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Abstract. In this paper, we study the existence of solutions for nonlinear second-order ordinary
differential equations and inclusions with nonlinearity depending upon the unknown function
together with its first derivative, supplemented with a new kind of integral and multi-strip bound-
ary conditions. Krasnoselskii fixed point theorem and Banach contraction mapping principle are
employed to prove the existence and uniqueness results for the single-valued boundary value
problem. In the multi-valued case the nonlinear alternative of Leray-Schauder type is the key
tool for studying convex valued right-hand side, while the case of non-convex valued right-hand
side is handled with the aid of a fixed point theorem for contractive multivalued maps due to
Covitz and Nadler. Examples are constructed for the illustration of the obtained results.

1. Introduction

In this paper, we introduce a new kind of integral and multi-strip boundary con-
ditions, which relate the distribution of the unknown function (and its derivative) on
the given arbitrary interval with a sum of sub-strips conditions defined on finite many
segments of the given domain and solve a second order nonlinear ordinary differential
equation equipped with these conditions. Precisely, in the first part of the paper, we
investigate the following single-valued boundary value problem:

u'(t) = f(t u(t),u' (1)), —e<a<t<T <o,

/ dS—Z’]/j/ dS+2,17
/ s)ds = ij/i (s)ds+ Ay,

ey

where f:]a,T] x R x R — R is a given continuous function, a < & <11 < & <1y <
<& <nm<T, yj,pj eRT (j=1,2,...,m) and 41,4, € R. In the second part of
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the paper, we investigate the following multi-valued boundary value problem:

u' (1) eF(t u®),u' (1)), —o<a<t<T < oo,

/ dS—Z’]/j/ dS+2,17
/ ds—ZpJ/ (s)ds+ Ay,

where F : [a,T] x Rx R — Z(R) is a multivalued map, Z(R) is the family of all
nonempty subsets of R.

The importance of boundary value problems is well-recognized in view of their
extensive applications in applied sciences and engineering [34]. Much of the litera-
ture on the topic deals with classical boundary conditions. However, in order to model
the physical problem involving the data available at arbitrary interior points or finite
many segments of the given domain, one needs to apply the concept of nonlocal con-
ditions. For examples and details of nonlocal nonlinear boundary value problems, see
([23,19,2,31, 11,24, 18, 17,4, 6, 33, 5]) and the references cited therein. In case of ar-
bitrarily shaped domain, integral boundary conditions act as more realistic and practical
tools. Examples of such conditions can be found in numerous fields such as thermal and
hydrodynamic problems, underground water flow, blood flow problems, chemical engi-
neering, population dynamics, thermoelasticity, etc. For a detailed account of these con-
ditions, we refer the reader to a series of papers ([9, 26, 22, 30, 25, 1, 7, 3,29, 20, 16, 8])
and the references cited therein.

The rest of the paper is organized as follows. In Section 2, we prove an auxiliary
lemma related to the linear variant of the problem (1). The existence and uniqueness
results for the given single-valued boundary value problem together with illustrative
examples are presented in Section 3. Section 4 deals with the existence of solutions
for multi-valued boundary value problem (2) involving convex valued as well as non-
convex valued maps.

2)

2. Preliminary result

The following lemma plays a key role in defining the solution for the boundary
value problem (1).

LEMMA 1. Let g € C([a,T],R) and

7- a—zyj -&)|[r- a—zp, -&)| 0.

Then the solution of the equation u”"(t) = g(t), t € |a,T] subject to the integral and
multi-strip boundary conditions of (1) is given by

u(t)z/at(t—s) (s dS+A1A 5/ (}(()—i—Al(T—s))(T—s)g(s)ds

m n;
)+ 2 [ [ (pi) + 315 ) )a(p)apas]
J

j=1

3)
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where
x(t) =Ax(t —a) — As, €))

=T- a—zp, , Ay=T— a—Zly, = &),
"~ (5)

——Zn[ P-(&-a?].

