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GLOBAL CONVERGENCE OF RANK-ONE PGD
APPROXIMATIONS BY ALTERNATE MINIMIZATION

ABDALLAH EL HAMIDI* AND CHAKIB CHAHBI

(Communicated by J.-M. Rakotoson)

Abstract. Low-rank tensor approximations of solutions to high dimensional partial differential
problems have shown their great relevance among the most used numerical methods in recent
years, both in terms of accuracy and time computation. The central point of these methods is
the computation of an optimal low-rank tensor to enrich, in a progressive way, the obtained
tensorial approximation. For minimization problems, this point can be performed through the
classical alternate minimization method. However, the transition to the tensorial framework
breaks the linearity and convexity of the considered problems and their associated functionals,
which impacts the convergence of the alternate minimization sequences. In the literature, only
local convergence results and global convergence results, under some restrictive hypotheses, are
available.

In the following work, we give an unconditional convergence result of the alternate mini-
mization scheme to compute the optimal low-rank tensor, for multi-dimensional variational lin-
ear elliptic equations. Also, we provide an adequate choice of the initialization as well as a
relevant stopping criterion in the alternating minimization process.

1. Introduction

Despite recent notorious advances in the computing capacity of computers, prob-
lems arising from research and industry still pose real challenges in terms of com-
putational complexity. Indeed, finer multidimensional or multi-parametric meshes al-
ways end up exceeding the capacities of modern computers because of the curse of
dimensionality [1]. For a d -dimensional problem discretized with n unknowns in each
dimension, the total number of unknowns is of order O (nd) . Then, as accurate solu-
tions require high mesh refinement rn, the search for efficient model reduction methods
becomes necessary. Proper Generalized Decompositions are a class of recent reduc-
tion order methods, they belong to the large family of low-rank approximation of high
order tensors [20, 12, 11, 3]. For a complete study of tensor spaces and numerical
tensor calculus, we refer to the recent book [18]. The PGD provides an approximate
d-dimensional separated representation of the form:

(j)(

m .
u(xy, X2, xg) = Y ng)(xl) X iy
s

X2) X e+ X u(j)(xd),
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where x; are of some moderate dimensions, k € {1,2,---d}. This approximation is
carried out without any a priori knowledge of the solution u, unlike Proper Orthogonal
Decompositions (POD) (see for example [23, 13] and the references therein). Dif-
ferent classes of PGD algorithms exist in the literature, we refer the interested reader
to Nouy [21] for a detailed description. In the present work, we will focus on the
simplest definition of the PGD: the rank-one PGD. This version of the PGD seeks

to find iteratively an optimal rank-one separated representation (or rank-one tensor)

uij) (x1) X ugj) (xp) X -+ % ”C(j/)(xd) for each j € {1,2,---m}. Notice that in general,

there is no best rank-7 approximation, r > 2, for tensors of rank-m with m > r. In the
special case m = 3 and r = 2, such a result was proved by De Silva and Lim [22].

The rank-one PGD iteration can be described as the following: if the rank-m
approximation is previously computed, it is simply moved to the right hand side of the
PDE and a next optimal rank-one tensor is sought. This rank-one tensor will serve to
update the rank-m approximation and obtain the rank- (m + 1) approximation.

The convergence problem of low-rank approximation methods is more difficult
than the Faedo-Galerkin methods for partial differential equations. The first difficulty
comes from the fact that low-rank approximation methods transform linear problems to
nonlinear ones: a tensor product is a nonlinear operation. The second difficulty arises
from the loss of convexity when convex functionals are composed with tensor product
operators. The third difficulty is the (nonlinear) manifold structure of the set of tensors
with fixed rank. We refer interested reader to [2, 9, 10, 16, 17] for the convergence of
the global rank one PGD method, in the sense that all minimization problems on the set
of rank-one tensors are supposed to be exactly solved.

The most important step in PGD methods is precisely the computation of an op-
timal low-rank tensor, indeed it is through this step where the number of unknowns
goes from exponential to linear orders. In variational problems, this key step can be
performed by alternating minimization (AM) technics. The convergence of such (AM)
methods, in the framework of PGD methods, presents a real challenge and only few
results are available in the literature. In finite dimensional Euclidian spaces, local con-
vergence of canonical low-rank tensor approximations has been addressed in [24] and
the convergence of alternating least-squares optimisation in tensor format representa-
tions is proved in [14].

