(Z) = Al (/ ek +/ ef? )HI(S7II7I2)(S)ds7
L ¢

1 " e (t—s) o p22(t—s)
FZ(SaIIaIZ)(t) = A_2 (/ eP2i +/ eP2ti™ )HQ(S,II,IQ)(S)CIS,
e t

L (" gont=s) o [T ponatis)
F3(Salla12)(t) = A_g(/ et +/t e >H3(Salla12)(s)ds7

where Aj :=dy(p12 — pi11), Az :=di(p22 — p21), Az :=da(p32 — p31).

LEMMA 4.8. Themap F :T. — T,.

Proof. For (S,1),I,) € T, we only need to prove that for all 7 € R,

§(t) < Fl(Svllvb)(t) <1, ll(t) < F2(S711712)(t) < 7l(l‘)7
L(r) < Fy(S,1,1) (1) < Tae).

Here, we only prove the first inequality of the above holds since the proofs of the others
are similar to that of the first one of the above. Indeed, according to the monotonicity
of H; with respectto S, I} and I, we have

Fl(§771772)(t) < FI(S7II7I2)(I) < Fl(§711712)(t)7 teR.
Thus it is sufficient to verify
S(6) <F(8,11,12) (1) < Fi (8,11, 1) (1) < 1. (4.9)

For t # 13, by (4.6), we have

7. 1 L' pnt=9 o [ orali=s) I, 7
ASTLI)0 = 1 ( [ et [ et (s 11,1 (s)as,
— oo t

t T
5 L(/ P11(—) +/ ePlz(’*-"))(yQ(s)—|—c§/(s)—ds§”(s))d&
A\ e t

When t > 13, since S'(13—) <0 and p;2 > 0 > pyy, it follows that

Fi(S,11,D)(t) > AL ( / "t t)ep““‘”(yg(s)wg’(s) —d,S"(s))ds

1 —oo 3
| B '
b [ () 8 (5) ~ g (5))ds
i
Ly Y ds _
= (TS — LS oPri(t13) ¢ (10
AL pr2 pul S Ay $(-)
d
- 8 oput—13) ¢l (1,
S(t) A C S'(t:—)
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Similarly, when 7 < 13, we also have Fy(S,11,15)(t) > S(¢). By the continuity of both
S(t) and Fy(S,11,12)(t), we obtain Fy(S,11,12)(t) > S(¢) forall r € R.
On the other hand, for any ¢ € R, it follows from (4.5) that

3 L[ o) 4 [77 o9\, (3
RGO = ([ [ et 50, L) s,

1

1 oo — < K%
< L(/ epll(t—s)+/ ePlz(t—5)> (yS(s)—l—cS/(s)—dSS//(S))dS
Aq —oco !
1

' +oo

_ pii(—s) / P(=9)) (45 (s))d
A1</,f et (8(s))as

=1.

This completes the proof of (4.9). O

LEMMA 4.9. The map F :T. — T, is complete continuous with respect to || - ||
in B.

Proof. We first show that the operator F| is continuous. Note that, for any ®; =
(S1,011,51),®2 = (S2,512,122) € B, it is easy to see that there exists L > 0 such that,
forall r e R,

|Hy (S1,411,101)(t) — Hi(S2,112,122) (2)| < L(|[11(t — 1) — 2t — cT1))|
+|01(t —ct2) — ha(t —c2)| +[S1(2) — S2(2)])
< L@y — Dy

Then

|F1(S1,111,121)(t) — F1(S2, 112, 122) (1)

< L(/t ep“(tf.\')_’_/—‘rooeplz(tfs))Hq)l—q)2||
A\ e !

