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THE ¢-POSITIVE MILD SOLUTIONS FOR IMPULSIVE
EVOLUTION FRACTIONAL DIFFERENTIAL
EQUATIONS WITH SECTORIAL OPERATOR
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(Communicated by JR. Wang)

Abstract. In this paper, we investigate the existence of global e-positive mild solutions to the ini-
tial value problem for a nonlinear impulsive fractional evolution differential equation involving
the theory of sectorial operators. To obtain the result, we used Kuratowski’s non-compactness
measure theory, the Cauchy criterion and the Gronwall inequality.

1. Introduction

The theory of differential equations is present in several branches of science, in
particular because it excels in numerous relevant applications. We highlight here the
impulsive differential equations, which serve as basic models in the discussion of the
dynamics of systems that are subject to sudden changes in their states, that is, processes
involving an impulse effect. The corresponding models emerge as natural descriptions
of evolutionary phenomena observed in various real world problems. Natural phenom-
ena exhibiting sudden changes are common in biological systems such as heartbeats,
population dynamics and pharmacokinetics, besides other systems described by math-
ematical economics, metallurgy, ecology, and control theory [2, 3, 14, 17].

In 2012, Shu and Wang [34], considered the fractional semilinear integrodifferen-
tial equation in Banach space X given by

!
() = Ault)+ £ (u(0)+ [ al=)g(s.u(9)ds
u(0)+mu) =upeX (1.1)
W (0)+n(u)=u €X
where Z, (+) is a Caputo fractional derivative with 1 < & <2; A is a sectorial op-
erator of type (M, 60, a, 1) defined from the domains D(A) C X into X ; the nonlinear
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maps f,g are continuous functions defined from [0,7] x X — X; ¢ :[0,T] — X is an
integrable function on [0,7]; and the nonlocal conditions m : X — X, n: X — X are
two continuous functions.

As is well known, a mild solution to system (1.1) satisfies the following equation:

u(t) = Se (1) (o —m(u)) +Ke (2) (uy —n(u))
—|—/ T (t—s [ syu( +/qs— T,u(1))dt| ds.

In this sense, the authors investigated the existence and uniqueness of a mild solu-
tion for Eq. (1.1) using the Krasnoselskii theorem, the Arzela-Ascoli theorem and the
fixed point theorem.

The importance of fractional differential equations for both mathematical theory
and its applications is noticeable. The number of works published in this field presents
an important and interesting growth in the scientific community [4, 6, 8, 9, 10, 21, 12,
22,23, 25]. For many researchers, it is possible, with the help of fractional operators
(derivative and integral), to obtain better results as compared with classical operators
when it comes to applications [1, 11, 16, 18, 19, 20, 33, 36, 37]. From a theoretical point
of view, there is still a vast path to be explored, since the theory of fractional differential
equations is being constructed in innumerable directions, especially equations involving
sectorial and almost sectorial operators [15, 28, 29, 30, 32, 38, 39, 40, 44]. In addition,
numerous questions still need to be answered, which will enrich the theory in general.
Here, we highlight two relevant works in the theory of fractional differential equations
involving sectorial and almost sectorial operators [5, 7, 40, 43, 44, 45].

In 2013, Yang and Liang [43], using fixed point theorems and the analytical semi-
group theory, investigated the presence of positive light solutions to the Cauchy problem
of Caputo’s fractional evolution equations in Banach spaces. Examples were discussed,
in order to validate the results obtained. In 2013 Wang et al. [39] performed out a study
on optimal controls and listed a series of nonlinear fractional impulsive evolution equa-
tions. In that work, they dedicated to investigating the existence of mild continuous by
parts solutions and the application of fractional impulsive parabolic control. In 2015,
Wang et al. [36] investigated the existence of positive mild solutions of fractional evo-
lution equations with nonlocal conditions of order 1 < o < 2, using Schauder’s fixed
point theorem and the Krasnoselskii fixed point theorem. In the same year, Ding and
Ahmad [7] dedicated themselves to investigating the existence and uniqueness of mild
solutions for equations of fractional evolution with almost sectorial operators. As high-
lighted above, numerous studies have been published, some of them very important and
relevant to the theory.

Motivated by the works cited above, we consider in this paper the initial value
problem (IVP) with nonlinear impulsive fractional evolution differential equation given
by

D0 L)+ AE@) = f(1, §(1)), 1€ eyt F 1,
Alli=y = I(E(1)), k€N, (1.2)

§(0) = xo
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where C@S‘ +() is the Caputo fractional derivative of order 0 < ot < 1; € :J — Q; o :
D() C Q — Q is a sectorial operator of type (M, 0,0,,p) in Q; f € C(Jo X Q,Q);
AE|i—, = &(t7) — E(1;) where £(1") and &(z;) represent the limits on the right and
left of £(¢) in 1 = 1, respectively; I : Q — Q (k € N) are impulsive functions and
xo € Q. Furthermore,let 0 <t <ty < -+ <ty---, bl — o With m — oo be a partition
in J., defining J. = Jm\{tl,lz,...,tm,...}, Jo= [0,1‘1] e Jr= (l‘k,thrﬂ (ke N). Let
A1 be the smallest positive real eigenvalue of the linear operator <7 and let ¢} € D(</)
be the corresponding positive eigenvector.

