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EFFECTS OF RAPID POPULATION GROWTH ON
TOTAL BIOMASS IN MULTI-PATCH ENVIRONMENT
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Abstract. In this work, we study a multi-patch model, where the patches are coupled by asym-
metrical migration terms, and each patch follows a logistic law under the assumption that some
growth rates are much larger than the other. First, for Two-patch model where one growth rate is
much larger than the second one, the total equilibrium population is greater or smaller than the
sum of two carrying capacities for all migration rates. Second, we consider Three-patch model in
the two cases: (i) where two growth rates are much larger than the third one, and (ii) where one
growth rate is much larger than the other two. For both cases, we give a complete classification
of all possible situations under which the fragmentation can lead to a total equilibrium popula-
tion greater or smaller than the sum of the three carrying capacities. Finally, in the general case,
we consider the model of n patches with the assumption that: (i) all growth rates but one are
much larger than the n th growth rate, (ii) two blocks where the growth rates of the first block are
much larger than that of the second one. For the first case, we give a complete classification of
all possible situations under which the fragmentation can lead to a total equilibrium population
greater or smaller than the sum of the n carrying capacities, and in the second case, we construct
a reduced model and we prove its global stability.

1. Introduction

In biology, there are several factors that affect the population growth and its re-
production in a sound manner, for example, the disparity and the large variation in the
growth rate between different organisms, which lead to the creation of some imbal-
ances in the environmental milieu. The theoretical paradigm that has been used to treat
these problem, is that of a single population fragmented into patches coupled by migra-
tion, and the sub population in each patch follows a local logistic law. This system is
modeled by a non linear system of differential equation of the following form:

dx
7 =@ +prx, M

where x = (x1,...,x,)7, with n is the number of patches in the system, x; represents
the population density in the i-th patch, f(x) = (fi(x1),..., fu(x,))T, and

f,-(x,-):rix,-(l—xi/Ki), i=1,...n. (2)
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The parameters r; and K; are respectively the intrinsic growth rate and the carrying
capacity of patch i. It is fundamental in the ecology of population life histories that
intrinsic growth rate and carrying capacity are distinct parameters related to a species
population, and are not necessarily correlated. The term BTx on the right hand side
of the system (1) describes the effect of the migration between the patches, where 3
is the migration rate and I = (%) is the matrix representing the migrations between
the patches. For i # j, 7; > 0 denotes the incoming flux from patch j to patch i. If
¥:j = 0, there is no migration. The diagonal entries of I" satisfy the following equation

n
Yii=— 2 in; izla"'ana (3)
j=1j#i
which means that what comes out of a patch is distributed between the other n — 1

patches.

The model (1), (2), (3) has been studied by many ecologists and mathematicians,
for example, Freedman and Waltman [19] and Holt [23] in the case n =2 and T" such
that y12 = 7»1 = 1, Arditi et al. [1, 2] for two patches and also Poggiale et al. [29] in
the case where § — .

DeAngelis et al. [7, 10] considered the case of n > 2 patches in a circle, with
symmetric migration between any patch and its two neighbours:

dx; X; .
d_tl:rixi<1_zli)+ﬂ(xi—1_2xi+xi+l)a i=1,...,n, 4)
where we denote xyp = x,, and x,4+| = x1, so that the same relationships hold between
Xi, Xi—1 and x;41 for all values of i. This model corresponds to the matrix I" whose
non-zero off-diagonal elements are given by

Yn=%Yn=1 and ¥, 1=%-1,=1, for 2<i<n

The system (4) is a one-dimensional discrete-patch version of the standard reaction-
diffusion model. In [7, 10] the perfect mixing case is described.

Recently, Arditi et al. [1, 2] gave a full mathematical analysis of the two-patch
logistic model with symmetric and asymmetric dispersal. Wu et al. [34] generalized
their results to a source-sink system, i.e the model (1), (3) for n =2 and

T
flxi,x) = <r1x1 (1 - I%) 12X (-1 - %)) (5)

The case of the general symmetric and non symmetric migration was considered by
Elbetch et al. in [13] and in [14] respectively. They gave some conditions on the
parameters of the model that ensure that migration is beneficial or detrimental to the
sum of n carrying capacities. They also calculated the formula of perfect mixing.
Arino et al. [4] also studied a source-sink model of n patches, where the source
patch follows a logistic growth rate, and the sink patch with exponential decay, i.e

f(x):{r,-x,-(l—;;—fi) ifi=1,....m, ©

—FiX; if i=m+1,...,n.
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For the model (1), (3), (6), the authors proved the existence of a threshold number of
source patches such that the population potentially becomes extinct below the threshold
and established above the threshold.

Another important form of f appears in the work of Gao [20] on susceptible-
infected-susceptible (SIS) model in n patches connected by human migration:

f,-(x,-)zr,-x,-<l—ﬁ)—)/ix,-, i=1,...,n, (7)
K;
where % > 0. Note that, if r; < % for some patches i, the system (1), (3), (7) is
a source-sink model. For this model, Gao gave the total number of infections at the
stable steady state as § — 0" and B — . He also calculated the derivative of the
total number of infections at the stable steady for 8 = 0. For the two-patch model, Gao
gave a complete classification of the model parameter space as to whether dispersal is
beneficial or detrimental to disease control.

In [33], Wang considered the model of n patches with Allee effect growth, i.e the
system (1), (3) for:

X; Ai6xi
i) =rixi ([ 1—— | — , i=1,...n, 8
filxi)) =rix ( Ki) 0t i n )

where r;,K;, A; and 6; are positive constants, the first term in the right-hand side of (8)
denote the logistic growth, and the last term describes the mating limitation or predation
effect (see [11, 12]). Wang gave the conditions on the global stability of the model (1),
(3), (8) in the case of weak Allee effect by using the theory of monotonic dynamical
systems.

Recently, Chen et al. [5] considered the two-patch model with additive Allee
effect, i.e the system (1), (3) for n =2 and

T
flx,xm) = <_x17x2 (1 —x— x!ia)) . 9)

The positive parameters m and a are the Allee effect constants. The additive Allee ef-
fect consists of two cases, i.e., weak and strong Allee effects. That is, if 0 <m < a, itis
the weak Allee effect; if m > a, it is the strong Allee effect. For this model, the authors
presented the possible qualitative behavior and bifurcation phenomena, and they also
discussed the existence and stability of all non-negative equilibria of this system. They
investigated the effect of Allee effect and dispersal on total population abundance. For
more details and information on the Allee effect models, the reader is referred to [33].

In [15], T suggested to study the two-patch model where each patch follows a
Richard’s law, i.e, the model (1), (3) for n =2 and

= (on - () () oo

where [ is a positive parameter. For this model, I was interested in the effect of
this choice, which generalizes the logistic, on the dynamics of the total population in
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two patches. I gave a complete classification of the model parameter space concerning
when dispersal causes smaller or larger total biomass than no dispersal. I used for this
classification, the geometric method of Arditi et al. [2]. For general information of
the effects of patchiness and migration in both continuous and discrete cases, and the
results beyond the logistic model, the reader is referred to the work of Levin [26, 27],
DeAngelis et al. [7, 8, 9, 10], Freedman et al. [18], Zaker et al. [35] and Elbetch et al.
[16, 17].

Our aim in the present paper is to study the effect of the migration on the total
population with the assumption that some sub populations increase faster than the oth-
ers. Mathematically, this assumption means that some growth rates in the equation (2)
have the form r;/€, where € is assumed to be a small positive number. Under this
assumption, the first term in the right hand side of (1) takes the following form:

rix; (1-%) ifi=1,...,m,
f(x) (11)

%xi (1—%) if i=m+1,...,n.

i

In our main result of Theorem 4.3, we prove the numerical results of [13] under the
assumption that one growth rate is much larger than the other two, i.e the system (1),
(3), (11) for (n,m) = (3,2). In particular, we prove the existence of at most two
positive values of migration rate, solution of the following equation:

Total equilibrium population = Sum of carrying capacities.

We recall that, the numerical simulations of [13] are given for matrix I" which is sym-
metric and irreducible. Note that, in the numerical result of [14], Elbetch et al. proved
for three-patch model, when the matrix I is irreducible and not necessarily symmetric,
the existence of at least three positive values of migration rate for which the total equi-
librium population equals its initial state without migration (see Figures 4,5 and 6 in
[14]).

