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PRACTICAL STABILITY OF DIFFERENTIAL
EQUATIONS WITH NON-INSTANTANEOUS IMPULSES

RAVI AGARWAL, SNEZHANA HRISTOVA AND DONAL O’REGAN

(Communicated by Michal Feckan)

Abstract. The concept of practical stability is generalized to nonlinear differential equations with
non-instantaneous impulses. These type of impulses start their action abruptly at some points
and then continue on given finite intervals. The practical stability and strict practical stability
is studied using Lyapunov like functions and comparison results for scalar differential equations
with non-instantaneous impulses. Several sufficient conditions for various types of practical
stability, practical quasi stability and strict practical stability are established. Some examples are
included to illustrate our theoretical results.

1. Introduction

Many evolutionary processes are characterized by the fact that at certain moments
of time they experience changes to their state. For example, when a mass on a spring
is given a blow by a hammer, it experiences a sharp change of velocity which could be
modeled by an instantaneous impulse. When the introduction of the intravenous drug in
the bloodstream and the consequent absorption for the body are gradual and continuous
processes (for example, insulin), then we can interpret the situation as an impulsive
action which starts abruptly and stays active on a finite time interval. In this case it is
called a non-instantaneous impulse (see [3], [5], [6], [18], [19], [20]).

The theory of stability for differential equations with instantaneous impulses was
discussed in the books [9], [12]. One type of stability is practical stability. The stability
and even asymptotic stability themselves are neither necessary nor sufficient to ensure
practical stability. The desired state of a system may be mathematically unstable; how-
ever, the system may oscillate sufficiently close to the desired state, and its performance
is deemed acceptable. Practical stability is neither weaker nor stronger than the usual
stability; an equilibrium can be stable in the usual sense, but not practically stable,
and vice versa. Practical stability was studied for various types of differential equa-
tions (see, for example, [4], [7], [8], [10], [11], [14], [15], [16]). Also, the concept of
strict stability (see, for example, [1], [2], [15]) gives information on the boundedness
of solutions.
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In this paper the impulses start abruptly at some points and their action continue
on given finite intervals, the so called non-instantaneous impulses. The concept of prac-
tical stability is generalized to nonlinear differential equations with non-instantaneous
impulses ([4]). Practical stability and strict practical stability is studied using Lya-
punov like functions and comparison results for scalar differential equations with non-
instantaneous impulses. Several sufficient conditions for various types of practical sta-
bility , uniform practical stability, practical quasi stability, strict practical stability, uni-
form strict practical stability as well as the corresponding uniform types of practical
stability are established. Some examples are included to illustrate our theory.

2. Non-instantaneous impulses in differential equations

In this paper we will assume two increasing sequences of points {z;}, and
{si}2 are given such that 0 < so < <s <ftip1 , i=1,2,..., and limy_o. 1 = oo.
The initial time 79 € [0,s0) JU;, [k, s%) is a given point. Without loss of generality in
this paper we assume 7y € [0,59).

Consider the initial value problem (IVP) for the system of non-instantaneous im-
pulsive differential equations (NIDE)

X' = f(t,x) for t € UZ_o(tx,54],
X(Z) = (Pk(t?x(sk_o)) for 1 € (Skatk+1]7 i:071727'”7 (l)

x(l‘o) = X0,

where x,x0€R", f: Uz o (10, st ) xR* = R", ¢ : [sg, 1] xR = R, (k=0,1,2,3,...).

REMARK 1. The intervals (s, #+1], kK =0,1,2,... are called intervals of non-
instantaneous impulses and the functions ¢(7,x), k = 1,2,..., are non-instantaneous
impulsive functions.

Also consider the corresponding IVP for ordinary differential equations (ODE)

X' = f(t,x) for t€ [1,5] with x(1)=%. )
We will use the following conditions:
(H1) The function f € C([0,s0] UUzp_ (tk,sx) % R",R") is such that f(z,0) =0,
t € [0,50] UUZ_o (f, ] and for any initial point (7,%) € [tr,5¢) x R", k=0,1,2,...
the IVP for the system of ODE (2) has a solution ¥(¢;7,%) € C'([t,s:],R") (in the
case k =0 the interval [r,sy) is replaced by [0, s0]).
(H2) The function ¢ € C([st,tx11] x R",R") and ¢ (¢,0) =0, ¢ € [sg,t,1].
The solution x(z;9,xo) of IVP for NIDE (1) is given by

X (1), fors € (tx,s¢), k=0,1,2,...,

3
(Z)k(l7Xk(Sk—O)), for t € (Sk7lk+1} k=0,1,2,... )

x(t510,X0) = {

where
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— on the interval [, so] the solution coincides with Xy (¢) which is the solution of
IVP for ODE (2) for T =1y, k=0 and Xy = xp;

— ontheinterval (sg,741], k=0,1,..., the solution x(;79,x0) = P (7, Xx(sx — 0))

— on the interval (#,s¢], k= 1,2,..., the solution x(¢;79,x0) coincides with X;(¢)
which is the solution of IVP for ODE (2) for T =1, and %y = ¢ (2, Xp—1 (k-1 —
0)).
Also, the solution x(z;f9,x9) of (1) satisfies the following system of integral and
algebraic equations

XO"‘ftg S (s,x(s300,x0))ds
fort € [to, s0],

O (2, x(s, — 0370,x0))
for t € (Sk7l‘k+1}, k=0,1,2,...,

St (ti,x(s-1 = 0310,%0)) + Jy. f(s,x(s300,%0) )l
for t € [tg,s¢], k=1,2,...,p.