1.0.1. Mains results, consequences and comments

Before stating precisely our main results, it is worth making the following com-
ment. The mild solutions of fractional differential and integro-differential equations
are constructed via Laplace or Fourier transforms; this is the case, for example, of the
solution of problem Eq. (1.2). However, it has recently been noticed that there arise
problems when the solution operator Sy, (f — ;) appears.

In other words, we are referring to the following question:

DL Sa (t —1:) i # A Se (t —1;) I
and
t 1
5 ([ Tat-01©)40) £ ( [ Tut1-0)7(60)a0).
t 4
We emphasize that we have taken due care in order to make the development of
the article clear and efficient. We present below the main contribution of this work.
To obtain our main results, we suppose throughout this paper the following hy-
potheses concerning Eq. (1.2)

(H;) Fort € J. and x € Q" there are functions a,b € C(J.., Q") such that

1F (20| < a(t)]x]| +b().

(H;) Forall R >0 and T > 0, there exists C = C(R,T) > 0 such that
f(t7x2) _f(t7x1) > _C(x2_xl)7

forall 7 € [0,7] and for 0 <x; <x; ,with [[x;]| <R and [[x2] <R.

(H3) Forall R>0 and T > 0, there exists L = L(R,T) > 0 such that any growing
monotonous sequence D = {x,} C Q* NB(0,R) satisfies

u(f(t,D)) <Lu(D), Vielo,T).



94 J. F. JUNIOR, J. V. DA C. SOUSA AND E. C. DE OLIVEIRA

The main objective of this article is to investigate the existence of e-positive mild
solutions for an initial value problem with a nonlinear impulsive fractional evolution
differential equation involving the theory of sectoral operators. In order to obtain the
result, we shall use Kuratowski’s noncompactness measurement theory and Gronwall’s
inequality. In other words, we are going to investigate the following result, given as a
theorem.

THEOREM 1. Let (Q,||-||) be a Banach space with partial order“<”, whose
positive cone QF is normal, and where —<f is the generator of positive ot -resolvent
families {Sa(t); > O} and {']I‘a(t); > 0}. For a constant 6 >0 and t € J.., let
Xo = oey and f(t,0e1) = AiOey. If the nonlinearity of f € C(Joo X QT Q) satisfies
the conditions [(H)]-[(H3)], then Eq. (1.2) has an e-positive mild solution in J..

Here are some consequences of the result:

1. The result investigated here, involving the existence of mild e-positive solutions
of the fractional problem Eq. (1.2) in the sense of Caputo, is the first in the literature.
There are several works involving positive solutions, but e-positive solutions have not
been investigated so far.

2. When investigating results in the theory of fractional differential equations, a
natural consequence is to consider the limit oc — 1 in order to recover the integer case,
a property that is verified here.

3. When Q is a Banach space that is ordered and complete in a weak and sequen-
tial way, we exclude the condition (H3) of noncompactness measure from Theorem 1
and obtain the following result:

COROLLARY 1. Let Q be a Banach space ordered and complete in a weak and se-
quential way whose positive cone Q7 is normal; let —</ be an infinitesimal generator
of the positive o -resolvent families {S¢(t);t > 0} and {Ty(t);t > 0}. Let xo > Oey,
ft,0e1) = MGey for 6 >0 and t € Jo. If the non-linearity of f € C(Jo x QT,Q)
satisfies assumptions (Hy) and (H,), then Eq. (1.2) has an e-positive mild solution in
Joo.

4. The result investigated here will allow the discussion of properties of the mild
e-positive solution, uniqueness, and controllability, from new conditions beyond those
presented in [(H)]-[(H3)].

The article is organized as follows: in section 2, we present the definitions of
the y-Riemann-Liouville fractional integral and the y -Hilfer fractional derivative, and
two particular cases which were used to formulate the problem investigated. We present
the Gronwall theorem (inequality) and its respective lemma. On the other hand, we
present a small part of the theory of sectorial operators and some fundamental results.
Finally, we approach the concept of Kuratowski’s noncompactness measure, together
with some essential results for obtaining the main result of this paper. In section 3,
we investigate the main result of this paper, that is, the existence of e-positive mild
solutions for Eq. (1.2), through Kuratowski’s noncompactness measure, using Cauchy’s
criterion and Gronwall’s inequality.
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2. Mathematical background: auxiliary results

In this section, we present some fundamental concepts and results that will be of
paramount importance in obtaining our main result.

