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TYPE PROBLEM WITH SIGN–CHANGING WEIGHTS FUNCTION
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Abstract. In this paper, we consider the existence of multiple solutions for the following frac-
tional p−Kirchhoff type problem⎧⎨

⎩
(∫∫

R2n
|u(x)−u(y)|p
|x−y|n+ps dxdy

)θ/p
(−Δ)s

pu = f (x)|u|q−1u+g(x)|u|r−1u, in Ω,

u = 0, in R
n\Ω,

(0.1)

where Ω is an open bounded set in R
n , p > 1 , θ � 0 , 0 < q < θ + p−1 < r < p∗s −1 with p∗s =

np
n−ps for n > ps and s ∈ (0,1) fixed, f (x) and g(x) are sign-changing continuous functions
in Ω , (−�)s

pu denotes the fractional p−Laplacian operator. We obtain the multiplicity of
solutions to (0.1) by using fibering map analysis and the Nehari manifold approach.

1. Introduction

This paper is concerned with the existence of multiple solutions for the following
problem⎧⎨

⎩
(∫∫

R2n
|u(x)−u(y)|p
|x−y|n+ps dxdy

)θ/p
(−Δ)s

pu = f (x)|u|q−1u+g(x)|u|r−1u, in Ω,

u = 0, in R
n\Ω,

(1.1)

where Ω is an open bounded set in R
n , p > 1, θ � 0, 0 < q < θ + p− 1 < r <

p∗s − 1 with p∗s = np/(n− ps) for n > ps and s ∈ (0,1) fixed, f (x) and g(x) are
sign-changing continuous functions in Ω , (−Δ)s

pu denotes the fractional p−Laplacian
operator which (up to normalization factors) can be defined as

(−Δ)s
pu = 2 lim

ε→0

∫
Rn\Bε(x)

|u(y)−u(x)|p−2(u(y)−u(x))
|x− y|n+ps dy, x ∈ R

n, (1.2)

consistent, up to some normalization constant depending upon n and s , with the linear
fractional Laplacian (−Δ)s in the case p = 2.
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This paper is motivated by some works which have been focused on the study
of fractional Sobolev spaces and corresponding nonlocal equations, both from a pure
mathematical point of view and for concrete applications, since they naturally arise in
many different contexts. For an elementary introduction on this topic and for a quite
extensive list of related references we refer to [12].

Goyal and Sreenadh [17] studied the existence and multiplicity of non-negative
solutions to the following problem{

(−Δ)s
pu(x) = λh(x)|u|q−1u+b(x)|u|r−1u, in Ω,

u = 0, in R
n\Ω,

(1.3)

where p > 1 and 0 < q < p−1 < r < p∗s −1, λ > 0 and h,b are continuous functions.
They got the existence and multiplicity of solutions for λ ∈ (0,λ0) with λ0 > 0 by
minimization on the suitable subset of Nehari manifold using the fibering maps. The
existence and multiplicity of non-negative solutions of (1.3) have been obtained in [18]
with respect to the parameter λ , which changes according to whether 0 < r < p− 1
or p−1 < r < p∗s −1 respectively. On the other hand, the authors in [4, 6, 17, 18, 24,
25, 26] considered the existence and multiplicity of solutions for the general fractional
problems with sign-changing weight function.

Moreover, Ferrara et al. [16] studied the multiplicity of solutions for a non-
homogeneous p-Kirchhoff type problem driven by a non-local integro-differential op-
erator with concave-convex nonlinearities:[

a+b

(∫∫
R2n

|u(x)−u(y)|p
|x− y|n+sp dxdy

)θ−1
]

(−Δ)s
pu

=λ ω1(x)|u|q−1u+ ω2(x)|u|r−1u+h(x), in R
n,

where a + b > 0 with a > 0, b > 0, λ > 0 is a real parameter, 0 < s < 1, 0 < q <
p−1� θ p−1< r < p∗s −1, ω1,ω2,h are functions which may change sign in R

n . Un-
der some suitable conditions, there exists λ∗ > 0, for λ ∈ (0,λ∗) , it has two non-trivial
entire solutions by applying the mountain pass Theorem and Ekeland’s variational prin-
ciple.