“4)

X(I;IO,XO) =

REMARK 2. If #34; = s, k=0,1,2,... then the IVP for NIDE (1) reduces to
an IVP for impulsive differential equations (for example see the monographs [9], [12]
and the cited references therein). In this case at any point of instantaneous impulse #
the amount of jump of the solution x(¢) is given by I = ¢_1(t,x(tx — 0)) — x(1z — 0),
k=1,2,....

Let J C R be a given interval. Introduce the following classes of functions

PCJ,R") ={u:J—-R": ucc/{si}r,R":

u(sy) =u(sy —0) =limu(r) < oo, u(sp+0)=limu(t) <eo, k: s €J},
118y tlsy

PCHILRY) = {u:J — R": we O/ (s, R NC U0 (Uro (il RY)
u(sy) =u(sy—0) = liTmu(t) <oo, u(sp+0)= lilmu(t) < oo

limu/(t) < oo, limu/(t) <oo, k: s €J}.
ITSk tlsk

REMARK 3. According to the above description any solution of (1) is from the
class PC!([to,b)), b < o, i.e. any solution might have a discontinuity at any point sy,
k=1,2,....

EXAMPLE 1. Consider the IVP for the scalar NIDE

XIZAkx for t € (l‘k,Sk], k=0,1,2,...,
x(1) = ¢ (t,x(se = 0)) for 1 € (s, tx1], k=0,1,2,..., o)
x(t0) = xo,

where x,xy € R, A; are constants, 0 <1y < 5¢.
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The solution of (5) is given by

¢k(t7x(sk—0)) for t € (Sk,lk+1]7 k=0,1,2,...,

6
Or—1 <tk,x(sk_1 —0)>eAk(’*1k) for t € [tk7sk]7 k=0,1,2,3,... ©)

x(t:10,x0) = {

where ¢o(7,x) = xp.
Let ¢ (2,y) = ax(t)y, ax € C([sx,tx1],R), k=0,1,2,3,.... The solution of NIDE
(5) is given by

erAk(titk)JrZ?;OlA"(‘Y"it") Hile ai(t;) for t € (tx,8, k=0,1,2,...,
k
xoak(t)ezi:f)A"(Si_t") Hk;f a;(t) for t € (sg,tr1], k=0,1,2,...

i

x(t:10,x0) = {

3. Main definitions

First we give a definition for various types of practical stability of the zero solution
of NIDE (1). In the definition below we denote by x(¢;t9,x9) € PC'([to,0),IR") any
solution of the IVP for NIDE (1). Note the practical stability for non-instantaneous
impulsive differential equation is defined and studied following the classical concept of
the idea of practical stability ([14], [16]).

DEFINITION 1. Let positive constants 4,4 : A < A be given. The zero solution
of the system of NIDE (1) is said to be

(S1) practically stable with respect to ( A, A ) if there exists # € [0,50) UUr_, [te, Sk)
such that for any xo € R" inequality ||xo|| < A implies ||x(¢;20,x0)|| <A for ¢ > 19;

(S2) uniformly practically stable with respect to (A,A) if (S1) holds for all 7y €
[0,50) UV [t 50) 3

(S3) practically quasi stable with respect to (A,A,T ) if there exists an initial
time 79 € [0,50) UUp_, [f, sx) such that for any xo € R" inequality ||xo|| < A implies
[|x(2;20,x0)|| <A for t > 19+ T, where the positive constant T is given;

(S4) uniformly practically quasi stable with respect to (A,A,T ) if (S3) holds for
all 1y € [O,So) UU;Ozl [lk,Sk) .

Now following [15] we will generalize strict practical stability definitions to NIDE.

DEFINITION 2. Let positive constants 4,4 : A < A be given. The zero solution
of the system of NIDE (1) is said to be

(S5) strictly practically stable with respect to (A,A) if there exists an initial time
t0 € [0,50) UUZ_, [tx,sx) such that for any xo € R" the inequality [[xo|| < A implies
[|x(2;20,x0)|| < A for t >ty and for every A; : 0 < A; < A there exists A} < A; such
that the inequality ||xo|| > A; implies ||x(¢;20,x0)|| > A; for >ty

(S6) uniformly strictly practically stable if (S5) holds for all initia times #y €
[0,50) UUz_ [te, %) -

We will illustrate the concept of strict practical stability with an example.
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EXAMPLE 2. (Strict practical stability) Consider the ODE x' = G +11)2x x(ty) =

. . L1 . 1
xo with a solution x(t) = xpe 07 TeT. Since 1 < e™T < e and e ! < e AT < Ifor

. S
t € R, it follows that |xgle ™ < |xole 07T < x(r) < |xole 07Te < |xgle

Then the zero solution is uniformly strictly practically stable w.r.t. (1,e) because
if > 1 and |xo| > 2 then |x(¢)| > |[xole ! < Xe ! =A.
The presence of non-instantaneous impulses can cause a change on the behavior
of the solution and the stability properties and it will be illustrated in the next example:
EXAMPLE 3. Let ty =2k, sy =2k+1,k=0,1,2,....
Case 1. Consider the IVP for the scalar linear NIDE
X' =xfort € U ((2k,2k + 1],
x(t) = ¢ (t,x(2k+1—-0)) forr € (2k+1,2k+2], k=1,2,..., (7)
x(0) = xo,

The zero solution of the corresponding ODE x’ = x is neither periodic nor stable.
Case 1.1. Let ¢y (t,x) = e~ 'x. The solution of (7) is given by

=2k forr e (2k,2k+1], k=0,1,2,...
(I'OXO)_{xoe or E( ) + ]a s Ly &y ) (8)