T
A3(a

Proof. Integrating both sides of the equation u” (1) = g(¢) from a to ¢, we obtain

u(t) =c —l—cz(t—a)—l—/at(t—s)g(s)ds7 (6)

where c¢; and ¢, are unknown arbitrary real constants. Using the boundary conditions
of (1) in (6) together with the notations (4) and (5), we find that

¢ = AllAz [/T (Ag(T—S) Ay (T;S)2>g(s)ds+A1/ll

+2/ / Ayyi(s—p ABPJ> (p )deS—Aﬂz},

0= Ai {—/HT(T—S)g(s)der.ﬁ,lpj/;j /:g(p)dpds—i—lz},

Inserting the values ¢; and ¢, in (6) yields the solution (3). The converse of the Lemma
follows by direct computation. This completes the proof. []

3. The single-valued case
Let TT = C'([a,T],R) denote the Banach space endowed with the norm defined
by Jullrt = [l + ]l = supyciq 7y 1(6)] + supyep 7 (2)]. In view of Lemma 1, we
transform boundary value problem (1) into an equivalent fixed point problem as

u=u, (7

where . : T1 — I1 is defined by

(Fu)e)= [ (6=5)7(s.uts),ul 5))ds
T
—2A1A2 / |:ZX(I)+A1(T—S):| (T_S)f(s u(s) u/(s))ds

AlAzZ L [ o+ s 5= )] ot o)

+ﬁ [Alll —|—x(t)7tz].

®)
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Note that

/fsu ds—|—— Zp,/nj/fp, ),u'(p))dpds

)
[Tt >>ds+az}
For computational convenience in the forthcoming analysis, we set
T—a)? | |Ay(T—a)-45|[(T—a) a)? i—a)?
0= 2) + Z(AlAi : { 2 +Z, 1PJ<—nJ ) _(512 ) )HM‘]
(10)

[ (- ) ]

0 =)+ [

raf & yaf (&-ap
Al +j§1pj( B ) el an

Now we are ready to present our main results. For that, we need the following

assumptions:

(Hy) Let f:[a,T] x R xR — R be a continuous function such that

Lf(t,u,u") — f(t,v,V)| < €(|u—v|—|— |u/—v’|), Vi €la,T], £>0, uv,u',v € R;

(Hy) £(Q+01) <1, where Q and Q; are defined by (10) and (11) respectively.

In the first result we prove the existence of solutions for the problem (1) by apply-
ing Krasnoselskii’s fixed point theorem [32].

LEMMA 2. (Krasnoselskii’s fixed point theorem). Let Y be a closed bounded,
convex and nonempty subset of a Banach space X . Let ¢1, ¢, be the operators mapping
Y into X such that
(i) ¢1y1+ ¢oy2 €Y whenever y1,y2 €Y ;

(ii) @1 is compact and continuous; and
(iii) ¢n is a contraction mapping.
Then there exists y € Y such that y = @1y + ¢oy.

THEOREM 1. Suppose that (Hy), (Hy) and the following condition hold:

(Hs) There exist a function 6 € C([a,T],R™) with ||8]| = sup,c(, 7)|0(t)| such that
|f(t,u,u)| < 0(1), V(t,u,u') €la,T] x RxR.

Then the boundary value problem (1) has at least one solution on [a,T)|.

Proof. Consider By = {u € I1: ||u||n < r} with 7 > {|0]|(Q+ Q1) and introduce
the operators .7 and .% on B; as

(F10)(0) = [ (=5)(s,uts). 0l (5))ds,
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(F2u)(t) = —

2A1A2 /aT [2){(1‘) +A(T _5)} (T - s)f(S,u(S),u/(S))ds

+A11Az gfl /71 : [le(l) + YjAl(S—p)]f(p,u(p),u’(p))dpds

JFAIIA2 [Alll +x(t)xz]

Moreover, we have

(Fu)'( /fsu ))ds, t € [a,T],

n s
(P (0) = 4~ Zp, J. [ 1@ ute il papas

T
_/ (T —5)f(s,u(s),u ())ds + A, 1€ [a,T].
Observe that . = .%| +.%. For u,v € Bz, we find that

St Sl = sup {| [ 6=9)7suts). 0l ())as
t€la,T| a

_ZAiAz /aT [22(0)+ AT =9)] (T =5)£(5,0(5), V' (9))ds

TAA é//ﬂj : [032(0) + 131 (s = p)] £(p,v(p). (p))dps

s [+ 20}

(t —a)?
< [|6]| sup
[ Htem{ .

