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Abstract. In this paper, we study the existence of multiple positive solutions for the following
equation:
At u = (Ko ()l uP2u + A £ (), x € R,

where N >3, o€ (O,N), pe (1+a/N,(N+a)/(N—2)), Ky(x) is the Riesz potential, and
f(x) e HTYRY), f(x) >0, f(x) #0. We prove that there exists a constant 1* > 0 such that
the equation above possesses at least two positive solutions for all A € (0,A*). Furthermore, we
can obtain the existence of the ground state solution.

1. Introduction and main result

Given N >3, € (O,N) and p € (1+o/N,(N+a)/(N —2)), we consider the
problem

—Au+u= (Ko (x) % |u|P)|ulP~2u + A f(x),
(1.1)
ue H (RV),

where K, : RY — R is the Riesz potential defined for every x € RV \ {0} by

r(*3%)

[(4)r7 20 x|N-a’

Ko (x) =

and T is the Gamma function, the notation * denotes the convolution operator, and f
satisfies the conditions:

—1(mN
feH ' ®Y)\ {0}, 1)
f(x) =0 forallx e RY and f(x) £0.
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A special case of equation (1.1), relevant in physical applications, is the Choquard
equation

—Au+u= (ﬁ*uﬁ)m xeR3, (1.3)
as a model of an electron trapped in its own hole, and was proposed by Choquaerd
in 1976 as an approximation to Hartee-Fock theory of a one-component plasma [1].
In 1996, Penrose proposed equation (1.3) as a model of self-gravitating matter, in a
programme in which quantum state reduction was understood as a gravitational phe-
nomenon [5]. In 1976, Lieb [2] proved the existence and uniqueness of the mini-
mizer solution of the ground state to equation (1.3). Lions [3] obtained the existence
of many radically symmetric solutions for equation (1.3) by using variational meth-
ods, and further results for related problems may be found in [8, 9, 10, 13] and the
references therein. In these contexts, equation (1.1) is usually called the nonlinear
Schrodinger-Newton equation. If u solves equation (1.1), the function y defined by
v(t,x) = e u(x) is a solitary wave of the focusing time-dependent Hartree equation

ivi = —Ay — (Ko + [y]") WP 2y + A f.
In 2010, Ma and Zhao [12] considered the generalized Choquard equation
—Au+Vu= (Ka(x)*|u\p)|u\p_2u, (1.4)

where V is an electric potential. When V =1, [12] proved that every positive solu-
tion of problem (1.4) is radially symmetric and monotone decreasing about some point
under some assumptions on N, a, p. Especially, the positive solution is uniquely de-
termined up to translations as & = p =2 and N = 3. Moroz and Van Schaftingen
[16] obtained the existence of ground state solutions for problem (1.4), and got var-
ious qualitative properties of ground state solutions such as the regularity, positivity,
radial symmetry and decay asymptotics. For V' is a non-constant case, Moroz and Van
Schaftingen [22] proved the existence of ground state solutions for problem (1.4) with
Hardy-Littlewood-Sobolev critical exponent growth. Clapp and Salazar [15] and Lii
[19, 21] obtained positive, sign changing and ground states solutions for problem (1.4)
under different potential conditions.
For semiclassical cases,

— &2Vue + Ve = £ % (Ko (x) * ue|P) |ue |Pue, (1.5)

the existence of semiclassical ground state solutions for problem (1.5) has been con-
sidered in [18]. Under the assumptions on the decay of potential V', [23] proved the
existence of positive solutions by using variational methods and nonlocal penalization
technique. Moroz and Van Schaftingen in [17] obtained the nonexistence and optimal
decay of supersolutions of the Choquard equations. The existence of multiple semiclas-
sical solutions was also considered in [14]. Cingolani, Clapp and Secchi in [1 1] consid-
ered the existence of semiclassical regime of standing wave solutions of a Schrédinger
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equation in presence of nonconstant electric and magnetic potentials. Cingolani and
Secchi [20] studied the semiclassical limit for the pseudorelativistic Hartree equation.

In 2003, Kiipper, Zhang and Xia [7] obtained positive solutions and bifurcation
point for the following equation,

—Autu= (%Huz)u—l-lf(x), xeR. (1.6)
Motivated by the works we mentioned above, we study the existence of positive solu-
tions for problem (1.1) in the present paper. The main idea of our paper is related to
the nonhomogeneous for semilinear elliptic equations [3, 6, 7]. The methods in these
papers are dependent on the local character of the equation. We use a different method
and some special estimates to obtain our results. Likewise, we generalize the results in
[7] at the same conditions.