X0 fort € (2k+1,2k+2], k=0,1,2,....
It is a periodic function (see Figure 1). The estimate |xo| < |x(¢;0,x0)| < |xo|e is valid
and the zero solution of NIDE (8) is uniformly strictly practically stable w.r.t. to (1,A)

where A > 0 is a given number, A = eA > A. Also, the zero solution of NIDE (8) is
uniformly stable.

i i i i i i .
/ / ! ( | / - .
! / / s h / .10, /
/ s / h / / /
/ / h h I / /
Lof ( / / / / /
/ / ; / / / /
/ / h J / / 0.5 /
/ / / / / / --- x0=0. . 7 o xp=
/ K / K K , 0 005 / X0=0.5
/ J i / / / - .
osk _ _ _ i /

— x=0.1 — x=0.1
Figure 1. Example 3. Case 1.1. Graphs of Figure 2. Example 3. Case 1.2. Graphs of
solutions for ¢ (t,x) = e \x and initial solutions for ¢y (t,x) = e 2x and
values xo = 1, x9g = 0.5 xo = —0.3. xo=1, xg =0.5x9g = —0.1.

Case 1.2. Let ¢(t,x) = e x. The solution of (7) is given by

xoe' 3 fort € (2k,2k+1], k=0,1,2,...,
(I'O xo)— —r
Xpe fort € (2k—1,2k], k=1,2,...

The estimate |xo|e ™ < |x(1;0,x0)| < |xole! ™%, t € 2k — 1,2k + 1], k=1,2,... is valid.
The zero solution of NIDE (8) is uniformly practically stable w.r.t. (1,A), A= Ae (see
Figure 2).
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Case 2. Consider the IVP for the scalar linear NIDE
¥ = —xfort € UZ ((2k,2k + 1],

x(t) = ¢ (1,x(2k+1—0)) forr € (2k+1,2k+2], k=1,2,..., 9)
x(0) = xo,
The zero solution of the corresponding ODE x’' = —x is asymptotically stable.

Case 2.1. Let ¢y(t,x) = xt. The solution of the IVP for NIDE (9) is given by
(1:0.30) = x0T TIE, (20) fort € (2k,2k+1], k=0,1,2,...,
T xpe 6D (2i) forr € (2k+1,2k+2], k=0,1,2,...
The zero solution of of the IVP for NIDE (9) (with xy = 0) is neither stable

nor practically stable (see Figure 3). The estimate x(#;0,x0) < |xo| TTI-! (2ie™!), 1 €
(2k,2k+2], k=0,1,2,... is valid.

—

Vo
\ .
\ — x=0.5
T |
)
\ - xp==0.1
\ ‘\\
N )

7 g Y
Figure 3. Example 3. Case 2.1. Graphs of Figure 4. Example 3. Case 2.2. Graphs of
solutions for @ (t,x) = xt and initial solutions for ¢p(t,x) = +/|x| and initial
values xo = 1, x9 = 0.5 x9 = —0.1. values xg =1, x9 = 0.5 x9 = —0.1.

Case 2.2. Let ¢ (t,x) = v/|x|. The zero solution of the IVP for NIDE (9) (with
=0) is stable. (see Figure 4).

Case 2.3. Let ¢(t,x) = e x. The solution of the IVP for NIDE (9) is given by

(1:0.30) xoe K fort € (2k,2k+1], k=0,1,2,...,
0.x0) =
7 Y xoe ¥ forre (2k—1,24], k=1,2,...
For any k = 1,2,... the estimate |x(t;0,x0)| < xoe 3, t € (2k — 1,2k + 1] is valid.
The zero solution of scalar NIDE (9) is practically quasi stable w.r.t. (A,A,T):
A=% <) T=1.
Case 3. Consider the IVP for the scalar linear NIDE

X' =0fort € Up o(2k,2k+ 1],
x(t) = e x(2k+1—-0) forre (2k+1,2k+2], k=1,2,...
x(0) = xo,

The solution of (10) is given by

X(t30,x0) = X0 forr € [0, 1],
T Y xge 2 forre (2k—1,2k+1], k=1,2,...

; (10)
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The zero solution of scalar NIDE (10) is practically quasi stable w.r.t. (A,A,T): A=
Lo T=1.

The zero solution of the corresponding ODE x’ = 0 is not asymptotically stable
but it is stable.

In this paper we will use the followings sets:

H = {a e C[RLRy]:ais strictly increasing and a(0) = 0},
SA)={xeR":|x]| <A}, A =const>0.

In our investigations we will use the IVP for scalar non-instantaneous impulsive
differential equations of the type

u' =g(tu), forte Uy otk s,

u(t) = Zi(t,u(sy —0)) fort € (sg,tp1), k€ 2y (11)
u(l‘o) = Uug

and the IVP for its corresponding scalar ODE

W =g(tu), telt,s], u(r)=ip (12)
where u,iig € R.

We will use minimal/maximal solutions of the IVP for ODE (12). For details and
some existence conditions see Definition 1.3.1 and Theorem 1.3.1 in [13].

We will use the following conditions:

(H3) The function g € C(J x R,R), J € [0,50] UUj_, (t, 5] is such that g(#,0) =
0, t € J and for any initial point (7,ig) : T € [tx,s5)NJ, k=0,1,2,..., and fp € R the
IVP for ODE (12) has a maximal solution i(t; 7,i) € C'([t,s:] NJ,IR") (in the case
k =0 the interval [t,s;) is replaced by [0, s0]).

(H4) The function g € C(J x R,R), J € [0,50] JUj_, (t, 5] is such that g(z,0) =
0, t € J and for any initial point (7,ig) : T € [tx,s5)NJ, k=0,1,2,..., and fp € R the
IVP for ODE (12) has a minimal solution ii(¢; T,iip) € C'([7,sx] NJ,R") (in the case
k =0 the interval [t,s;) is replaced by [0, s0]).