—a) — —a 2 m
= 0y S oyl — 0 - & — )|+ ol

j=1
1{(T a)’

il +3'Z|% ny—a)* ~ (& -a)] + ul] } <l0ll

and

[(Au) + ()|

:tes[ljpr /fs u(s ds+ ij/nj Sf (p,v(p),V (p))dpds
S T O >>ds+x2”}
< ”9”,:[3%]{(’ Sy ‘[zm, nj—a) = (& —a]|+ (T - + 2/l |}

< 0|01
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In consequence, we obtain
|A1u+ 22v|n < [[0](Q+01) <
Thus A u+ .%v € Br, which verifies the condition (i) in Lemma 2. Using the as-

sumption (H,) and (H;), we obtain

T
sl < s {5 | [2\x(t)|+|A1I(T—s)] (T-)

t€la,T|

Fls,u(s),ad (5)) = (s, v(5), (5))|ds

);u
|A1A2|E /apjlx )+ 7ikAi] (5= )]

x\ﬂp,u(p),u'(p))—f(p,v<p>,v’<p>>\dpds}

(vl + - {2222 [ -

+ X I~ - &l

1 m
+m [(T _a)3 +j=2‘1 |Y/[(n, —a)3 - (éj _a)BH]

< Q(Jlu—= vl + ' =v'||) < £Qllu=vn,

where
@ZQ_(T a)? ’MAz TA;;)2 A3) _j—;» 1)
and
H(yzu) (sz)
< sup |A1‘ ZP; Y ftp). ))—f(p,V(p)w’(p))’dpds

t€la,T]
-/ <T—s>|f<s,u<s>,u’<s>> Fls:v(9).v' ()]s }
< (=]l + 1’ =) s{upﬂ{ﬁ{zl \p;[(n,-—af—<s,-—a>21|+<T—a>2}}
t€la, j=

< 00, (Jlu=v]| + I’ =) <@ llu—vlln,

where Y
§1=Q1—(T—a)—M~ (13)
A1l

Thus we get
S — 5wl < £(C+0y )=l
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which implies that . is a contraction as ¢ (§+§1> </t <Q+ Q1> < 1 by the condition

(H»). Next, we show that .#] is compact and continuous. Notice that continuity of f
implies that the operator .#] is continuous. Also, .# is uniformly bounded on Bj as

ula < 61 [ L5 4 (r—a)],

where we have used (H3). Let us fix maX;e(q 7). x5 |f (4, u')| = f, and take 71,1, €
[a,T]. Then

[(“u)(t2) — (Fu) (1))
/al[(tg—s)—(tl—s)]f(s u(s),u ds+/ (ty — ) f(s,u(s),u' (s))ds

(t— t1

< f‘(lz—ll)(ll —a)+ ) — 0 as (t —t;) — 0, independently of u € B,

and
[(Au) () — (Fu) (1) < f(ta—11) — 0 as (&2 —t;) — 0, independently of u € By.

This implies that .7] is relatively compact on B;. Hence we deduce by the Arzeld-
Ascoli theorem that the operator . is compact on Br. Thus, all the assumptions of
Lemma 2 are satisfied. In consequence, by the conclusion of Lemma 2, the boundary
value problem (1) has at least one solution on [a,T]. O

REMARK 1. If we interchange the role of the operators .| and .%; in the previ-

T —
ous theorem, then the condition (H>) is replaced with E(ZJ [T—a+2]<1.

In the next result, we establish the uniqueness result for the problem (1) by means
of the following Banach’s contraction mapping principle.

LEMMA 3. (Banach fixed point theorem) [13] Let X be a Banach space, D C X
closed and F : D — D a strict contraction, i.e. |Fx—Fy| < k|x—y| for some k € (0,1)
and all x,y € D. Then F has a fixed point in D.

THEOREM 2. Assume that (Hy) and (H,) are satisfied. Then there exists a unique
solution for the problem (1) on |a,T].

(Q+Q1)K

— Q0+ 01)
Supcie, 7] |f(2,0,0)| = K. In the first step, we show that .7B,, C BW7 where the op-

erator . is defined by (8). For any u € B,,,t € [a,T] , we find that

£ (s,u(s),u' ()| = |f (s, u(s),u'(s)) = £(5,0,0) + f(5,0,0)]
< |f(s,u,u’) — £(5,0,0)| + | £(5,0,0))]
< L(Jull +[1']) + K < llufn+K < w+ K.