Furthermore, the existence of solutions for fractional p -Laplacian problems has
been also considered in [18], [20] and references therein. C.Brändle, E. Colorado, and
A. de Pablo [3] studied the fractional Laplacian equation involving concave-convex
nonlinearities for the subcritical case. The existence and multiplicity of solutions for the
fractional Kirchhoff type problem have been investigated in [1, 5, 7, 9, 14, 15, 21, 23],
and for fractional p−Laplacian system in [8, 10] and references therein.

Inspired by the above mentioned works, our aim is to consider the multiplicity of
solutions for (1.1). In order to state our result, we introduce some notations. Let Ω be
an open set in R

n , s ∈ (0,1) and p ∈ [1,+∞) . We define Ws,p(Ω) , the usual fractional
Sobolev space endowed with the norm

‖u‖Ws,p(Ω) = ‖u‖Lp(Ω) +
(∫

Ω×Ω

|u(x)−u(y)|p
|x− y|n+ps dxdy

)1/p

. (1.4)
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Set Q = R
2n\(C Ω×CΩ) with C Ω = R

n\Ω . We define

X =
{

u | u : R
n → R is measurable, u|Ω ∈ Lp(Ω), and

∫
Q

|u(x)−u(y)|p
|x− y|n+ps dxdy < ∞

}
.

The space X is endowed with the norm

‖u‖X = ‖u‖Lp(Ω) +
(∫

Q

|u(x)−u(y)|p
|x− y|n+ps dxdy

)1/p

. (1.5)

The functional space X0 denotes the closure of C∞
0 (Ω) in X . By [17, Lemma 2.5], the

space X0 is a reflexive Banach space. For any φ ,ψ ∈ X0 , define

〈φ ,ψ〉X0 =
∫

Q

|φ(x)−φ(y)|p−2(φ(x)−φ(y))(ψ(x)−ψ(y))
|x− y|n+ps dxdy, (1.6)

and the norm

‖u‖X0 =
(∫

Q

|u(x)−u(y)|p
|x− y|n+ps dxdy

)1/p

(1.7)

is equivalent to the usual one defined in (1.4). Since u = 0 a.e. in R
n\Ω , we have that

the integral in (1.5), (1.6) and (1.7) can be extended to all R
n . By results of [12, 17],

the embedding X0 ↪→ Lr(Ω) is continuous for any r ∈ [1, p∗s ] and compact whenever
r ∈ [1, p∗s ) . For further details on X and X0 and also for their properties we refer to
[12, 17], and the references therein.

In this paper, we assume that f (x) and g(x) are sign-changing continuous func-
tions on Ω and satisfy

(F) f (x) 	≡ 0 and f (x) ∈ Lq1(Ω) with q1 = p∗s
p∗s−(q+1) ;

(G) g(x) 	≡ 0 and g(x) ∈ Lr1(Ω) with r1 = p∗s
p∗s−(r+1) .

Let S be the best Sobolev constant for the embedding X0 ↪→ Lp∗s (Ω) . Define

Λθ ,p,q,r,S :=
(

q+1
θ + p

) 1
(θ+p−1)−q

(
(θ + p−1)−q

r−q

) 1
r−(θ+p−1)

×
(

r− (θ + p−1)
r−q

) 1
(θ+p−1)−q

S
(r−q)(θ+p)

(r−(θ+p−1))((θ+p−1)−q) . (1.8)

Our result can be stated as follows.

THEOREM 1. Let p > 1 , θ � 0 and 0 < q < θ + p− 1 < r < p∗s − 1 with s ∈
(0,1) . Assume that f and g are sign-changing continuous functions satisfy (F) , (G)
and

‖ f (x)‖
1

(θ+p−1)−q

Lq1 (Ω) ‖g(x)‖
1

r−(θ+p−1)
Lr1 (Ω) < Λθ ,p,q,r,S, (1.9)

then problem (1.1) has at least two nontrivial solutions.
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REMARK 1. We use fibering map analysis and Nehari manifold approach to prove
Theorem 1. In particular, f (x)|u|q−1u in (1.1) is not restricted on q < p− 1, but the
presence of non-local term

(∫∫
R2n

|u(x)−u(y)|p
|x− y|n+ps dxdy

) θ
p

,

enables us to treat problem (1.1) as the problem involving concave-convex nonlinear-
ity terms. The power 0 < q < θ + p− 1 < r < p∗s − 1 plays important roles in our
arguments.