In particular, we study the dependence of solutions on the parameter A, and work
out multiple positive solutions and the ground state solution. Such problems are of-
ten referred to being nonlocal because of the appearance of the term [y (Kg/(x) *
|u|P)|u|Pdx, which implies that problem (1.1) is no longer a pointwise identity. The
main difficulties dealing with this problem lie in the presence of the nonlocal term and
the lack of compactness due to the unboundedness of the domain RY.

Now, we state the main result of this paper.

THEOREM 1. Assume that N >3, a € (O,N), pe (1+a/N,(N+o)/(N—2)),
and | satisfies (1.2), then there exists A* > 0 such that equation (1.1) has at least two
positive solutions and a ground state solution for all A € (0,A1*).

The rest of this paper is organized as follows. In section 2, we introduce some
notations, preliminary results and lemmas for equation (1.1). In section 3, we prove
Theorem 1.

2. Some notations and preliminary results

From now on, we will use the following notations.

e C1,(;,C5,... denote various positive constants whose exact values are not im-
portant.

e — (respectively — ) denotes strong (respectively weal) convergence.

e 0,(1) denotes 0,(1) — 0 as n — eo.

o S,={ucH'RY): |u|=r}, B,={ucH'R") : ||u|| <r} and B, = {u €
H'RY) : lu]| < r}.

Let H'(RV) be the Hilbert space equipped with the inner product and norm

() = [ (Ve ud, = )

It follows from the Sobolev inequality that the embedding H'(RY) «— L4(RN) is con-
tinuous. Thus for each ¢ € [2,2%], there exists b, > 0 such that

luly < byllu| forall ue H'(RY), 2.1)
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where 2* =2N /(N —2) and |u|; = (Jpv |u|9dx)"/? is the usual norm in L4(RN).

In order to control nonlocal term in problem (1.1), we need the following Hardy-
Littlewood-Sobolev inequality,

// &) 44y < ol gl forall [ L' (RY), ge L"(RY),
RN xRN |x — y[* o

where 0 < o <N, 1 <rm<-eo and 1/r+1/m+ a/N =2, which states that if s €
(1,N/a) and every ¢ € L*(RY), then K * ¢ € LN/(N=05) (RN such that

N
s ‘ Noos
/ Koy % 0|7 dx < Cy.s (/ |¢“dx) , 2.2)
RN ? RN
where Cy ¢ > 0 depends on N, or,s. Set
A = [ Kal)sldPad?dx = [ [ Ko=)ty
From (2.2), we get
N+o
2Np v )
H (u) < Cn,ap (/]RN u|N+adx> =Cn,apluly, (2.3)

for every u € H'(RV), where Cy,qp is a positive constant and r = 2N /(N + ¢). By
the Sobolev embedding, H' (RN) < L2VP/(N+e) (RN if and only if

2Np
N+ o

. N+oa N+«
€ (2,2%), thatis, p € , .
(2,2%), thatis, p ( N N—Z)

By (2.3), we know that # (u) is well defined in H'(RM) for p € (1+ /N, (N +
a)/(N —2)). Furthermore, % (u) € C'(H'(RV),R).

Let u™ = max{u,0}, v~ =min{u,0}, u =u" +u~. One can verify that the weak
solution of equation (1.1) is equivalent to the non-zero critical point of the functional

:l/ |V’4|2+’4 dx——/ (K (x )(u+)pdx—l/ fudx.
2 RN RN

Moreover, the functional I, is well defined and I; € C'(H'(RV),R) from (1.2) and
(2.3). Define

1
- _/ (|Vu|* 4 u?) dx——/ u)P)(u)Pdx, (2.4)
2 JrN
which is the functional of the equation

— Au+u= (Ko (x) % |ulP)|u]P"2u, ueH (RY). (2.5)
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‘We consider the Nehari manifold
N ={ue H'RV)\{0}: (I'(u),u) =0}
{ue @)\ 10 W - /R (a0 )) P .

Denote
m=inf{l(u):ue N}, (2.6)

from [16, Theorem 1], we know that m is achieved by a function positive w € H 1 (RN ),
which is a critical point of the functional equation /.
In order to prove our results, we need some lemmas as follows.

LEMMA 1. Let o0 € (O,N), pe€ [I,(N+a)/(N—2)). If {un} C H'(R") is a
bounded sequence in L*NP/(N+)(RNY such that u, — u almost everywhere in RN as
n — oco. Then we have:

() H (u) — K (up —u) — A (1) as n — oo,
(i) " (up) — " (uy —u) — " (u) in H'(RN) as n — oo.

The proof is analogous to that of Lemma 3.3 in [19], we omit it here.
LEMMA 2. Assume that N >3, o€ (O,N), pe (1+0o/N,(N+a)/(N—2)),

f satisfies (1.2) and {u,} C H'(RV) is a (PS). sequence for I, then there exists
u € H' (RN) such that w, — u in H'(RY), I (u) = ¢, or ¢ > I (u) +m.

