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MULTIPLICITY OF SOLUTIONS FOR A FRACTIONAL p—KIRCHHOFF
TYPE PROBLEM WITH SIGN-CHANGING WEIGHTS FUNCTION

YUYAN GUI

(Communicated by S. Secchi)

Abstract. In this paper, we consider the existence of multiple solutions for the following frac-
tional p— Kirchhoff type problem

u(x o/ s — r— .
{(ﬁ S ) ()= FOlul g

u=0, in R"\Q,
where € is an open bounded setin R", p>1,0>0,0<¢g<0+p—1<r<p;—1 with p} =
n"’;é for n > ps and s € (0, 1) fixed, f( ) and g( ) are sign-changing continuous functions
in Q, (=A)3 pit denotes the fractional p— Laplacian operator. We obtain the multiplicity of
solutions to (0.1) by using fibering map analysis and the Nehari manifold approach.

1. Introduction

This paper is concerned with the existence of multiple solutions for the following
problem

6/p .
(e M dxdy) ™ (= Ay = £l g (@l u, in @,
u=0, in RM\Q,
(1.1)

where Q is an open bounded set in R", p >1, 6 >0, 0<g<0+p—-1<r<
pi—1 with pf =np/(n— ps) for n > ps and s € (0,1) fixed, f(x) and g(x) are
sign-changing continuous functions in €2, (—A);‘,u denotes the fractional p— Laplacian
operator which (up to normalization factors) can be defined as

S u(y) — u(@) [P (u(y) —u(x)
(=21 RY\Be (x) e — y[nes

dy, x€eR" (1.2)

consistent, up to some normalization constant depending upon n and s, with the linear
fractional Laplacian (—A)* in the case p = 2.
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This paper is motivated by some works which have been focused on the study
of fractional Sobolev spaces and corresponding nonlocal equations, both from a pure
mathematical point of view and for concrete applications, since they naturally arise in
many different contexts. For an elementary introduction on this topic and for a quite
extensive list of related references we refer to [12].

Goyal and Sreenadh [17] studied the existence and multiplicity of non-negative
solutions to the following problem

{ (—=A)pulx) = Ah(x) |9 u+b(x)|u)"'u, inQ,

(1.3)
=0, in RM\Q,

where p>1land 0<g<p—1<r<pi—1, 24 >0 and h,b are continuous functions.
They got the existence and multiplicity of solutions for A € (0,4g) with 49 > 0 by
minimization on the suitable subset of Nehari manifold using the fibering maps. The
existence and multiplicity of non-negative solutions of (1.3) have been obtained in [18]
with respect to the parameter A, which changes according to whether 0 < r < p — 1
or p—1<r < pi—1 respectively. On the other hand, the authors in [4, 6, 17, 18, 24,
25, 26] considered the existence and multiplicity of solutions for the general fractional
problems with sign-changing weight function.

Moreover, Ferrara et al. [16] studied the multiplicity of solutions for a non-
homogeneous p-Kirchhoff type problem driven by a non-local integro-differential op-
erator with concave-convex nonlinearities:

06—
a+b ‘pd d 1
R2n |x y|n+sp Y

=20y (x)|u|9 w4 oy (x)|u]"u+ h(x), in R",

(—A)pu

where a+b >0 with a >0, b >0, AL >0 is a real parameter, 0 <s< 1, 0< g <

—1<0p—1<r<pi—1, o1,a,h are functions which may change signin R". Un-
der some suitable conditions, there exists A, > 0, for A € (0,A,), it has two non-trivial
entire solutions by applying the mountain pass Theorem and Ekeland’s variational prin-
ciple.

Furthermore, the existence of solutions for fractional p-Laplacian problems has
been also considered in [18], [20] and references therein. C.Brindle, E. Colorado, and
A. de Pablo [3] studied the fractional Laplacian equation involving concave-convex
nonlinearities for the subcritical case. The existence and multiplicity of solutions for the
fractional Kirchhoff type problem have been investigated in [1, 5, 7, 9, 14, 15, 21, 23],
and for fractional p—Laplacian system in [8, 10] and references therein.