REMARK 2. There is no any parameter on the nonlinearity terms, we find the con-
ditions on functions f (x) and g(x) such that problem (1.1)exhibits multiple solutions.

When s = 1, problem (1.1) reduces to a p−Kirchhoff type problem. It has been
studied in many literatures, where have proposed different methods to analyze the
questions of the existence and multiplicity of solutions and related qualitative prop-
erties [2, 11, 13, 19] and references therein. In particular, the existence of solutions for
p−Kirchhoff problem with a critical nonlinearity has been obtained in [19].

This paper is organized as follows. In Section 2, we give some preliminaries on
Nehari manifold and fibering maps. Section 3 is devoted to prove Theorem 1.

2. Some preliminary results

In this section, we introduce some preliminary results. Looking for a solution of
problem (1.1) is equivalent to finding a critical point of the associated Euler-Lagrange
functional J : X0 → R , which is defined by

J(u) =
1

θ + p
‖u‖θ+p

X0
− 1

q+1

∫
Ω

f (x)|u|q+1dx− 1
r+1

∫
Ω

g(x)|u|r+1dx, (2.1)

for all u ∈ X0 . Since f (x) and g(x) satisfy (F) and (G) respectively, J(u) is well
defined on X0 . Moreover,

J′(u)φ = ‖u‖θ
X0
〈u,φ〉X0 −

∫
Ω

f (x)|u|q−1uφdx−
∫

Ω
g(x)|u|r−1uφdx

for any φ ∈ X0 , where 〈·, ·〉X0 is defined in (1.6).

DEFINITION 1. We say that u ∈ X0 is a weak solution of problem (1.1), if u
satisfies

‖u‖θ
X0
〈u,φ〉X0 =

∫
Ω

f (x)|u|q−1uφdx+
∫

Ω
g(x)|u|r−1uφdx (2.2)

for all φ ∈ X0 .
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In the sequel we will omit the term weak when referring to solutions that satisfy
the conditions of Definition 1. In fact, every weak solution of (1.1) is in L∞(Ω) by the
result of [22, Theorem 3.1].

We will consider critical points of the functional J on X0 . We define the Nehari
manifold as follows

N =
{
u ∈ X0\{0} : J′(u)u = 0

}
.

It it clear that all nontrivial critical points of J lie on N and N ⊂ X0 , so we study the
functional J on N .

It is easy to see that u ∈ N if and only if

‖u‖θ+p
X0

−
∫

Ω
f (x)|u|q+1dx−

∫
Ω

g(x)|u|r+1dx = 0. (2.3)

The Nehari manifold N is closely linked to the behavior of the function of the form
ϕu : t 
→ J(tu) for t > 0 defined by

ϕu(t) := J(tu) =
tθ+p

θ + p
‖u‖θ+p

X0
− tq+1

q+1

∫
Ω

f (x)|u|q+1dx− tr+1

r+1

∫
Ω

g(x)|u|r+1dx.

The following lemma tells us that the elements in N correspond to the stationary
points of the maps ϕu .

LEMMA 1. Let u ∈ X0\{0} , then tu ∈ N if and only if ϕ ′
u(t) = 0 .

Proof. It is a consequence of the fact that ϕ ′
u(t) = J′(tu)u = 1

t J
′(tu)tu. �

We observe that

ϕ ′
u(t) = tθ+p−1‖u‖θ+p

X0
− tq

∫
Ω

f (x)|u|q+1dx− tr
∫

Ω
g(x)|u|r+1dx, (2.4)

and

ϕ ′′
u (t) = (θ + p−1)tθ+p−2‖u‖θ+p

X0
−qtq−1

∫
Ω

f (x)|u|q+1dx− rtr−1
∫

Ω
g(x)|u|r+1dx.