The paper is organized as follows. In Section 2, some proprieties of the model (1),
(3), (11) have been recalled as functions of the two parameters € and . In Section
3, Two-patch model with one growth rate being much larger than the second one is
considered, we compare the total equilibrium population with the sum of two capacities
when € goes to zero. In Section 4, Three-patch model is studied in both cases: the case
when two growth rates are much larger than the third one and the case when one growth
rate is much larger than the other two. In Section 5, the model in the general case is
considered, with the hypothesis that some growth rates are much larger than the others.
We have given some comparisons between the total equilibrium population and the
sum of carrying capacities. The conclusion is given in Section 6. The paper ends with
two appendices A and B, which in the first we show the global stability of the reduced
model (44) and in the second, we compute the second derivative of the total equilibrium
population of the same model.
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2. Model proprieties

Our objective in this section, is to recall some properties of the model (1), (3),
(11), and also some essentials results of [13, 14] with respect to parameters 8 and €.
First, for the non-negativity of the solutions of (1), (3), (11), we have the following
proposition [13, Prop. 2.1] and [14, Prop. 2.1]:

PROPOSITION 2.1. The domain R = {(x1,...,x,) €R"/x; > 0,i=1,...,n} is
positively invariant for the system (1), (3), (11).

We recall that, when the matrix of migration I is irreducible, System (1), (3), (11)
admits a unique positive equilibrium which is globally asymptotically stable (GAS), see
[3, Theorem 2.2], [4, Theorem 1] or [13, Theorem 6.1]. In what follows, the positive
equilibrium point of (1), (3), (11) is denoted by E*(,€) = (x{(B,€),...,x;(B,€)) and
the sum of x7(B,¢e) for i =1,...,n, is denoted by X;:(f3,€). Note that, X;(0,€) =
Ki+...+K,. We denote also by & := (8y,...,8,)T the positive vector which generates
the vector space kerI'. For the existence, uniqueness, and positivity of 6 see Lemma
1 of Cosner et al. [6] and Lemma 1 of Elbetch et al. [14]. In [22, Lemma 2.1], Guo
et al. gives explicit formulas of the components of the vector &, with respect of the
coefficients of I". We denote also in all this article o; = r;/K;. We recall the following
result of [14, Prop 3.4], which describes the total equilibrium population for perfect
mixing (i.e when B — oo in (1), (3), (11)):

PROPOSITION 2.2. Consider the system (1), (3), (11). We have:

16 - 5'i
X (+Hoo,€) : —ﬁllmXT (B.¢) 252/ mi1” +£Z 16ir (12)

i=m+1 0616 +£2

If the matrix I" is symmetric, the limit (12) specializes to the formula given in [13,
Equation (24)]:
i1 i EXL
Y0t EX o
We recall the formula of the derivative of the total equilibrium population X;:(B,¢)
given in [14, Prop. 4.7] for I non symmetric and in [13, Lemma 3.3] for I" symmetric:

X;("“X’vg) =

13)

PROPOSITION 2.3. The derivative of X;. with respectto B at B =0 is given by:
m 1 n
508 =3~ 3 (5K -1k +e Z | Z (K = iki). - (14)

In [13, 14], Elbetch et al. have answered in some particular cases of the model (1),
(3), (11) for n = m to the following important question: Is it possible, depending on the
migration rate, that the total equilibrium population X7 be larger than the sum of the
capacities Y; K;? This question is of ecological importance since the answer gives the
conditions under which dispersal is either beneficial or detrimental to total equilibrium
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population. Note that, this last question has been studied by many researches (see
[1,2,7,8,9, 13, 14, 18, 19, 20, 21]). Elbetch et al. [13] proved that, if all the patches

do not differ with respect to the intrinsic growth rate (i.e., r; = ... = r,), then the
effect of migration is always detrimental. In the case when (Ki,...,K;)T € kerI" (if
the matrix I is symmetric, the condition (Ki,...,K,)? € kerT" means that the patches

do not differ with respect to the carrying capacity), migration has no effect on the total
equilibrium population. An example when the effect of migration is always beneficial,
is in the case when T is symmetric and all the patches do not differ with respect to the
parameter o = r/K quantifying intraspecific competition (i.e., o; = ..., o) (see also
[14, Prop. 4.2] for another example when I" is non symmetric).

It was shown by Arditi et al. [I, Proposition 2, page 54], for Two-patch model,
that only three situations can occur: the case where the total equilibrium population is
always greater than the sum of carrying capacities, the case where it is always smaller,
and a third case, where the effect of migration is beneficial for lower values of the
migration coefficient § and detrimental for the higher values. More precisely, it was
shownin [1] that, if n =2 in (1), (3), (11) (i.e the system (15)), the following trichotomy
holds

o If X (4oo,&) > K| + K> then X;:(B,€) > K| +K; forall >0 and € > 0.

oIfﬁ

i (0,€) > 0 and X7 (40, €) < Kj + K, then there exists By(g) > 0 such that
X;:(ﬁ,S) >K +K, for0<f < ﬁo(g), X;:(ﬁ,S) < K|+ K, for B > ﬁo(é‘) and
X7 (Po.€) =Ki + K.
dX;
ap
Therefore, the condition X;:(f,€) = K| + K> holds only for 8 = 0 and at most for one
positive value B = By(€). The value By(€) exists if and only if %X}(O,s) >0 and
X} (+eo,€) <K +K>.

In [13, Section 5.2], Elbetch et al. have considered the model (1), (3), (11) for n =
3 with I" is symmetric, and shown by numerical simulations the following situations,
which do not exist in the two-patch model:

o If —£(0,e) <0, then X;:(B,€e) <K;+K; forall B >0 and € > 0.

e The case where %(078) < 0 and X (+e0,€) > K| + K2+ K3.

e The case where %(0,8) > 0 and X;(+eo,€) > K| + K> + K3 and there exist
values of 8 for which X;:(B,¢) < K1 + K> +Kj3.

e The case where %(0,8) < 0 and Xj(+eo,€) < K| + K> + K3 and there exist
values of 8 for which X;:(B,¢) > K1 + K> +Kj3.

Therefore the equality X;(B,€) = K| + K> + K3 can occur for two positive values of
B, not only for a unique positive value as in the two-patch case.

In [14, Section 6], Elbetch et al. have reconsidered the three-patch model with T"
is not symmetric. The novelty was showing when IT" is not symmetric is the existence
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of three positive values of migration rate solution of the following equation:
Total equilibrium population = Sum of three carrying capacities,
i.e. the following situation hold:

e The case where %(0,8) >0 and X} (4oo,€) < K| + K> + K3, and there exists
three values 0 < f3; < 3, < B3 for which we have:

> Ky + Ky + K3 for B €]0,B1[U]B2, B3],

Xr(B.e) = { <K +Ky+K3 for B €]Bi,B2[U]Bs3,0[.

3. Two-patch model where one growth rate is much larger than the second one

In this section, we consider the two-patch model and we assume that the growth
rate r, is much larger than ry, i.e the system (1), (3), (11) for (n,m) = (2,1). For
simplicity we denote 9 := y12 > 0 the migration rate from patch 2 to patch 1 and
" := 721 > 0 from patch 1 to patch 2. The model is written:

dx

d_tl = rix| (1 - f) + B (px2 —n1x1),

dx r as)
d_t2 = 82 (1——)+[5(Y1x1 Px2),

where ¢ is assumed to be a small positive number. The derivative of X7 (B,€) with
respect to 8 at § = 0 becomes:

dX;
dp

which is the formula [ 1, Equation A.1] given by Arditietal with e=1and yy =9 =1.
The behavior of the model (15) for perfect mixing (i.e § — o) rewritten:

0,€) = (1Ks — 1K) (i—i) (16)

L)

Epri+nr

X7 (+eo,8) = (11 + Yz)m7
] i

a7)

where o; = r;/K;; which is the formula [2, Equation 7] given by Arditi et al with ¢ = 1.
First, we have the result:

THEOREM 3.1. Let (x1(t,€),x2(t,€)) be the solution of the system (15) with ini-
tial condition (x9,x9) satisfying x) >0 for i =1,2. Let z(t) be the solution of the
differential equation

X1

d
W =TriXx (1 — F) —|—[3(Y2K2 - Yle) (P()Cl), (18)
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with initial condition z(0) = x(l). Then, when € — 0, we have
x1(t,€) = z(1) + 0¢(1), uniformly for t € [0, o) (19)
and, for any ty > 0, we have

x(t,€) =Ky +0e(1),  uniformly for t € [ty,+oo). (20)

Proof. When € — 0, the system (15) is a slow-fast system, with one slow variable,
X1, and one fast variable, x,. Tikhonov’s theorem [28, 30, 31] prompts us to consider
the dynamics of the fast variable in the time scale 7 = %t. One obtains

dx
d—; =X (1 - Fz) +eB(y1x1 — pxa)- 21

In the limit € — 0, we find the fast dynamics

d)CQ X2
=22 = 1-22). 22
dt rm( K2) 22)

The slow manifold is given by the positive equilibrium of the system (22), i.e x, = K>,
which is GAS in the positive axis. When € goes to zero, Tikhonov’s theorem ensures
that after a fast transition toward the slow manifold, the solutions of (15) converge to the
solutions of the reduced model (18), obtained by replacing x, = K, into the dynamics
of the slow variable.