In [4], the authors considered a 2-dimensional variational linear elliptic problem
(parameter & space) and showed a partial local convergence result of the AM — se-
quence, under the following two hypotheses: the uniqueness of the adherence value of
the AM - sequence and a large enough coerciveness coefficient. In this situation, the
authors have provided also the convergence rate of such sequences. In [19], the authors
considered a d -variational elliptic problem, without parameters, and showed a general
compactness result. However, the convergence result was proved under the following
two assumptions: (i) the AM minimizing sequences are away from the origine in the
L% -norm and the diffusion matrix is smooth, to be able to use the Arzela-Ascoli com-
pactness Theorem. On the other hand, we refer the interested reader to the interesting
recent developments on the numerical study of the PGD method [6, 5, 7, &].

In the following paper, we provide significant improvements of the results devel-
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opedin [19]. We show that the AM minimizing algorithm for the one-rank PGD method
is convergent, for the generalized Poisson equation, without any simplifying assump-
tion. Also, no regularity assumption is done on the source term other than the classical
L~ hypothesis. The method developed here can be extended to general parametric lin-
ear elliptic variational problems, this will be the subject of future work.

2. Hilbert tensor spaces and variational PGDs

In the present manuscript, we are interested in the convergence of the alternating
minimization algorithm in the framework of H{ (<) and the functional J is of the form

J(u) = % /Q M(x) Va(x) - V() dx — /Q 700 ulx) dx. @.1)

where Q = Q) x --- x Qy and Q; is a bounded domain in RN with Lipschitzian
boundary, for any k € {1,---,d}. Thus, Q is a bounded domain in RY, with N =
Ni +---+Ny. The function f € L*(Q) and the matrix function M € L*(Q) is uni-
formly definite positive, that is:

3e>0,VxeQ VEERY, (M(x)E, E)py > c||E2n,

where (-, -)gv and || - ||[gn denote the Euclidean inner product and norm on RV .

In what follows, we will assume that the diffusion matrix function M satisfies:
M = (My)1<k<a is a block-diagonal matrix with M (x) is a N X Ny matrix, defined on
the whole domain €, with Ny > 1 for every 1 < k < d. We will assume that for any
ke{l,---,d}, the domain Q is bounded with Lipschitzian boundary.

Under these assumptions, the functional J satisfies the conditions of the Lax-
Milgram theorem. Moreover, the associated boundary value problem, given by

{ —div(M(x)Vu(x)) = f(x) in Q,

(2.2)
u(x) =0 on 0dQ,

admits a unique weak solution & € HJ (). This weak solution # is the unique mini-
mizer of the minimization problem

inf J(u), (2.3)
ueHé ()

and satisfies the equation J' () = 0.

The algebraic tensor space spanned by the family (Hé () S|l H} (Qk)>

1<k<d’
denoted by
d
. 1
H:= Q) Hy (),
k=1
d
is the set of all finite linear combinations of rank-one tensors z = ®zk, with z; €
k=1

Hé (). The suffix “a” in “, @ refers to the “algebraic” nature of the tensor product.



472 A.EL HAMIDI AND C. CHAHBI

That is,
H={Y Ve o) : meN andz € HY(Q) for k=1,---,dp. (2.4)
J=1
It is well-known that H}(Q; x -+ x Q) is the completion of H with respect to the

norm || - ”HS(Q)’ ie.

o Mya

H(% (Q) ~a ®H(% (Qk)
k=1

Therefore, every element of z € H} (Q) can be written as
SO ()
z= Zzlj ®zzj ®--~®sz )
j=1
in the sense

=0.
Hy ()

lim
m— oo

Z— Zzﬁ”@z&”@---@z&”
j=1

In the sequel, the cone of all rank-one tensors in H will be denoted by %, (H), i.e.
Z(H)={21®20@ ®zq : z € Hy(Q) for k=1,2,---,d}. (2.5)

Thus the space spanned by %, (H) is H which is in turn a dense subset of H}(L).

The rank-one PGD method associated to problem (2.3) consists in the construction
d

of a sequence (U )men C Q®H6 (Qy) as follows:
k=1

(i) Initialization: up:=0.