Consider the Banach space (€, ||-||) and the interval J = [a,b] C R with n € N.
The continuous functions space is given by [28, 29]

C(J,Q):={f:J—Q; f:continuous},

with norm

[fllc = sup|f(r)].
teJ

On the other hand, we have the space of continuously differentiable functions,
given by

C'(J,Q) == {f:J Qe C(J,Q)}7

endowed with the norm
Ifller = sup| ™ (r)].
teJ

Note that the spaces defined above are Banach spaces.
Now, consider the interval J.. = [0,00). The space of the continuous by parts
functions, given by [42]
PC(J,Q) = & 1 Jwo — Q; &(1) be continuous in ¢ # f;, continuous left
=*%"7 lin 1 =1 and there is the limit on the right , £ (¢,), Vk € N

whose norm is given by ||§||p = max { sup||E ()]l } ,is a Banach space.
keN tedy

DEFINITION 1. [42] Let Q be a real Banach space. A non-empty, closed and
convex subset QT C Q is considered a cone if it meets the following conditions:

(i) fxe Q" and A >0, then Ax € Q7.
(it) If x€ Q" and —x € Q7 then x =0.

Every cone Q" C Q induces an order in Q givenby: x <y & y—xe€ Q*.

Let J = [a,b] C R be ainterval with —eo < a < b < oo and let y(x) be a monotonous
increasing and positive function at (a,b), with derivative y’(x) continuous on (a,b).
The left y-Riemann-Liouville fractional integrals with respect to the y function of a
f function on J of order o > 0 is defined by [24, 27, 31]

TEVf(x) = ﬁ [ vo(ve-wo)™ swar @1

The right y-Riemann-Liouville fractional integral is defined analogouly.
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In particular, for y(x) = x, we have the Riemann-Liouville fractional integral to
the left, given by

S f(x) = I)Lx(x—t)a’lf(t)dt, x>a. 2.2)

I'a

On the other hand, let n € N and J = [a, b] C R an interval such that —eo < a <
b < . Consider the functions f,y € C"(J; R) so that v is increasing and y'(x) #0,
for every x € J. The y-Hilfer fractional derivative to the left of f, of order n—1 <
o <n and type 0 < B < 1 is defined by [24, 27, 31]

B B(n—a); L d\" _(1-p)n-a)
OBV () — g BO-o0w (w’(x) E) S =B=ahw
The y-Hilfer fractional derivative to the right is defined analogously.
In particular, for y(x) = x and taking the limit 8 — 1, we have the Caputo frac-
tional derivative, given by

d\" 1 x

Coo _ ogn—a[ 4 _ _ n—a—1 ¢(n)
9, =7 =——— / t t)dt. 2.3
fr) =5 (1) 0 = g [ e
For details on how to obtain other particular cases for derivatives and fractional

integrals, we suggest the work [31].

In what follows we present two fundamental results, Theorem 2 and Lemma 1.

However, their proof will not be presented here; it can be found in [26].

THEOREM 2. [26] Let & and v be two integrable functions and g continuous,
with domain J = |a,b]. Let w € C'(J) be an increasing function such that y'(t) # 0,
Vt € J. Suppose that

(1) & and v are non-negative;
(2) g is non-negative and non-decreasing.
If
1 , o—1
s <vin+e0) [ v (v -wm)" u@ar,
then

ak—1

t oo k
s < v+ [ 3 UL o)y yio) ™ o
4 k=1

LEMMA 1. [26] Under the hypotheses of the Theorem 2, let v be a non-decreasing
function on J = |a,b]. Then,

E(1) < viEa (8T () [w() — v(2)] ).

oo k

where Eq(t) = Y

P m , with R(or) > 0, is the Mittag-Leffler the function.
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In order to investigate our results, we will work with the initial value problem
Eq. (1.2) using the Caputo fractional derivative, defined by Eq. (2.3).

DEFINITION 2. [42] Let a,ax € R. A function f : [a,0) — Q belongs to space
Ca,o if there exists a real number p > o and a function g € C([a,);Q) such that
f(t) =17g(t). Also, we say that f € Cy',, for some positive integer m if f SONY o

Let 7 be a density operator on Q satisfying the following conditions [34, 41]:
1. Forsome 0< 0 <%, p+Sg={p+1% A cC,|arg(—1%)| < 0}.

2. There exists a constant M such that

M
A -

121 —27) 71| < ol A& p+So.

DEFINITION 3. [34, 41] A closed linear operator <7 : D C  — Q is considered
a sectorial operator of the type (M, 0, ,p) if thereexist 0 < 6 < 7, M >0and p €R
such that the o -resolvent of &7 exists outside the sector,

p+Se={p+1% AeC,larg(-1%)| < 6}

and

M
1A% =)~ < K A% & p+Sp.

A%—p
If o/ is a sectorial operator of type (M,0,0,p), then it is not difficult to see
that ./ is the infinitesimal generator of an o -resolvent family ||T¢(7)|;>0 in a Ba-
1
nach space, where Ty (¢) = i / MR(LY, 7 )d). Analogously, we will make the
LJjc

estimates for ||S¢(7)||;>0 and | Kg(?)||;>0, as presented below.
The existence of soft solutions and the qualitative theory of evolution fractional
equations are researched through operator-solutions [34, 41],

_ L Aty a—1 o
Sq(t) = Zni/ce A% R(AY, o )dA
and
_ i Aty o—2 o
Ka(t) = 57— /C MA2R (A, of VA,

where C is an appropriate path and <7 a sectorial operator of the type (M, 0,0,p).
We present and highlight the following two lemmas, Lemma 2 and Lemma 3.