The differential equation (18) admits as a positive equilibrium

xi(B,07) = %——%4——\/ + (4ou oKy —2r171)B + 7. (23)
As @(x1) >0 forall 0 <x; <xj(B,07) and @(x;) <0 for all x; > xj(B,0T) then,
the equilibrium xj ([3,0*) is GAS in the positive axis, so, the approximation given by
Tikhonov’s theorem holds for all # > 0 for the slow variable and for all r > #y > 0 for
the fast variable, where 1 is as small as we want. Therefore, let z(7) be the solution of
the reduced model (18) of initial condition z(0) = x(l), then, when € — 0, we have the
approximations (19) and (20). [

As a corollary of the previous theorem, we have the following result, which gives
the limit of the total equilibrium population X;:(f3,¢€) of the model (15) when € goes
to zero:

COROLLARY 3.1. We have:

X (B.0°) = lim X7 (B, ) = im({(B.€) + 3(B ) Q4
K,
:7+K2__71+—\/ + (4ou Ky —2rm)B + 1.
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Proof. According to the equations (19), (20) and (23), when € goes to zero, the
equilibrium E*(B,¢€) of the model (15) is converge to E*(8,07) := (x](B,07),K>),
where x7(B,07) is given in (23).The sum of the coordinates of E*(f3,0") gives the
formula (24). [

In the following proposition, we calculate the derivative and the formula of perfect
mixing (i.e when B — o) of the total equilibrium population defined by (24).

PROPOSITION 3.1. Consider the total equilibrium population (24). Then,

aXy - . K +pK
= — 2
4B (0,0) o ; (25)
and N
X (+4o0,07) := ”y—”sz. (26)
1

Proof. The derivative of the total equilibrium population X7 (f,0") defined by
(24) with respect to 3 is:

ax;

dp

no L nB+2pKa—yin
200 204 \/ylzﬁ2+(4y2K2a1—2Y1V1)ﬁ+r%

(B,0%) = 27)

In particular, the derivative of the total equilibrium population at 8 = 0 is given by the
formula (25).

By taking the limit of (24) when 3 — <, we get that the total equilibrium popula-
tion X7(B,07) tends to (26). O

We consider the regions in the set of the parameters 7 and 7y, denoted _#y and
J1 defined by:

_ r_K _ e _K
/0—{(71,7’2)-%>K2}, /1—{(71,7/2).%<K2}- (28)

We have the following result which gives the conditions for which patchiness is benefi-
cial or detrimental in model (15) when & goes to zero.

THEOREM 3.2. Let ¢y and ¢ be the domains defined in (28). Consider the
total equilibrium population X7.(B,07) given by (24). Then, we have:

o If (vi,1) € Zo then X;(B,07) > K + K, forall > 0.
o If (vi,0) € 71 then X;(B,07) <K+ K, forall B >0.

o If % = % then xi(B,07) = Ky and x5(B,07) = K for all B > 0. Therefore

X7(B,07) =K, + K forall B >0.
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Proof. First, we try to solve the equation X7(f3,07) = K + K> with respectto 3,
the solutions of this last equation give the points of intersection between the curve of
the total equilibrium population 8 — X7(8,07) and the straight line 8 — K + K> . For
any 3 >0, we have

K
KB

1
* +\ 212 _ 2 __
Xr(B,07) = Ki+ Ky =5 \/Ylﬁ oK =2l Bt =45 n

/7B + lHonpKs —2r 01+ =i+ 1P
<=4 'J/QKQ —2r = 2r; N
—ounkKs=nmn

dXi o o
¢:n&:m%¢:dﬁmﬁ):0
dX;

So, if i (0,0%) £ 0 then B =0 and the curve of the total equilibrium population inter-

sects the straight line § — K; 4+ K, in a unique point which is (0,K; 4 K3) . Therefore,
we conclude that the first and second items of the theorem hold. [

We can also show Theorem 3.2 by using Prop A.1 of [14].

n_®m  n_k
12 n o, i K
D
Do
D
0 N

Figure 1: The domains 9y, 21 and 9, where ry > ry (i.e. g—f > %).

Indeed, if r, is much larger than 7|, then the line % = % becomes a vertical
line in the set of parameters y; and 7y . Therefore, the domain 2, in Fig. 1 (see Fig. 7
of [14]) disappears and there remain the two domains %, and 2, which are the same as
the both domains _#y and _#; respectively given in (28). So, if (1,72) € % then by
the item 2 of [14, Prop. A.1], X;:(B,07) > K, + K, forall B >0, and if (11,%) € %
then, X7(B,0") < K; + K, forall g >0.

Note that the critical value By > 0 of the migration rate given in [14, Prop. A.1 ]
and given also in [1, Prop.2] for the case y; = 7» = 1, such that the effect is beneficial
for lower values of 8 on the total equilibrium population and detrimental for the higher

values; is written for our model (15) as follows:

Bo(e) =

(}"2 —ry 8) [05X04]
(aie+m)(pear —non)’

(29)
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When € — 0, we have limg_ By (€) = —a;,—fz <0.

Biologically speaking, the existence of a faster growing sub population compared
to the second one causes the critical value of migration rate to disappear. Thus, only
three possible situations remain which the total equilibrium population may take instead
of four, either the effect is beneficial, detrimental or not to depend on the migration rate.

In the following proposition, we show that, the function 8 — X;(,0") is mono-
tonic in [0, 4-oof.

PROPOSITION 3.2. If (y1,72) € %o (resp. (Vi,72) € _Z1), then the total equilib-
rium population X7.(B,07) is increasing (resp. decreasing) in [0,+o9[.
Proof. By the equation (27), we have:

dx;
dp

(B.07)=0

12 nVri2=2nBn+p 1’ +4auBKop+rnn—Br’—2ukp _o
Vit =2rnBr+ Bt +4oufKpo
— drnokp -4’k p? =0
— Nk —Kyp=0.

This last equation prove that ([3 0%) >0 forall B if (1,%2) € %o, and %([3,0*)
<0 forall Bif (1, Ejl O

4. Three-patch model with two time scales dynamics

In this section, we consider the three-patch model, i.e the model (1), (3), (11) for
(n,m) = (3,1). Our aim in what follows is to study the behavior of the model when
two growth rates are much larger than the third one and we examine also the case when
one growth rate is much larger than the other two. In particular, the aim is to compare
the total equilibrium population with the sum of three carrying capacities.

4.1. Two growth rates are much larger than the third one

We assume that the growth rates », and r3 of the second and the third patches
respectively are much larger than ;. One can write the model (1), (11) for n =3 and
m =1 in the following way:

dx

d_tl =rx (1 - —> B(—(r1+ 131)x1 + Yi2x2 + 13%3),

dx; 1 X2

¢ 2122

P ( % ) + B(p1x1 — (V2 + B2)x2 + P3x3), (30)
dx r

d_: = fxa (1 - %) + B (y1x1 + P22 — (Y13 + 123)%3),
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where € is assumed to be a small positive number.
First, we have the following result:

THEOREM 4.1. Let (x(t,€),x2(t,€),x3(t,€)) be the solution of the system (30)
with initial condition (x(l)7x(2)7x(3)) satisfying xO >0 for i=1,2,3. Let z(t) be the solu-
tion of the differential equation

d
% =rix (1 - E) +B(b—ax1) = @(x1), @D

with a = 1 + V31,6 = 112K + 713K3 and initial condition z(0) = x(l). Then, when

e — 0, we have
x1(t,€) =z(t) +0e(1),  uniformly for t € [0,+o0) (32)
and, for any ty > 0, we have

xi(t,€) = Ki+0¢(1), i=2,3, uniformly for t € [ty,+). (33)

Proof. When € — 0, the system (30) is a slow-fast system, with one slow variable,
X1, and two fast variables, x, and x3. Tikhonov’s theorem [28, 30, 31] prompts us to
consider the dynamics of the fast variables in the time scale 7 = ét. One obtains

dx
d_rz =X (1 - f) +eB(1x1 — (Y12 + V32)X2 + 23%3),

(34)
d-xs I +eB (151 + 1522 — (i3 + 23)3).
=B, _ 2 —
it 3X3 K3 Y31X1 + Y32x2 — (V13 + %23)Xx3
In the limit € — 0, we find the fast dynamics
d)CQ - X
E‘”’“z(l_K_z)’
(35)

@—rx -2
dT_33 K3

The slow manifold is given by the positive equilibrium point of the system (35), i.e
(x2,x3) = (K2,K3), which is GAS in the interior of the positive cone. When & goes
to zero, Tikhonov’s theorem ensures that after a fast transition toward the slow mani-
fold, the solutions of (30) converge to solutions of the reduced model (31), obtained by
replacing x, = K> and x3 = K3 into the dynamics of the slow variable.

