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BIFURCATIONS OF LIMIT CYCLES IN PIECEWISE SMOOTH
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Abstract. In this paper, the general planar piecewise smooth Hamiltonian system with period
annulus around the center at the origin is considered. We obtain the expressions for the first
order and the second-order Melnikov functions of its general second-order perturbation, which
can be used to find the number of limit cycles bifurcated from periodic orbits. Further, we have

(H,—H) ify>ef(x)
(Hy,—Hy) ify<ef(x)
the number of positive zeros of f when at € = 0, the system has a period annulus around the
origin.

shown that the number of limit cycles of the system X = { equal to

1. Introduction

Motions of many non-smooth processes such as impact switching, sliding, and
other discrete state transitions are modeled into piecewise smooth dynamical systems
rather than the smooth dynamical systems. Recently piecewise smooth dynamical sys-
tems are of great interest. It has many applications in physical processes such as elec-
trical circuits, impact oscillators, dry friction oscillators, relay control systems, model-
ing of irregular heartbeats etc.[2]. In many scientific applications, systems with self-
sustained oscillations modeled where limit cycles play an important role. Limit cy-
cle bifurcations in the case of smooth dynamical systems are very well studied [11],
whereas the non-smooth systems have been studied recently.

Averaging theory, Melnikov theory, and normal form theory are well-known tech-
niques used to study the limit cycle bifurcation of planar smooth differential systems
[6, 12], whereas the techniques for piecewise smooth systems are in the process of
development [5, 10].

In [4] authors considered a piecewise linear differential system (PLDS) having
center-focus type singularity with switching manifold y = 0 in which limit cycle bi-
furcation of the system is studied when the switching manifold is y = €. Also, in [19]
authors studied PLDS with saddle-center type singularity at the origin and switching
curve y = bsinx and shown that the number of limit cycles bifurcated from the period
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annulus of the system with b = 0 is equal to the number of positive zeros of sinx.
Note that the system considered in [19] is symmetric about the y-axis and zeros of
switching curve y = bsinx are also symmetric about the y-axis. In [14] first order Mel-
nikov function is obtained for piecewise smooth near-Hamiltonian system and studied
the Hopf bifurcation. In [18] authors studied the same system as in [19] by consider-
ing the switching curve y = bx(x? —x3)(x? —x3) - - (x* — x2,), wherein it is proved that
the number of limit cycles bifurcated from the period annulus of the system at b =0
is equal to m, where m is a positive integer. In [3], authors studied the number of
limit cycles bifurcated from the origin of the perturbation of a planar piecewise smooth
system with center-center type singularity at the origin. Further, in [15], normal forms
of some planar piecewise smooth systems with center-center type singularity of order
(k,1) at the origin are considered and their limit cycles bifurcation from the origin un-
der higher-order perturbations have been studied. It is natural to think about the limit
cycles bifurcation of these normal forms when the separation boundary is an analytic
function. In [9] authors considered the first-order perturbation of a planar piecewise
smooth Hamiltonian system. If the unperturbed system has a period annulus centered
at the origin, then using the first order Melnikov function, the number of limit cycles
bifurcated from the periodic annulus is studied.

In [16] and [17], authors obtained a similar expression for the second order Mel-
nikov function for planar Piecewise smooth differential systems with a straight line as
a switching manifold. This expression of the second order Melnikov function contains
the time of flight of the trajectories. In [16], authors used the second order Melnikov
function to find the number of limit cycles of piecewise perturbation linear center in the
class of second-degree polynomial functions. In [17], authors used the second order
Melnikov function to find the number of limit cycles of piecewise linear differential
systems with a nonregular line of separation. In paper [1], authors found first and sec-
ond order averaging functions for the piecewise smooth differential systems system of
the form

eFi(t,x) + eV TIR(1,x,¢€), (1.1)

N
x:

i=1

where Fi(t,x) are smooth periodic functions on open region defined by 6; | <t <
6;,. Note that the system (1.1) is called the standard form of the piecewise smooth
system, where x, i.e. oscillation, is of order €. In [8] authors studied piecewise smooth
near-integrable systems and developed the Melnikov function method and the averaging
method for finding limit cycles and equivalence between them. In [13], the number
of limit cycles is studied for a class of piecewise smooth near-Hamiltonian systems.
Using the expression of the first order Melnikov function and results about Chebyshev
systems, upper bounds are obtained for the number of limit cycles in Hopf bifurcation
and Poincare bifurcation.

Averaging methods are used to study limit cycle bifurcation from the period an-
nulus of such a system in standard form only. Note that the piecewise-smooth systems
with a center at the origin and of the types saddle-saddle, saddle-center cannot be con-
verted into standard form. Hence, we can not use averaging functions to study the
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limit cycle bifurcation of piecewise smooth differential systems with center and types
saddle-saddle, saddle-center.

In this paper we have obtained the second-order Melnikov function for the piece-
wise Hamiltonian system with second-order perturbation and the separation boundary
y=0. We also considered a general piecewise smooth Hamiltonian system with per-
turbed separation boundary y = £f(x) when f is a C? function.

We have obtained an expression of the second-order Melnikov function of a piece-
wise smooth planar differential system with a line of separation which does not contain
the time of flights of the trajectories. Note that the expression of the second-order Mel-
nikov function obtained only depends on integrals of 1-form over periodic orbits of
the unperturbed system. Further, we have used this second-order Melnikov function to
find an upper bound for the number of limit cycles of the piecewise smooth differen-
tial systems of types (i) k-/ center, (ii) saddle-center, and (iii) saddle-saddle with any
nonlinear smooth separation curve.