(2.5)

By Lemma 1, u ∈ N if and only if ϕ ′
u(1) = 0. Hence for u ∈ N , we have

ϕ ′′
u (1) = (θ + p−1)‖u‖θ+p

X0
−q

∫
Ω

f (x)|u|q+1dx− r
∫

Ω
g(x)|u|r+1dx

= ((θ + p−1)− r)
∫

Ω
g(x)|u|r+1dx+((θ + p−1)−q)

∫
Ω

f (x)|u|q+1dx

= ((θ + p−1)−q)‖u‖θ+p
X0

− (r−q)
∫

Ω
g(x)|u|r+1dx

= ((θ + p−1)− r)‖u‖θ+p
X0

+(r−q)
∫

Ω
f (x)|u|q+1dx. (2.6)
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Thus, it is natural to split N into three parts corresponding to local minima, local
maxima and points of inflection, i. e.

N + = {u∈N :ϕ ′′
u (1)> 0}; N − = {u∈N :ϕ ′′

u (1)< 0}; N 0 = {u∈N :ϕ ′′
u (1)= 0}.

We will prove the existence of solutions of problem (1.1) by investigating the existence
of minimizers of functional J on N . We have the following result.

LEMMA 2. Suppose that u0 is a local minimizer of J on N and u0 	∈ N 0 , then
u0 is a critical point of J .

Proof. The proof is the same as that in Brown-Zhang [6, Theorem 2.3]. We give it
here for completeness. Set I(u) = J′(u)u . Since u0 is a local minimizer of J under the
constraint I(u0) = 0, by the theory of Lagrange multipliers, there exists σ ∈ R such
that

J′(u0) = σ I′(u0).

Thus
J′(u0)u0 = σ I′(u0)u0 = σϕ ′′

u0
(1).

Since u0 	∈ N 0 , ϕ ′′
u0

(1) 	= 0. Hence σ = 0. This ends the proof. �

LEMMA 3. (i) If u ∈ N − , then
∫

Ω g(x)|u|r+1dx > 0 ;

(ii) If u ∈ N + , then
∫

Ω f (x)|u|q+1dx > 0 .

Proof. This proof is immediate from (2.6). �
In order to understand the Nehari manifold and fibering maps, let us consider the func-
tion ψu : R

+ → R defined by

ψu(t) = t(θ+p−1)−q‖u‖θ+p
X0

− tr−q
∫

Ω
g(x)|u|r+1dx. (2.7)

It is clear that for t > 0, tu ∈ N if and only if

ψu(t) =
∫

Ω
f (x)|u|q+1dx. (2.8)

Moreover,

ψ ′
u(t) = ((θ + p−1)−q)t(θ+p−1)−q−1‖u‖θ+p

X0
− (r−q)tr−q−1

∫
Ω

g(x)|u|r+1dx. (2.9)

So we can see that if tu ∈ N , then

tqψ ′
u(t) = ϕ ′′

u (t). (2.10)

Consequently, tu ∈ N + (or N − ) if and only if ψ ′
u(t) > 0 (or < 0).

By direct calculations, we obtain the following results.
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LEMMA 4. Suppose u ∈ X0\{0} , then ψu satisfies the following properties:

(a) ψu has a unique critical point at t = tmax(u) =

(
((θ+p−1)−q)‖u‖(θ+p)

X0
(r−q)

∫
Ω g(x)|u|r+1dx

) 1
r−(θ+p−1)

> 0 ;

(b) ψu is strictly increasing on (0,tmax(u)) and strictly decreasing on (tmax(u),+∞);
(c) lim

t→+∞
ψu(t) = −∞ .

Moreover, we have

ψu(tmax(u)) =

⎛
⎝( (θ + p−1)−q

r−q

) (θ+p−1)−q
r−(θ+p−1) −

(
(θ + p−1)−q

r−q

) r−q
r−(θ+p−1)

⎞
⎠

× ‖u‖
(θ+p)(r−q)
r−(θ+p−1)
X0

(
∫

Ω g(x)|u|r+1dx)
(θ+p−1)−q
r−(θ+p−1)

(2.11)

=
(

(θ+p−1)−q
r−q

) (θ+p−1)−q
r−(θ+p−1)

(
r− (θ+p−1)

r−q

) ‖u‖
(θ+p)(r−q)
r−(θ+p−1)
X0

(
∫

Ω g(x)|u|r+1dx)
(θ+p−1)−q
r−(θ+p−1)

.