The differential equation (31) admits

K 1
x;(B,07):= 71 - Zﬁ(xl +— 20, \/a2ﬁ2 + (4oub—2r1a)B+r3, (36)

as a positive equilibrium point, which is GAS in the positive axis by the same reason
as the point (23), so, the approximation given by Tikhonov’s theorem holds for all
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t > 0 for the slow variable and for all # > 7y > 0 for the fast variables, where 7 is
as small as we want. Therefore, let z(z) be the solution of the reduced model (31) of
initial condition z(0) = x(l), then, when € — 0, we have the approximations (32) and
(33). O

As a corollary of the previous theorem, we have the following result which gives
the limit of the total equilibrium population X7 (f,€) of the model (30) when & goes
to zero:

COROLLARY 4.1. We have:

Xi(B,0°) = lim X7 (B ) = lim (x7(B,2) +33(B,£) +53 (B.))

_K B 1 2132 2
_7+K2+K3_2—ala+2—al\/aﬁ + (4oub—2ria)B +ry. 37

Proof. According to the equations (32), (33) and (36), when € goes to zero, the
equilibrium E*(B,€) of the model (30) converges to E*(B,0") := (x{(B,07),K2,K3),
where xj(B,07) is given in (36).The sum of the coordinates of E*(f8,07) gives the
formula (37). U

PROPOSITION 4.1. Consider the total equilibrium (37). Then,

ax; —aK,+b
0,0") = ——— 38
dﬁ ( ) ) I"] ) ( )
and b

X7 (40,07) := K2+K3+5. (39)

Proof. The derivative of the total equilibrium population X;:(B,0") defined in
(37) with respect to f3 is:

dx;
dp

a 1 a*B +2boy — ary

(B.0%) =5 o ~
200 20 \/a2ﬁ2 + (4boy —2ary)B + 12

(40)

In particular, the derivative of the total equilibrium population at f = 0 is given by
(398).

By taking the limit of (37) when B — oo, we get that the total equilibrium popula-
tion X7(B,07) tend to the limit (39). O

We consider the regions in the set of the parameters a and b, denoted % and 2,
defined by:
_@0:{(a,b):b>al(1}, _@1:{(a,b):b<aK1} “41)

We have the following result which gives the conditions for which patchiness is benefi-
cial or detrimental in model (30) when & goes to zero.



336 B. ELBETCH

COROLLARY 4.2. Consider the equation X;.(8,0") defined in (37). Let Dy and
91 be the domains defined by (41). Then, we have

o If (a,b) € Dy then X;(B,07) > K| + K+ K3, forall B > 0.
o If (a,b) € 7, then X;(B,07) < K; + K>+ K3, forall B > 0.

e If aK, = b, then xi(B,07) = K;,x3(B,0") = Ky and x;5(B,07) = K3 for all
B = 0. Therefore X;(B,07) =K, + K>+ K3 forall B > 0.

Proof. The result is a consequence of Theorem 3.2. [

REMARK 4.1. When & — 0, the condition aK; = b is equivalent to (K,K>,K3)T €
kerT". Indeed, if (K1,K>,K3)T € kerT" then

—(p1+11)Ki + 712K+ 713K3 =0
1K1 — (12 + 132) K2 + 123K3 = 0, (42)
11K + 702K — (Y13 + 123)K3 =0,

The first equation of (42) gives aK; =b.
Now, when € — 0, if aK; = b, then (K},K>,K3) is an equilibrium of (30), i.e
F(Kl,KQ,K3)T =0, so (Kl,Kz,Kg)T e ker'

Note that, Elbetch et al. [14, Prop. 4.5] have shown that the total equilibrium
population is independent of the migration rate f8 if and only if (Ki,...,K,)" € kerT,
which is the same with the item 3 of Corollary 4.2.

In [14, Section 6], Elbetch et al. showed that, for the three-patch model, the exis-
tence of at least three positive values of migration rate such that X7 () = K| + K>+ K3.
Biologically speaking, the results of Corollary 4.2 prove that the existence of two faster
sub populations compared to the third one, causes the all critical values of migration
rate to disappear. Thus, when € — 0, the total equilibrium population of the model
(30) behaves like the total equilibrium population of the two-patch model (15), i.e there
are only three possible situations that the total population can take, either the effect is
beneficial, detrimental or not to depend on the migration rate.

4.2. One growth rate is much larger than the other two

In this section, we assume that the growth rate r3 of the third patch is much larger
than r and r,. One can write the model (1), (3), (11) for (n,m) = (3,2) in the follow-
ing way:

dx

dzl =rix (1 - _> B(=(r1 +11)x1 + vizx2 + N3x3),

dx

dt2 B (1 - K_) + B(ra1x1 — (2 + ¥32)x2 + 123x3), (43)
dx r

d_t3 — §x3 (1 %) + B(y1x1 + y32x2 — (V13 + 123)%3),
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where € is assumed to be a small positive number.
We have the following theorem:

THEOREM 4.2. Let (x(t,€),x2(t,€),x3(t,€)) be the solution of the system (43)

with initial condition (x9,x3,x3) satisfying X9 >0 for i =1,2,3. Let (z1(t),z2(t)) be
the solution of the system

dx X
—1_ rixy (1 - —1) + B(= (1 + v1)x1 + Yiox2 + 113K3) =: fi(x1,x2),

dt K; (44)
d)CQ X2
- = (1 - ?2) +B(va1x1 — (Vi2 + y2)x2 + 123K3) =: fa(x1,x2),
with initial condition (z1(0),22(0)) = (x9,x9). Then, when € — 0, we have
xi(t,€) = zi(t) +0g(1), i = 1,2 uniformly for t € [0, +oo] 45)
and, for any ty > 0, we have
x3(t,€) = K3+ 0¢(1), uniformly for t € [fy,+oe]. (46)

Proof. When € — 0, the system (43) is a slow-fast system, with two slow vari-
ables, x| and x;, and one fast variable x3. We consider the dynamics of the fast
variable in the time scale T = ét. One obtains

dx X
2 = (1= 22 ) B + yoxa — (M3 + 123)03). 47)
dt K3
In the limit € — 0, we find the fast dynamics
de, X3
— = 1——. 48
77 ( K3) (43)

The slow manifold is given by the positive equilibrium point of the equation (48), i.e
x3 = K3, which is GAS in the positive axis. Tikhonov’s theorem [28, 30, 31] ensures
that after a fast transition toward the slow manifold, the solutions of (43) are approxi-
mated by the solutions of the reduced model (44), obtained by replacing x3 = K3 into
the dynamics of the slow variable. The approximations (45) and (46) follow from
Tikhonov’s theorem. [

4.2.1. Global stability of the reduced model (44)

For B =0 the system (44) is uncoupled and there exists an equilibrium (Ki,K>)
interior to the positive quadrant which is GAS. The problem is whether the equilibrium
continues to be positive and GAS for any B or not. Clearly, when f is sufficiently
small, from elementary perturbation theory it follows that there always exists an interior
equilibrium. First, we start by studying the existence of equilibrium of system (44) (see
Prop. A.1). Second, in Theorem A.1, we prove the global stability of System (44).

We denoted &*(B,07) := (xj(B,07),x5(B,07)) the equilibrium of (44) and
X;(B,07) :==x7(B,0") +x5(B,07) + K3 the total equilibrium population.
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4.2.2. Perfect mixing
For the behavior of the reduced model (44) for large migration rate, i.e when f§ —
oo, we prove the following result:

PROPOSITION 4.2. We have:

. % + __3
[31—I>I-Ii-1°<>g (ﬁvo )_ 53 (51762)7

where 01,0, and & are given by:

01 = Y1213 + Y1223 + Y213,
& = 1173+ 11rs + vB11s, (49)
03 = Y152+ B1%12 + V31 Y52

Proof. Denote: &*(o0,0") = %(51752). The equilibrium point &*(f,07) is the
solution in the positive cone R2 | of the equation Fﬁ =0, where

Fﬁ :R2 - sz (x17x2) E— (flﬁ (x17x2)7f2ﬁ (x17x2))7

where flﬁ and ff are defined by the first and the second equation of the right hand of
(44) respectively. Taking the limit 3 — oo, of Fp gives

F.: Rz i sz (x17x2) — (fr(xl7x2)7f;(xl7x2))7
where

{fix’(xl,xz) = —(1 + yB1)x1 + Y22 + 113K3, 50)

5 (x1,x2) = po1x1 — (Y12 + 132)%2 + 123K3.