The paper is organized as follows: In Section 2 we give some preliminary concepts
about Melnikov theory, limit cycles, and stability of limit cycles. Section 3 is devoted to
investigating the first order and second order Melnikov functions for piecewise smooth
Hamiltonian systems with second-order perturbation. Section 4 deals with the general
piecewise smooth Hamiltonian system with boundary perturbation. Finally, in Section
5, we give some application of piecewise smooth Hamiltonian systems with boundary
perturbation.

2. Preliminaries

Consider a C* smooth system of the form

X: {Hy+8f(x7y73»6) , (21)

_Hx + Sg(xay»& 5)

y(t) ()

oH oH
K C R™ with K compact and Hy(x,y) = 3—(x7y), Hy(x,y) = 3—(x7y). For e =0,
X y

/
where X = (x(t))’ X = <x (I)), H,f,g are C smooth functions for € € R, § €

the system (2.1) becomes Hamiltonian system
i H
X = { Yoo (2.2)

Suppose that the system (2.2) has a period annulus &7 = {I'; : H(x,y) =h,h € (o, ) C
R} such that T, — Ty, as h — a, which is an elementary center point for the system
and I';, — I'g as h — B, which is usually a homoclinic loop consisting of a saddle point
or heteroclinic loop containing two saddle points. For some &g € (o, ), consider a pe-
riodic orbit T, from the period annulus and a Poincare section S = {(a(h),0) : h €
(ho — €0,ho + &)}, for some & > 0, at the point A(a(hg),0) to T',. Let I, be
the solution of (2.1) starting at A(a(ho),0)and let B(b(ho,€,0),0) be its first point of
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intersection with the Poincare section. Then the Poincare map %2 maps A(a(hy),0)
to B(b(ho,€,6),0). Note that H(A(a(ho),0)) = H(B(b(ho,€,6),0)) if and only if
Al(a(hy),0) = B(b(ho,€,8),0). Therefore we can use the difference map H(B) — H(A)
to investigate the number of limit cycles of (2.1) bifurcated from I’ . Thus,

H(B)~H(A)= |_dH = |_(H.dx+Hdy)

AB
—/ (Hy +€f) + Hy(— Hx+8g)]dtZS/OThO(fo-i-va)dt

= &F (ho,&,8) = Y, Mi(ho, 8)€", (2.3)
k=1

where T, is the time of flight along the trajectory AB of (2.1) from A to B and

1 ok DF

My (ho,0) = mw(

ho,0,8).

Here, M (ho,8) is called as the kth order Melnikov function and F' is called as a
bifurcation function for the system (2.1).
Clearly, from equation (2.3) we have

F(hO,O,S):Ml(hOﬁ):/ (fo+Hyg)dt:/ (gdx — fdy)

hg hg
~[ [ (g
Int (Fh() )

where Int(I', ) is the region bounded by I’ . Here, we say that the cyclicity of I'y, is
k if there exist & such that (2.1) has at most k limit cycles in some neighborhood of
I', forany 6 € K and for any 0 < & < & and that (2.1) has exactly k limit cycles in
every neighbourhood of I'y,, for some (¢,6).

The following proposition states that the number of periodic solutions of (2.1),
called limit cycles, in the small neighborhood for I’ is less than or equal to the number
of isolated zeros of the first order Melnikov function M (hg,0).

PROPOSITION 1. [6] Let 8y € K andlet hy € (¢, 3). Then we have the following:
1. There is no limit cycle near Ty, for |€|+ |8 — &| < 1, if Mi(ho,80) # 0.
2. There is exactly one (at least one) limit cycle T'(g,0) for |e| + \5 ol <« 1,

which approaches Ty, as (&,8) — (0,00) if Mi(ho,&) =0, (h0750) #0
(if ho is a zero of M(h, &) with odd multiplicity, respectively).

oh

oM
3. Ifthere exist 0 < j < k such that My (hy, &) =0 and —— S (ho, ) # 0 for every

0 € K then at most k limit cycles of (2.1) are bifurcated form Ty .
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Now we have the following result about the stability of limit cycles using the first
order Melnikov function.

PROPOSITION 2. The limit cycle of (2.1) bifurcated from the periodic orbit of
(2.2) passing through (a(ho),0) of the Poincare section is stable if

dM, amy
dh

where M\ is the first order Melnikov function for (2.1) and |e|+ |6 — 6| < 1.

ho, ) <0,

Proof. From equation (2.3), we have
H(b(h,e,8),0) — H(a(h),0) = eM, (h,8) + o(€?).
By Taylor’s expansion in powers of €, we have

H(a(h),0)+ eHy(a(h),0) (%) +0(e%) — H(a(h),0) = eM, (h,8) + o(€?).

2.4)

Equating € order terms in equation (2.4) on both sides we get

Hy(a(h),0) (%) =M.

Now if &7 is the Poincare map of system (2.1) then we have %, (a(h)) = b(h,€,0).

Hence
0P ) M (h,9)
=—" (2.5)
( de e=0 X ( (h) O)
Now differentiating (2.5) with respect to i, we get

d [ (0P J 1 dm Ma/
XK 9e ) J W= mam.o an M Eamort G0

Since H(a(h),0) = h, we have H(a(h),0)d’(h) = 1. Therefore from (2.6) we get,

() -ttt

N()W lf () < €& << 1, then we ha\/e
& XX 9

dx dx

.

dh

\_/v
I

But & is Poincare return map for (2.2). Hence, Z(a(h)

dP,
dx

a(h), which imply that

(a(k))d (k) = ' (h).
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Hence,

dP: _ (aMy  Hu(a(h),0)
dx 1N£<dh M a0 )

Thus, the limit cycle passing through A(a(h),0) is stable if

aMy _, Hila(h).0)

an gm0 <

dM
At h=hy, 6 = &, Mi(hy,0) =0, we have "

o7 (ho,8) < 0 for |e|+[6 — &| <«
1. O

General planar piecewise smooth differential system with two zones and switching
manifold £ = ¢~!(0) is given by

g J X)X (xy), (xy) ezt o
X[ (), Xy (xy), (ny) ez

where Xii, fi, gi, i=1,2 and ¢ are sufficiently smooth functions on some open
region containing the origin with 0 as a regular value of ¢ and Xt = ¢@~'(0,c),
Y~ = ¢ !(—,0) are two zones of (2.7). Now we denote X* := (X{",X;°), XT¢ :=
(X*,Ve) and (X5)* e := (XF,V(X*)* 1), where {,) is an Euclidean dot product.