(2.12)

LEMMA 5. For each u ∈ N − , we have:

(i) If
∫

Ω f (x)|u|q+1dx � 0 , then there exists a unique number t0 = t0(u) > tmax such that
ψu(t0) = 0 , t0u ∈ N − and

J(t0u) = sup
t�0

J(tu);

(ii) If
∫

Ω f (x)|u|q+1dx > 0 , assume that (1.9) holds, then there exists unique numbers
t1 = t1(u) < tmax < t2 = t2(u) such that t1u ∈ N + , t2u ∈ N − , and

J(t1u) = inf
0�t�tmax

J(tu), J(t2u) = sup
t�tmax

J(tu).

Proof. (i) From the properties (a) , (b) and (c) in Lemma 4, we have that there
exists a unique t0 > tmax such that

ψu(t0) =
∫

Ω
f (x)|u|q+1dx. (2.13)

and ψ ′
u(t0) < 0. By (2.10), we have ϕ ′′

u (t0) = tq0 ψ ′
u(t0) < 0, so t0u ∈ N − .

Moreover, from the definition of ψu(t) , we see that

d
dt

J(tu) = tq
(

ψu(t)−
∫

Ω
f (x)|u|q+1dx

)
.

Then we obtain

d
dt

J(tu) > 0 for t ∈ (0,t0);
d
dt

J(tu) = 0 for t = t0;
d
dt

J(tu) < 0 for t > t0.
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Thus J(t0u) = sup
t�0

J(tu) .

(ii) By Hölder inequality and Sobolev embedding, we have∫
Ω

g(x)|u|r+1dx � ‖g(x)‖Lr1 (Ω)‖u‖r+1
Lp∗s (Ω)

� ‖g(x)‖Lr1 (Ω)S
−(r+1)‖u‖r+1

X0
.

This together with (2.11) implies that

ψu(tmax(u))

�
(

(θ + p−1)−q
r−q

) (θ+p−1)−q
r−(θ+p−1)

(
r− (θ + p−1)

r−q

)
‖u‖

(θ+p)(r−q)
r−(θ+p−1)
X0

×
(
‖g(x)‖Lr1 (Ω)S

−(r+1)‖u‖r+1
X0

)− (θ+p−1)−q
r−(θ+p−1)

=
(

(θ+p−1)−q
r−q

) (θ+p−1)−q
r−(θ+p−1)

(
r−(θ+p−1)

r−q

)
‖g(x)‖−

(θ+p−1)−q
r−(θ+p−1)

Lr1 (Ω) S
(r+1)((θ+p−1)−q)

r−(θ+p−1) ‖u‖q+1
X0

.

(2.14)

It follows from (1.8) and (1.9) that

‖ f (x)‖Lq1 (Ω) �
(

q+1
θ + p

)(
r− (θ + p−1)

r−q

)(
(θ + p−1)−q

r−q

) (θ+p−1)−q
r−(θ+p−1)

×‖g(x)‖−
(θ+p−1)−q
r−(θ+p−1)

Lr1(Ω) S
(r+1)((θ+p−1)−q)

r−(θ+p−1) +(q+1)
.

Using the above inequality, Hölder inequality and Sobolev embedding, q+ 1 < θ + p
and (2.14), we have

ψu(0) = 0 <
∫

Ω
f (x)|u|q+1dx � ‖ f (x)‖Lq1 (Ω)S

−(q+1)‖u‖q+1
X0

<

(
(θ + p−1)−q

r−q

) (θ+p−1)−q
r−(θ+p−1)

(
r− (θ + p−1)

r−q

)
‖g(x)‖−

(θ+p−1)−q
r−(θ+p−1)

Lr1 (Ω)

×S
(r+1)((θ+p−1)−q)

r−(θ+p−1) ‖u‖q+1
X0

�ψu(tmax(u)).