(ii) Descent direction: choose 7, € argmin J(tpy—1+2).
€1 (a ®f_ HE ()

(iii) Update strategy
U = Up—1 + Zom-

We refer the interested reader to [17] for more general update strategies and also for the
convergence of the sequence (u)ncn toward the unique solution # in Hi (), when
the step (if) is supposed to be exactly solved, without any approximation error.
In what follows, we will focus precisely on the key step (ii) which consists on the
computation of an optimal descent direction z,, € argmin J(p—1+72).
€71 (o @iy Hy ()
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3. Alternate minimization for optimal descent direction

3.1. Notations

For the reader’s convenience, we will introduce the following notations:

The algebraic tensor Hilbert space , ®{_; H} (Q;) is denoted by H.

— The subset of the rank-one tensors in ,@¢_; Hj () is denoted by % (H).

The Euclidean scalar product in R¥ of the vectors & and 7 is denoted by & - 77,
or more explicitly by (&, 1)gk .

The Euclidean norm on R¥ is denoted by || - ||« -

— Forevery k € {1,---,d}, the set Quy =Q X -+- X Q| X Qyy X+ X Qq. So
we set for integration dx[k] =dxy - -dxp_1dxpy1---dxg.

As mentioned before, the most important step in the PGD method is the compu-
tation of an optimal low-rank tensor. Indeed, it is through this step that the number of
unknowns (algorithmic complexity) decreases from the exponential order to the linear
order. We confine ourselves to a the widely used numerical algorithm for the computa-
tion of an adequate optimal descent direction:

Zm € argminJ (4,1 +2), (3.1)
ZER (H)

at the m-rh PGD iteration. Notice that
Zm =0 <= u,,_1 = u, the solution of Problem (2.3).

Indeed, let z € Z,(H), then 1z € %, (H), for any t € R and consequently J(uy,_1 +
tz) = J(uy—1). Therefore, for any ¢ > 0, we get
J(um,1 +ZZ) —J(um,l)
t

=0,

which implies that J'(u,,_1) -z > 0. By choosing 1 < 0, we get similarly J'(u,,—1) -z <
0. We conclude that for any z € % (H), it holds J'(u;,—1) -z = 0. It follows that
Zn=0= J(up_1)-2=0, Vz€ X (H)
= J(up_1)-z2=0, Vz€&H, by linearity of the map J' (,, 1)
= J'(up_1)-2=0, Vz&HL(Q), by density of H in H (Q)
= J (Upy—1)=0
= u,—1 = U, by the strict convexity of J.

The reverse implication is straightforward, which achieves the claim.
Hereafter we will assume that

Un_1 #1 orequivalently J (u,,_1) #O0.
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Let us introduce, the tensor product mapping

T : HY(Qq) x -+ x H} (Qq) — thy—1 +Z1(H)

(2157+,24) — U1 20 Q- @2y,
and the functional

J 1 HY(Q)) x - x HY (Qq) — R

(Zla"'7zd) '—)JOT(Zlv"'7Zd)'

Then, Problem (3.1) can be rewritten

= (21, ,74) € argmin J(z1,+,2q)- (3.2)
(21.+,2q) EHY (Q1) -+ x H} (Qq)

Notice that in the formulation (3.1), the set % (H) is not convex whereas the func-
tional: z + J(u_1 +2) is strictly convex, while in (3.2) the set H} (Q1) x -+ x H} (Qy)
is convex whereas the functignal J is not. On the other hand, it is important to observe
that in (3.2), the functional J is strictly convex with respect to each variable Hé (),
k=1,2,---,d. Hence the computation of an optimal descent direction Z,, in (3.1) can
be performed by alternating minimization via (3.2).

For the reader’s convenience, a detailed description of the~ smooth manifold struc-
ture of Z#(H) can be found in [15]. The mappings T and J are then clearly differ-
entiable on H}(Q) x -+ x H}(Q,) and for any (z1,--+,24) € HJ (Q1) x -+ x H} (Qy)
and @ € H} (Q), 1 <k <d, we have:

aT

a—a{(zl,---,zﬁz)«pk =00 QDO D D2y, (3.3)

oJ

Q_Zk(Zl»'--Jd)'(Pk =J (U1 +21Q - ®27) 21 Q- QH 1 QGO Z+1® - D 24)

= /Q [Ar (o) Vizk - Vieor + Br (k) 2 ok — fi(xx) @] doxk (3.4)
k

d
where —— represents the partial derivative in the direction HZ (), forall k € {1,2,---,d},