(H5) The function Z; € C([sg, 1] x R,R), Z4(2,0) = 0 for ¢ € [sy,t+1] and
it u) < Ei(t,v) for u < v, t € [sg,trq1] -

DEFINITION 3. Let p be a natural number and T € (z,,s,] be a given number.
The function u*(r) will be called a maximal solution (minimal solution) of the IVP for
NIDE (11) on the interval [ry, T] if

— it is a solution of the IVP for NIDE(11) on [fy,T];

— forany k=0,1,2,...,p and any solution u(t) € C'([tx,s;],R) of IVP for ODE
(12) with T =1, iip = u*(#;) the inequalities

u (1) = (L)ulr) fort € [, se] N 1o, T)
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and forany k=0,1,2,...,p—1

Ex(t,u” (s —0)) = (S)Ex(t,ulse)) fort € (sg,tit1]

hold.

LEMMA 1. Let:

1. Condition (H3) be satisfied for J = ngo(tk,sk} where p < oo is a positive
integer.

2. Condition (HS5) be satisfied for all k=0,1,2,....p—1.

Then there exist a maximal solution of IVP for NIDE (11) on the interval [ty,sp).

Proof. We will use induction to prove the claim.

Let 7 € [ty,s0]. According to condition (H3) there exists a maximal solution u(r)
of IVP for ODE (12) with T =t and iy = ug.

Let 7 € (s0,11]. According to condition (H5) for the function Ey(z,u) the inequal-
ity Zo(t,u;(s0)) = Zo(t,u(so)) for t € (so,t1] holds where u(r) is any solution of IVP
for ODE (12) with T =1, #ip = up which exists on [tg,s0] .

Let 7 € (11,s1]. According to condition (H3) there exists a maximal solution u(z)
of IVP for ODE (12) with 7 =1, and il = Zo(t1,u(s0))-

Let ¢ € (s1,1]. According to condition (H5) for Z; the inequality = (r,uj(s1)) >
Z1(t,u(sy)) for z € (s1,t2] holds where u(t) is any solution of IVP for ODE (12) with
T=1y, fig = Zo(t1,u;(s0)) = uj(t1) which exists on [r1,s1].

Following the same idea we construct the function

(1) fors € (t,s¢), k=0,1,2,....,p
Ek(t,MZ(Sk—O)) forz € (Sk?thrl]? k:0a1a2a"'ap_ 17

<
= %

u*(t;t(),u()) = {

where u; () is the maximal solution of the IVP for ODE (12) on [, s;] with T =17 and
fig = Zg—1(tx,u;_; (sg—1)) (in the case k = 0 it is denoted Z_(fg,u”* | (s_1)) = up).

According to Definition 3 the function u*(¢;#p,u) is a maximal solution of IVP
for NIDE (11). O

LEMMA 2. Let:

1. Condition (H4) be satisfied for J = Uizo(tk,sk} where p < oo is a positive
integer.

2. Condition (HS5) be satisfied for all k=0,1,2,....p—1.

Then there exist a minimal solution of IVP for NIDE (11) on the interval [to,sp].

Also, in our study we will use a comparison couple of scalar NIDE

u' =g (t,u), VvV =gy(t,v), t € Ui o (e, sk),
u(t) = O (t,u(sy —0)), v(t) =Yi(t,v(sk —0)), 1€ (sp,txr1], k=0,1,2,...,

u(t()) = U, v(t()) =0,
(13)
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where u,v € R.
We will introduce the strict practical stability of the couple of NIDE as follows
(for ODEs see Definition 4.1 in [15]):

DEFINITION 4. The zero solution of the couple of NIDE (13) is said to be

(S7) strictly practically stable in couple if for given (11,A1): 0 <A <A there exists
1o € [0,50) UUp_ [tx,5%) and for any A, < A; there exists Ay < A, such that the
inequalities |ugp| < A1 and A, < |vo| imply |u(z;20,u0)| <A; and Ay < |[v(;19,v0)]
for ¢ > ty where the couple of functions (u(t;19,uo), v(t:t0,ug)) is a solution of
the IVP for the couple of NIDE (13).

(S8) uniformly strictly practically stable in couple if (S7) is satisfied for every initial
time 79 € [0,50) U U, [tk 8x) -

In this paper we study the connection between the practical stability of the system
NIDE (1) and the practical stability of the scalar NIDE (11).
We use the class A of Lyapunov-like functions:

DEFINITION 5. Let J C R. be a given interval, and A C R" be a given set. We
say that the function V (¢,x) : J x A — R, belongs to the class A(J,A) if

1. The function V(z,x) is continuous on J/{s; € J} x A and it is locally Lips-
chitzian with respect to its second argument;

2. For each s; € Int(J) and x € A there exist finite limits

V(sg,x) =V (sg —0,x) =limV (¢,x) <o, and V(s; +0,x) =limV(f,x) < co.

ITSk [l-yk
We use the following derivative of Lyapunov functions V (¢,x) € A(J,A)

1
Dy V(t.x) = limsup o [V(t,x) V(—hx— hf(z,x)} fort € 70 (US_g e, 51)), X € A,
h—0+
(14)

where for any ¢ € (#,s;) there exists i; > 0 such that 7 —h € (1, s;), x—hf(t,x) € A
forO<h<h.

4. Main results

Now we give some comparison results.

LEMMA 3. (Theorem 1.4.1 [13]) Let E C R? pe open set and g € C(E,R).
Suppose [1,7+ a) be the largest interval in which the maximal solution r(t) of (12)
exists. Let m € C([1,7+a),R) be such that (t,m(t)) € E for t € [t,7+a), m(t) < up
and Dini derivative Dym(t) < g(t,m(t)) for t € [1,7+a).