Proof. {uy} is a (PS). sequence of I; in H'(RV), that is
L (up) > c€R, I (uy) >0 asn— oo

We shall claim that {u,} is bounded in H!(RY). It follows from (2.1) and (2.3) that

1+ o(1) 21 () = 505 ().

sl = 5 [ (Ko« )7 P =2 [ Fu

—EﬂunHz-l-E/RN(Ka(x)*(u P)(u de+—/ Fndx

1 1 1
>(5 =52 )l = (1= 52 ) AC uall
2 2p 2p

for p > 1, {u,} is bounded in H'(R"). Of course, u, — u in H'(R"), we set v, =
U, — u, then v, — 0 weakly in H'(RY, v, — 0 a.e. on RV,
If v, — O strongly in H'(RY), which means u, — u strongly in H'(R") and
I (u) = lim, .. I; (u,) = c. When v, does not strongly converge to zero in H'(RV),
we may assume that
[vall — 1 > 0.
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It follows from Brézis-Lieb’s Lemma and Lemma 1 that
I (un) =Ip (v +u)
1
:§||v,,—|—uH2—7L/Nf~ (Vntu) dx——/ (Ko (x) # (V) ) ((vat+u) TP dx
R

I TN
=5 11Vn = (1) — - (vn
Sl + Sl +ou(D) =2 [ £+ u)ax

_ ﬁ Joelo= 5 % [ Kao) s () )7

1, () + 1(v) — A /RN Fondx+on(1).
Passing to the limit as n — oo, one gets
CZI;L(M)-FJi_l)‘I;loI(Vn). (2.7
We can easily obtain {v,} isa (PS)., sequence for I from Lemma 2.6 in [21],
I(vy) — ¢y and I'(v,) — 0.

We choose a sequence {7, }, such that

2p-2 _ [[val]? .
Jrv (Ko (x) * (vi)P) (vl )P dx

For (I'(v,),v,) — 0, we can easily obtain

In

2p-2 _ [vall? _ 1 1

Tl — {0~ 1= o]

[[vall?

In

Then there exists a sequence {t,} such that (I'(t,v),tyvs) = 0. So t,v, € A". From
(2.6), we have

m < lim I(t,vy)
N—o0

=1im (I(tyva) —I(va) +1(vn))

n—oo

— lim ((t,f— ) [vall? + (2 — 1)/RN(KQ(x)*(v;)z’)(v;)ﬂdxﬂ(vn))

n—oo

= lim I(vy).

Nn—o0
For (2.7) and the above inequality, we get
c=1 (u)+m.

This completes the proof of Lemma 2. [
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LEMMA 3. There exist positive constants A*, r and p such that for every A €
(0,A%), we have
I |ues,(u) 2 p >0 and ing I (u) <0.
ueB,

Proof. By (2.3), we have

1

B =3l = 5 [ (Kao)+ (")) =2 [ fud

1 C
> u)? - L&
2 2p

Jul[ 37 = CrA||ul
1
> [lull? = Callul[* = CrAllu],

1
set g(r) = 51> = C11*? —Cyht for t > 0, letting r= (z-)77 >0, A* = 5¢; - then

g(r) = 3r* = CyAr = §r? for every A € (0,A%). It follows that there exists a constant
p > 0 such that I |,es, (1) = p > 0 forevery A € (0,A*). Choosing u € H'(RY) with
Jgn fudx >0, for any A € (0,A%), there exists r > 0 such that ru € B, and

12p

1
B (1) = 572 >~ =

T /RN(Ka(x)*(MJr)p)(qu)”dx—t?L/RNfudx<O ast — 0.

This completes the proof of Lemma 3. [

LEMMA 4. Assume that N >3, a € (O,N), pe (1+o/N,(N+a)/(N—2))
and f satisfies (1.2). Then there exists A* > 0 such that equation (1.1) exists a positive
solution for all A € (0,A"), which is a local minimizer of the function I),.