Iz
and
d
Ak(xk) = /Q HZ,‘Z(xi)Mk(x)dX[k], (35)
v
d d
Be(xe) = Y, /Q Mi(x)Vizi-Vizex [] Zf dxy |, (3.6)
i=1 =1
=23 ik
d
Ji(xx) = <f(x1,'“7xaz)+diV(M(x1»“'7Xd) Vi1 (x1,++,%4)) 5 Bz (xj)> (3.7)
j:

j#k L2(Qy)
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i. Initialization: Fix (z0,---,2 |) € H}(Q1) x -+ x H}(Qq—1)
ii. Computation of 2

zg is the unique solution of the equation, of unknown z :

oJ
a_zd(z(l)f"vZ?l—laZ) =0

iii. Given the n-th iterate (Z},---,Zj), we compute the (n+ 1)-th iterate

i+, 20t iteratively by:

Fork € {1,2,---,d}, zZ“ is the unique solution of the equation, of unknown z :

aJ

n+1 _n+1 n+1 n ny __
5(11 G 1% T 0 2) =0
Ck

Table 1: Alternating Minimization Method (AM).

The optimality condition of Problem (3.2) at (Z},--,Z4) is given by the nonlinear
system
g—J(fl,?z,"',?d) =0,
21
: (3.8)
I (6 2 20 =0
2d

The alternating minimization algorithm for solving Problem (3.8) uses the strict
convexity of the functional J with respect to each variable z;, k=1,2,---,d, it can be
summarized as the following:

In the following lemma, we will show that for each k € {1,---,d}, the alternat-
ing minimizing sequence (Z}7' @--- @ @, - @), defined in Table 1 is
bounded in Hé (Q). Moreover, under an adequate non-orthogonality condition on the
initialization term z(l) R ® zg_ | » this sequence is away from the origine, with respect

to the L?(Q)-norm.

LEMMA 1. Consider the alternating minimizing sequences defined in Table 1:
® 75 =7Q - ®7,
° ng =M@ ®zz+1 @y ®2zy, for 1 <k < d, inparticular z%;d =z

Then
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1. Vke{l,---,d}, the sequence (z'é;k> N is bounded in H}(Q). In particular,
ne
(zﬁé)neN is bounded in H}(Q).

2. If the initialization (Z?,~~~,2271) is such that the function f; : Q; — R
defined by

falxg) == <f(x17---,xd) +div(M (x1,- -+, xq) Vi1 (x1,-+,x3)) , d,é’lz,(;)' (xj)>
: L2(Q)

is not the null function, then

Jo>0,Vke{l,---,d},VneN,

Za,

Zn.,k
“ iz

in particular
VneN, HZ%HLZ(Q) 2o

Proof. 1. Let us choose (2),-++,29 ) € H}(Q1) x -+~ x H}(Q4_1) as an initial-
ization of the AM-algorithm defined in Table 1. Since the functional Jis strictly convex
with respect to each of its d variables, let zg be the unique solution of the equation, of
unknown z: ~

9 o0 0
Sy ) =0,

In what follows, to simplify the notations, we set for any (n,k) € Nx {1,---,d}:
o = (g}, .2,

° Z"’k = ( n+1 n+1

2t ,ZZH---,zfl),inparticularz"’dzz’”l-

It follows that for every n € N and every k € {1,---,d}:

f(z"’k> > f(z"’d>

> j’(zn+17l)

> f<2n+1.,k> )

Hence, for every k € {1,---,d}, the sequence <J~ (z’“‘)) N is decreasing. On the

ne
other hand, it is known that the functionals J and consequently J are bounded below

on H}(Q) and HJ(Q) x -+ x H}(Qy) respectively, then <J~ (z"’k)> . is convergent.
ne
The coerciveness of J achieves the first claim.
2. Since the function f; : Q; — R defined by

falxa) == <f(x1,---,x¢1) +div(M (x1,- -+ ,xg) Vi1 (x1,-+-,%4)) , jéiz(j)' (Xj)>
= 2(Q
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. . . . . dJ
is not the null function, then the unique solution zg of the equation — (z(l) , zg, o ,22_1 ,2)