We say thata point p € ¥ is a kth contact point for the vector field X if (X*¢)(p) #
0 and (X')(p) =0 for I =1,---,k— 1. A point p € ¥ is a (k,[)-contact singularity
of X* if Xy is a kth contact point for X* and is a /th contact point for X .

3. Perturbation of piecewise smooth Hamiltonian system

Recently in [9], authors studied the number of limit cycles of the piecewise smooth
Hamiltonian system

X =(H (x,y),~H (xy)+e(f"(x,5€06).8" (x,ye0), (xy)eXT" (.1
X =(Hy (x,y),—H (x,y)) +&(f (x,,€,8),8 (x.5,€,8)), (xy)eZ (3.2

ie.,
X {(H;(m), —H (6)) +e( 7 (50,8,8).87 (v 3.8,8)), () €XT
(Hy (x,y),—H, (x,y)) +&(f (x,y.€,6),8" (x,5,€,8)), (x,y)€X”
System (3.3) is a perturbation of the Hamiltonian system
X = (Hy (x,y), —H; (x.y)), (x,y) € £¥ (3.4)

y

X = (Hy (x,y),—Hy (x,)),(x,y) €T~ (3.5)
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or

v — (H;(x»y%—Hj(Ly)), (x,y) c Z-‘r
¥ {(H(x,y),—Hx(x,y)), (ny)ex (3.6)

Suppose that the switching manifold for (3.3) and (3.6) is = ¢@~!(0), where @(x,y) =
y. Assume that the system (3.6) has a period annulus around the origin in some open
region V. Let Ly =V N{(x,0): x>0} and L_ =V N{(x,0): x <0}. Let [} :
H"(x,y) =r, y >0 be a trajectory of (3.4) which starts at P(r) = (p(r),0) on Ly,
ends at the point P;(r) = (p1(r),0) on L_ with the time of flight % (r). Then the
Poincare half return map &* : L™ — L™ is given by

27 (p(r) = p1(r).

Let I'; : H (x,y) = s, y < 0 be the trajectory of (3.5) starting at P;(r) on L_ and
ending at the point P(r) with time of flight = (r). Therefore the next half return map
P~ L™ — L" is given by

7~ (p1(r)) = p(r).

Figure 1: Trajectories showing the difference map

Let T, be a trajectory of (3.1) starting at P(r) and meeting the first time on L_
at the point P»(p(r,€),0) and let I';, be the trajectory of the system (3.2) starting at
P, and the meeting first time on L. at the point Q(¢g(r,€),0) (See Fig. 1).

Then the Poincare map &, for (3.3) defined on L is given by

Pe(p(r)) = q(re).

Observe that T}, UT,, forms a closed trajectory of the system (3.3) if and only if
p(r)=q(r,e). But p(r) = q(r,€) is equivalentto H" (p(r),0) = H (q(r,€),0). Hence,
analogous to the case of a smooth differential system, we use the difference map

H(Q)—H"(P)=¢F(r,e,8) = i My (r,8)€*,
k=1
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where My (r,0) is called as the kth order Melnikov function for the system (3.3) and F
is a bifurcation function.

Similar to the Proposition 1 and Proposition 2, we can state the conditions for
cyclicity and stability of limit cycles for the system (3.3).

PROPOSITION 3. Assume that the system (3.6) has a period annulus with a center
at the origin. Let M (r) be the first order Melnikov function for the system (3.3). Then
we have the following:

. . 9’ M,
1. If there exist 0 < j < k such that My(ry,8) = 0 and 37 (ro,00) # 0, then
r
at most k limit cycles of (3.3) are bifurcated form I'y,, where T’y is a periodic
orbit of (3.6) through ry.

2. Limit cycle of (3.3) bifurcated from the periodic orbit of (3.6) passing through
(p(r),0) of the Poincare section is stable if

dM,

7("0750)<0

for |e|+|6— | < 1.

Proof. Proof is similar to that of Proposition 1 and Proposition 2. [
In [9], the first order Melnikov function for (3.3) when f*,g* are independent of
€ and 0, is given by the following proposition.

PROPOSITION 4. [9] If the system (3.6) has a period annulus around the origin
then the first order Melnikov function for the system (3.3) is given by

_ H!(P) [H, (P)
M) = b ) {Hﬂm J

(gFdx—fTdy)+ /PAP (g dx— f‘dy)] 7

where ISH denotes the path along the trajectory TS and }/’170 denotes the path along
the trajectory T, .

In this section, we first derive the expressions for the first order and second order
Melnikov functions for piecewise smooth perturbed Hamiltonian system

X = (H (x,y)+efi (x,y)+ £ (x,y), —H (x,y) + eg] (x,y) + €%¢3 (x,y)), y >0
(3.7)

X = (Hy (x,y)+efy (x,y)+€f5 (x,y),—Hy (x,y) +egy (x,y) +€%¢; (x,y)), y <0
(3.8)

or
v {(Hy+ () +efi (e y) + € (), —H (x,) + g (x,y) +€2g5 (x.¥)), y > 0

(Hy (x,y) +efy (x,y)+€f5 (x,y),—H; (x,y) + &g, (x,y) +€%¢; (x,)), y <0
(3.9)
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under the assumption that the unperturbed system (3.6) has a period annulus around the
origin.
In [17] the expression for the second order Melnikov function for the system

dH +eay+ €*0* =0,

with two semi-straight lines as a switching line, is obtained and it contains integrals
involving the time of flight. In general, it is difficult to obtain the time of flight of the
trajectories. Here we obtain an expression of the second order Melnikov function for
second order perturbed piecewise Hamiltonian system (3.9) in which integrals are free
from the time of flights of the trajectories.