Proof. Applying Ekeland’s variational principle [4, Theorem 4.1] in B,, there is a
minimizing sequence {u,} C B, such that

. 1 1 _
(un) < inf L (u)+~, (@) = (un) — =[|l@ —wi, ¢ €B,.
UEBy, n n

Through calculation of the standard, we have
115, (un)|| — O and I (uy) —c; as n— oo,

where ¢, stands for the infimum of 7, on B, . Since {u,} is bounded and B, is aclosed
convex set, there exists w; € B,, up to subsequences, such that u, — w; in H 1 (RN )
and u, — wy a.e. in RY. Consequently, one gets

<Ii (wl)’ V> :,}EI.LU;L (un)7 V>

= lim ((un,v> —/RN(Ka(x)*(u,T)p)(u,T)plvdx—l/Rvadx)

n—00

:0’
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forall v € H'(RV). Then w; is a non-trivial solution of problem (1.1). Taking the test
function w| , we have

B w)owi) = Iwi || =2 [ widx=o,

so ||wy || =0. Thus w; =w{ > 0. From the strong maximum principle, we deduce
that w; > 0. Obviously, wy is a local minimizer of the function 7, . This completes the
proof of Lemma 4. [

LEMMA 5. Let oo € (O,N), pe (1+a/N,(N+o)/(N—2)), A >0 and f sat-
isfies (1.2), there exists A* > 0 such that for all A € (0,A1%), then the functional I
satisfies the following conditions:

(i) there exist r,p such that I, > p > 0 for all ||u|| =r,
(ii) there exists e € H'(RN) with ||| > r such that I (e) < 0.

Proof. (1) It has been proved by Lemma 3.
(i1) In fact, we have

L (w +1w) :%/RN (IV (w1 +1w)[*+ (wy —|—tw)2)dx—7L/RNf~ (Wi +1tw)dx
- %/RN (Kee() 5 (w1 +0w)F)P) (wi +1w)*)Pelx

1
2
<z will " 3p Ja (Ka(x)*wlf)wlfdx—l/Rwaldx

-1
—H/RN(VWI -VW—I—wlw)dx—t/RN (Ko (x) s W)Wl wdx
2P

E , (Ka (x) *wp)wpdx, (2.8)
R

2
—t?L/Rwadx—I— E”WH -

where ¢ > 0 and w is a positive solutions of problem (2.5) by [16, Theorem1]. Hence

1 1
lim 5 (Wi +1w) _

- Pyl
ST 2 2 /RN(Ka(X)*w WP dx < 0.

Taking 79 > 0 large enough such that I (w; +1w) < 0. Let e = w; + fow, obviously
lwi +tow| >r. O

Define
I'={yeC'((0,1,H" (R)) : y(0) = w1, y(1) = wi +tow},

¢ =infsuply (u).
vel uey

We can claim
c<I)(wy)+m, (2.9)
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Since w; is a positive solution of problem (1.1), we have

/RN (Vwi-Vw+wiw)dx = /RN (Ko (x) *w’f)w’f*lwdx—f—l/RN fwdx. (2.10)
It follows from (2.8) and (2.10) that

suply (wy +1tw) < I (wy) +m.
>0

Then
c<I(wy)+m.

This completes the proof of our claim.

3. Proof of the main result

In this section, we give the proof of our main result.

Proof of Theorem 1. According to Lemma 4, we have got that w; is a local mini-
mizer of functional 7).

From Lemma 5, there exists a (PS). sequence {u,} C H'(RY) of I,. Itis easy to
prove that {u,} is bounded in H'(R"). Hence there exists wy € H'(R") such that, up
to a subsequences, u, — wo in H'(RV).

If I) (wy) > I),(wa2). One see that wy,wy are two positive solutions of problem
(1.1) from Lemmas 2 and 4.

Otherwise, I) (wy) < I) (w2), from (2.9), we have

c<lw)+m<I(wy)+m.
Combining with Lemma 2, one gets

I;L(Wz) = lim I;L(un) =,
Nn—o0
So w; is a non-trivial solution of problem (1.1). Taking the test function w, , we have
(B (w2)owy) = w4 [ fw dx =0,

then ||w; || =0, w, =wj > 0. By strong maximum principle, we obtained that w, is
a positive solution of equation (1.1).

To sum up, we obtain two positive solutions of problem (1.1).

Last, we give the proof of the existence of ground state solution. In order to find
the ground state solution of equation (1.1), we denote

9 = {uc H'®")\ {0} I} (u) = 0},

my =inf{l; (u) :uc H' (RY),u c 4}.
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In the following, we show that there exists u, € ¢ with I) (1) = my, thatis, u, is a
ground state solution of problem (1.1). For every u € ¢, we have

I3 (1) =Ty (1) — 2 (1} ().

2p
=gl = 5 [ (Koo @) =2 [ fu
1 1
- P o [ Ral) s Pk 2 s

>(5- 35 I+ (55 = 1)ac .

hence I (1) > —co from p > 1. Then I) on ¢ is bounded from below.

Let {u,} C ¢ be a minimizing sequence of I;. From Lemma 2, there exists u, €

¢ such that u, — u, in H'(R") as n — co. Otherwise,

mp = I}L (u*) +m,

which is in contradiction with the fact that m > 0 for I) (u,) > m; . Therefore u, is a
ground state solution of problem (1.1). [
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