Inspired by the above mentioned works, our aim is to consider the multiplicity of
solutions for (1.1). In order to state our result, we introduce some notations. Let £ be
anopen setin R", s € (0,1) and p € [1,+o0). We define W*7(Q), the usual fractional
Sobolev space endowed with the norm

_ p 1/p
HMHWW’(Q) = HMHLP(Q) + </§sz dedy) . (1.4)

S
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Set Q = R?\ (¥Q x €Q) with €Q = R"\Q. We define
X =qu|u:R"— Ris measurable, ulg € L (Q and/ (e d dy < oo
\x Y\"ﬂ"

The space X is endowed with the norm

1/p
u(x) —u(y)|?
el = o+ [, M g ) (1.5

The functional space X, denotes the closure of C5°(Q) in X. By [17, Lemma 2.5], the
space Xy is a reflexive Banach space. For any ¢,y € Xy, define

/\(b NIP29() — 6 (W) — w(y)

‘x y‘n-&-ps

dxdy,  (1.6)

and the norm

lu(x 1/p
llullx, = (/ ‘nﬂm dxdy) (1.7)

is equivalent to the usual one defined in (1.4). Since u =0 a.e. in R"\Q, we have that
the integral in (1.5), (1.6) and (1.7) can be extended to all R”. By results of [12, 17],
the embedding Xp < L"(Q) is continuous for any r € [1, pi] and compact whenever
r € [1,p¥). For further details on X and X, and also for their properties we refer to
[12, 17], and the references therein.

In this paper, we assume that f(x) and g(x) are sign-changing continuous func-
tions on €2 and satisfy

(F) f(x)#0 and f(x) € L9 (Q) with 1 = b+
(G) glx) #0 and g(x) € L'1(Q) with ry = 2.
Let S be the best Sobolev constant for the embedding Xo < L5 (Q). Define

_(qt1 G (6+p—1)—gq =T
No.pars = 01p Y,

1
— — 0+p—1)— (r—q)(6+p)
X (M) (6421}~ S(77(9+p71q))((9fp71)—q) . (18)
r—q

Our result can be stated as follows.

THEOREM 1. Let p>1, 0 20 and 0<g<O0+p—1<r<pi—1withse
(0,1). Assume that f and g are sign-changing continuous functions satisfy (F), (G)
and

1

V& )IIL?}T’” lgliznta) " < Ao paas; (1.9)

then problem (1.1) has at least two nontrivial solutions.
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REMARK 1. We use fibering map analysis and Nehari manifold approach to prove
Theorem 1. In particular, f(x)|u[?"'u in (1.1) is not restricted on ¢ < p— 1, but the
presence of non-local term

// [u() =uW ) ay G
R2n ‘x y‘"JFP\ ’

enables us to treat problem (1.1) as the problem involving concave-convex nonlinear-
ity terms. The power 0 < ¢ < 0 +p—1 <r < pi — 1 plays important roles in our
arguments.

REMARK 2. There is no any parameter on the nonlinearity terms, we find the con-
ditions on functions f(x) and g(x) such that problem (1.1)exhibits multiple solutions.

When s = 1, problem (1.1) reduces to a p— Kirchhoff type problem. It has been
studied in many literatures, where have proposed different methods to analyze the
questions of the existence and multiplicity of solutions and related qualitative prop-
erties [2, 11, 13, 19] and references therein. In particular, the existence of solutions for
p— Kirchhoff problem with a critical nonlinearity has been obtained in [19].

This paper is organized as follows. In Section 2, we give some preliminaries on
Nehari manifold and fibering maps. Section 3 is devoted to prove Theorem 1.