074
=0 is not the null function either. Let us fix k € {1,---,d}, we get therefore:

f(z’“k) <J () <I(d3,25.,,0), Vnx>1, (3.9)

that is B
T(24) < Jn-r), V=1,

The decay of the sequence <J~ (z”’k )) implies that

neN

lim J(um,l +z’§") < J(ttmr). (3.10)

n—-oo

At this stage, suppose that there is a subsequence (zégl (n)’k> of <ng> N such
ne ne

N
that 7! (k0 in L2(Q) as n — +oo. The sequence (zg' (")’k) , is bounded in
ne
Hé (Q), from the first claim. It follows that there is a second subsequence (Zglow (n)’k>

neN
of (zé’gl (n)’k> such that z1°¥?("V* _+ 0 weakly in H} (Q) as n — ++oo. The weak
neN

lower semicontinuity of the functional J and the inequality (3.10) imply that

J(tp1) > lim J(um,l + Zg") ~ lim J(um,l +z;’g1°"’2<")”‘) > It 1),
n— oo

n— oo

which leads to a contradiction and we obtain the second claim. [

Since the sequence (zgk> N is bounded in HO1 (Q), then it admits weakly con-
ne

vergent subsequences in Hé (). In what follows, we will precise on the one hand
the limit problems satisfied by such sequences, as n — oo, and prove then the strong

convergence to their underlying solutions.

The fact that the sequence (zgk> N is bounded in Hé (Q) doesn’t imply that
ne

every sequence (zj),_y is bounded in Hg (<), k € {1,---,d}. To overcome this
difficulty, we introduce the corresponding normalized sequences:

- 7 .
L S i 1<k<d—1,
Vil 2oy

g y (3.11)
= IVidl 2 | To—d—r if  k=d,
¢ (,Ul L) Vil 2,
nd () if i€ {l,---,k}
Oy =4 o (3.12)
o () ifie{k+1,-.d},

so that we have
e The sequence (E,,’Z)HGN is bounded in H& (), forevery k € {1,---,d},

* I® Q7 =@ Q7 forevery n €N,
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o (I (x;)=2""(x;), foreach i€ {1,---,d}.

Therefore, direct computations show that (3.4), (3.5), (3.6) and (3.7) imply, for any
Or € H(} (Qk) :

n a‘] n n-n o
HVkaHHLz(Qk aZ( “)- <Pk—/Q {A Vit Vg + B oo f x| d,
(3.13)
where
/ H ((x)dxy  if1<k<d—1
~ l;ﬁk
A (xe) =
d—1 5
o, / IT (&))" Ma(x)dxy if k=d
Q) i=1
d d 2
> /QM [T (&) < Mi@Vigl Viliidvg | if1<k<d-1
i= j=
_ i#k JFij#k
Br (x) =
d—1 d—1 2
o 3 | [T (Elatxi)) x MOVl ViGlada | if k=d
i=1 | 7K j=1
J#i
d
<f+diV(MVum1)7 ® C;?k> ifl<k<d-1
=17
~n e ey)
fi (o) = “
d—1
o, <f+diV(MVum1) , ® C,’%d> ifk=d
=1 L2(Q)
and

d
O = HIIV A VR q 1Vizi 20
=

Recall that from Lemma 1, there are constants ¢ > 0, E > 0 such that
o<o,<B,VneN.

J
The optimality condition &—(Zn’k )=0 on H} (), forevery k€ {1,---,d} and ¢ in
Tk
HJ (), leads to
| [Ava viecs Bz o=t o] =0 (3.14)
k

or equivalently
—dlvk (An Vk'*n-&-l) _'_ﬁn"n-&-l n in Qk~

At this stage, we can state the convergence result:
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LEMMA 2. Forany k € {1,---,d}, we have:
1. There is oy > 0 such that for any i € {1,---,d}, it holds
18kl 20y = O
2. There are subsequences E,W k(") €V, and ijk € L2(Q;) such that

Cjwk(n) - C}{/k in L2 (Qj)

3. The matrix function A} is symmetric and uniformly positive definite on L, for
any n. Moreover, there is a symmetric and uniformly positive definite matrix
AY € (L)) Ne such thar

AV S AV in (L Q)N

4. The function B}' € L*(S) is nonnegative and not equal to the zero function, for

any n. Moreover, there is ﬁkw € L= (), which is nonnegative and not equal to
the zero function such that

BY" — BY in L™ ().
5. The function f}' € L*(Qy), for any n. Moreover, there is fAlk" € L*(Qy) such that

I B in L2 (Q).