THEOREM 1. [fthe system (3.6) has a period annulus around the origin, then the
first order Melnikov function for the system (3.9) is given by

HF (P) (H(P)) _
Mi(r) = 2 x / of + / of ). 3.10
1) Hy (P) (H;’(Pl) e 0 ! G40
Further, if My = 0 then the second order Melnikov function M, for the system (3.9) is
given by

gz = (. o+ o |, )

- o | H (PDK"(P(r) [ of
+(K (P _1+x—/ had B
( R S E Ty I 7
_( frog | He(P) fiwf)
r, Hy  HI(P)Jr Hf
1/ H (P))
—(H (P)— = H:(P) ) o2, 3.11
+3 (Ha) ) ) (3.11)
where
1 H:I:f:l: +H:tg:t
+ ot et . . - + e S 0
w0 =g; dx fz dyfor 1_172’G_H;_(P1)/1_;rw17 K== H;‘:

Expression (3.10) is proved in [9], we prove the expression (3.11) in sequence of
following Lemmas.

LEMMA 1. The difference map for the system (3.9) can be expressed as,

2
H'(0(q(r.€),0) = H"(P(p(r),0)) = eH, (P)p + % [Hi(P)p? +H{ (P)n] +o(€),

(3.12)

B 8 o 82q(ra8)
where p = {% (q(r,e))} o and 1 = [?} a0
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_ [dpa2(ry€) B 9°pa(r,€) _ [dq(re)
Proof. Let 0 = [ e 870, T= 92 - =
_ [9%q(re)
= |: de? :|50.

The difference map for the system (3.9) is
H™(Q(r.€)) —H" (P(r)) = L1+ Lo+ L3+ Ly,
where

Ly =H"(Q(r)) —H(Q(r)), Ly =H (Q(r)) —H™ (Px(r)),
Ly =H" (P,(r)) —H*(Py(r)), Ly =H"(Py(r)) —H"(P(r)).

Now by Taylor’s series expansion in powers of € we have

peeo-3[(5), 5 (5), o)

i=1

Since
Ly :H+(Q) _Hi(Q) :H+(q(r7£)’0) —Hf(q(r,g)’())’

we get

and

[a;ﬂ = (H(P) ~ Hy(P)p* + (HF (P) — Hy (P)n

€ e=0

Similarly,

Ly=H"(P)—H"(P) = H (p2(r.€),0) — H (p2(r,£),0)
imply that

52| e

and

{%] = (Hu(P) = Hyy(P)o” + (Hy (P) = B (P1)7.
€ =0

e Lo and

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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Also,
Ly=H (Q)—H (P) =H (q(r,€),0) = H (p2(r,€),0)
gives us
52| —mep-n o
and
%L, B o o _
58| = Harp R (P (P
Further,
Ly=H"(P)—H"(P)=H"((p2(r,€),0)) = H" (p(r),0),
s0 that
and
[%_ T Hi(P)o? +H (P)T.

Hence, from equations (3.13)—(3.21) we get equation (3.12). O

LEMMA 2. The expression for Ly is given by

+ 22 + + ler fl+w1+ 3
L4:8/r,+w1 +€ </F¢w2 +K"(P(r)) er—er— - Her )+o(s ),

where a);r zg;rdx—f;rdy, i=1,2.
Proof. We have,

Ly=H"(P,)—H"(P)= | _dH" = /A Hfdx+H/dy
PP, PP,

2 2
= ) [HI(H +ef +&2f,) + Hf (—H +eg] +€%¢3)]dt
—e /A (H [ + B g )dr + €2 /A (H fy +Hy gl )t
) PP,
= s/A(H;fl+ +H gl )dt + sZ/A (H £y +Hy g3)dt +o(€)
PP, PP,
:s//\(ijl+ +Hy+g1+)dt+82/ W) +o(e%).
PP, I

509

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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Along the path PP;, we have

dt = dy = dy
y —H++8g1++s2g2+
1 g1
H+ ++H+ +
Letus denote K = %, Ktdy=—gldx+f'dy=—w; on T} and

R is the region bounded by T, and T} UITP;, where P1P2 denote the line segment
from P; to P,. Then

/A (H+xf1+ + Hy+gl+)dt
PP,

H+xf1++H+gl+
= | ¥ 2 (82)) dy
PP, Hy
:_/ Hx+f1++Hy+gl+d e gl+(Hx+fl++Hy+gl+)d Fo(e?)
PPy H* Y PP, Hx+2 Y
=— AK*dy—s( Ag1 - dy+o( )>+0(£2)
PP P, Hy

/K+dy / K'dy— //—dxdy
PPy P1P2
K+
—e(A g1’ dy+o(e ))—i—o( €)
P, Hy™
oK' K+g1+
= a)+—/ Ktd —//—dxd —¢ dy +o(€?
O S K [ o ey =g L T s dytoele)

oK+ g1t of )
— —_— . 24
//R o dXdy+£/r,+ T +o(€e%) (3.24)

Now suppose that R = R; UR,, where R; is the region bounded by F 1",8, x=
pi1(r) and x = p(r) whereas R, is bounded by y =0, '), x = pa(r, €) and x—pl( ).
Note that, since the radial distance z from P;(r) to the point on T’

L .
e 1n Ry is of order

7oz T, 5
£, we have // dxdy:/ / rdrd6 = —z° = o(€”). Therefore,
Ry o Jo 4

— o(£?
/R2 e dxdy o(g%). (3.25)