LEMMA 2. [34, 41] Let </ be a sectorial operator of type (M, 0,a,p). Then,
Jor ||Sq(2)|| and t > 0, the following estimates are valid:
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() Ifp=0 and ¢ € (max{e,(l — ), g(z—a)), then

1 1
K MelKi (1+pr)] [Ko“ - 1]

[Sa ()|l < — (I+pt%)
n(sin®)!*a
I'(a)M
2.4
(1 + pr®)|cos =2 |*sin O sin ¢’ e
where
Ko—Ko(0.0) =1+ —09 d K=K (0,0)= ,sin®
0=Ko(0,0)= +m an 1 =Ki( ,¢)—max{ ,m}

(i) Ifp<0 and ¢ € <max{%7(l—a)n}, g(z—a)),then

1Sa0)] < (M[(1+sin¢)ri -1, ()M ) |

n\cosq)\”é ﬂ\cosd)Hcos%"’\a 1+ |plee

LEMMA 3. [34,41] Let o be a sectorial operator of type (M, 0,0, p) andt > 0.
Then the following estimates are valid:

() Ifp=0 and ¢ € <max{0,(1—a)n¢}7 g(z—a)),then

1
w i -] |
< o\ g ca—1 K (1+pr®)] e
ITa(t)] € — g (1+pt9)z 1% e

My
(14 pr%)|cos =2 %o sin O 'sin ¢

and
1
M [KO“ - 1] K 1
a—1 o] =
IKe (@) < m (14pt®) @ *! elKi(1+pr®)] @
m(sin@) o
Mol (o)
(14 pr®)|cos =2 |%sin O sing |
where
sin@ sin 6
Ko=Ko(0,0)=1+——"""— d K =K(0,¢9)= l,—— .
0=Ko(6,9) +sin(¢—6) and Ky =K(0,9) maX{ ’sin((b—@)}



Differ. Equ. Appl. 15, No. 2 (2023), 91-112. 99

(ii) Ifp<0 and ¢ € (max{%,(l—a)n}, %(2—0()), then

eM |(1+sing)a — 1
||1ra<z>||<( | ™ ¢> 1

m|cos ¢ | cos ¢||cos =2 | | 1+ |p|t*’

and

eM |(1+sing)a —1|1
Ka(t)ll<( [ ]+ ol ()M ) 1

7| cos ¢| & nt|cos||cos Z2| | 1+ [plt*

LEMMA 4. [34,41] Let o/ be a sectorial operator of type (M, 0,0.,p); then

_ 1 Aty a—1 o . oy _ < ( ta)k
Salr) = 53— /C MATNR(2 A )d = B (1 >_k2=07r(ﬂ1+ak)’ 2.5)
_ 1 At o _ o1 oy _ ,o—1 < ( ta)k
Ta(t)——szcoe R, VAN =19 B o (A1%) =1 k§0r(§+ak) 2.6)
and
_ 1 Aty o—2 o _ oy _ < (%ta)k
Kolr) = - /C HACRA A = 1B )_tkgoir(uak)’ .7

where Co is an appropriate path belonging to Xg .

LEMMA 5. [34,41] Let o/ be a sectorial operator of type (M, 0,0.,p); then

d d
E(Ka(t))zsa(t) and E(Sa(l‘))zﬁmra(t)

LEMMA 6. [34,41] Let < be a sectorial operator of type (M, 0,0, p) and o €
(0,1); then

P04 [Salt)x0] = o [Se (1)x0]
and

55, [ Talo - 011(0)d0 ) =7 [ Tt~ 0)1(6)a0+ 1),

where I'(-) is an appropriate path belonging to Xg o, So(-) and where Ty(-), are
given by Eq. (2.5) and Eq. (2.6), respectively.
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COROLLARY 2. [34,41]

G [ Talt - 011(0)d0) = [ Ta(1-0)1(6)a0+ 1),

where t; > 0.

As we are working with fractional differential equations with impulses, it is im-
portant to mention the results presented below.

LEMMA 7. [34, 41]

% U;Ta(r— 9)f(9)d9} # % [/{: To(t—0)f(6)d6|,
where t;, > 0.

LEMMA 8. [34, 35, 41] Let o be a sectorial operator of type (M, 0,0,p) and
0<a<1;then
CPE.Sa(t —tr) It # A Se (t —13) I

and

C@@;( t:”JI‘a (t—e)f(e)de> 7@@7( tjra (z—e)f(e)de).

Ik

LEMMA 9. [34, 35, 41] Let </ be a sectorial operator of type (M, 0,0.,p). If
O<a<l1andt>t, then

C@[fga (l — lk)lk =Sy (l‘ — lk)Ik.

The following observation has the same objective as Lemma 7, that is, to present
the difference between an integral calculated on the determined interval and the integral
calculated on the partitioned interval for a choice of k € N.

REMARK 1.
5, ([ Tals - orrtorae) £ ( [ Tt~ )s(6)a6)

where 7, > 0.