Proof. Define a set By, = {u € I : |ju||p < w} with w > and
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Therefore, for u € B,,, we obtain

[l = sup {] [ =) ts.uto)u5)yas

t€la,T]

; 2A1A2 /aT [ZX(Z) +A(T — 5)} (T - S)f(s,u(s),u’(s))ds

+A11Az ﬁ‘l /jj /us [ij(t) +YJ’AI(S—P)}f(PM(P)M/(p))dpds

[&M*‘%@MH}
—a)
(&

1
+A1A2

< [fw+K] sup
t€la,T

+’%’ [<T_a>2+.,§1 Ips1(1; — @) ~ (&~ a)’]| +2/Aa]

g [T+ Sl - ) - (&) + 61l
j=1
< [tw+K]Q,

where Q is given by (10) and

1 m
[(Lu)|| = sup /fsu ds—f——{z
1€[a,T] A

J=
_/ (T =) (s, u(s),u/ (9))ds + A2 | }

a

< [fw+K] sup {(t—a)
]

t€la,T

1 m
oAy [le pl(n;—a)* = (& —a)’]|+ (T —a)? +z|xz|} }

< [EW—FK]QI,
where Qg is given by (11). Consequently we have
1(Z W)l < [ew+K[(Q+ Q1) < w.

This shows that .¥’B,, C B,,. Next we show that the operator . is a contraction. Let
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u,v € I. Then

|-7u— || = sup )Yu Yv(t)‘
1€[0,T]

< IGS[S})T]{/;(I—S) Fls,u(s), 1 (s)) = F(s,v(s), ‘ds

1 T
+M/u [2‘x(t)|+|A1|(T—s)} (T —s)

x‘fsu u'(s)) — f(s,v(s), ’ds
i o [ o)
x| f(p,u(p)oul (p) = F(p,v(p),Y (p) | dpds
<offurt 1) ;W%A:X;Aww—av
+ X Ion— - (& -l
[ Xl - - & o]}
< Q=] + 1’ = V|)) < Q] v,
and
I(u) = (9l = sup |[(7w)(6) = () (1)
1€[0,7]
<tes[3pﬂ{ [ |tssuts).al () = 5,919/ (5)fas
|A 1] ZP%;J/; (p,u(p —f(p:v(p),v )dpds

- / T—s))f(s,u<s>,u'<s>> Fs.v(5),7/(5))]as] }
< 0wl + ' =) sup {(r—a)

t€la.T]

2|A|[zp, nj—a) - (& —ay]|+(T-a?| }

< LQ1(lu =l + [’ =v']l) < Q[ =i,

where Q and Q; are defined by (10) and (11) respectively. In view of the foregoing
inequalities, it follows that

[ = vlln < L(Q+ Q) l[u—vllm,
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which, by assumption (H,), implies that the operator . is a contraction. Thus, by Ba-
nach’s contraction mapping principle, we deduce that the operator . has a fixed point,
which corresponds to a unique solution of the problem (1) on [a,T]. This completes
the proof. [J

EXAMPLE 1. Consider the following boundary value problem:

u”(t) (1 >> [1 3),
3 (7/4 9/4 1 (11/4)
/ u(s)ds = — Yds+ = / u(s)ds+2,
1 (3/2) 3 (5/2) (14)

3, p 2 4 4 19 /4 4 11 p(1/4) dsi 1
/1 u'(s) s=3 ) u(s) s—f—ﬁ o u(s) s—l—ﬁ 52 u(s)ds+ 1.

Herea=1,T=3,m=3, =2, a=1,1=1/6, p=1/3, 15 =1/2, py =2/3,
p2:l9/247 P3:11/12» 51:3/27 771:7/4» 52:27 772:9/47 53:5/27 773:11/4’
and

1 [ i i

tu(t),u' () =
flt,u@)w' (1) = 55775 U fu] 14 ]

+e! ] :
Observe that |f(t,u,u’)| < 5[2+e7"] and |f(t,u,u’) — f(t,v,V)| < €||u—v||n with
¢ = 5. Using the given values, we find that A; = 1.40625 # 0,A> = 1.75 # 0, and
Az = 1 677083 (A1, Ay, and A3, are respectively given by (5), O = 6.774391,0, =
4.630556 (Q and Q; are defined by (10) and (11) respectively). Further, it is easy to
find that £(Q+ Q) ~ 0.844811 < 1. Hence the conclusion of Theorem 1 applies to the
boundary value problem (14).