Since the matrix I' = (%;)3x3 is irreducible, the solution of the equation F.. =0 is
given by &*(e0,0"). Therefore, when 8 — oo, the equilibrium &*(f,0") tend to
E*(e0,07). O

COROLLARY 4.3. Consider the total equilibrium of (43) when € — 0. Then,
when B — oo, the total equilibrium population X7.(B,07) :=x}(B,0") +x5(B,0") +
x5(B,0") tends to:

X7 (+00,07) = = (81 + 6, + &3). (51)

K3
&
Proof. As the equilibrium &*(3,07) tends to %(51,52) when 3 — oo, then

Bli_rgoxz’f(ﬂ,o*) = Bli_rgo(x*f(ﬂ,()*) +x3(B,07) +x35(B,07)) = 5—3(51 +&+6). O
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4.2.3. Total population abundance

In this part, our aim is to compare the total equilibrium population X;(3,0") of
(43) with the sum of three carrying capacities, by analyzing the stable positive equilib-
rium &*(f3,07) of (44). When there is no migration (i.e 8 = 0) the total equilibrium
population equal to Kj + K, + K3 . First for all, we give some proprieties of the total
equilibrium population X;(,0™).

LEMMA 4.1. The total equilibrium population X7.(B,07) of (43) satisfies the fol-
lowing relation:

— (11 +%1)x1(B,07) + 12x3(B,07) + 13K3

X5 (B,07) =K, + K>+ K3 + ( 52
r(B.07)=Ki+K+ K3+ o (B.0°) (52)
Y1x1(B,07) — (Y2 +¥2)%5(B,07) + J/23K3))
+ " .
062)62([370"")
Proof. The equilibrium point &*(,0") of the reduced model (44) satisfies:
x5(B,0"
0=ruxi(8.0) (1~ LEEL) gl i (8,07
+712%5(B,07) +713K3),
. (53)
x5(B,0
0=raxs(80) (1- R ) 4 Bl (8,07
—(N2+132)%3(B,07) + 123K3).

Dividing the first equation in (53) by a;x}(B,07) and the second by cx3(8,07), we

obtain

— (11 +»B0)x1(B,07) + 12235 (B,01) + 113K3
ouxj(B,07) ’

1x1(B,07) — (2 +%2)x3(B,07) + 123K3

0px3(B,07) '
Taking the sum of these expressions gives the total equilibrium population for reduced
model, and by approximation (46) we deduce the relation (52). [

%(B.0%) = K + B
(54)

x5(B,0%) =Ky + B

LEMMA 4.2. The derivative of the total equilibrium population X;(B,0%) at B =
0 is given by:

det (0 0+) _ _(721 + YSl)Kl + 112K + 713K3 n 1K — (')/12 + )/32)[(2 + 13K3
ap r S .
(55)
Proof. By differentiating the equation (52), at B =0, we get
dXy (0,0") = — (1 4+ 11)x;(0,07) + 71225 (0,07) + 713K3
ap 04x7(0,0%)
(56)

121x1(0,07) — (712 + 132)x5(0,07) + 13K3)
+ — ,
a2x2(0,0+)
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which gives (55), since x}(0,07) = K; and x5(0,07) =K,. O

In the remainder of this section, we denote:

c1 = Kin(Yi2+ 11+ 7%1) + Keri (1 + 152+ 72),

¢y = —Kiny Ky —2Kinynks — Ki*rys — Kiny Ka
—Ki’ryp1 — KinYi3Ks — Kor1 yoKi — 2K12r 2 — Ko i (57)
+Kor1123K3 — Koriyi2Ky — Ko*ry v,

c3 = KinyisKs Ky + KoK + Kirayin + 2K n ks + Ki2rnisKs.

As the matrix I" = (7;j)3x3 is irreducible, then ¢; > 0 and ¢3 > 0. We denote: & = %7
&= g—?, A=Er—4& and my, i=1,...,5 are defined as follows:

my=—E —VA, my=—E+VA if A>0,
m3 = —2myi (N2 + P1 + 1) + 412K + 712Kz + 113K3),
my = —2my(Y2 + Y1 + 1) + 412K + Y12Kz + 113K3),
ms =281 (Y2 + %1 + ¥31) +4(112K1 + 712K + 113K3).

(58)

Notice that: & > 0, and if A =0 then m3 = my = ms.
We consider the regions in the set of parameters &; and &, denoted 7 := 7, U
2o s = U g and g = - U gL depicted in Fig. 2 and defined by:

S0 = {(51,52) 6= a—‘z,& <0},
o= Iy VA - (59)
g ={@.8)6=54.6>0}.

so={E8) 6> 4a<0),
/> = /;Uf;r o (60)
st ={E&.8):8>F.8>0)

J< = {(51,52)10<52 < a—'z,(gl <0},
J=JoU gL ) (61)
sr={E.&)0<b<¥ 8 >0}

We can now state our main result:

THEOREM 4.3. Consider the total equilibrium population X;(B,0") of (43) when
€ —0. Let %(0,0*) be the derivative of X;(B,07) at B =0 given by (55). Let
o= Jo UL, Fsi= U FS and g = g2 U g2 be the domains de-
picted in Fig. 2 and defined by (59), (60) and (61) respectively. Then,
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9 :, 9"

9 g%

I gt

&

Figure 2: The domain _#y:= g5 U Z;5, 7~ = 7S U #5 and fo:= F-U F2 inthe
set of parameters &1 and &,.

L if (&1,&) € U 7t U 73, then, forall B >0:

> K+ Ky +Ks if %(o,oﬂ >0,
X7(B,0%) = (62)

<K +K +K; if %(oﬁ) <.

2. Let (§1,&) € Z, . Let ms be given in (58).

(a) if (2K;+ & )ms < O then there exist unique B* = WE1CKHE) - () guch

that: "
. >K +K+K; if 0<f <7,
if GF(0,0%) >0 then X7(B,0%) =
<Ki+K+K; if B=pB"
s <Ki+K+K; if 0<B <P,
if GF(0,0%) <0 then X7(B,0%) =
>Ki+K+Ks if B=pB"
(63)

(b) if 2Ky +&1)ms = 0 with ms # 0 then the total equilibrium population
X;(B,07) satisfies to (62).

(c) if ms =0, then xj(B,07) = K;,x5(B,07) = K> and x5(B,0") = K3 forall
B = 0. Therefore, X;(B,0%) = K| + K>+ K3 forall B.
3. Let (§1,8) € 7= . Let my,my,m3 and my be given in (58).

(a) if my(m; —2K,) >0 and ma(my —2K;) > 0, then there exist two values

of migration rate ] = %{2]{') >0 and B35 = %ﬁm > 0 such
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that:

> K1+ Ky +Kj

* lfﬁG[O,ﬁ]U[ﬁ7°°[7
if G (0,0%) >0 then X7(B,0%) = _ K1+K2+K13 ’
if B€[Bi, Bl

<Ki+K,+K;
if Bel0,B1]U[B2,[,
> K+ Ky +Kj

if B€ BBl

if SE(0,0%) <0 then X7(B,0") =

(64)

(b) if ma(my —2K;) <0 with ms # 0 and ma(my —2K;) > 0 or mz(m; —
2K1) > 0 and ma(mp — 2K;) < 0 with my # 0 then there exist unique *
such that, the total equilibrium population X;(B,0") satisfies to (63).

(c) if mz(my —2K,) <0 and my(my —2K71) <0 with m3 # 0 and my # 0 then,
the total equilibrium population X;(B,0™") satisfies to (62).

(d) if my=0 or my=0, then x;(B,07) =K;,x5(B,07) =K, and x5(B,07) =
Ks for all B > 0. Therefore, X;(B,07) = K| + K, + K3 forall B.

Proof. By Equation (52), the equality X; = K; + K> + K3 is equivalent to 8 =0
or

— (piKir + 1K + YioKory + 130Kor1 ) X715 + 112K V2X32

(65)
+ Y13K3K x5 + Y21K2F1XT2 + 13K3Kr1x =0
Thus (x},x5) is the solution of the following algebraic system:
2
—(p1Kir + y1Kir + 112Kor + y32Kar1 ) x5 x5 + V12K x5
+13K3K x5 + i Korixi? 4 13 K3 Ko xf =0, (66)

x’{ —l—x; =K+ K>.

By the second equation of (66), we get x; = Kj + K> — x]. Substitute x3 into the first
equation in (66) to obtain the following quadratic equation of x] :

()2 +Exf+ & =0, (67)

where the coefficients & = ¢, /¢y and & = ¢3/c; are given in (57).