2. Some preliminary results

In this section, we introduce some preliminary results. Looking for a solution of
problem (1.1) is equivalent to finding a critical point of the associated Euler-Lagrange
functional J : Xy — R, which is defined by

0+p _ +1 1 / r+l
J T dx — d 2.1
) = g S = — [ @i ar— = [ el lax, @)

for all u € Xp. Since f(x) and g(x) satisfy (F) and (G) respectively, J(u) is well
defined on Xj,. Moreover,

Tw)6 = N, e 0)x, ~ [ F)lul* b~ [ g(x)lul ugd
for any ¢ € Xo, where (-,-)x, is defined in (1.6).

DEFINITION 1. We say that u € X is a weak solution of problem (1.1), if u
satisfies

July (.00, = [ @l wpdx+ [ gl ugar @)

forall ¢ € Xp.
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In the sequel we will omit the term weak when referring to solutions that satisfy
the conditions of Definition 1. In fact, every weak solution of (1.1) is in L*(Q2) by the
result of [22, Theorem 3.1].

We will consider critical points of the functional J on Xy. We define the Nehari
manifold as follows

N ={ueX\{0} : J'(uu=0}.

It it clear that all nontrivial critical points of J lie on 4" and A4~ C X)), so we study the
functional J on 4.
It is easy to see that u € .4 if and only if

July = [ el dx— [ gl dx =0, 23
Q Q
The Nehari manifold .4 is closely linked to the behavior of the function of the form
@, :t— J(tu) for t > 0 defined by
r+

! ' r+1
dx.
[ sl ax

The following lemma tells us that the elements in .4" correspond to the stationary
points of the maps ¢, .

a+1
)= 9(0) = 7~ T [l an-

LEMMA 1. Let u € Xo\{0}, then tu € A if and only if @, (t) =

Proof. It is a consequence of the fact that ¢ (1) = J'(tu)u = 17 (tu)tu. O
We observe that

ou(6) =1l ot | ol e~ [ gl x4
and

‘Pﬁ’(ﬂ:(9+p—l)t"*’”‘zllullij”—qﬂ‘l/Qf(x)w\q“dx—rz’—l/Qg(x)wﬂdx.
2.5)

By Lemma 1, u € .4 if and only if @] (1) =0. Hence for u € .4, we have
01 = (0+p—)ull§ " —q [ Flul dx—r [ gColul™ dx
—((6+p—1)—r /g () x4+ (8 +p—1) — /f ()] dix
= ((@+p- D= lulf”~ r—a) [ gl 'as

— ((O+p— D)= ul&? +(r—q) /Q )]+ dx. (2.6)
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Thus, it is natural to split .4 into three parts corresponding to local minima, local
maxima and points of inflection, i. e.

N ={ue V:Q!'(1)>0}; N ={ucH:@'(1)<0}; /'={uec. #¥:¢(1)=0}.

We will prove the existence of solutions of problem (1.1) by investigating the existence
of minimizers of functional J on .#". We have the following result.

LEMMA 2. Suppose that uq is a local minimizer of J on AN and ug & N°, then
uq is a critical point of J.

Proof. The proof is the same as that in Brown-Zhang [6, Theorem 2.3]. We give it
here for completeness. Set 1(u) = J'(u)u. Since ug is a local minimizer of J under the
constraint I(up) = 0, by the theory of Lagrange multipliers, there exists o € R such
that

J/(u()) = Gll(uo).

Thus
J/(uo)uo = Gll(uo)uo = G(p,:lo(l).

Since ug & A0, @yt (1) # 0. Hence ¢ = 0. This ends the proof. [J
LEMMA 3. () Ifue N, then [og(x)|ul""ldx > 0;
(i) Ifue N, then [of(x)|ul?dx > 0.
Proof. This proof is immediate from (2.6). [
In order to understand the Nehari manifold and fibering maps, let us consider the func-
tion v, : R* — R defined by
alt) =7 =0 [ gl Xy
Q
It is clear that for 7 > 0, tu € .4 if and only if
wl0) = | 700l . 8
Q
Moreover,
Vi) = (8 p— 1) = @ P a7 — (r— ! [ g(lulax. 29)
So we can see that if fu € 4, then