We also see that all the conditions of Theorem 2 are satisfied with ¢(Q + Q) =~
0.844811 < 1. Hence it follows by the conclusion of Theorem 2 that there exists a
unique solution for boundary value problem (14) on [1,3].

4. The multi-valued case

In this section we prove the existence of solutions for the multi-valued boundary
value problem (2). We consider two cases (a) Carathéodory case (convex multi-valued
maps) and (b) Lipschitz case (nonconvex multi-valued maps).

For the convenience of the reader, let us briefly describe some basic concepts of
multivalued analysis [14, 21].

A multi-valued map G : X — £ (X) (i) is convex (closed) valued if G(x) is con-
vex (closed) for all x € X; (ii) is bounded on bounded sets if G(Y) = UyeyG(x) is
boundedin X forall Y € 22,(X) (i.e. sup,y{sup{|y|:y € G(x)}} <eo); (iii) is called
upper semi-continuous (u.s.c.) on X if for each xy € X, the set G(xp) is a nonempty
closed subset of X, and if for each open set N of X containing G(x), there exists an
open neighborhood .4 of x¢ such that G(4y) C N; (iv) is completely continuous if
G(B) is relatively compact for every B € &2,(X); (v) is measurable if for every y € X,
the function ¢ — d(y,G(t)) = inf{|y —z| : 2 € G(¢)} is measurable.
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If the multi-valued map G is completely continuous with nonempty compact val-
ues, then G is u.s.c. if and only if G has a closed graph, i.e., X, — X4, Yy — Vs,
yn € G(xp) imply y. € G(x,).

A multi-valued map G : X — Z(X) has a fixed point if there is x € X such that
x € G(x). The fixed point set of the multivalued operator G will be denoted by FixG.

For a normed space (X, || -||), we define Z,(X) ={Y € #(X):Y is closed},
Pp(X) = {Y € Z(X):Y isbounded}, Z;(X)={Y € P(X):Y is closed and
bounded}, Z.,(X)={Y € Z(X):Y is compact} and P, (X)={Y € Z(X):Y is
compact and convex }.

4.1. The Carathéodory case

In this subsection we consider the case when F has convex values and prove an
existence result based on nonlinear alternative of Leray-Schauder type for multi-valued
maps, assuming that F is Carathéodory.

DEFINITION 1. A multi-valued map F : [¢,T] x R x R — Z(R) is said to be
Carathéodory if

(i) t+—— F(t,x,y) is measurable for each x,y € R;
(i) (x,y) —— F(t,x,y) is upper semicontinuous for almost all ¢ € [a,T];
Further a Carathéodory function F is called L' — Carathéodory if
(iii) for each p >0, there exists ¢ € L!([a,T],R) such that
[F(t,x,y)[| = sup{[v]: v € F(t,x,y)} < 9p(¢)
for all x,y € R with ||x|,||y|| < p and fora.e. 7 € [a,T].

For each x € I1, define the set of selections of F' by
Spu:i={veL'([a,T],R) :v(t) € F(t,u(t),u () a.e t € [a,T]}.
We define the graph of G to be the set Gr(G) = {(x,y) € X x Y,y € G(x)}.

We need the following results to establish the main result in this subsection.

LEMMA 4. ([14, Proposition 1.2]) If G: X — P (Y) is u.s.c., then Gr(G) is a
closed subset of X X Y ; i.e., for every sequence {xn}nen C X and {yn}lnen C Y, if
when n — oo, Xy — Xy, Yy — yx and y, € G(x,), then y. € G(x,). Conversely, if G is
completely continuous and has a closed graph, then it is upper semi-continuous.

LEMMA 5. ([28]) Let X be a separable Banach space. Let F : J x X*> — Pepe(X)
be an L' — Carathéodory multivalued map and let © be a linear continuous mapping
from L'(J,X) to C(J,X). Then the operator

OoSr:C(J,X) = Pepe(C(J,X)), x— (©0SF)(x) =O(Sky)
is a closed graph operator in C(J,X) x C(J,X).
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LEMMA 6. (Nonlinear alternative for Kakutani maps [15]). Let E be a Banach
space, C a closed convex subset of E, U an open subset of C and 0 € U. Suppose that
F:U— Pep.c(C) is an upper semicontinuous compact map. Then either

(i) F has a fixed point in U, or
(ii) thereisa u € AU and A € (0,1) with u € AF (u).