(D) If (&1,6) € #<, then A <0, and the equation (67) admits no solutions,
therefore, the system (66) admits no solutions. If (£;,&,) € j&“, then A =0, so
the equation (67) admits x} = —&; /2 as solution which is negative. The case where
(&1,8) € /j , we have A > 0 and the equation (67) admits two negative solutions.
Thus, if (§1,&) € _Z<U _#Z;" U _#Z, then, the inequalities (62) are satisfied.



Differ. Equ. Appl. 15, No. 4 (2023), 323-359. 343

(2) Let (&1,&) € 7, . The equation (67) admits the positive solution xj =
—&1/2. By the second equation of (66), we deduce that x5 = K| + K> + %‘ So the
system (66) admits a unique solution given by (_Tél’K 1+ K+ %1) If we replace this
last solution in the first equation of (44) we obtain * = %ﬁl%') with ms # 0.

So, if % > 0 then B* is positive and the inequalities (63) are satisfied, otherwise,
B =0 is the unique solution of the equation X7 = K| + K> + K3, and (62) is satisfied.
If m5 = 0, then if we replace the solution (775',1( 1+ Ky + %) in the first equation of

(44) we obtain —5L = K;. Thus X;(8,0") = K + K> + K; forall B.

(3)Let (&1,8) € 7~ , therefore, A> 0 and ¢, < 0, then the equation (67) admits
two positive solutions given by xl 1= ”5 and x], = ’"—1 By the second equation of (66),
we deduce: x5, = Kj + K> — 3, and x3, = K +K2 — % respectively. So the system

(66) admits two positive solutlons given by: (x7,,x3,) and (x75,X5,). If we replace the
oymy (my —2K,)

first (resp. the second) solution in the first equation of (44) we obtain 3, = s

(resp. By = 7‘)‘1’"2(2_2&) ).

We discuss the existence of B; and B with respect to signs of

”'Z(mjlizzl{‘) respectively. In particular, if B; and B are positive then the inequalities

(64) are satisfied. If m3 =0 (resp. m4 = 0), then if we replace the solution (m K+
K> +75) (resp. (“,Ki+ K>+ 3*)) in the first equation of (44), we obtain that ’"1 =K
(resp. % = Ki). Thus, X7(f, O+) K +Ky+Kj forall B. O

Let .7 be a set of the non negative solutions of the equation X;(8,0%) = K; +
K> 4+ K3, which can be summarized as follows:

If & >0 then ¥ = {0},

my (m—2K) and

If m3(my —2K;) <0, with mz # 0 and
m4(m2 —2K1) < O0withmy #0, then . = {O}7

Ifm3(m1 —2K1) > 0 and m4(m2—2K1) < 0) or
(m3(my —2K;) <0 and mg(my —2K;) >0
then .% = {0 Oclml%} or

S = {O oymy M} respectively .

If A>0 then
If &, <0 then

If m3(my —2K;) > 0 and my(mp —2K;) > 0 then

S = {0, orymy 2K gy 22Ky

If m3=0o0rmy =0 then .¥ =R*.

If ms (2K, + &) > 0 with ms # 0 then .% = {0},

If & <O then { If ms(2K; +&) <0, then . = {Qalgl%}
If ms =0 then . =R™.

If & >0 then ¥ ={0}.

If A< O then . ={0}.

If A=0 then
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REMARK 4.2. In Theorem 4.3, if %(QG*) = 0, then we discuss according to
the sign of the second derivative of the total equilibrium population. In the appendix B,
we have added the explicit calculations of the second derivative of X; defined by (52).

In our result of Theorem 4.3, we prove the numerical results of [13] under the
assumption that one growth rate is much larger than the other two. In particular, we
prove the existence of two positive values of 8 solutions of X;: = K| + K> + K3.

In [14, Prop. 4.5], Elbetch et al. have shown that, the equilibrium E*(f3,€) of (1),
(2), (3) does not depend on 3 if and only if (Ki,...,K,)T € kerT. In this case we have
E*(B,e) = (K1,...,K,) forall B and for all € > 0. Therefore, for three-patch model
(43), we have the result:

PROPOSITION 4.3. Consider the domains ¢, and - definedin (59) and (60)
respectively. Let ms,m4 and ms be given in (58). We have

1. Let (51752
(K1,K,K3

2. Let (51752
(Ki,K>,K3

€ 72, - The hypothesis in item 2 (c) of Theorem 4.3 is equivalent to
T ckerT, i.e ms =0 if and only if (K1,K>,K3)" € kerT".

€ _f#< . The hypothesis in item 3 (d) of Theorem 4.3 is equivalent to
T ckerT, i.e my =0 or my =0 if and only if (K,K»,K3)T € kerT.

~— ~— —

Proof. For the proof, we prove the first point, the second is shown in the same
way as the first. If (§;,&) € 7, , then the system (66) admits unique solution given

by (775',[(1 + K+ ‘%1) Suppose that ms =0 i.e
S1(n2+ 11+ 1) +2(Vi2Ki + 12Kz + 713K3) = 0. (68)
As & = —2K|, so the equation (68) becomes
— (p1+ 1)K + 712K + 113K3 = 0. (69)
By the second equation of the reduced model (44) at equilibrium, we obtain:
1K1 — (N2 + 132)K2 + 123K3 = 0. (70)
The sum of Equation (70) and (69) gives
V1K1 + 2K — (Vi3 + 13) K3 = 0. (71)

The equations (69), (70) and (71) show that (K 1,K2,K3)T € kerI'.
Now, suppose that (K1,K>,K3)T € kerT", then by the equation (69) we have:

1
0=—(p1+ 1)K + 72K + 113K3 = 3 (o1 +11)&1 +2(112K2 + 113K3))

1
(E1(n2+ 11 +131) +2(N2K1 + 112K + 713K3)) = M-

N =

Hence, ms = 0, which completes the demonstration of the first point. [
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5. The general case

In this section, we consider the model of multi-patch logistic growth, coupled by
asymmetric migration terms (1), (3), (11). Our goal is to generalize some results of the
previous sections. First, we start by the following situation:

5.1. All growth rates but one are much larger than the last one

We assume that the growth rates r,,...,r, are much larger than r;. The model
(1), (3), (11) is written under this assumption as:

d)C1 X1 n
E =TriX (l — E) +B2j:1’j;é1 ('J/ljxj' - 7/j1X1) ;
d (72)
X ri X n .
E - Exj (1_5) +ﬂzj:17j?é1 (%jxj_j/jixi)7 i=2,--,n,
where € is assumed to be a small positive number.
We have the following theorem:

THEOREM 5.1. Let (x1(,€),...,x,(t,€)) be the solution of the system (72) with
initial condition (x9,...,x9) satisfying x) >0 for i=1,...,n. Let z(t) be the solution

of the differential equation

d
%:rlxl <1_Ix<_11) +ﬂ(€_.uxl) :I(P(X1), (73)

with u=3"_, Y16 = Y2 jK; and initial condition z(0) = x(l). Then, when € — 0,
we have
x1(t,€) = z(t) +0e(1),  uniformly for t € [0,+o0) (74)

and, for any ty > 0, we have

xi(t,€) =Ki+0g(1), i=2,...,n, uniformly for t € [ty,+oo). (75)

Proof. Consequence direct of proof of Theorem4.1. [

As a corollary of the previous theorem, we have the following result which gives
the limit of the total equilibrium population X;:(f3,€) of the model (72) when € goes
to zero:

COROLLARY 5.1. We have:

K
X;’f(ﬁ,0+)::gigg)X;i(ﬂ,e):—l—i-Kg—i-...—FKn— P (76)

2 20t

1
i 232 _ 2
+20‘1 \/u B%+ (4ou& —2rip)B +ri.
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In particular, the derivative of the total equilibrium population (76) at B =0 is
given by:

axi —uK,
(0,04 = HKITE
dp r
By taking the limit of (76) when 3 — oo, we get that the total equilibrium population
X;(B,0™) tends to:
S

X;(+oo,0+):K2+...+Kn+H. (78)

(77)

We consider the regions in the set of the parameters u and &, denoted _#; and
J1 defined by:

Jo={(w,8): ¢ >uki},  Fi={W8):¢ <uk} (79)

We have the following result which gives the conditions for which the patchiness is
beneficial or detrimental in the model (72) when € goes to zero.

COROLLARY 5.2. Consider the total equilibrium population X7.(B,0") defined
in (76). Let ¢y and ¢\ be the domains defined by (79). Then, we have

o If (W,&) € #o then X;(B,07) >3 | K;, forall B> 0.

o If (U,&) € # then X7 (B,07) <X | K;, forall B <O0.

o If & =uK;, then x;(B,07)=K;,i=1,...,n, forall B > 0. Therefore X;(,07)
=" K forall B >0.