In order to obtain the existence of an e-positive mild solution for Eq. (1.2), we
present the concept of Kuratowski’s non-compactness measure and some important
consequences of it.

DEFINITION 4. [39, 42, 44] Let B be a limited set in a Banach space Q and
0(B) the diameter of set B. Kuratowski’s noncompactness measure [i(-) is given by

u(B) :inf{e >0, B= UB,- and 6(B;) < ¢, Vie [lm}} (2.3)
i=1
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Kuratowski’s noncompactness measure guarantees that every limited set B admits
a finite covering, that is, B can be covered by a finite number of sets with a diameter
not exceeding € > 0.

Consider the interval J = [0,b] and the Banach space C(J,Q); then, for all B C
C(J,Q) and 1 € J, define

B(¢):={u(t); ue B} C Q.
If B is limited on C(/,2), then B(r) will be limited on Q and u (B()) < u(B).

LEMMA 10. [39, 42, 44] Let B C C(J,Q) limited and equicontinuous. Then
w(B(t)) is continuous on J,

p(B) —maxu(@)  andu( [Boas) < [ u(Be))as

_ LEMMA 11. [39,42,44] Let S and T be limited sets in a Banach space €2, with
S the closure of S, To(S) the convex hull of S and a a real number. So the measure of
noncompactness has the following properties:

(1) ScT = w8 <u();

(2) p({xtuS)=u(s), vxeQ, 0#£SCQ;

(3) u(S)=0 < S is compact;

4) p(S+7T)<u(S)+u(T), where S+T ={x+y; x€S,yeT};
(5) W(SUT) = max{u(s), u(T)};

(6) 1(aS) = la] p(S);

(7) u(S) = u(S) = u(@a(s)).

For all W C C(J;Q), define

/OIW(s)ds: {/Otu(s)ds; MEW}, el

LEMMA 12. [39,42,44] Let J = [a,b], W C C(J; Q) limited and equicontinu-
ous; then co(W) C C(J; Q) is also limited and equicontinuous.

LEMMA 13. [39,42,44] Let {&,}_, be a sequence of Bochner-integrable func-
tions, J = [a,b] in Q, with ||&,(¢)|| < m(t) for almost every t € J and all n > 1, where
m € L(J;R ), then the function ®(t) = u({&,(r)}r ;) € L(J;R,.) satisfies

u ({/[ En(s)ds; n € N}) < 2/u ®(s)ds

LEMMA 14. [39,42,44]) If W is limited, then, for each € > 0, there is a sequence
{un}7_y CW such that

W) < (&) +e.
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3. Existence of ¢-positive mild solutions

In this section we investigate the existence of e-positive mild solutions for an ini-
tial value problem with impulsive evolution fractional nonlinear differential equation
in the Banach space Q, through the Gronwall inequality, Cauchy’s criterion and Kura-
towski’s non-compactness measure [26, 39, 42, 44].

Consider the following initial value problem with linear impulsive evolution frac-
tional equation in Q, given by

C@g-&-é(t)—’_%é(t):(p(t)? tEJNvt#tlﬁ
Ag ‘l:fk = Ik(é (tk))a ke Na (31)
¢(0) =xo

where C@S‘ +(+) is a Caputo fractional derivative of order 0 < ot < 1; & : J — Q;
o/ 1 D(e/) C Q — Q is a sectorial operator of type (M,0,c,p) on Q; Af|—;, =
&) —&(t ), where &(1}) and & (1, ) represent the limits on the right and left of & (1)
at t =1, respectively; [ : Q — Q (k € N) are impulsive functions; xy € D(«/) and
0eC(J,Q). Also,let 0 < 1] <tp <-++ <ty--, with £,, — oo when m — o, a partition
in Jo. Define J., = J\{t1,02,- - tms---}» Jo=1[0,11] and Jp = (t,85.1] (k €N).

DEFINITION 5. [34, 35, 41] An abstract function u € PC(J.,Q) is a mild solu-
tion for Eq. (3.1) if it satisfies the integral equation

~ 1 ~ k
x(t) =Sq (t)xo+/0 To (t—5)@(s)ds+ Sy (1) ZS;l ) I (i)

i=1
with Sq(-) and Ty (-) given by Eq. (2.5) and Eq. (2.6), respectively. Besides, S (-)
denotes the inverse of the fractional solution operator ga() atr=t;,i=1,2,3,...,m.
In addition, if there is e > 0 and ¢ > 0 so that u(r) > oe for ¢ € J, then we have
an e-positive mild solution for Eq. (3.1).

Let (,]|-]|) be a Banach space, <7 : D(&7) C Q — Q a closed linear operator and
—/ the infinitesimal generator of o -resolvent families {S¢(7);7 >0} and {Tq(1);1 >
0}. Then, there are M > 0 and & > 0 such that [21, 39, 40]

ISa(t)llc <Me®  and  ||To(t)|lc <Me®, t>0.

Through the results presented in the preliminary section, we are ready to attack the
main result of this article, that is, Theorem 1.

Proof of Theorem 1. The proof of this theorem will be divided into two parts.

(I) In this first part, we prove the global existence of e-positive mild solutions on
the interval Jy = [0,7].