11y, (1) = @ (1) (2.10)

Consequently, tu € A" (or .4 7) if and only if () >0 (or <0).
By direct calculations, we obtain the following results.
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LEMMA 4. Suppose u € Xo\{0}, then y, satisfies the following properties:

(6+p—1)—q) ulli0 " =@
) T ST >0;

(a) W, has a unique critical point at t = tyq,(u) = (

(b) y, is strictly increasing on (0,tyqy (1)) and strictly decreasing on (tyay(u),+0);
(© lim y, (1) = —.

Moreover, we have

(6+p—1)—¢q r—q
Vil (1)) = 0+p—1)—¢q @D O+p—1)—g\ @D
u\*max r_q r_q
(0+6p)(r cl];
-
e, "

2.11)

9 p—1)—q
(Jog () |ua|r+1dx) =@70T)
(6+p—1)—q
B ((O—i—p—l)—q) r=(OFp-1) (r— (6+p—l)>
- _ _ (0+p—1)—q *
T T (o g(6)\ul+1dx) =711
(2.12)

(9+p)(r q)
(6+p—1)

[l ullx,

LEMMA 5. Foreach u e A~ , we have:

W) If [ f(x)|u|7" dx < 0, then there exists a unique number ty = to(u) > tyayx such that
W (t0) =0, tou € A~ and

J(tou) = supJ(tu);
>0

(i) If [of(x)|u|7T dx > 0, assume that (1.9) holds, then there exists unique numbers
t1 =t (1) < tymax <t =1t2(u) such that tiu e N ", bue N, and

J(tiu) = inf J(tu), J(tou) = sup J(tu).

0<r<timax > tmax

Proof. (i) From the properties (a), (b) and (c¢) in Lemma 4, we have that there
exists a unique #y > t,qc such that

vulto) = [ F@lul™*dx. (2.13)

and v, (1) < 0. By (2.10), we have @//(to) =1, (t9) <0, so tou € A~
Moreover, from the definition of v, (¢), we see that

%J(m):,q (Wu(t)—/gf(x)|u|‘1+ldx>.

d d d
El(tu) >0 fort € (0,19); EJ(tu) =0 fort =1y; EJ(tu) <0 fort > 1.

Then we obtain
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Thus J(tou) = supJ(tu).
>0
(ii) By Holder inequality and Sobolev embedding, we have

g(0)|u| ™ dx < [|g(x) [l () HMH’II < [lg@) 1z @S~ a2
Q Lbs

This together with (2.11) implies that

Vi (tmax (1))
(6+p—1)—
> (0+p— l) —q r,(g+,,,ll)] r— (6+p— 1) || || (0+0pJ)r(I: ‘113
- r—gq r—q Xo
(6+p—1)—¢q
« <||g(x)HL’1(Q S (r+1) ||u||r+1> r=(0+p—1)
(6+p—1)—¢q
(0+p—1)—g\ —1 [r—(6+p—1) G e (S ST
=\ T llg(x )HL’I NSO Jullx, -
(2.14)
It follows from (1.8) and (1.9) that
(6+p—1)—
@l P q+1 r—O@+p—1)\[/(O6+p—1)—¢q 1)
X X
L) 0+p r—q r—q
“’*1’ D=4 (r41)((04p=1)-q)
< gl s e ),

Using the above inequality, Holder inequality and Sobolev embedding, g+ 1 < 6 + p
and (2.14), we have

Val0) =0 < [ £l < |03 S~

(0+p=1)—q 0+p—1)—q
(0+p—1)—g\ @1 (r—(6+p—1) o,
< <— —— ) llg(x )Hyl oY

r—q r—q

(r+1)((6+p—1)—¢q
x s T g

SWu(tmax(u)).