REMARK 5.1. The condition uK; = & is equivalentto (Ky,...,K,)" € kerT'. In-
deed, if (Ky,...,K,)" € kerT then

n
> K —viKi =0, (80)
J=1j#
The first equation of (80) gives uK; = ¢&.
Now, when € — 0, if uK; = &, then (Kj,...,K,) is a equilibrium of (72), i.e
(Ky,....K)T =0,s0 (Ky,...,K,)T €kerT.

5.2. One growth rate is much larger than all others

We propose here to study the model (1), (3), (11) with the hypothesis that 7, much
larger than ry,...,r,—;. On can write the model in the following way:

dx; Xi n .
ar (1 - E) HBEGt e Wy = Yixi) . i=1n— 1,

dx,

X,
a e (1 B EZ) B i i = Vinn) ,

1)

where € is assumed to be small positive number.
We have the theorem:
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THEOREM 5.2. Let (x1(t,€),...,x,(t,€)) be the solution of the system (81) with

initial condition (xY,...,x9) satisfying X9 >0 for i=1,...,n. Let z(t) be the solution

of the system:
F=yx)+B(Lx+K,V) = Y(x), (82)
with initial condition z;(0) =x? fori=1,...,n—1, x= (x1,...,%,-1)7, L:= (Yij)n—1xn—1

is the sub matrix of the matrix T, obtained by dropping the last row and the last column
of T, V is the vector defined by V := (Yin)u—1x1 and

w(x) = (rxr(1=x1/K1), 11 (1= X1 /K1) (83)

Then, when € — 0, we have
xi(t,€) =zi(t)+o0e(l), i=1,....n—1 uniformly for t € [0,+oo) (84)

and, for any ty > 0, we have

Xn(t,€) = Ky +0¢(1),  uniformly for t € [ty,+oo). (85)
Proof. The same proof of Theorem 4.1. [

5.2.1. Global stability of the reduced model (82)

Our goal in this part, is to prove the global stability of the system (82). First, we
start by the following proposition:

PROPOSITION 5.1. The positive cone R’fl is positively invariant for (82).

Proof. Assume that x; > 0 for all j and there exist i such that x; = 0. We have

dx,-
d =p ( E YijXj+ yinKn> = 0. (86)
! i

Hence, on the boundary of Rf‘[l , the vector field associated to (82) either is tangent to
the boundary of R'jr_l , or points inward. The system (82) is cooperative. Indeed, it has
a jacobian matrix with no negative off-diagonal elements, given by:

IY(x) = diag(r; —204x;) + BL. (87)

According to [32, Proposition B.7, page 267], no trajectory comes out of Rf‘[l . There-
fore, R’fl is positively invariant for (82). [

For the boundedness of the solutions of the reduced model (82) we prove:
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PROPOSITION 5.2. For any non-negative initial condition, the solutions of System
(82) remain bounded, for all t > 0. Moreover, the set

A1 = {(m,---,xnl) X1t X < ﬁz } (88)
1

where i = min; {1+ By} and py =¥~ r’+1 + BYinK,, is positively invariant
and is a global attractor for the system (82)

Proof. To show that all solutions are bounded, we consider the quantity defined
by Xr(t) =x1(t)+...+x,—1(¢). So, we have

Zm(l——) ﬁZymmﬁ(Zym) - (89)

By Equation (107), the equation (89) becomes

) n—1 r +1
Xr(t) < Z—xz-Jr(l ﬁZmeﬂrﬁ Z%n K. (90)
i=1
Therefore
Xr(t) < —ui Xr(t) + u3, forall ¢ >0, 1)
which gives
Xr(t) < (XT(O) ,u2> LS “—i, forall 7> 0. (92)
By My
Hence
Xz (1) < max (XT (0), Z2 ) ., forall 1>0. 93)
1

Therefore, the solutions of System (82) are positively bounded and defined for all # > 0.
From (92) it can be deduced that the set A,_ is positively invariant and it is a global
attractor for the system (82). [J

LEMMA 5.1. Assume that the matrix T is irreducible. The reduced model (82)
does not admits the origin as equilibrium.

Proof. We suppose that the origin is an equilibrium of (82), then Y'(0) = 0, which
equivalent to vl =0,ie Yin = .. = Yu—1,n = 0. So, we obtain a contradiction since I"
is irreducible. [

THEOREM 5.3. Assume that the two matrices L and T are irreducible. The re-

duced model (82) admits unique equilibrium point in the interior of the positive cone
R\ {0} which is GAS.
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Proof. To show the global stability of the reduced model (82) in this case, we use
the following result of Hirsch [25]. If the cooperative system

x=F(x), (94)
has the following proprieties:
e JF(x) is irreducible for any x >0,
e JF(x) <JF(y) forany x >y >0, and
e all solutions are bounded,

then either the origin is globally stable or else there exists a unique positive equilibrium
point and all the trajectories in R’ \ {0} tend to it. Here JF (x) is the Jacobian of F(x).

The jacobian matrix of the reduced model (82) is given by (87), which is ir-
reducible because L is also. Moreover, if JY(x) < JY(y) then diag(r; — 204x;) <
diag(r; —204y;) which gives x; > y; forall i,i.e x >y > 0. By Lemma 5.2, all solutions
are bounded and the reduced model (82) does not admit the origin as equilibrium by
Lemma 5.1. Hence, the reduced model (82) is globally stable according to Hirsch [25].
We denote by &7 | (B,07) this equilibrium. [

5.2.2. Perfect mixing

For the behavior of the reduced model (82) for large migration rate, i.e when f§ —
oo, we obtain:

PROPOSITION 5.3. we have:

lim &_1(B.0%) = X(61,....6,1).
ﬁ~>+oo 5;1

Proof. Denote &,_1(e0,0") = Ig—:(& ++--,04—1). The equilibrium point &,_{(3,0")
is the unique solution in the positive cone of the equation ¥ = 0, where
Wp(x) :=w(x) +B(Lx+K,V) =0. (95)
Taking the limit § — o, in (95) we get
Yoo (x) := Lx+ K,V = 0. (96)

By Lemma 2 of Elbetch et al. [14], the equation ¥., = 0 admits &, _(e,0T) as unique
solution. Therefore, when 8 — oo, the equilibrium &, | (,07) tend to &, _1(s,0™).
([l

As a corollary of the previous proposition, we obtain
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COROLLARY 5.3. The total equilibrium population X;(,07) of (81) satisfies:
K n
X;(+°°,0+) == z ;.
6 5
Moreover, if the matrix T is symmetric, then X;(+0,07) = nkK,.

Proof. Consequence direct of the formula &),_1(e,0") and the approximation
(85). 0O

5.3. Two blocks of patches, where the growth rates of the first block are much
larger than of the second one

We propose here to study the model (1), (3), (11).
We have the theorem:

THEOREM 5.4. Let (x1(t,€),...,x,(t,€)) be the solution of the system (1), (11)
with initial condition (x9,...,x9) satisfying X9 >0 for i=1,...,n. Let z(t) be the
solution of the system:

x=y(x)+p(Lx+UK)=:Y(x), 97)

with initial condition z;(0) = x? fori=1,....m, x=(x1,...,x»)7, L:= (Yij)mxm s
the sub matrix of the matrix T, obtained by dropping the n —m last row and the n —m
last column of T', U := ()/,-j)mx(n,m) is the sub matrix of the matrix T, obtained by
dropping the n—m last row and the m first column of T', K is the vector defined by
K:=(Kpit1,...,K)T, and

w(x) = (rx (1 =x1 /K1), rnxin (1 — X/ Kin)) " (98)

Then, when € — 0, we have
xi(t,€) =zi(t)+0e(l), i=1,....m uniformly for t € [0,+oo) (99)

and, for any ty > 0, we have

xi(t,€) =Ki+o0g(1), i=m+1,....n uniformlyfor 1€ [ty,+eo). (100)
Proof. The same proof of Theorem4.1. [

5.3.1. Study of the reduced model (97)

It is clear that the positive cone R’} is positively invariant for the model (97), and
for any non-negative initial condition, the solution of the reduced model is bounded, for
all # > 0. Now, we prove the result:

LEMMA 5.2. Assume that the matrix T is irreducible. The reduced model (97)
does not admits the origin as equilibrium.
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Proof. We suppose that the origin is a equilibrium of (97), then Y(0) = 0, which
equivalentto UK =0, 1i.e %; =0 forall i € {1,...,m} and j € {m+1,...,n}. So, we
obtain a contradiction since I is irreducible. [J

THEOREM 5.5. Assume that the two matrices L and T are irreducible. The re-

duced model (97) admits unique equilibrium point in the interior of the positive cone
R\ {0} which is GAS, denoted by &,(B,07).