L
< [y — D
Y

Then, F; : T — T, is continuous with respect to the norm || - || .
Next, we prove that F is compact. Let

Mi=  sup  |Hi(S(),0(0), ().
(S,01,1)€Te VteR

For any given Ar > 0 and (S,1;,1;) € T'c, keeping in mind that p;; <0 < pj2, it follows
from the definition of Fj that

|F1(S, 11, 1) (t + At) — Fi(S, 11, 1) (1)

1 1+A1 ¢
:A_’</ Pl / e"“" H1(S,11,12)(s)ds
1 —oo



116 DANXIA CHEN AND ZHITING XU

n (/w eplz(t+m—s)_/meplz(t—f)>H1(S,Il,lz)(S)dS
1+A !
| t
< —<\eP“At—1‘/ ep“(’*-")\Hl(S,Il,b)(S)‘ds
A] -
t+At
+/ PN ) | F (8 11 D) (s)]ds
'
n (eplet _ 1)/ el’lz(t—f)u-]l (S,11,5)(s)|ds
t

1+Ar
+/ ePlz(t—S)‘Hl (S,11,12)(S)‘ds>
t

t t+At
< M (ePul(l — ePuAI)/ e*Pu-\'dS_FePu(erAI)/ e P11sdy
Aq —co '

oo

_|_eP12f(eP12At _ 1)/

t+At
M1(2 p11A 2 —p12At
= —(— (P 1)+ —(1—¢ P12 )
A ( ) pn( )

P11
4M,
A

t+At
e P125(d¢ + eP12! / e—P12Sd5>
t

<

Here, we use the inequality ¢* > 1 +x for x € R. It follows that {F\(S,1;.L)(¢) :
(S,11.Ib) € T} is a family of equicontinuous functions.

Similarly, one also can show {F;(S,1;,5)(t) : (S,1;,1,) €T}, i=2,3, s a family
of equicontinuous functions. Thus, {F(S,1;,5)(t) : (S,11,1») € T} represents a family
of equicontinuous functions. Then the Arzela-Ascoli theorem implies that F' takes the
bounded convex subset of I', into a compact subset of I'.. The proofis completed. [J

Now we are in a position to state and show our main results as follows.

THEOREM 4.1. Assume that Zo > 1 and %o > 1. Then for every ¢ > ¢*, model
(4.1) admits a nontrivial traveling wave solution (S(x+ct),Ii(x+ct),hh(x+ct)) sat-
isfying the asymptotic boundary condition (4.2), and

lim e ML (1) =1, lim e 2L (1) = 1.
t——oo

t——oo

Proof. By Lemmas 4.8 and 4.9 and using Schauder fixed point theorem, we can
conclude that there exists a pair of (S(¢),11(¢),L(t)) € T+, which is a fixed point of the
operator F', consequently, (S,I1,) is a solution of (4.1). Also, in view of Lemmas
4.2-4.7, it is easy to see that S(—eo) =1, I} (—e) =0, L(—co) = 0. Moreover, we see
that tgglme—llltll (=1, tgglwe_AZItlz (t)=1.

On the other hand, for any 7 € R, observing that (S(¢),/1(¢),12(¢)) € T'c, we then
get S(t) >0, I1(r) > 0 and L(¢) > 0. Further, we claim that 7;(r) > 0 for any 7 € R.
Indeed, if there exists 7y € R such that I;(zp) = 0, then there exist constants a,b € R
such that a < é In MLI <band 1y € (a,b). Itimplies [, (¢) attains its minimum in (a,b)



Differ. Equ. Appl. 8, No. 1 (2016), 99—122. 117

for any 7 € [a,b]. From the second equation of (4.1), I; satisfies
—diI{ (1) + I (1) + (W + 1)L (1) =0, 1 € [a,b)].

By the elliptic strong maximum principle (see, [25, Lemma 2.1.2]), it follows that
I1(t) =0 for t € [a,b]. On the other hand, by Lemma 4.6, we have I;(t) > 0 for

t € [a, é In Mil) This is a contradiction. Similarly, we can proof that I>(z) > 0 for any

teR. , ,
We next show that “;((t’)) , 2 Ei; ZE;; are bounded for any # € R by similar

arguments as those in [8, Theorem 4.2(ii)]. Indeed, system (4.1) can be rewritten as

and

1 /

ds N S q1(1) 0 0 S
— | d L | +c| L | +| gu(t) —(1+7) 0 I | =0,
d, b b q31(t) 0 —(Uu2+7) b
where u
‘hl(’):%_H_ﬁlfl(ll(t_CTl))_ﬁ2f2(12(t_072))
and

g1 (1) =Pifith(t—cm)), qa(t) = Pfo(b(t —cn)).