Thus there exist t1 and t2 with t1 < tmax(u) < t2 , such that

ψu(t1) = ψu(t2) =
∫

Ω
f (x)|u|q+1dx, and ψ ′

u(t1) > 0, ψ ′
u(t2) < 0,

this and (2.7) yield that ϕ ′
u(t1) = ϕ ′

u(t2) = 0. By (2.10), we have that ϕ ′′
u (t1) > 0,

ϕ ′′
u (t2) < 0. These facts imply that the fibering map ϕu has a local minimum at t1 and

a local maximum at t2 such that t1u ∈ N + and t2u ∈ N − . As a consequence, we see
that

J(t1u) � J(tu) � J(t2u) for all t ∈ [t1,t2], and J(t1u) � J(tu) for all t ∈ [0,tmax].
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Thus we get
J(t1u) = inf

0�t�tmax
J(tu), J(t2u) = sup

t�tmax

J(tu).

This completes the proof. �

3. Proof of the main result

We start with some useful lemmas.

LEMMA 6. Assume that f and g satisfy (1.9), then N 0 = /0 .

Proof. By contradiction, suppose that u ∈ N 0 , we have J′(u)u = 0 and ϕ ′′
u (1) =

0. Therefore,

‖u‖θ+p
X0

=
r−q

r− (θ + p−1)

∫
Ω

f (x)|u|q+1dx

� r−q
r− (θ + p−1)

‖ f (x)‖Lq1 (Ω)‖u‖q+1

Lp∗s (Ω)

� r−q
r− (θ + p−1)

‖ f (x)‖Lq1 (Ω)S
−(q+1)‖u‖q+1

X0
.

This gives that

‖u‖X0 �
(

r−q
r− (θ + p−1)

) 1
(θ+p−1)−q ‖ f (x)‖

1
(θ+p−1)−q

Lq1 (Ω) S
− q+1

(θ+p−1)−q . (3.1)

Moreover, we have

‖u‖θ+p
X0

=
r−q

(θ + p−1)−q

∫
Ω

g(x)|u|r+1dx

� r−q
(θ + p−1)−q

‖g(x)‖Lr1 (Ω)‖u‖r+1
Lp∗s (Ω)

� r−q
(θ + p−1)−q

‖g(x)‖Lr1 (Ω)S
−(r+1)‖u‖r+1

X0
.

So

‖u‖X0 �
(

r−q
(θ + p−1)−q

)− 1
r−(θ+p−1) ‖g(x)‖−

1
r−(θ+p−1)

Lr1 (Ω) S
r+1

r−(θ+p−1) . (3.2)

From (3.1) and (3.2), we find(
(θ + p−1)−q

r−q

) 1
r−(θ+p−1)

(
r− (θ + p−1)

r−q

) 1
(θ+p−1)−q

S
r+1

r−(θ+p−1) +
q+1

(θ+p−1)−q

�‖ f (x)‖
1

(θ+p−1)−q

Lq1 (Ω) ‖g(x)‖
1

r−(θ+p−1)
Lr1 (Ω) . (3.3)

Since q+1
θ+p < 1, assumption (1.9) leads to a contradiction. �
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LEMMA 7. J is coercive and bounded from below on N .

Proof. If u ∈ N , then we have

J(u) =
(

1
θ + p

− 1
r+1

)
‖u‖θ+p

X0
−
(

1
q+1

− 1
r+1

)∫
Ω

f (x)|u|q+1dx.

By Hölder inequality and Sobolev embedding, we have∫
Ω

f (x)|u|q+1dx � ‖ f (x)‖
L

r+1
r−q (Ω)

‖u‖q+1
Lr+1(Ω) � ‖ f (x)‖

L
r+1
r−q (Ω)

S−(q+1)‖u‖q+1
X0

.

Therefore,

J(u) � r− (θ + p−1)
(θ + p)(r+1)

‖u‖θ+p
X0

− r−q
(q+1)(r+1)

‖ f (x)‖
L

r+1
r−q (Ω)

S−(q+1)‖u‖q+1
X0

.