Thus there exist #; and f, with 7] < fyq(u) < t2, such that

V) = vild) = [ S0y, and y(n) >0, Y () <0,

this and (2.7) yield that @/ (1;) = @,(2) = 0. By (2.10), we have that ¢,/ (;) > 0,
@) (t2) < 0. These facts imply that the fibering map ¢, has a local minimum at #; and
a local maximum at #, such that tju € A4+ and fou € .4~ . As a consequence, we see
that

J(tiu) < J(tu) < J(tou) forall ¢ € [ty,0], and J(tyu) < J(tu) forall ¢ € [0,tnay]-
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Thus we get
J(tiu) = inf J(tu), J(tru) = sup J(tu).

nggtmax t>[max

This completes the proof. [

3. Proof of the main result
‘We start with some useful lemmas.

LEMMA 6. Assume that f and g satisfy (1.9), then A/° =0

Proof. By contradiction, suppose that u € 4%, we have J'(u)u =0 and ¢/(1) =
0. Therefore,

0
Il = gy fo S
< —g e I @l @ el
6+p—1) L@ (@)
r— 1
ﬁ”f( )l @SV Juf
This gives that
1
r—q ©+p-1—q 7‘”1
HMHX() < <m> IIf (x )HLZTP D= (0+p-T)—q (3.1
Moreover, we have
0
e T oL
r— 6] r+1
< —— r
\\w+p_n_qm<mu o
r—q (r+1) r+1
< m\\g(x)ﬂm @S " JullE
So
1
r—q T r=(0+p—0) — Il
o> (Grsty=)  @lIg S 6

From (3.1) and (3.2), we find

1 1
<w+p—w—q)wwvw(wwe+p—w>wwquwa;w@4mq

r—q r—q
1
<lIf(x >HL3?” 0 lg @)l (o) - (3.3)
Since q+1 < 1, assumption (1.9) leads to a contradiction. []
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LEMMA 7. J is coercive and bounded from below on N
Proof. If u € /", then we have

— ! 6+ IS +1
J(u)_<6+p r+1) ully, " = <q+1 r+1>/gf(x)u|q dx.

By Holder inequality and Sobolev embedding, we have

Gt VI TR e T P T
Therefore,
O+p—1) oip (g+1) +1
>7 - 1 (q g
1) > ooy W = o DOl Sl

Since 0 <g< 0+p—1<r<p;—1,weobtain J is coercive and bounded from below
on./. [

By Lemmas 6 and 7, for f and g satisfying (F), (G) respectively, and (1.9), we
know that .#" = .4 TU_#" and J is coercive and bounded from below on .4 and
A~ . Therefore we may define

o= inf J ot = inf J(u), o~ = inf J(u).
ulen/l/ () uEIBV+ (u) uEIEV* (u)

LEMMA 8. Assume that f and g satisfy (1.9), we have
Ho<a <0
(i) o~ = do > 0 with some constant dy, which depends on p,q,r,0,S,f(x)||141 ()
and ||g(x)| 1 (q)

Proof. (i) Since 4T C .4, we then have that o < o, For u € 4", we have
o/ (1) > 0, that is,
r—(0+p—1)
Ll <

Then

1
J<u>=(9—+p—r S ,,H)/f (5l

G
(LY (L G b L
0+p r+1 q+1 r+1 r—q
-

(= (8+p—1)(0+p—1)—q)
- O+p)(g+1)(r+1) ]|, < 0.

Therefore o < o < 0.
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(ii) Let u € A~ , we have @//(1) <0, then

0 r - _
H”H +p< (94_1)7/8 |M\r+1dX< ﬁ”g( )HL’I(Q)S (r+1) H”Hr+I~
Thus we get
1
(0+p—1D)—q\TT7T | e et
[Jullx, > (T le@)llm ey ™ G
and

6+p _ ;_ / q+1
1)nun (A7) fremax

1 1
)n T (—— )f()m ) g

g+l r+l
- 9+p —(0+p— ) et~ (8+p-1)—0)
>l (
9—|—p
—((6+p—1)—q)
s @) (P —g\ TR
CI+ l L91( p— olx R