DEFINITION 2. A function u € Cl([ T],R) is a solution of the problem (1) if

/ ds_Zyj/ (s)ds+ Aq, / dS—Zp,/ (s)ds+ Ay, and there

exists functlon v € L'(a,T],R) such that v(t) € F(t,u( ),u' (1)) a.e. on [a,T] and

u(t):/[(t—s)v(s)ds—zAiA /T [220) + A (T — )] (T~ 9)v(s)ds
fra 2 S [ [ oo it p]sydpas (1)
+A1A [A17L1+X( )/12}

THEOREM 3. Assume that F : [a,T] x R x R — P, (R) is L'-Carathéodory
satisfying assumptions:

(Hy) there exist functions p € C([a,T],R"), and nondecreasing function ¥ : R —
R such that

IF (,u 1) || = sup{[v[:v € F(t,u,u)} < [|plI¥([[ullm), (#,u,u') € [a, T]x R xR;

(Hs) there exists a constant N > 0 such that

al >1
[PI¥@) @+ 0

where Q and Q) are defined by (10) and (11) respectively.

(16)

Then the boundary value problem (1) has at least one solution on [a,T)|.

Proof. To transform the problem (2) into a fixed point problem, we define an op-
erator .# : Il — Z(I1) b

hell:

't 1 T
/ (r—s> <>ozs—2A1A2 | e +air =91 —9is)as
F(u) = h(t) = A1A2 Z/ / pix(t)+vjAi(s— )] v(p)dpds

+ﬁ {Alll +X(t)/12}7
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for v € Sk,. It is obvious that the fixed points of .%# are solutions of the boundary
value problem (2).
We will show that .7 satisfies the assumptions of Leray-Schauder nonlinear alter-
native (Lemma 6). The proof consists of several steps.

Step 1. F (u) is convex for each u € T1.

This step is obvious since Sr,, is convex (F has convex values), and therefore we omit
the proof.

Step 2. .F maps bounded sets (balls) into bounded sets in T1.

For the positive number r, let B, = {u : u € ITand ||u||; < r} be a bounded set in IT.
Then, for each h € .7 (u),u € B,, there exists v € S, such that

h(t) = /ut(t—s)v(s)ds— 2A1A2 /T [22(0) + AT = )] (T = 5)v(5)ds

AlAQZ/ /u pix(t) +vAi(s — )} (p )dpds—i—AlA [A1/11+X()7L2]~

Then, for 7 € [a,T], we have

t

(t—s)v(s)ds —

ho) < sup {
t€la.T]

AlAZZ/ / Pix (1) +1AL(s = )]V(p)dpds

2A1A2 /aT [2%@) +A(T - S)} (T — s)v(s)ds

+ﬁ [Alll +x(t )12} ‘}

< lpI¥(«lme < pI¥(r)Q

and
|7 ()] < sup { ds+— Zp,/ / p)dpds
t€la,T)
T
- / (T—s)v(s)ds—kb”}
< lpI¥([Jullm)Qr < [[pI¥(r) 01,
which yield

1Al < [lp¥(r)(Q+ Q1)

Step 3. .F maps bounded sets into equicontinuous sets of T1.
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Let 11,t; € [a,T] with f; <1, and u € B,. Then, for each h € .7 (u), we obtain

/u " [(2=5)— (11— 5) | v(s)ds+ : (12— $)v(s)ds|
7(I2A_1t1) ) [/aT(T —s)v(s)ds—!-j’:zn,lpj /;] /as v(p)dpds—klz}
<1 [t - )+ 250

| =S A =L PN

—0as (t—1t;) — 0, independently of u € B,

|h(12) = h(t1)| <

_|_

and
W () —H'(1)] < : f(sm(s)m’(s))ds)

< ||pl[P(r)(t2 — 1) — O as (1, —1;) — 0, independently of u € B,.

Therefore it follows by the Ascoli-Arzeld theorem that .# : IT — Z(I1) is com-
pletely continuous.

Since .# is completely continuous, in order to prove that it is u.s.c., it is enough
to prove that .% has a closed graph. We establish it in the following step.

Step 4. F has a closed graph.