Let us represent [, and T by ye = y(x,€), yo = y(x,0), respectively. Now put
y(x,8) = yo(x) + s(ye (x) —yo(x)) pi1(r) <x < p(r), 0<s < 1. Hence, area element
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for the region R; becomes dydx = (ye(x) — yo(x))dsdx. Therefore,

//Rl Wd’“dy / ) ( 01 K (et - (x))ds) dx

_ plr LIK' (dye 2
) e
r) 1 +
:g/p ( oK yo()) (%) ds) dx + o(?)
pi(r) 0 € £=0
r +
:e/p IK” (ﬁ) dx+ o(€). (3.26)
pi(r de =0

Now along T}, we have

9ye dye —H +egit +e2g"
o= —x=—H " +¢ gt = £ =
Ye Ox v+ 81 + g2 Ox Hy++8f1++82f2+

:/x —Hx++881++3282+ds
P

) Ht+efit+e2fp™

X _H X Hx+ t L H ot
— —ds +8/ fi +2y 8L ds+o(e?).
pi(r) Hy pi(r) Hy*t

Note here that the last integral is taken along T, . From the above expression we have

X Hx+ t L H To T X K+Hx+
(ﬁ) :/ fo g oo [f K ) ay). G27)
de pi(r) Hy*t ni(r) (Hy)

Therefore, from equations (3.25), (3.26) and (3.27), we get

p(r) 9K+
—dxd —8/ X I"dx+o(e
J Gt =e [ o s ofe).

Now using integration by parts, we have

[ S asty=e (ke [ Sa) e [ D axvotet

pi(r) (Hy)? ")
+ T+ N
ot o Ji o 81 @ 2
= —eK"(P(r)) r,*Hy++£/r,+ 7 +e o HE +o(e”).
(3.28)

Hence, from (3.23), (3.24) and (3.28) we obtain the formula for L,. [l

LEMMA 3. The expression for L, is given by

L2—£/ o] + & (/ w, +K (P(r) /fl ) o(e%), (3.29)

where ®; = g; dx— f; dy, i=1,2.
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Proof. The proof is similar to the proof of Lemma 2. [
Proof of Theorem 1. Comparing coefficients of € and € in the expression for Ly
obtained in Lemma (2) and from expressions (3.20), (3.21), we have
o= ! / o (3.30)
B H;r (Pl) I b '
and
o B fiof 1

—L — —HX(P)o>. 3.31

SHE (e = [ o K (P()

Similarly, from Lemma (3) and expressions (3.18), (3.19) we get

- g —_Hx_(Pl) + -
H. (P)p =H, (P1)0'+/1_; o, _HX*(Pl)/r,* o, +/1_; o, (3.32)
and
f1 w1
P)n = / o, +K (P(r) /
1

From (3.12) and (3.32) we get the first order Melnikov function.

Now if the first order Melnikov function is identically zero, then from equation
(3.12) we have p = 0. Hence, from (3.12) and (3.33), the second order Melnikov
function is

M, (r) = H, " (P)n

O 1
:/l( o — [ L / —+ H (P1)02+—HX(P1)1')7
Iy r, H, 2
H.*(P) o . .
where A = Ho(P) By substituting 7 from (3.31) we get the required expression for
X
M,;.

If the Hamiltonian system (3.6) is extended smoothly on the boundary y =0, it be-
comes a smooth Hamiltonian system. In this case, the first and second order Melnikov
functions are simple line integrals of one forms. Further, if perturbation of this system
is also smooth, then the first order and second order Melnikov functions obtained from
Theorem 1 are well-known integrals of one forms as shown in the following corollary.

COROLLARY 1. [fin the system (3.9),

lim HX+(x’y) :ylir(r)‘{ H, (x,y) and vli%l+Hy+(x7y) = vlir(]){ HV_(x’y)

y—0*t
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for all x € R, then the first order and the second order Melnikov functions are given by
Mi(r)=| o+ / o, and (3.34)

I Iy

. frop ffwi)
My (r) = o, + [ o |- +
2(r) ( ry 2 Jr 2) ( r, Hy i Hy

+
[ K+ (P / o,
— |, 3.35
w (kw0 [ =) [ 5) (339)
respectively.

Further, if hm f+(x y) = lim 1\ fi (x,y) and lim g*( y) = hm 1 g; (x,y) for

i=1,2 and for all x € R, then the ﬁrst order and second order Melnlkov functions are
given by

(O] w
Mi(r)= ¢ oy, and My(r) =f o4 A ke d 2 (336
Iy r T, Hy I Hy
respectively,
H(x,y) ify>0 Hy (x,y) ify>0
where Hy(x,y) = { He (x,y) ify <0, Hy(x,y) = { Hy (x,y) ify<O0,
Jim, HY(xy) ify=0 Jim Hf (x,y) ify=0
[ () ify>0 & (%) ify>0
file,y) = fi (x,y) ify <0, gi(x,y) =1 & (x.5) ify<0,
. + . o : + ; —
Jim fi7(xy) ify=0 Jim, gi"(x,y) fy=0

w; = gidx— fidy, K = %}CHV“ fori=1,2 and T, =T} UT,, a closed trajectory of
the unperturbed system.

Proof. Proof follows from the equation (3.10) and (3.11). [

4. Piecewise Hamiltonian system with boundary perturbation
Consider a piecewise Hamiltonian system with boundary perturbation,

v (H+a_H+)7y>8f(x)
X={ T 4.1
L%%ﬂﬂm<ﬁ® “b

where H,H™ : R?> — R are C? functionsand f: R — R isa C' function.
Here T = {(x,y) € R? :y = ef(x)} is a switching manifold and T* = {(x,y) €
R?: +(y — ef(x)) > 0} are two zones separated by X.