In this case, Eq. (1.2) is equivalent to Eq. (3.2) with the evolution fractional equa-
tion without impulse in €,

{C%ﬂé(t) +AE() = f(1,E(t)), €,

32
£(0) = x. 2
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1. The local existence of soft solutions for Eq. (3.2) on Jy = [0,7].
For all 75 > 0 and xg € Q, we will prove that Eq. (3.3) below, with fractional
evolution equation

{C@zﬁ‘J(I)Jr%é(t) =f(.E@), 1>, (33)

& (to) = xo,

has an e-positive mild solution on I = [tg,# + hy,|, where h;, € (0,1) will be defined
next by Eq. (3.6).

Consider the interval I, = [0, + 1], o € (0,1). We introduce the following con-
stants:

M,, =sup{(t — )= ) Sal)|; € L},
M, =sup{(t— )= ) N Ta(); 1 €L},

and
Ry, = (My, +M,,)(||xo]| +1) + oer.
Let a and b be functions satisfying condition (H; ), such that

a;, =maxa(t) and by, = maxb(r).
tely tely

On the other hand, the functions satisfying conditions (H, ) and (H3) are given by
C:C(Rto,t()"’l) and L:L(Rto,t0+1).

Adding CE&(r) to both sides of Eq. (3.3), we can rewrite it as

{C@"‘+€() (& +CI)E() = f(1.6(1) +CE(r), 1>,

(3.4)
&(t0) = xo.
Consider the operators Sy (1) = ¢ 'S (t) and Ty () = e 'Tq(r) belonging to
the positive o -resolvent families, {Sy(7);7 >0} and {T(7);7 > 0}, respectively, both
generated by — (o7 + CI). Consider the mapping Q given by

(Qu)(t) = Sql(t —10) xo+/ Ta t—s)[f( LE(s)) +CE(s )} rel. (3.5)

From the continuity of f and condition (H; ), we have that function Q : C(1,Q") —
C(1,9Q) is continuous and increasing. In addition, a fixed point of Q is also a solution
of Eq. 3.4)in [.

Define the set Q:

A= {uec.Q): €Wl <Ry, E() > o6, e},
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Then, A C C(1 ,Q+) is a nonempty, bounded, convex and closed set. Let
. + 1o
7 <mind1, M} 36
0] { (ato + C)Rt() + bt() ( )

with 0 < o < 1. Then, by Eq. (3.5) and condition (H ), foreach u € A and t € I, we
have

1Q2) W) = [Satt—tohso+ [ Talt ) [£(5.8()) + CE(s)]ds

fo

< [Bete =)ol + | |

(3.7)

Ta(t = 9)||[1£ (56 () + CE ()] ds

<My ol + [ (1=5)% [aIEG)] +06)+ CIEO s

0

_ 1
<My ol + ¥, [ (@ + ORy +y | (1= )% ds
To

(1—10)"

< My lxoll + 7 [ (a + C)Ry + by

From Eq. (3.7), it follows that

1QE) ()] < My [lxoll + My,

<My, + M) (Jlxof +1)
<R10~

[(ar + C)Ry +b1y]  (Jlxof| + 1)ex
o [(ary + C)Ryy + by

Let vo(t) = 0ey, Ve €1, vo € A. Then
0(1) 290 (1) + (o + CI)vy(t) = Ay oe; + Coey < f(t,0e1)+Coey.  (3.8)

As Sq(t) and Ty(r) are positive o -resolvent operators and Q is an increasing
operator, it follows from Eq. (3.5) that
t

oer = Vo(t) = Se(t —10)Vo(to) + | Tealt —s)@(s)ds

T

<Balt—t0)o+ [ Tult—5)[1(s.061)+ Coer|ds = (@(oen) )

Note that oe; < u(r) Vr € I; then

oe1 < (Q(oe)))(t) < (Q3)(t), el

Thus, Q : A — A is continuous and increasing.
The set Q(A) is a family of equicontinuous functions in C(I,Q™).
Let vo = oe; € Q and define a sequence on the interval {v,} by

Vn:QVn—la nzlaza"" (39)
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As Q is an increasing operator and v = Qvg > vy, we have
VOSVISVS SV <o (3.10)

Therefore, {v,} = {Qv,—1} C Q(A) C A is bounded and equicontinuous.

Now, let B = {v,; n € N} and By = {v,_1; n € N}, then Bo = BU{vy}. Using
Lemma 11 (2), yields u(B(z)) = u(Q(By)(z)) forr 1.

Substituting Q(By)(#), defined by Eq. (3.5), yields

u(B()) = ({ga(t—to)xo—k/t:’f‘a(t—s) [f(s7 v,,,l(s))+0v,,,1(s)]ds; n 6N}>.