Let u, — u.,hy, € F (u,) and h, — h.. Then we need to show that i, € .7 (u,). Asso-
ciated with h, € .7 (uy), there exists v, € Sg,, such that for each 7 € [a,T],

ha(t) = /u’(z — $)a(s)ds — /T [zx(t) Y AT — s)} (T — 5)vn(s)ds

2A1A2
AlAZZ/ / pix(t)+vAi(s— )} ()dpds—l—AlA {AIAH‘X(I)M}

Thus it suffices to show that there exists v. € Sg,, such that for each 7 € [a,T],

ha(t) = / (= ). (s)ds — ; Ai o / ' 220+ AT =9)|(T =) (5)ds

i 2 /nj / [Py (1) + 741 (s = p) | vi(p)dpds + L A1+ x (0]
Az ;5 Ja U ‘ A1A,

Let us consider the linear operator © : L' ([a, T],R) — IT given by
1 1 T
v»—>®(v)(t):/a (t—s)v(s)ds—zAlAz/a {ZX(I)—l-Al(T—s)] (T — s)v(s)ds
b e S [ o) w6 ) v(papa
; Ai(s—p)|v s
AA, e Ja pPjx YiA1 p p)ap

[Alll +%(’)7Lz]-

T AA
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Oberve that ||, (¢) — h«(t)|| — 0 as n — o, and thus, it follows by Lemma 5 that
©o Sr is a closed graph operator. Further, we have h,(r) € ©(SF,,). Since u, — u,,
we have

ha(t) = / (= ). (s)ds — ﬁ ' [2x(z) FA(T — s)] (T — 5)v.(s)ds

AlAZZ/ / pjx(t)+vAi(s— )}v*( )dpds+%{A1/ll+X()7L2]7

for some v, € Spu, .

Step 5. We show there exists an open set U C I1 with u ¢ A.F (u) for any
A €(0,1) and all u € AU.

Let A € (0,1) and u € .7 (u). Then there exists v € L!([0,1],R) with v € Sg,,
such that, for ¢ € [a,T], we have

A/ [ — )y ds—zA)lLAz /T [22(0)+ (T = 9)|(T = 5)v(5)ds

Z/ / pix(t)+vAi(s— )}v(p)dpdwﬁ[A17Ll+x(t)xz]

A1A2
Then, for ¢ € [a,T], using the computations in the first step leads to
[l < llplI¥ (llulln) (Q+ Q1)
which can alternatively be expressed as

]|

P (um©@ron =

By the condition (Hs), we can find a positive number N such that ||u||; # N. Let
us set

U={uell: |ulg<N}.

Note that the operator .% : U — Z(I1) is a compact multi-valued map, u.s.c. with
convex closed values. From the choice of U, there is no u € JU such that u € 1.7 (u)
for some A € (0,1). Consequently, by the nonlinear alternative of Leray-Schauder
type (Lemma 6), we deduce that .% has a fixed point # € U which is a solution of the
problem (2). This completes the proof. [

4.2. The Lipschitz case

In this subsection we prove the existence of solutions for the problem (2) for non-
convex valued right hand side by applying a fixed point theorem for multivalued maps
due to Covitz and Nadler [12].
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Le

t (X,d) be a metric space induced from the normed space (X;||-]||). Consider
Hd : QZ(X)

P(X) — RU{eo} given by

H;(A,B) = max{supd(a,B),supd(A,D)},
acA beB

where d(A,b) = infscad(a;b) and d(a,B) = infpcpd(a;b). Then (P p(X),Hy) is a
metric space (see [27]).

DEFINITION 3. A multivalued operator N : X — (X)) is called

(a) 7y—Lipschitz if and only if there exists ¥ > 0 such that

Hy(N(x),N(y)) < yd(x,y) for each x,y € X;
(b) a contraction if and only if it is y— Lipschitz with y < 1.

LEMMA 7. ([12]) Let (X,d) be a complete metric space. If N : X — P(X) isa
contraction, then FixN # 0.

THEOREM 4. Assume that:

(A1) F:[a,T)xR?— Z.,(R) is such that F(-,u,v) : [a,T] — P.p(R) is measurable
for each u,v € R;

(A2) Foralmostall t € [a,T] and uy,uz,wi,ws € R we have
Hy(F(t,u1,u2), F(t,w1,w2)) <m(t)(Juy — wi| + [uz — wal)
with m € C(J,R™") and d(0,F(¢,0,0)) < m(t), for almost all t € [a,T].

Then the boundary value problem (1) has at least one solution on [a,T| if

lml[(Q+ Q1) <1

where Q and Qy are defined by (10) and (11) respectively.