REMARK 1. According to the Filippov convention, [7], the switching manifold
is divided into the following regions:
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Crossing region X, = {(x,ef(x)) : Hf +eH f'(x) > 0 or H +eH f'(x) < 0},
Sliding region X = {(x,ef(x)) : H, +&H, f'(x) <0,H; +¢&H, f'(x) >0}, and
Escaping region X, = {(x,ef(x)) : H{ +eHy f'(x) > 0,H, +eH, f'(x) <0}.
Discontinuity-induced bifurcations are studied according to these regions.

Using the analytic invertible change of variables u = x, v=y— &f(x) and renam-
ing the variables u# by x and v by y, the system (4.1) becomes

+ y+
X:{Of ), y>0 )

(X7,Y7),y<0

where

1
X* = H +ef(OH +& 3 f(x)Hy, +o(e?),

= el (W + ()~ €100 (A0 + 7O ) +o(e?)

1
Ef( ) H,,, +o(e ) and

V= Hy e WAy S OH) ~ €100 (370, + 7 0 ) +ole).

X~ =H; +ef(x)H,,+¢

REMARK 2. Note that if ®(x,y) = (x,y —&f(x)), then @ is a diffeomorphism.
Therefore, systems (4.1) and (4.2) are topologically equivalent and their flows are C!
conjugate.

Melnikov function for the system (4.2) is given by the following theorem.

THEOREM 2. [fthe system (4.2) at € =0 has a period annulus around the origin
and HyjE (P)= Hyi (Py), then the first order Melnikov function for (4.2) is

Hf (P H; (P
AM(r) = H (R) (H}EPB i Eg;) ()£ 43
and the second order Melnikov function is given by
A(r) = ) ( e Pli) )P
H-(P)K*(P)—HF(P)
+ A S 4 000) - 101 0)
- [y He (PDKT(P) f
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i o (5)+ )]

+% (H,;(Pn Zlg §H+(P1>> : (44)
_H (P)
where A = 0o (P)

Proof. From (4.2), we have

Lo = [ (eidx—pirdy) = = [ atrmg) = 1)t ()= £(p) i (R). and

o= [ (sids—frdy == [ d(H) = FpoH; () - Fp)H; (P).
Hence, by Theorem 1,

M, (r)

H-(P)HS (P H-(P)HI (P
) <f<p> (# —Hy(P>) - () (% —Hy<P1>) ) ,
4.5)
where A = H{ (P)
Hy (P)

X
Now if H,f (P) = H," (P1) and H, (P) = H, (Py), then we get (4.3).

+ + 17 (x)Hy
Again, from (4.2) we have 0" = —d(f(x)H;"), 0y = —d Tyy . Hence,

the formula for M, follows from (3.11). [

Hf(P) Hy (P)
HY (P) Hy(P)

0. Thus, M;(r) =0 if and only if f(p(r)) = f(p1(r)) or the system is smooth. If
f(p(r)) = f(p1(r)), the periodic orbit passing through P(r) of (4.2) at € =0 is also a
periodic orbit of (4.2). Hence, the number of periodic orbits persists under perturbation
equals to the number of roots of f(p(r)) — f(pi(r)).

REMARK 3. If the system (4.2) at € = 0 is smooth, then

If the system (4.1) at € =0 is smoothly extended on y = 0, then its period annulus
persists under perturbation of the switching boundary. In the following corollary, we
obtain the first order and second order Melnikov functions for such a system.

COROLLARY 2. If the system (4.1) at € = 0 is smooth then its period annulus
persists under smooth perturbation of switching manifold y = 0.
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Proof. From (4.3) we have M (r f w; = f —d(f =0.

Now from (4.4) we have

2
MM () = —K(P) 1310 dH, + ?f Hyv dH + ]4 Hyd (’; ) (4.6)

where f,K,Hy,Hy, and T, are as defined in Corollary 1.
Along I', we have

%?dHy = %);)(nydx-l-l‘lyydy) = Ty — 1y,

1) (G g )= 5 (sooe () v @)

so that ?{ idHy =0. Also,
T, Hy
I H,
fo (PG ra(5)) = frn (P55 (roegt) -7 3
= Ho (v, ~ ffu)
where u = % and v =log(u). Integrating by parts twice, we get

nyy< —+d< )) j{H Py — ffuy) dy

= r?{ ((fzv)yyy — (ff'u)yy)dy =0. (4.8)

Hence from equation (4.6), (4.7) and (4.8), we get M> = 0. Thus, we conclude that no
limit cycle bifurcated from the period annulus of (4.1). O

REMARK 4. In the above proof we consider an extension of the natural logarith-

Inx, x>0
. . In(—x), x <0 . L
mic function on RU {+oo, —co} as, log(x) = n(=%) xO . This function is an
—oo’ X =
oo’ X = :l:oo
! 0 ! <0
antiderivative of the functions fi(x) =4 x on [0,e0] and f>(x) = ¢ x’ *
oo’ X = O _oo’ X = O

on [—ee,0].
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5. Applications

There are various types of planar piecewise smooth systems according to the types
of singularities in zones separated by the switching line with a center at the origin
viz. center-center, saddle-center, and center-focus. Here we discuss the limit cycle
bifurcation from period annulus due to perturbation of the switching manifold of center-
center and saddle-center type using the first and second-order Melnikov functions.