Proof. Letus fix k€ {1,---,d}.
1. By contradiction, suppose that there is a subsequence (C;’;f”) N’ for some
’ ne

i€{l,---,d}, such that || i";{(")HLz o) — 0,as n— +eo. Then

Jim HHC gy =

Therefore, we get

:O,

li H o(n).k
el )

n—-+oo
which contradicts the claim 2 in Lemma 1.
2. Since the sequence (7 is bounded in HJ () then there are subsequences

CN" € HY (). j# k. and Y, € HY () such that
Y TV weakly in HY (Q)).
The first claim follows from the compact embedding of H}(€;) in L?(Q;).

3. For the next claims, we limit ourselves to the case k € {1,---,d — 1}, the case
k = d can be handled in a similar way.
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For any 1; € RV, we have

(ApCsme, me) / H £ () (M) e+ 1) e
z;ﬁk
d
> Al [ TT(G ) dy
“'“;-;i
z;&k

2(d—1
> Ao e

The symmetry of A is straightforward. It follows that the matrix function A" % is sym-
metric and uniformly positive definite on €2;. On the other hand, let us set AZ’ =

d 2
/ IT (Cll’z (x,-)) M (x) dxyy - It follows easily from  and 2 that forevery j € {1,--,d},
Quig \ "
W i=1

i#£k
| CL k|| 12(;) = Ok then the matrix function A\Zl is also symmetric and positive definite.
Therefore
) 2y
14 = Ao
d 2 )
= / H |:( zuz( )()C,)> ( tqz(xl>> :l Mk(x)dx[k]
Qui=1
7 (L= (@) %M
Sl v )2
s /Q 1 ( bk (x">> - (C ) ’ MG (e g
Wk
Sl (v N2 (v )
< ||Mk(x>||(Lm(Qk))NXN‘/Qk lj[l ( ik (.Xfl)) — (Ci,k(xi)> dx[k].
k] ;k
It follows from 2 that liT HXZ/ (=) AWH )Nev = 0, which achieves the claim.

4. This claim can be proved by similar arguments as in 3.
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5. For any n € N, it holds:

n_ 7Y : d
BB < 1 iV | © (g G e

K] =~

J#k

. R 12
< TG = Girlloay) [/Q (f+diV(MVum1))2dx[k]] :
= 0

J=1
j#k
It follows that
[ (=) an < 1‘[||§Jk Giallziay * [, [ A (f+div(MVum_1))2dx[k]] d
k k K
J#k
- H”Cjnk C] k“LZ Hf+diV(Mvum—l)”iZ(Qj)-
J#k
We obtain finally:
ngl}-l ka fk L2(Q )_07

which ends the proof. [

THEOREM 1. The sequence (Z}), _. is compactin H}(Qy), forevery k€ {1,---,d}.

neN
More precisely, for every k € {1,---,d}, there are a unique strictly increasing bijection
v from N to itself and a limit 7} € H} (Qy) such that
¥ (n)

2" — 2 strongly in Hy (Q).

Proof. Let k € {1,---,d} and ¢ € H}(€y). We recall the optimality equation
(3.14):

/Q [A" Vit Vk(Pk"‘ﬁI??]:Jr o — [l on | dx =0.
k

~y+l (n)+1

On the one hand, if we denote by z;' "~ the weak limit of E;f in H& (), we get:

/Q (AZ’(n)VkE;{V(n) —AYvE" 1) - Vieprdxy

k

= (le(n) —ZZ’) sz{w(n)ﬂ Vi dxy + /Q XZ/ (Vk}-;(’/( Vka ) Vi dxy
k

Q
Applying Lemma 2, we deduce that

lim A (gz/(") szzl(n)ﬂ —A\]:V Vk/Z\;{VJrl) -Viordx;, =0
k

n——+oo

In the same way, we obtain

lim (B,}’(”)Z,‘j’(") oyt )(pkdxkzo,
k

Nn— oo Q



482 A.EL HAMIDI AND C. CHAHBI

tim [ (YR gedxe =0,

n——+oo Qk

and therefore
/Qk {XZ/szk Vk(Pk-f-ﬁk % ¢k—f:V¢k} dx, =
In particular, we obtain
/ vakwﬂ V3 /4//+1 _/ |:Bk <~V+1> _qu,,a,,ﬂ} i,