Proof. Consider the operator .%# defined at the begin of the proof of Theorem 3.
Observe that the set Sr,, is nonempty for each u € IT by the assumption (A;), so F
has a measurable selection (see Theorem II1.6 [10]). Now we show that the operator .%
satisfies the assumptions of Lemma 7. We show that .% (u) € £, (I1) for each u € I1.
Let {un}n>0 € % (u) be such that u,, — u (n — o) in I1. Then u € IT and there exists
Vn € SF, such that, for each 7 € [a,T],

(1) :/at(t—s)vn(s)ds—ﬁ T[zx(t)JrAl(T_s)} (T — 5)vu(s)ds

AlAzZ / [ [P+ s = p)|ohdpds + (a1 -+ 200020
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As F has compact values, we pass onto a subsequence (if necessary) to obtain that
v, converges to v in L!([a,T],R). Thus, v € Sg,, and for each ¢ € [a,T], we have

Uun (1) — u(r) = /u'f(t—s)v(s)ds_ZAiA2 /T [2x(t)+A1(T—s)} (T — 5)v(s)ds
AlAzi/n’/ p,x )+ VAL (s — )}V(p)dpds

+A1A [A17L1+X( )/12}

Hence, u € % (u).
Next we show that there exists § < 1 <5 = HmH(Q—FQl)> such that
Hy(F (u), F () < 8||u—u|jn foreach u,i € C*([a,T],R).

Let u,it € C*([a,T],R) and hy € .7 (u). Then there exists v () € F(t,u(t),u'(¢)) such
that, for each 7 € [a,T],

T
/ [22(0)+ (T = 9)|(T =5 ()ds

m) = [ a-smis)s- e

+ i/m/“‘ {P’%(’)+7"A1(S_p)}"1(p)dpds+L{Allﬁ—x(t)le
Az T g Ja U ‘ A1A,

By (Az), we have
Hy(F (t,u(e),u (6)),F (e, a(t), @ (1)) < m(t)(ju(r) — a(o)| + |/ (r) — i (1)])
so, there exists z € F(¢,u(t),u'(r)) such that
vi(r) =2l <m(e)(Jue) — ()] +[u' () — @' (1)])
for almost all ¢ € [a, T]. Define the multifunction U : [a,T] — Z(R) by
U(t)={zeR: [vi(t)—z| <m(t)(|u(t)—u(t)|+|u'(t) — ' (t)|) for almost all ¢ € [a, T]}.

It is easy to check that the multifunction U (-) N F(-,u(-),u’(-)) is measurable. Hence,
we can choose v, € Sf,, such that

[vi(e) = va()| < m(e)(Juu(e) — s ()] + ol (c) — ' (1))

for almost all 7 € [a,T].
For each 1 € [a,T], let us define

I (t) :/at(t—s)vz(s)ds—riAz aT [220) + 4 (T = 9)|(T — s)a(s)ds

b ,il /n [ o0+ war(s =) vatpidpds + - [+ 203
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Thus,

|y () — ha(2)] < sup]{/a’(;_s)|vl(s)—vz(s)|ds

t€la,T

+2|A#A/T 20x ()] + \Al\(T_sﬂ (T =s)(s) —vals)lds

|A1A2\ 2/ / pilx ()| +7vilA1l(s — )}|V1( )—wa(p )|dpds}}

(R ) Y L Ut R

+illpj[(nj—a)2— (éj—a)zn]
“
+@ [(T—a)3+ i yil(nj—a)’ — (sj—a)3}|]}

j=1
< [l Q= | + |’ = i'|[) < | Qllu — il

0= < s { [ =+ 7 [S [ [ i) el

t€la,T
_/aT(T—s)|v1(s) —va(s)lds| }
< ||m||(||u—ﬁu+||u’—ﬁ’||) sup { (1~ a)

t€la,T]

2|A1 [zp, P (&-ap+(T-a?|}

< Nl Qi (| — ] + |2’ = a'l]) < [lm| @1 || — |-

Hence,
|71 = halln < [[m[[(Q + Q1) [|u — |-

Analogously, interchanging the roles of u and i, we obtain
Hq(F (), 7 (@) < [ml[(Q+Q1)llu—il[n.
So .7 is a contraction. Therefore, it follows by Lemma 7 that .% has a fixed point
x which is a solution of (2). This completes the proof. [
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