Since 0 < q < θ + p−1 < r < p∗s −1, we obtain J is coercive and bounded from below
on N . �

By Lemmas 6 and 7, for f and g satisfying (F) , (G) respectively, and (1.9), we
know that N = N + ∪N − and J is coercive and bounded from below on N + and
N − . Therefore we may define

α = inf
u∈N

J(u), α+ = inf
u∈N +

J(u), α− = inf
u∈N − J(u).

LEMMA 8. Assume that f and g satisfy (1.9), we have

(i) α � α+ < 0;

(ii) α− � d0 > 0 with some constant d0 , which depends on p,q,r,θ ,S,‖ f (x)‖Lq1 (Ω)
and ‖g(x)‖Lr1 (Ω) .

Proof. (i) Since N + ⊂ N , we then have that α � α+ . For u ∈ N + , we have
ϕ ′′

u (1) > 0, that is,

r− (θ + p−1)
r−q

‖u‖θ+p
X0

<
∫

Ω
f (x)|u|q+1dx.

Then

J(u) =
(

1
θ + p

− 1
r+1

)
‖u‖θ+p

X0
−
(

1
q+1

− 1
r+1

)∫
Ω

f (x)|u|q+1dx

<

(
1

θ + p
− 1

r+1

)
‖u‖θ+p

X0
−
(

1
q+1

− 1
r+1

)
r− (θ + p−1)

r−q
‖u‖θ+p

X0

= − (r− (θ + p−1))((θ + p−1)−q)
(θ + p)(q+1)(r+1)

‖u‖θ+p
X0

< 0.

Therefore α � α+ < 0.
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(ii) Let u ∈ N − , we have ϕ ′′
u (1) < 0, then

‖u‖θ+p
X0

<
r−q

(θ+p−1)−q

∫
Ω

g(x)|u|r+1dx � r−q
(θ+p−1)−q

‖g(x)‖Lr1 (Ω)S
−(r+1)‖u‖r+1

X0
.

Thus we get

‖u‖X0 >

(
(θ + p−1)−q

r−q

) 1
r−(θ+p−1) ‖g(x)‖−

1
r−(θ+p−1)

Lr1 (Ω) S
r+1

r−(θ+p−1) ,

and

J(u) =
(

1
θ + p

− 1
r+1

)
‖u‖θ+p

X0
−
(

1
q+1

− 1
r+1

)∫
Ω

f (x)|u|q+1dx

�
(

1
θ + p

− 1
r+1

)
‖u‖θ+p

X0
−
(

1
q+1

− 1
r+1

)
‖ f (x)‖Lq1 (Ω)S

−(q+1)‖u‖q+1
X0

=
1

r+1
‖u‖θ+p

X0

(
r− (θ + p−1)

θ + p
− r−q

q+1
‖ f (x)‖Lq1 (Ω)S

−(q+1)‖u‖−((θ+p−1)−q)
X0

)

>
1

r+1
‖u‖θ+p

X0

(
r− (θ + p−1)

θ + p

− r−q
q+1

‖ f (x)‖Lq1 (Ω)S
−(q+1)

(
(θ + p−1)−q

r−q

)−((θ+p−1)−q)
r−(θ+p−1) ‖g(x)‖

(θ+p−1)−q
r−(θ+p−1)
Lr1 (Ω)

×S
− (r+1)((θ+p−1)−q)

r−(θ+p−1)

)

=
‖u‖θ+p

X0

r+1
r−q
q+1

(
(θ + p−1)−q

r−q

)−((θ+p−1)−q)
r−(θ+p−1)

S−(q+1)S
− (r+1)((θ+p−1)−q)

r−(θ+p−1)

×
⎛
⎝ q+1

θ + p
r− (θ + p−1)

r−q

(
(θ + p−1)−q

r−q

) ((θ+p−1)−q)
r−(θ+p−1)

S(q+1)S
(r+1)((θ+p−1)−q)

r−(θ+p−1)

−‖ f (x)‖Lq1 (Ω)‖g(x)‖
(θ+p−1)−q
r−(θ+p−1)
Lr1 (Ω)

)

�d0 > 0

for f and g satisfying (1.9), where d0 > 0 depends on p,q,r,θ ,S,‖ f (x)‖Lq1 (Ω) and
‖g(x)‖Lr1 (Ω) . �

We have the following result.