Then m(t) < r(t) fort € [1,7+a).
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We give the comparison result for the scalar NIDE (11) which is a generalization
of Lemma 1 in [3] .

LEMMA 4. Suppose:

1. The function x*(t) = x(t;19,x0) € PC'([to,0)],A) is a solution of the NIDE (1)
where ACR", © € (tp,sp] is a given number, p is a natural number.

2. Forall k=0,1,...,p—1 condition (HS) is satisfied.
3. Condition (H3) is satisfied on the interval J = [t, 0] qu;é [k, ]
4. The function V € A([tg, ©],A) and

(i) the inequality

D(+1)V(t,x*(t)) <gt,V(t,x*(1))) forte (t,,,@]UUf;é(tk,sk}

holds;
(ii) for any number k =0,1,2,...,p — 1 the inequality

V(t, g (t,x" (5 —0))) < Ex(t,V(sk — 0,x" (s, = 0))) fort € (sg,txs1]
holds.

Then the inequality V (t,x0) < ug implies V (t,x*(t)) < u*(t) on [ty,©] where u*(t) is
the maximal solution of IVP for NIDE (11) on [to,©].

Proof. Note that according to Lemma 1| from conditions 2 and 3 of Lemma 4 there
exists a maximal solution u*(7) of IVP for NIDE (11) on [tg, ©].

Let V(t,x0) < up. We use induction to prove Lemma 4.

Denote m(r) = V(1,x*(t)) for 1 € [t9,0]. Let t € (1,,0]UU_) (1x,5]. Using
condition 4(i) we obtain

Dym(t) < D, V(" (1)) + Llimsup | | (£) — x*(t — B) — hf (£, (2)]|
(1 h0+ h (15)

= D V(e (1)) < glom(0)),
where L > 0 is the Lipshitz constant of the Lyapunov function V (7, x).

Let ¢ € [tg,50]. The function m(t) € C([to,s0],R") and m(ty) = V (t9,x0) < uo.
From Definition 3 the function «*(¢) is a maximal solution of IVP for ODE (12) with
T =1y, g = up on [fy,so]. According to Lemma 3 the inequality m(z) = V(¢,x*(r)) <
u*(t) holds on [tg, so].

Let 7 € (s0,1]. Then x*(z) = ¢o(¢,x*(so —0)). From conditions 4(i) and (H5) for
k = 0, the monotonicity of Zy and the above we get V(¢,x*(¢)) = V(z, ¢ (¢,x" (so —
0))) < Zo(2,V(so —0,x*(s0 —0)) < Eo(t,u* (so— 0)) = u*(¢), t € (s0,11].
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Let t € (11,51 (if ©® <) then we consider the interval (¢;,0]). Define the func-
tion m(r) = V(¢,x*(¢)) for r € (r1,s1] and m(t;) =V (t1,¢o(t1,x"(so —0))). The func-
tion m(t) € C([t1,51],R"), satisfies the inequality (15) and m(t;) = V (t1, ¢o (¢1,x" (so —
0))) =V(t1,x*(t1)) < u*(r1). Since the function u*(¢) is also the maximal solution of
(12) with T =1y, @iy = u™(¢;) on the interval [r1,s,], according to Lemma 3 we obtain
m(t) =V (t,x*(t)) <u*(z) for t € (t1,51].

Continue this process and an induction argument proves the claim in Lemma 4 is
true for r € [1p,0]. O

LEMMA 5. Suppose:
1. The conditions 1 and 2 of Lemma 4 are satisfied.
2. The condition (H4) is satisfied on the interval J = [t,, 0] UUf;(} [t, Sk] -

3. There exists a function V € A([to,©],A) such that condition 4 of Lemma 4 is
satisfied where inequalities in 4(i) and 4(ii) are replaced by >.

Then the inequality V (to,xo) = ug implies V (t,x*(t)) > u*(t) on [ty,©] where u*(t) is
the maximal solution of IVP for NIDE (11) on [ty,©]. .

Proof. The proof is similar to the one in Lemma 4 so we omit it. [

REMARK 4. The results of Lemma 4 and Lemma 5 are also true on the half line,
i.e. ©@ =oo,

‘We now obtain sufficient conditions for practical stability of the system NIDE (1).

THEOREM 1. Let the following conditions be satisfied.:

1. The conditions (H1) and (H3) are satisfied on J = [0,s0] JUy_ [t 5] -
2. The conditions (H2) and (HS) are satisfied for all k=0,1,2,....

3. There exists a function V € A(R ., R") such that

(i) the inequality

Da)V(t,x) <gt,V(t,x)) forte [O,SO]UUZ’:l(tk,sk}, xeS(A) (16)

holds where A is a given constant;
(ii) for any number k =0,1,2,... the inequalities
V(t,0c(t,x)) < Ex(t,V sk —0,x)) fort € (s, tir1], x € S(A)
hold;

(iii) a(||x|]) <V (t,x) <b(||x]]) for t e Ry, x € S(A), where a,b € ¥ .



424 R. AGARWAL, S. HRISTOVA AND D. O’REGAN

4. The zero solution of the scalar NIDE (11) is practically stable (uniformly prac-
tically stable) w.r.t. (b(L),a(A)) where the constant . : 0 <A <A, b(A) < a(A) is
given.

Then the zero solution of the system of NIDE (1) is practical stable (uniformly
practically stable) w.r.t. (A,A).

Proof. Let the zero solution of the scalar NIDE (11) be practically stable w.r.t.
(b(A),a(A)). From condition 4 there exists a point 7 € [0,50] JU;_, [tx,s¢] such that
luo| < b(A) implies

|u(t;t0,u0)| < a(A)  for t =1, a7
where u(t;0,uo) is a solution of (11). Without loss of generality we assume #o € [0, so] .