_ (r+D((6+p=1)—q)
xS r—(0+p—1)

. ~(+p-1)-0) e
:Huonl r—c{<(9+p—1)—61> I = (=
r+1 g+ r—q
UBtpol)og) (r1)(04p—1)—q)
qt1r—(0+p—1) ((0+p—1) —q\ =00 gy NG
0+p r—q r—q

(9+9p 1)—q
1
7 @l ))
>dy >0
for f and g satisfying (1.9), where do > 0 depends on p,q,7,0,S,|f(x)||za1 (@) and

I8l (@) B
We have the following result.

PROPOSITION 1. If f and g satisfy (1.9), then the functional J has a minimizer
up in AT and satisfies

(1) J(u) = inf () <0;

(2) uy is a solution of problem (1.1).
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Proof. Since J is bounded from below on .4 ", there exists a minimizing se-

quence {uz} C A" such that

lim J = inf J(u).

Lim j(ug) = inf J(u)
By Lemma 7, the sequence {u;} is bounded in Xo. Since (Xo,| - ||x,) is a reflexive
Banach space, then there exists u; € Xy, such that, up to a subsequence denote by itself,
u — uy weakly in Xy as k — oo. Moreover, u; — u; strongly in L™(Q) as k — oo for
any m € [1,p7).
First, we claim that [q £(x)|u1]9"'dx > 0. If not, we can conclude that

[ @l ax— [ ol dx <0, as e
Q Q
We know

1 1 0 1 1
Jup) = ——— w || — [ —— — / x)|ug | dx,
)= (g~ g ) Il = (= ) o Feold
this contradicts J(uy) <0 as n — oo.

Since [q f(x)|u1|9" dx > 0, then by Lemma 5 (ii), there exist unique numbers
t1 =t1(u1) < tymax <ty =1t2(uy) such that tju; € A", touy € N .

Next we prove that u; — u; strongly in Xo, as k — eo. If not, then |ju;||x, <
li]?linf||uk||. For uy € A", we get

: , O+p—1y 110
khm 0, (11) :khm <t1 +p ”k“X;rp_tf/Qf(x)”kq+ld}€—t{/gg(x)|uk|r+ldx)
0+p—1 0
>t |50~ [ et [ g(lal ™ dx =, (n) =0.
Q Q

That is, ¢, (t1) > 0 for k large enough. Since uy = 1-u; € 4", and we can see that
@, (t) <0 fort € (0,1) and ¢, (1) =0 for all k. Then we must have #; > 1. On the
other hand, ¢, (¢) is decreasing on (0,#;), and so

J(t <J lim J = inf J(u),
() < J () < lim J () = inf J(u)

which is a contradiction. Hence u; — u; strongly in Xy . This implies

J(uk) _’J(ul) :ueif/lﬁr-](u) <0 ask— oo.

Namely, u; is a minimizer of J on .4 . From Lemma 2, u; is a solution of (1.1). [
We next establish the existence of a local minimum for J on .4~ .

PROPOSITION 2. If f and g satisfy (1.9), then the functional J has a minimizer
up in A~ and satisfies

(D) J(up) = ueig&](u) >0;

(2) uy is a solution of problem (1.1).
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Proof. Since J is bounded from below on .4~ , there exists a minimizing se-
quence {i;} C ./~ such that

lim J(ii,) = inf J(u).
lim (dik) dnf (u)

By the same arguments given in the proof of Proposition 1, there exists uy € A~
such that, up to a subsequence, iy — uy strongly in Xy as k — oo. Then we can get
J(up) = iI}; J(u) > 0. This yields uy is a solution of (1.1). [

ue N~

Proof of Theorem 1. By Propositions | and 2 and Lemma 2, we get that problem
(1.1) has two solutions u; € A" and u, € A4~ in Xy. Since & TN.A" =0, then
these two solutions are distinct. We finish the proof. [
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