(3.11)
Using Lemma 11 (3), we have u (Sa (t— to)x()) =0. Then Eq. (3.11) yields

u(B() = ({ Tt =) [ F(5.Var(5)) + Oy (5)] s m e N}) |

T
Using Lemma 13 yields

t

uB) <2 | u ({Tra(z —5) [f(s, Va_1(5)) +cVn_1(s)} ne N}) ds

T

<2 Tale =)l ({75 Va1 (50) + Cvia () N} ) ds

<2m, [ (=9 [ (£(Bo())) + 1 (CBo()) ] s

fo

Using condition (H3), for all ¢ € 1, yields

u(B()) <27, /to (=)@ L+ Clu (Bo(s))ds

<2M,, (L+ C)/t(t—s)a_lu(Bo(s))ds.

Iy

Now, using the Gronwall inequality (see Lemma 1 with y(r) =) yields
1 (B(0)) < 0-Eo(2M(L+C)M(@)(t ~5)) 0.

So, u(B(z)) =0 for ¢t € I. Using Lemma 10, we have t(B) = max;c; u(B(z)) =0,
that is, {v,} is relatively compact in C(I,Q7"). Therefore, there exists a subsequence
{Vi,} € {vu} suchthat v,, — &* € A, when k — eo. Combining this with the sequence
in Eq. (3.10) and the normality of the cone QT it’s easy to see that v, — £*, with
n — oo. Taking the limit n — e on both sides of Eq. (3.9), and using the continuity
of operator Q, we have £* = Q&*, a fixed point. Therefore, £* € A C C(I,Q7) is an
e-positive mild solution of the Eq. (3.4).
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2. The global existence of mild solutions for the Eq. (3.2) on Jy = [0,7].
In item 1, we proved that Eq. (3.2) admits an e-positive mild solution

&0 € C([0,ho),Q7T), given by
&) =Sano+ [ Talt—9)[f5.806) +CoO)]ds.  G12)

Using the extension theorem [42] , &, can be extended to a saturated solution of
Eq. (3.2), which is also denoted by &, € C([0,T),Q%), whose interval of existence is
[0,T).

Next, we will show that 7 > ¢;. Denote

a= max a(t), b= max b(t),
t€[0,7+1] t€[0,7+1]

Mi= sup [[(t=T)"""Sa(r)| and Mi= sup [[(t—T)""“Ta(r)].
1€(0,T+1] t€[0,7+1]

Suppose T < t1; taking the norm on both sides of (see Eq. (3.12)) we obtain

ds

a1 < [Batema] + | [ Futo —9) 1652060 + €209

< [Sa(®)|l]1xoll
+ [e=s =)

< Mol + M1 [ (=) 105, &o(s)) |+ ICEo (5] s

Tale —9)|||[ (5 &o(s)) + C&o(s)] | s

J— [ j—
< Mol + M, [ (15! b+ (a+ O &o(s) ] ds
__T* ¢ |
< Myl +M0b — + W @+ ) [ (=) &o(s)ds.
Using the Grinwall inequality (see Lemma | with y(r) =1) we get
___ T«
01 < (Mol + 515 22 ) B (Ms @+ OO (a1
__T“ i N
< (Mol + M — ) Eq <M1(a+C)F(a)T> 2 M. (3.13)

Now, we define the following constant:

No = sup{ [l (. 5): £ €[0.7+ 1] e x| < M | (3.14)

As Sq (¢) is a continuous standard operator for ¢ > 0, forany 0 < 71 < Tn < T,
consider the following functions:

&) =Balmo+ [ Talm—9)(F5.86)+CoW)ds  G.19)
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and
Go(m) =Ba(emo + [ Talm—3)(Fls.80(s)) + CE()ds. (.10

Subtracting Eq. (3.16) from Eq. (3.15), and rearranging the integrals with respect
to the integration limits, we obtain

&(n) = &(n1) = Sa(®)x0 — Salm)x0
[ [Fatr=5) = Ta(m —9)] [ £(5.80(5)) + Cao(s)] ds

+/: 'ﬁ‘a(fz —) [f(& Eo(s)) +C§0(s)} ds

Let’s draw the norm for this difference to determine a higher quota. Then, making
the change of variable s — 7; — s, using Eq. (3.14), Eq. (3.13) and the constant M;
yields

Héo(fz)—éo(fl)\\
< [[Sa(m2)x0 — Sa(T1)x0 |

+ [ (e —5) = Talrr = 5. 80)) + Cnls) s
[ Rl =)&)+ Cofe) s

< Se(12)x0 — Sa(T1)x0]|

+ [ (e 0) — Tal) 1. () + Cnls) s
+ [ 0= (0= Bl =) (5 0(6) + CEalo) s

< Hga(’b)xo - ga(ﬁ )xol|

T ~ ~
1 (No+ CM) /0 T (s — 71 +5) — To(s) s
T

+ M, (No + CMy) / “(1— 5)%ds

T

_ - _ T —1)%
< 80 (12)x0 — Ba(m o] + M (No + CMy) (2=

T —~
+(No+ CMy) /0 T (22 — 71 +5) — T (s) | ds.
When 7y — T~ and 70 — T~ we have
I}, (z2)x0 — S (71)x0]| — 0,

o o
(m—n)*
o
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and ,
/0 T (22 — 71 +5) — Ty (s) | ds — 0.
So, |[ug(2) —up(11)]| = 0. Using Cauchy criteria, there exists X € Q1 such that
lim up(t) =%.
t—T~
Now, consider the initial value problem with fractional evolution equation and
without impulse in Q, given by

{C CE@) + (o +CINE®) = f(t.u(t)) +CE(t), 1>T,
E(T) =%

From item 1, we have that Eq. (3.17), has an e-positive mild solution v in [T, T +
hT} . Let

(3.17)

7(e) = {éo(t), 1€10,T),

v(t), tel[T,T+hr).