Choose a point xo € R" with |[xo|| < A and let x(¢;9,x0) be a solution of the IVP
for NIDE (1) for the chosen x¢ and the above 7y. Let ug = V (9, x0) and u*(¢;t9,u0) be
the maximal solution of the scalar NIDE (11) defined for # > 7y (Note it exists because
of conditions (H3), (H5) and Lemma 1). Since |ug| = V (t9,x9) < b(A) the solution
u*(t;t0,up) satisfies the inequality (17).

Assume inequality

||x(2520,x0)|] <A forz > 1 (18)

is not true. There are three cases to consider.
Case 1. There exists a point t* > tg, t* # s, k=0,1,2,... such that

[|x(z;20,x0)|| <A fors € [tg,t™) and ||x(t";19,x0)|| = A. (19)
From Lemma 4 with ® =¢* and A = S(A) we obtain
V(t,x(t;10,x0)) < u”(t;00,u0) for t € [to,1"]. (20)
From inequality (20) and condition 3(iii) we get
a(A) = a(|[x(t";t0,x0)||) <V (", x(t7500,%0)) <u(t7500,u0) <a(A).  (21)

‘We obtain a contradiction.
Case 2. There exists an integer k > 0 such that

[lx(t;10,x0)|| <A fort € [to,s¢) and ||x(sk;t0,x0)|| = A. (22)

As in Case 1 with * = s; we obtain a contradiction.
Case 3. There exists an integer k > 0 such that

[|x(2;20,x0)|| <A forr € [tg,sr] and ||x(sx +0;t0,x0)|| = A. (23)

From Lemma 4 with © = s; and A = S(A) we obtain inequality (20) for 7 € [tg, 5¢] -

Then x(s¢ 4 0;20,x0) = Ok (s, x(sx — 0;10,x0)) and according to conditions 3(ii) ,
3(iii) and inequality (22) we get

a(A) < a([x(sk + 0520,x0)[]) = a([| @ (s, x(sk — 0s10,%0)|[)
V (skes Or (i, X (5. — 0320,x0) ) < Wr (s, V (s — 0,x(sx — 0320,.x0) ) (24)
W (s, u™ (sp — 0s10,u0) ) = u™ (sx + 0320, up)) < a(A).

/

NN
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The contradictions obtained above prove inequality (18) is true and therefore the
zero solution of the system of NIDE (1) is practical stable w.r.t. (1,A).

The proof of the uniform practical stability of the zero solution of NIDE (1) is
similar. [

THEOREM 2. Let the following conditions be satisfied.:

1. The conditions (H1) and (H3) are satisfied on J = [0,s0] JUy_ [t 5] -
2. The conditions (H2) and (HS) are satisfied for all k=0,1,2,....

3. There exists a function V € A(R,R") such that

(i) the inequality

Dzrl)V(t,x) <gt,V(t,x)) forte [07SO]UUZ°:1(tk»Sk)7 xeR" (25

holds;
(ii) for any number k =0,1,2,... the inequalities
V(t, o (t,x)) < Ex(t,V(sy —0,x)) fort € (sg,tpy1], x € R"
hold;
(iii) a(||x|]) <V (t,x) <b(||x]|) for t e Ry, x € R", where a,b e ¢ .

4. The zero solution of the scalar NIDE (11) is practically quasi stable (uniformly
practically quasi stable) w.r.t. (b(A),a(A),T) where the positive constants T,A,A :
A <A, b(L) <a(A) are given.

Then the zero solution of the system NIDE (1) is practical quasi stable (uniformly
quasi practically stable) w.rt. (A,A,T).

Proof. Let the zero solution of scalar NIDE (11) be practically quasi stable w.r.t.
(b(A),a(A),T). From condition 4 there exists a point 7y € [0, s0] JU5_; [#, sx] such that
lug| < b(A) implies

lu(t;t0,u0)| < a(A) for t >19+T, (26)

where u(t;19,up) is a solution of (11).
Choose a point xo € R" with |[xo|| < A and let x(¢;9,x0) be a solution of the IVP
for NIDE (1) for the chosen x( and the above #y. Assume inequality

[|x(t;20,x0)|| <A fort =10+ T 27

is not true.
A proof similar to that in Theorem 1 by applying Lemma 4 with A =R" yields a
contradiction. [

We obtain sufficient conditions for strict practical stability of the system NIDE (1).

THEOREM 3. (Strict practical stability of NIDE) Let the following conditions be
satisfied:
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1. The condition (HI) is satisfied on [0,s0] UUy_, (tx,Sk)-

2. The condition (H2) is satisfied for all k=0,1,2,...

N

. The conditions (H3) and (H4) are satisfied on J = [0,s50] JU_, (tx,sx) for the
functions g\ and g, respectively .

N

. The functions ®; and ¥y, k=0,1,2,... satisfy the condition (H5).

W

. There exists a function V; € A(R;,R") such that

(i) the inequality

D’iVl(t,x) < gi1(t,Vi(t,x)) fort e [O,SO]UUle(tk,sk), xeS(Ap)
holds where Ay > 0 is a given constant;
(ii) forany k=0,1,2,... the inequality
Vi(t, or(2,x)) < O (2, Vi (sp — 0,x)) fort € (sg,txr1], x € S(Ar)
holds;
(iii) a1 (||x|]) < Vi(t,x) < bi(||x]|) for t e Ry, x € S(Ay), where ay,by € X .
6. Foreach m € (0,A;) there exists a function Vy € A(R,R") such that

(iv) the inequality

DYV (1.x) = ga(t,Vy (1.x)) for 1 € [0,50] [ JUiy (1, 50) [1x]] =
holds;
(v) forany k=0,1,2,... the inequality
Va(t, 9c(t,x)) = Wi(t, Va(sk — 0,x)) fort € (sg,ti], [x][ =1
holds;
(i) ax(||x]|) < Vi(t,x) < ba(||x|]) for t e Ry, ||x|| =1, where az, by € .