Note that (S(z),11(z),12(z)) € T'c, we see the functions ¢;1(¢), i = 1,2,3, is bounded.
Apply Harnack inequality (see [4, Theorem 1.1]), it follows that there exists C > 0 such
that for any r € R,

S(E)<C min S(&), L(E)<KC min L(&),i=1,2.
max S(E)<C min SE), max LE)<C min K(E), i

Therefore, there exists C > 0 such that

NOIROINEAY
S(t) L) D)

Next, motivated by [8, 9, 12], we use the Laypunov method to show S(+e0) = S*,
I (4e0) =1, h(+e°) = I3 . To this end, we consider the following Lyapunov functional

|+

|+

‘ga teR. (4.10)

V(t) =c(Vs(t) + Vi, () + Vi, (1) + (1 + )LV () + (2 + 1) L Va(t)
+dss’(S—*—1)+d11{( fily) —1)+d21§( () —1),

S(t) fili(2)) fa(l(t))
where
Vslr) =S —8'~ 5 In 5 Vi) =L~(r>—l;*—/li(l) fc(&gdn =12,
o fi

and

ot fillis)) filli(s)) .
Vi(t)—/ti”i< i )ds,z_m.
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By (4.10), we know the function V is defined and bounded from below.
A direct calculation shows that

Vs _ 5§ S-S5 . e o
dts_ 5 (cS’):T(dsS”+u(S —8)+ BiS* A(IE) + BaS* o ()

—BiSAi(h(t —cn1)) = BaShr(L(t — 1)),

e fi(h)
= ST (1 Bt — ) — (s + 1),
fi(l)
and
d /., /8" S =S SU(S)?
dz(8<?_l>) s S T TS
d /0 filly) o fillf) Jill5) oy
E<Il<‘f‘l(ll) _l> _Ii (fz(lz) _1> - fl_(ll_).f;'(ll)(li)zv
and
Vi _ fillit—cm)) | filh) | fillit—cn))
V) B 1/ R 1/ R
Thus,
v aS (S dfiNAI)I) dhB)AB) I p(S—S)
d s fin) £(b) s
* *\2 * *\2
+B1S" fi(li(t —ct1)) = (1 + 1)L+ BoS" oLt — cw2)) — (L2 + 1) 2
—BiSfi(Li(t CTI))QE%?"’(“I"‘YI) fl(lig
L) 5)
—BaSfalba(t - CTz))fz(é)wL(MerYz) 2(12)
LSl (I—CTI)) f1(11)
. f(I( ct1)) *fz( 2(t—cm))
+(”1+YI)IIIHW (”2+Y2)12W
 fa(b) o Sa(b(t—cn))
(#2+?’2)12f2(12) (ll2+7’2)121n7f2(12) :
Note that
filil —ew) _ 8 SAC—CR) o — B, =12,

fili) S S*filli)
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it follows that
WV dS(S)? AAGAOEG? dhEB)ABEG? a5

ar 52 f2(1) /() S
=+l (g—l—ln—> (#24'7/2)12(?_1_1“?)
L/ SAL(t—cmy)) Sfi(li(t —cm))

.ul"‘?/l Il( S*fl Il _I_IHW>

St (L(t—cm)) ShH(L(t — 1))
Gy (PR S 1)

Ilfl(lf) filly)
“l+yl I ( 1 I*fl(ll + 1( *) 1)
szz(f Lb)
et n)h ( I*fz(lz) fz(lf) )
 aSEP AAIAMEE  bAEAGLIER  us-s)
s2 fin) f3(h) S

S* S* s
—(+n I{‘(?—l—ln—> (M2+Y2)12<S 1“?)