It is easy to see that & (z) is an e-positive mild solution of Eq. (3.2) in [0,T + hr].
As E(t) is an extension of &y(r), that is a contradiction. Thus, T > 71, i.e., a global
e-positive mild solution &y(7) of the Eq. (3.2) exists in Jy, which is also an e-positive
mild solution of Eq. (1.2) in Jy.

We have thus finished the first part of the theorem.

(IT) In this second part, we prove the existence of global e-positive mild solutions
on the interval Jo.

Initially, we prove that Eq. (1.2) has a global e-positive mild solution on interval
Ji = (11,12]. As in Eq. (3.17), here we also consider the initial value problem with
evolution fractional equation without impulse in J;, given by

{C@(?‘fé<t>+w+cf>é(r>=f<né(r>>+c€(f>» re s, (3.18)

E(1) = &) + Li(&o (1))

Clearly, a global e-positive mild solution of Eq. (3.18) in Jj, is also an e-positive
mild solution of Eq. (1.2) in J; . From the proof of item I, for 7 € Jy = [0,#,] we have

()= Se (t)x0+ /0[ To(t—s)[f(5,& (s))+CE (s)]ds. (3.19)

By an argument similar to proof I, Eq. (3.18) has an e— positive mild solution
é] € C(J],Q+) (]1 = (ll,lz]), given by

E()= §a (1) 6o +/0 To(t—s)[f (5,& (s))+CE (s5)] ds. (3.20)
From the impulsive condition and Eq. (3.19) and Eq. (3.20) we have

60 = x0+ Sy (1)1 (&0 (11)) -
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So, for t € J; = (1,1;], we have

&) =St [ Tali=9)[7(5.£ () +CE (9)ds + 8035 (1)1 (G0 1),
(3.21)
Now, consider J, = (t,13] and & € C(J,,Q7"); then

&) =5a )01+ [ Talt=5) [ (5.£ () +CE ()]s (3.22)
From the impulsive condition, Eq. (3.21), and Eq. (3.22), we get

01 =x0+ 55 (1) 11 (& (1)) + 55" (12) B (&1 (12)).

So, for t € J, = (t2,13] we have

&) = Ba o+ [ Talt—s) /(& () + CE (9)]ds
+Sa (1)Se" (1) 11 (&0 (1)) +Sa (1)Sg' (12) B (&1 (12)) -

Suppose that, for 7 € J,_; (k=4,5,...), Eq. (1.2) has an e-positive mild solution
ék—l S C(Jk_l,QJr) (k = 4757) Then, for ¢ € J; (k = 3747...), the IVP with
fractional evolution differential equation without impulse in Q, given by

Py E()+ (A +CIVE) = f(t,E(1)) +CE(t), 1€, k=3,4,...
{i(l;j) = G—1 (1) + Le(G—1(#)

has an e-positive mild solution & € C(Ji, "), given by
S ()

=501+ [ Tult=9)[F (. () +CE (5))ds

=8 (1) (X0+S ()1 (& (1) + 851 () 2 (81 () + -+ +851 (1) 1o (G 1 (1) )

+ [ Tal=9) [ (.5 () +CE G ds

(3.23)

=~

~ S, XO+/Tat—S)[f(€())+C€ Nas+80(0) X84 (1)1 (611 1)
(3.24)
Now, we define a & function as
&), 1 e,
=00 1eN (3.25)

&), 1€ (k=2,3,...).
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Of course &(¢) € PC(J.,Q2™) is an e-positive mild solution of Eq. (1.2), satisfying
- 1 ~ ko
E0) = Saltymo+ [ Talt—9) [ £(5,606) + () s+ 5 ) X80 1)1 (€ 1)
=1

From the property of global existence of &;(¢) in J;, i € N, a solution & (7) defined
by Eq. (3.25) is a global e-positive mild solution of Eq. (1.2) in Jo.. [

4. Discussion of results and concluding remarks

We investigated the existence of e-positive global mild solutions to the initial value
problem with nonlinear impulsive fractional evolution differential equation involving
the theory of sectorial operators. Although we successfully obtained the result, building
the global e-positive solution on interval J.. was not an easy task, since it is necessary
to solve auxiliary problems. We also had to obtain estimates for Q, since it acts on
u, which is composed of the solution operators Sy, and Ty,. In this sense, a natural
question arises: Once the definition of the y-Hilfer fractional derivative is presented,
why not to discuss the results presented here with this operator? The answer to this
question, is known, that is, it is not yet possible since we do not have a closed expression
(mild solution) for problems involving an infinitesimal generator <7 . This is an open
problem that we are working on in order to obtain new interesting results.
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