7. The zero solution of the couple of NIDE (13) is strictly practically stable (uni-
formly strictly practically stable) in couple w.rt. (b1(A1),a;1(A1)) where the
constant Ay : 0 < A; <Ay, bi(A1) <a1(Ay) is given.

Then the zero solution of the system NIDE (1) is strictly practically stable (uniformly
strictly practically stable) with respect to (A1,A).

Proof. Let the zero solution of the couple of NIDE (13) be strictly practically
stable. Then there exists 7y € [0,50] U}, [t,sx] and for any 4> < b;(A;) there exists
Ay < Ay such that the inequalities |ug| < by(A;) and A, < |vo| imply

lu(t;to,u0)| < ar(Ar) for t =1, (28)
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[v(t;t0,v0)| > Ay for t > 1o, (29)

where the couple (u(7:19,u0), v(t:10,v0)) is a solution of (13).

Let A; < A; be an arbitrary positive number and let I = a>(A3). Choose xo € R"
with A < |Jxo|| < A; and let x*(¢) = x(¢;70,x0) be a solution of the IVP for NIDE (1)
for the initial data (79,x).

Let (u*(t),v*(t)) be the solution of the IVP for the couple of NIDE (13) with
initial values (uo, V()) Tuyg=V; (to,xO), vo="V> (to,xO) where u* (l‘) = M(I;to,uo), v* (l‘) =
v(t;t0,v0) are the maximal solution and the minimal solution of the first and second
equation of (13), respectively defined for ¢ > #y (Note they exist because of Lemma 1
and Lemma 2). From the choice of x( and conditions 5(iii) and 6(vi) it follows that
Jo = bi(22) < by (1) and [uo| < b1(|[xoll) < b1(A) and [vo| > ax(|lvoll) > az(A2) =
A» . Therefore there exists Ay < ap(A;) such that inequalities (28), (29) hold.

As in Theorem | we can prove inequality (18) holds for ¢ > ¢y by replacing A by
Ay

Let the constant Ay > 0 be such that by(A;) = A,. Then by (As) = Ar < ay(A,) <
by(A2), and therefore Ay < A, < A1 < Ay. From condition 6 for 1 = A, there exists a
function Vy, (z,x) such that conditions 6(iv), 6(v) and 6(vi) are satisfied for ||x|| > A.

From the choice of xg it follows that ||xo|| > A2 > As.

Assume inequality

[|x(2;20,x0)|| > Az fort > 19 (30)

is not true. There are three cases to consider.
Case 1. There exists a point t* > tg, t # s;, k=0,1,2,... such that

[|x(2;20,x0)|] > Ay fort € [tg,™) and ||x(t";19,x0)|| = As. (31)
From Lemma 5 applied to the second component v*(z) = v(z;7y,vo) of the solution
of the couple of scalar NIDE (13) with V (,x) = Va, (t,x), T=1p, ©=1* and A= {x €
R": ||x|| > A2} we obtain
Va, (t,x(t310,x0)) = |v(t3t0,u0)| for t € [to,17]. (32)
From inequalities (29), (32) and condition 6(vi) we get

A, = by (Az) = ba(||x(t7520,%0)||) = VAZ(I*,X(Z*;Z()7)C())) > WV (%510, 1) > As. (33)

We obtain a contradiction.
Case 2. There exists an integer k£ > 0 such that

[|x(t;10,x0)|| > Az fors € [to,s¢) and ||x(sg;t0,%0)|| = Az. (34)

As in Case 1 with * = 5, we obtain a contradiction.
Case 3. There exists an integer k > 0 such that

Hx(t;l‘(),X())H > A, fort € [l‘o,sk} and Hx(sk—i—O;to,xo)H <Aj. (35)
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From Lemma 5 applied to the second component v*(z) = v(z;7y,vo) of the solution
of the couple of scalar NIDE (13) with V(¢,x) =V, (1,x), T=19, @ =5 and A= {x €
R™: ||x|]] = A2} we obtain inequality (32) for 7 € [tg, s¢].

Then x (s +0;70,x0) = O (s, x(sx — 0;19,x0) and according to inequality (29), con-
ditions 4, 6(v), 6(vi) we get

Ay = by(A2) = by (||x(sk + 0520,%0)|[) = b (|9 (s, x(sx — 0520,%0) )
>V (sk, Ok (sx, X (s — 0370,%0)) = Wik, V(s — 0,x(sx — 0520,%0))  (36)
> Wy (s, v(sg — 020,v0)) = v(sg + 0320, v0)) > As.
The contradictions obtained above proves inequality (30) is true and therefore the
zero solution of the system of NIDE (1) is strictly practical stable w.r.t. (4;,A1).

The proof of the uniform strict practical stability of the zero solution of NIDE (1)
is similar. [

5. Applications

We will give some applications of the obtained sufficient conditions to nonlinear
systems of NIDE.
Let ty =2k, s =2k+1,k=0,1,2,....