5.1. Boundary perturbation of center-center type system

Consider the piecewise Hamiltonian system

(1,2x)  ify<0 G-

B {(—I,Zx) ify>0
System (5.1) has center at the origin (Fig. 2a). Hamiltonian of the system X = (—1,2x)
is H* (x,y) = —y — x%. Trajectories of this system at level & = r are given by y+x* =
—r?. Hamiltonian for X = (1,2x) is H (x,y) =y — x* and its trajectories at the levels
h=r? are given by y — x> = 2.
Now consider the perturbed piecewise smooth system

_ Gl ef ) 24 (), 2 kel () + €% (ny) iy >0 o
(1+ef (xy)+€2f5 (x,y),2x+eg7 (x,y) +€%¢; (x,y))  ify <O,
where
fir(x,y) = ax® +bxy +cy?, fi (x,y) = Ax* + Bxy + O,
gl (x,y) =dx* +exy+ f*, g (x,y) = Dx* + Exy+ Fy?,
fr () =px* +axy+sy%, f5 (x,y) = Px* + Oxy + Sy?,
g (xy)= Ix? +mxy+ny7 & (x7y)=Lx2—|—Mxy+Ny2.

and a,b,c,d,e, f,p,q,s,l,m,n,A,B,C,D,E,F,P,Q,S,L,M and N are real constants.
From (3.10) we get

My(r)=r (%(417 Tf+Tn—4q)rP + = (l—d)) (5.3)

Note that, M;(r) =0 if

4b—Tf+Tn—4qg=0, and d—1=0. (5.4)
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Also, from (3.10) the second order Melnikov function is

B 2656sn  3712gs  3712bc  2656c¢f\ o
Mz(r)‘( 35 315 315 315 )
8 184 96
+ E(p(7n—4q) a(4b— 7f))—ﬁ(ls+qm+np+af+be+cd) 35(P6]+ab)

—E(l(7n—4q)+d(4b—7f))r6+%(14(N—F)+8(B—Q)+lp+ad)r5

1 2
+3 (a*—17) r4+§(L—D)r3. (5.5)

In the view of the conditions (5.4), the expression (5.5) becomes M,(r) = r*M}(h),
where h = r? and

Mj(h) = 33125( 29(7f —4b)(s+c) + 120(sn + cf)) I’
+<%(7f 4b)(P+a)—%(d(s+0)+61m+np+af+be) 3§(pq+ab)>h
+14—5(14(N F)+8(B— Q)+d(p+a))h+§(L—D). (5.6)

Thus under the conditions (5.4), the system (5.2) can have at most three limit cycles.
In particular, if a=p, b=¢q, c=s, m=—e, f=n=2b, L=—-D, F=N,
B = Q, then (5.6) becomes

- 640 80 16, 368 8 4
M5(h) = h + o —adh—=D. 7
2(h) = —5-be ( ab+ b = o d) + gadh =3 (5.7)

We can choose constants a,b,c,d and D such that (5.7) will have three distinct positive

8800 6
roots. In particular,if a=1, bc=1, d = —T and D = TR then (5.7) becomes

640
Mjy(h) = — = (h* — 6.0000000054> + 11/ — 6). (5.8)

Polynomial (5.8) has three positive zeros; & = 1.000000003,1.999999980, 3.000000022.
Consequently, the corresponding system will have three limit cycles (Fig. 2c).

Further, in (5.6),if 4b=7f,e=m=c=0,a=p=s=n=1,9g=—-b,d=1/10,
f=989,L=D, 14(N—F)+8(B—Q)=0, then

256

M)(h) = h3 4

3680
S 75h. (5.9)

115 3
Note that (5.9) has two real positive zeros, h = —6 + \/ 36733 16 %\/36733.

Therefore the corresponding system will have two hmlt cycles (Fig. 2b).
In [15], authors characterize all planar piecewise smooth differential systems hav-
ing (k,I) center at the origin. Here we mention the result;
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Figure 2: Flow of the system (5.2)

PROPOSITION 5. [15] Let k,I,r be positive integers and max{k,l} <r € NU
{eo,@}. Suppose that the system

(F*(x,y),G"(x,y)) ify>0

X =
(F~(%,y),G (x,y)) ify<0

(5.10)
is piecewise smooth with F*,G* € C" and having (k,l)-Z-center at the origin, where

X is the x-axis. Then there exists a C" diffeomorphism h from period annulus of (5.10)
to a period annulus of (5.1), which maps x-axis to the x-axis.

We note that the system (5.1) is piecewise smooth Hamiltonian system with Hamil-
tonian H* (x,y) = —y —x?, y >0 and H~ (x,y) =y—x?, y < 0. The following propo-
sition gives information about the limit cycles bifurcated from the period annulus of
this system due to perturbation of the switching manifold.

PROPOSITION 6. The number of limit cycles for the system

(=1,2x) if y>ef(x)
(1L,2x)  if y<ef(x)

S = f(=2)

is equal to the number of isolated positive zeros of f,(x), where f,(x) = 5

Proof. From (4.3) and (4.4), we get

M (r) =2[f(=r) = f(r)] = 4fo(r), and
/
r
My(r) = ?Ml(r).
Therefore the number of limit cycles bifurcated from the period annulus of the unper-
turbed system is the same as the number of positive roots of y = f,(x). In particular, if
f is an even function, then no limit cycles are bifurcated. []
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REMARK 5. From Proposition 3, it is clear that the limit cycle of system (5.1)

am -2 —
through the point (r,0) is stable if d—rl = Tfe’(r) <0, where f,(x) = W

Since the system (5.1) is the normal form of planar piecewise smooth systems of
the center-center type, Proposition 6 also holds for the systems (5.10).