On the other hand, the optimality equation (3.14) also implies

~ 2
Jy Aw v s = [ (B () g
k

(3.15)
Moreover,
w(n) (vm)+1\? _ Ry (ay+1)?
/Qk[k Y By (2 )}dxk
- 2 o 2
< v(n) (wm)+1\" v (~y+l
S /Qk ﬁk <Zk % <Zk ) ka
= +1)2 +1)2 +1)2
< J, 1B =B ) B @) - @) e
k
- 2
< |y _gv ’~w(n)+l
Hﬂ" k=) 11I7% L2(9y)
~u/(n)+1 Au/Jrl ~y(n)+1 | ~y+l
+Hﬁ () %k % 12(%y) % t % L2(9)
Hence, it holds:
~ 2
. n)+1 . v (21
nl_lg_loo/ By ) dxk—/gk BY (F) an, (3.16)

since HW( ¥ +/4,/+1 HLZ(Q ) is bounded with respect to n. We obtain in a similar way
k
that
lim / FYO O g :/ Y . (3.17)
n—+e JQ Q.

Combining (3.15), (3.16) and (3.17), we obtain finally that:

lim [ AV dxk—/ AV v .
n—-+teo JQu

This last equality allows us to conclude:

lim A y(n) (kaf;{y(n)Jrl _szzﬂrl) . (ngﬁ/( m+1 Vka ) dxk = 0,
n——+oo Qk

which achieves the proof. [
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The previous result does not imply the convergence of the alternating minimizing
sequence but only its compactness. In what follows, we will show that the alternating
minimizing sequence converges in a more general sense which clarifies the stopping
criterion in the AM algorithm. To this end, we introduce the following set:

€ ={(z1, -,2q4) € H} (Q1) X - x HY(Qq) : VI (z1,--,24) =0}

The distance between a given element (z1,---,z4) € H3(Q1) X -+ X H} (€4) and the
set ¥ is given by:

dist((z1,--,24), %) = inf)efg lz1® - @z —wi ®"'®WdHH(§(Q)

(Wi, wa

LEMMA 3. Consider the alternating minimisation sequence (z’f, o ,ZZ) nen 8iven

by the AM algorithm. Then, its normalized sequence (2’{, . 7zd) oy converges to the
critical set €, that is:
lim dist((z},---,23),€) =0.

n—-+oo
. e " " .
Proof. Consider the AM minimization sequence (117 e ,zd)n N Then its nor-
3 -n -n 1 .
malized sequence (Zl""7zd)neN satisfies:

vnen, 2@ m ) =0

Do @ F
Now, let a convergent subsequence <Z(f(")7 e ,23(")> . of (Z},-++,2) ey 10 Hg (1) X
n

-+ x H}(Q4), whose limit is denoted by (7,--,27).

It is known that the equation (z1,23,+++,29) = 0 has a unique solution, de-

aJ
921
noted by z¥". Suppose that 277" #2?, then J (Z‘f“,?zp, : ,Zd> <J(@Z.3,--.72).
thanks the strict convexity of J with respect to the variable z;, k € {1,---,d}. On the
other hand, we have

lim J( ()“,zf(")r“if(")) — lim J(?lpu -,ZT"’)

n——+oo n——+oo

= lim J(Z,---,2),

n—-oo
that leads to a contradiction. Then, A‘f“ = Ef The same argument implies that
=20, Vke {1, d}
and consequently
oJ
9 (z0.23,-.,29) =0, Vke {1,---,d},

thatis (z{,25,---.20) € €.
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Finally, since the sequence (Z},---,Z}),.

A. EL HAMIDI AND C. CHAHBI

Therefore, we obtain:

lim dist((z‘f(">,?2”(”),---,z;”(”)> ,%) —0.

Nn— oo

N is compactin Hg (Q;) x -+ x Hy(Qy) , from

Theorem 1, it follows that

lim dist((z},25,-+,2)),¢)=0. O

n—-oo

REMARK 1. In the AM algorithm described in Table 1, the previous lemma sug-

gests the following relevant stopping criterion

SE,
V1><~'~><Vd

|v7e, -z

for a sufficiently small given threshold € > 0. However, the following stopping

criterion

[Breez-Ro0g,
<eE

Eoogl,

based on the relative error distance is not suitable.
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