Sfi(li(t —cm)) Sfi(li(t —cm))
.ul"")/l I ( S*fl Il _I_IHW>

ShH(L(t —cn)) Shi(hL(t—cn))
i (P 1)

Silh)y (A7)
u1+%1(1 A )>< (11)—1)
(b )y L)

In views of fi(f;) = %&Jl, i=1,2, the last two term reduces to
o) (b -6 o+ p)(h—5)
(I+ouli)(1+oul;)  (1+oh)(1+ol)
In addition, note that f/(I;) >0 for [; >0, i=1,2, and
S S

E_l_lnS >0 for§>0,

and

Sfi(Li(t —cm)) Sfi(li(t — cm)) -
-2 |l —-In———>0for ;(t —c11) >0,5S>0,i=1,2.
S0 5 i) men
Consequently, V is decreasing and bounded from below on R*. Note that ‘11—‘; =0 if
andonlyif S=S*, [ =I{, L =1I;, =0, I} =0 and I, = 0. Thus, this shows the
boundary condltlon (4.2) holds, which completes the proof. [
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In what follows, we turn to study the traveling wave solution of the fourth equation
of (2.1). Letting x+ ct by ¢, then the equation reads

drR"(t) — cR'(t) + vil1 (t) + ph(t) — uR(t) = 0. (4.11)
Then we have the following conclusion.

LEMMA 4.10. Assume that %o > 1 and % > 1. Then for every ¢ > ¢*, Eq.(4.11)
has a traveling wave solution R(t) with tliIEl R(t) =0 and Ilim R(t) =R".

Proof. Note that equation (4.11) has a bounded solution given by

1 ! : ° :
Ry = ([ [0 ) un(s) + maha(s))ds,
where
c—/c2+4d c++/c?+4d
pa1 = TRM <0, ps2 = TRM >0, Ay = dr(paz — par).-

By using the L’Hospital rule, we get

1 1 1
lim R(t) = — (— — — ) lim (mL(t)+ phL(t)) =0,
Jim R(e) = 1 (o= o) Jim (1 (1) + pb()

and

) | " " *
lim R(r) = ﬁ}gg(%ll () +ph(t) = %11 + %Iz =R

f—o0

This completes the proof. [l

Finally, summing up Theorem 4.1 and Lemma 4.10, we obtain the main result in
this section.

THEOREM 4.2. Assume that %o > 1 and Xy > 1. Then for every ¢ > c*, sys-

tem (2.1) admits a traveling wave solution with speed ¢ which connects the equilibria
Eo(1,0,0,0) and E*(S*,I},I;,R").

5. Conclusion and discussion

In this paper, starting from the works [1, 5], we presented a mathematical model to
describe the spatial dynamics of a diffusive disease model with two-strains and latency
delays. For this model, by an abstract treatment, we studied the existence, uniqueness
and positive of the solution to the initial-boundary-value problem associated to system
(2.1).

For the model under consideration, the global stability of the equilibria is com-
pletely determined by selecting suitable Lyapunov functionals. More precisely, the
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disease dies out from the population if the basic reproduction % < 1; but, if %y > 1,
then the disease will persist and one or both of the strains become endemic: depend-
ing the model parameter values, either one or both of the two boundary (one-strain)
equilibrium or the co-persistence equilibrium is globally attractive.

As we know, the traveling wave solutions describes the disease propagation into
the susceptible individuals from an initial disease-free equilibrium to the disease equi-
librium. Here, we proved that existence such a traveling wave solution connecting the
disease free and endemic equilibria is totally determined by the threshold values %
and % .

As a final remark, it is worth to mention, in this paper, we do not show whether
¢* is the minimal wave speed cpy , that is, there does not exist traveling wave solution
connecting the two steady states for 0 < ¢ < cmin. Recently, Liang and Zhao [13] have
proved that for a class of system with certain monotonicity, these two speeds indeed
coincide. Clearly, the results in [13] can not apply to the model directly, since system
(2.1) is non-monotone. Hence, it is of interest to study the relation of the minimal wave
speed and the asymptotic speeds of spread for system (2.1). This problem will be left
for our further investigation.
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