PROPOSITION 1. If f and g satisfy (1.9), then the functional J has a minimizer
u1 in N + and satisfies

(1) J(u1) = inf
u∈N +

J(u) < 0;

(2) u1 is a solution of problem (1.1).
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Proof. Since J is bounded from below on N + , there exists a minimizing se-
quence {uk} ⊂ N + such that

lim
k→∞

J(uk) = inf
u∈N +

J(u).

By Lemma 7, the sequence {uk} is bounded in X0 . Since (X0,‖ · ‖X0) is a reflexive
Banach space, then there exists u1 ∈ X0 , such that, up to a subsequence denote by itself,
uk → u1 weakly in X0 as k → ∞ . Moreover, uk → u1 strongly in Lm(Ω) as k → ∞ for
any m ∈ [1, p∗s ) .
First, we claim that

∫
Ω f (x)|u1|q+1dx > 0. If not, we can conclude that∫

Ω
f (x)|uk|q+1dx →

∫
Ω

f (x)|u1|q+1dx � 0, as n → ∞.

We know

J(uk) =
(

1
θ + p

− 1
r+1

)
‖uk‖θ+p−

(
1

q+1
− 1

r+1

)∫
Ω

f (x)|uk|q+1dx,

this contradicts J(uk) < 0 as n → ∞ .
Since

∫
Ω f (x)|u1|q+1dx > 0, then by Lemma 5 (ii) , there exist unique numbers

t1 = t1(u1) < tmax < t2 = t2(u1) such that t1u1 ∈ N + , t2u1 ∈ N − .
Next we prove that uk → u1 strongly in X0 , as k → ∞ . If not, then ‖u1‖X0 <

liminf
k→∞

‖uk‖ . For uk ∈ N + , we get

lim
k→∞

ϕ ′
uk

(t1) = lim
k→∞

(
tθ+p−1
1 ‖uk‖θ+p

X0
− tq1

∫
Ω

f (x)|uk|q+1dx− tr1

∫
Ω

g(x)|uk|r+1dx

)

> tθ+p−1
1 ‖u1‖θ+p

X0
−tq1

∫
Ω

f (x)|u1|q+1dx−tr1

∫
Ω

g(x)|u1|r+1dx = ϕ ′
u1

(t1) = 0.

That is, ϕ ′
uk

(t1) > 0 for k large enough. Since uk = 1 ·uk ∈ N + , and we can see that
ϕ ′

uk
(t) < 0 for t ∈ (0,1) and ϕ ′

uk
(1) = 0 for all k . Then we must have t1 > 1. On the

other hand, ϕu1(t) is decreasing on (0,t1) , and so

J(t1u1) � J(u1) < lim
k→∞

J(uk) = inf
u∈N +

J(u),

which is a contradiction. Hence uk → u1 strongly in X0 . This implies

J(uk) → J(u1) = inf
u∈N +

J(u) < 0 as k → ∞.

Namely, u1 is a minimizer of J on N + . From Lemma 2, u1 is a solution of (1.1). �
We next establish the existence of a local minimum for J on N − .

PROPOSITION 2. If f and g satisfy (1.9), then the functional J has a minimizer
u2 in N − and satisfies

(1) J(u2) = inf
u∈N − J(u) > 0;

(2) u2 is a solution of problem (1.1).
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Proof. Since J is bounded from below on N − , there exists a minimizing se-
quence {ũk} ⊂ N − such that

lim
k→∞

J(ũk) = inf
u∈N − J(u).

By the same arguments given in the proof of Proposition 1, there exists u2 ∈ N −
such that, up to a subsequence, ũk → u2 strongly in X0 as k → ∞ . Then we can get
J(u2) = inf

u∈N − J(u) > 0. This yields u2 is a solution of (1.1). �

Proof of Theorem 1. By Propositions 1 and 2 and Lemma 2, we get that problem
(1.1) has two solutions u1 ∈ N + and u2 ∈ N − in X0 . Since N + ∩N − = /0 , then
these two solutions are distinct. We finish the proof. �
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