5.2. Boundary perturbation of saddle-center type system

In [18, 19], authors studied the number of limit cycles along with the stability and
hyperbolicity of limit cycles of the system

X:¥Wﬂw)ﬁy>ﬁ® S

(=yx) ify<ef(x)

Origin is singularity of this system of saddle-center type and f(x) = sinx or f(x) =
x(x? —=x2)(x* —x3) ... (x> —x2,) . Note that this system is a piecewise linear Hamiltonian
system with two zones. We study the number of limit cycles bifurcated from the period
annulus and stability of the above systems if we change the switching manifold y =0 to
vy = £f(x), under the assumption that f is sufficiently smooth. Using dilation x = au,
y = av and renaming the variables # and v by x and y respectively, system (5.10)
becomes

. —1
(_yrx)» y< Sf(ax)
At € =0, system (5.11) has a period annulus .7 = U (TS UT,), where
rel0,1]
y—12 x> r o x? y s
l"f:HJr(x,y): 3 —?:§y>0 andrr:H (x,y) E Ezi,ygo
Now for any point P(r) = (p(r),0), r € [0,1] we have
12 2 2 2
O (i 1) L 1. ) Y
2 2 2 2 2 2 2 2
Hence, p(r) =1 —r=./s.
Since the trajectories are symmetric about the y-axis, we have p(r) = —p(r) =

—+/1 —r. Melnikov functions for (5.11) are given by the following proposition.
PROPOSITION 7. Suppose that f : R — R is C' smooth function. Then we have
the following:
1. The first order Melnikov function for the system (5.11) is given by
My(r) =2f,(aV1—r),

) = f(=x)

where f,(x) = 5

0.

for 0 <r< 1. Further, if M(r) =0, then My (r) =
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o

() f (x) —0.0Lsinx (b). fx) =x(x2 = 1)(x2 —4)

Figure 3: Saddle-center system with perturbation boundary y = €f(x)

2. The number of limit cycles bifurcated from the period annulus around the origin
inside the homoclinic orbit containing the saddle point (0,a) is the number of
isolated positive roots of f,(x). In particular, if f is an even function, then no
limit cycle bifurcated from the period annulus.

Proof. From (4.3), we have

LG (0 N
()= LR (B (lap() -~ ftam (0)

= flap(r)) = f(=ap(r)).

Therefore, M, (r) = 2fo(ap(r)) = 2fo(a/1 —r) forall r € [0,1].
Here, Hy; = H;; = H, = 0. Therefore from (4.4), we get

_ —f(ayT=7)
1—r

Mz(r) Ml(r), re [0,1)

Hence the proof of (1).
Proof of (2) follows from the expression of M;. [

REMARK 6. From Proposition 3, it is clear that the limit cycle of (5.12) through

the point (/1 —r,0) is stable if % = \/_1—2__arfe’(\/l —r) <0, where
oy = L)

Similarly, we can characterize all planar piecewise smooth differential systems
having saddle-center type as stated in the following proposition.
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PROPOSITION 8. Ifthe Filippov system

X:{WtGﬂm>o

(F7,G7),y<0 Gy

has a period annulus around the origin inside the homoclinic orbit containing the sad-
dle point (0,a), a > 0, then there is a homeomorphism which maps the period annulus
of (5.11) to the period annulus of (5.13) and maps switching manifold to switching
manifold.

Proof. Let UT be an open region in the upper half plane lying inside the homo-
clinic connection containing the saddle point (0,a) of

X =(F,G"). (5.14)

Let (b,0) and (c,0) be the points of intersection of the homoclinic orbit of (5.14) with
the x-axis and b < 0 < ¢c. We may assume that the periodic orbits of (5.14) are convex
(see [15]). Hence we use the polar co-ordinates (r,0) to transform the system (5.14)
into
dr
— =P*(r,0). 5.15
S =P (10) (5.15)

d
Let 0 <rp<c and 0 < 6 < . Consider the initial value problem £ =P (r,0),
r(0) =rg. Let & =E&(0,rg) be its solution. Now define the function ®@* : [0, 7] x
[0,c] = U™ by
®F(0,r) = (£(0,r)cos0,E(H,r)sin0). (5.16)

Then ®* is a diffeomorphism and maps each horizontal line segment r = r( to the
trajectory & = £(0,r9) of (5.14).

Similarly, if V' denotes the region in the upper half plane occupied by the periodic
orbits of

X=(y-1x), (5.17)

then we have the diffeomorphism W (6,r) : [0,7] x [0,1] — V. Let x* : [0,7] x
[0,c] — [0,7] x [0,1] be the map given by T (x,y) = (x,y/c). Then x* is also a
diffeomorphism.
The composition .+ ;=¥ oy o(®*)~': Ut — V7 is a diffeomorphism.
Next, let U~ and V~ denote the open regions in lower half plane consisting of
orbits of the systems

X=(F,G) (5.18)
and

X = (—yx), (5.19)
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respectively. Then we can construct a diffeomorphism 7~ : U~ — V'~ which maps
orbits of (5.18) to that of (5.19).

Since the system (5.13) is Filippov, every point on the switching manifold y =0
is a singularity of order one. Hence, ylir& T (x,y) = ylir(r)lﬁ A (x,y).

Now we define the map
H:UTUU U{(x,0):b<x<0or0<x<c} = VUV U{(x,0):0< |x| <1}
by

At (xy), (x,y) €UT

H(x,y) = (%), (x,y) €U ) (5.20)
lim 7% (x,y) = lim 2 (x,y),y =0
y—0*t y—0~

Note that due to the Filippov convention,

lim F™(x,y) = lim F~(x,y) and lim G'(x,y) = lim G (x,y),

y—0T y—0~ y—0T y—0~

so that JZ is continuously differentiable on the switching manifold y = 0. Therefore
¢ is a diffeomorphism. [J

From Proposition (8) we conclude that the Proposition (7) holds for the system
(5.13).

6. Concluding remark

In this article, we found expressions for first-order as well as second-order Mel-
nikov functions for perturbed planar piecewise smooth Hamiltonian systems. Using
Melnikov functions we study limit cycle bifurcations of piecewise smooth Hamiltonian
systems due to the perturbation of the switching manifold.

This idea could be extended to study the limit cycle bifurcation of any piecewise
smooth planar differential system.

Acknowledgement. The authors would like to express sincere gratitude to the re-
viewers for their valuable suggestions and comments.
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