EXAMPLE 4. . Consider the initial value problem for the system of differential
equations with non-instantaneous impulses

X (1) =0.5x—0.5y°

Y (t) = xy* —2x°y+0.5y for € Up_o(te, 51, 37)
x(r) =Ax(sy —0), y(t) =By(sy—0) for t € (sg,tr1], k=0,1,2,...,

x(0) =x0, ¥(0)=yo

where A,B€R: |[A| <e!,|B| <e! are constants.
Consider the Lyapunov function V(x,y) = x*> +0.5y*>. Then a(s) = 0.5s* and
b(s) = s> in condition 3(iii) of Theorem 1.
Then
D(+37)V(t,x) =x2—xy’ +xy° =222 4+ 0.5y < V(t,x)
and
V(Ax,By) = A%x* +0.5B%y* < eV (x,y)

The comparison scalar equation is
u(t)=u for te€Up_o(te,sil,
u(t)=e 2u(sy —0) for 1 € (s, 4], k=0,1,2,..., (38)
u(0) =V (xo0,y0)-

From Example 3, Case 1.2 the zero solution of NIDE (38) is uniformly practically
stable w.r.t. (A,A), A>Ae~ L.
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According to Theorem 1 the solution of the system of NIDE (37) is uniformly
practically stable w.r.t. (v/4,v/2A).
Now, consider the corresponding system without any impulses:

X (1) =0.5x—0.5y%, ¥ (1) =xy* —2x’y+0.5y for t>0. (39)

Its solution is neither bounded nor practically stable (see Figure 5 and Figure 6).

1sf B0 7 - X

) — 0 1sp — 30
Figure 5. Example 4. Graphs of solutions Figure 6. Example 4. Graphs of solutions
of (37) with xg =yg =0.1. Sfor (37) with xg = 0.01, yg = 0.005.

The presence of impulses can change the behavior of the solution of the differential
equation.

EXAMPLE 5. Consider the initial value problem for the system of differential
equations with non-instantaneous impulses
X(t)=y
Y (1) = —x—100x> for 1€ Ur o(1e, e,
x(t):Aktx(Sk_O)7 y(t):Bkty(Sk—O) for te(skathrl}? k:O71727"'7
x(0) =x0, ¥(0)=yo
where Ay, B, € R : |Ay|(2k+2) < e !,|Bi|(2k+2) < e~ ! are constants.
Consider the Lyapunov function V(x,y) = 0.5x* + 25x* +0.5y>. Then a(s) =

0.5s% and b(s) = 0.5s> 4+ 25s* in condition 3(iii) of Theorem 2.
Then

(40)

DZO V(t,x) = xx' 4+ 100x°x’ +yy' = xy+ 100yx> — xy — 100yx* = 0

(“0)
and for any k=0,1,2,...
V(Axtx, Bity) = 0.5A21%%% + 25A%*x* + 0.5B3?
< 0.5AHE (2% +25A%¢ 1 x* +0.5B3E, 1 y*
<e WV (x,y).
The comparison scalar equation is

u(t)=0 for te€Up_o(te,sil,

u(t) =e 2u(ty—0) fort e (sp,tr41], k=0,1,2,..., (41)

u(0) =V (x0,y0)-
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From Example 3, Case 3 the zero solution of (41) is practically quasi stable w.r.t.
(MAT): A=4 <2, T=1.
According to Theorem 2 the solution of NIDE (40) is practically quasi stable.
Now, consider the corresponding system without any type of impulses:

X(1)=—y, Y (t)=—-x—100x for r>0. (42)

) b . -y -y X

\ \ . ST I A
U] T TRE T P T 0

Figure 7. Example 5. Graphs of solutions Figure 8. Example 5. Graphs of solutions
of (40) with xg = 0.1,y9 = 0.05. for (40) with xg = 1,y9 = 0.5.

EXAMPLE 6. Consider the initial value problem for the system of differential
equations with non-instantaneous impulses

X(t)=—2y+yz—x
V() =x—xz—y
Z(t)=xy—z for t€Up_o(tx,sx],
Ax (43)
x(t) = TX(Sk —0), y(t)=Bw(sk—0), z(t)=Cptz(sx—0)
fort e (Sk,lk+1]7 k=0,1,2,...,
x(0) =xo, y(0)=yo, 2(0)=2

where A, B;,C, € R, k=0,1,2,..., are constants such that e|A;| < s, |By| <e !,
and ‘Ck‘tk-&-l <e L.
Consider the Lyapunov function V (x,y,z) = 0.5x* +y? +0.5z>. Then a(s) = 0.5s*
and b(s) = s in condition 3(iii) of Theorem 2.
Then
+
D3
and forany k=0,1,2,...

V(t,x) :.X)C/ +4yy/+ZZ/ = _V(xayaz)

A2
V(Axtx, Byty) = 0.5 t—z’fx2 + B2y +0.5C2

A2
<05 —é“xz + B +0.5CHE, 2 < eV (x,y)
Sk
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The comparison scalar equation is
u(t)=—u for t € U7 o(te, s,
u(t)=e 2u(ty —0) fort € (sp,t541], k=0,1,2,..., (44)
u(0) =V (xo0,y0)-

From Example 3, Case 2.3 the zero solution of scalar NIDE (44) is practically quasi
stable w.r.t. (A,A,T): A= e% <A, T=1.
According to Theorem 1 the solution of NIDE (43) is practically quasi stable w.r.t.
(VA /24, 1).
Now, consider the corresponding system without any type of impulses:
X(t)=-2y+yz—x, y({t)=x—xz—y, Z({t)=xy—z for t>0. (45)

Its zero solution is stable (see Figure 9 and Figure 10).

o8 — | ‘;‘ —
=== (1) 05 \\\ \‘v ______________________ === z(t)
Figure 8. Example 6. Graphs of solutions Figure 10. Example 6. Graphs of solutions
of (43) with xy = 0.01, yp = 0.005, of (43) with xo = 0.0001, yo = 0.0005,
z0 =0.1. z0 = 0.001.
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