Proof. We use Theorem of Hirsch [25] as in proof of Theorem 5.3. [

The behavior of the reduced model (97) for large migration rate, i.e f§ — oo, is
given by:

PROPOSITION 5.4. we have:

lim &,(B,0") = -L"'UK.
B—+oo

Proof. Denote &,(,07) := —L"'UK. The equilibrium point &,(3,07) is the
unique solution in the positive cone of the equation g = 0, where

W (x) := w(x) + B(Lx+ UK) = 0. (101)
Taking the limit 3 — o, in (101) we get
Y. (x) := Lx+ UK = 0. (102)

Since, the matrix L is invertible, then the equation W.. = 0 admits é”m(oo,OJr) as unique
solution. Therefore, when 3 — o, the equilibrium &,,(8,07) tend to &,(e,0"). O

6. Conclusion

The aim of this paper is to study the effect of the dispersal on the dynamics of
the total equilibrium population under the assumption that some growth rates are much
larger than others in the multi-patch logistic model.

In Section 3, we consider the two-patch model in the case when one growth rate
is much larger than the second one. First, by perturbation arguments, we give a ap-
proximation of the solutions of the system in this case. Next, we compare the total
equilibrium population with the sum of two carrying capacities.

In Section 4, first, we study a three-patch model under the assumption that two
growth rates are much larger than the third one. We compute the derivative at § =0
of the total equilibrium population and also we give the formula of perfect mixing.
Next, we compare the total equilibrium population with the sum of the three carrying
capacities. Second, we study three-patch model under the assumption that one growth
rate is much larger than the two others. Our results prove the numerical simulation of
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[13]. In particular, we prove, under certain conditions on the parameters of the system,
the existence of two positive values of 3 solutions of the following equation:

Total equilibrium population=Sum of three carrying capacities.

In Section 5, we generalize some results of the sections 3 and 4. In particular,
we determine the reduced models and we prove their global stability using Hirsch’s
theorem [25] in the following cases:

o All growth rates but one are much larger than the last one.
e One growth rate is much larger than all others.

e Two blocks of patches, with the growth rates of the first block being much larger
than of the second one.

We give also the formula of the perfect mixing for the three previous cases.

Some questions important remain open: for example, for three-patch logistic model,
is it possible to a complete comparison between the total equilibrium population and
the sum of the three carrying capacities without the assumption that some growth rates
are much larger than the other. I think this question is difficult and requires a lot of
work and mathematical tools.

A. Global stability of the reduced model (44)

In this section, we prove the global stability of the reduced model (44). First, we
start by study the existence and uniqueness of equilibrium points. We have the result:

PROPOSITION A.l. Assume that the matrices I = (Y;j)3x3 and

Lo | ~mrw) e
i —(Y2+72)

are irreducible. Then, the reduced model (44) admits a unique equilibrium in the inte-
rior of the positive cone R2.\ {0} forall B.

Proof. The equilibrium of (44) is a solution of the following system of equations:

X1
0=rix (1 - f) + B (= (1 + v1)x1 + 12x2 + 713K3),

xl (103)
2

0=rx; (1 - E) +B(1x1 — (Vi2 + ¥a2)x2 + 13K3).
The system (103) does not admits the origin as solution. Indeed, we suppose that the
origin is a solution of (103), then 13 = 153 = 0. So, we obtain a contradiction since
I is irreducible. Note that, as the matrix L is irreducible, then 1, # 0 and 91 # 0.
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Solving the first equation of (103) with respect to x, and the second with respect to x;
we get:
o 2y B(va1 +151) _rlxl i

P xp= X 2K,
: ? B2 ! Brz Yi2 ’ (104)
Pyt x = 2 B+ ﬁ(%z-ﬁ-)’az)—rzxz_ B3,
Bra1 Brat »1

The two equations of (104) define simply the two isoclines of (44). The isocline & is
a parabola, which is convex downward and intersect the first axis in two points. Indeed,
the equation #(x;) = 0 must have two real roots and one of them must be a non-
positive root and the other is non-negative. Likewise for the other isocline, &, is a
parabola, which is convex leftward and intersect the second axis in two points, one
is non-positive and the other is non-negative. So, these two isoclines have a unique
intersection in the interior of the positive cone denoted &*(f,0") which is depend a
the migration rate (see figure 3).

X2 X2

2

2,

s £"(B.0")

X2

EZ)

&*(B,0%)

o X1

Figure 3: All possible configurations for the isoclines of the system (103) (in red for x| and in
blue foor x, ) for certain parameters. The equilibrium points are the intersection between these
two isoclines, this intersections contains the positive point &*(3,07).

O

In the following, our aim is to show the global stability of the equilibrium &*(3,07).
For this, we need some results. First, for the non-negativity and boundedness of the so-
lutions of the reduced model (44), we have the following result:
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LEMMA A.l. For any non-negative initial condition, the solutions of system (44)
remain bounded, for all t > 0. Moreover, the set

AZ{(xl,xz)ixl-HQS %}, (105)
1
where & = min{l+ By1,1+ By} and &5 = r1+11) + (r2+1 + B(113 +13)K3, is

positively invariant and is a global attractor for the system (44)

Proof. To show that all solutions are bounded, we consider the quantity defined
by Xr(t) = x1(¢) +x2(¢). So, we have

Xr(t) =rix (1 - E) +r2x2 (1 - —) +B(—71x1 — Y2x2 + (113 +13)K3). (106)

For all r; and K; positive, we have the following inequality

i i+1)°

Fix; (1—x—> <—xi+% i=1,2. (107)
Substituting Equation (107) in the equation (106), we get

r+1)>2 r+1)2
(1 )—x2—|—(2 )

Xr(t) < —x1+ + B (=111 — Ysox2 + (V13 +723)K3). (108)

[04] (05)
Therefore
Xr(t) < =& Xr(t) + &5, forall >0, (109)
which gives
*
Xr(1) < (XﬂO)—%) S 2 52 for all 7 > 0. (110)
1 l
Hence
X7 (1) < max (XT( ), ? ) forall 7> 0. (111)
1

Therefore, the solutions of system (44) are positively bounded and defined for all # > 0
From (110) it can be deduced that the set A is positively invariant and it is a global
attractor for the system (44). 0

We have also the following property:

LEMMA A.2. System (44) admits no periodic solution.

Proof. Let f; be the right hand side of the system (44). Then

d d
If + 9 _ ri4r—2(ogx; 4+ 0px2) — B(ya1 + 131+ Vi + v2)
ox;  0dxo

N )
= —+—=2)<0.
( dx1 + d)CQ ) <
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So, by Dulac’s Criterion [24, Theorem 4.1.1], the system (44) admits no periodic solu-
tion. [

THEOREM A.1. The equilibrium &*(B,07) of (44) is GAS for all B.

Proof. The Jacobian matrix of the system (44) at &*(f3,07") is given by:

where 0; = r| — ” x;(B,07)=B(y1+ 1), and 6, =rp —2 r_2 x5(B,0%) = B(via+
132).
We have:
A2y, . o B(o1+91)—n
0< d—xl( 1(B70+)7x2(B70+)) _2[371 (B O+) ﬂ')’12
g (=2 (8.0 B ).
1

——mel.

Therefore, 0; < 0. By the same method, we obtain that 6, < 0. This implies that
tr(J(&*)) = 61 + 6, < 0, where tr means the trace.
It’s clear that, at the equilibrium &*:

Az, . A7, .\ '
d—xl(ff ) > < e (& )) ; (113)
which gives
01 —By1
> . 114
—Brn2 0, (114)

Thus, detJ(&*) = 66, — B?¥12751 > 0. Hence by the Routh-Hurwitz criteria for sta-
bility, the real parts of the the eigenvalues value of the Jacobian matrix are negative,
proving that &* is asymptotically stable. Lemmas A.1 and A.2 imply that there cannot
be any non-trivial closed paths lying in the interior of the positive quadrant and hence
the stability must be global. [J

B. The second derivative of the total equilibrium population (52) at f =0

We consider the reduced model (44). The steady state (xj(f,07),x5(B8,07)) is
the solution of the set of algebraic equations:

xj *
0= (8.0%) (1= TRED ) b 1)t 8.0°) 4 1ars(B.0°) + k)

x5 *
0=rax3(8,0) (1= R0 ) 4 Bmixi(6.07) - (1a + 1 (B.0%) 4 ko)

(115)
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The derivative of (115) with respectto 3 gives

0= [n—2x3(B.0%) B+ )] S (5.0%) + B (B.0°)
—(721+Y31)x1(l370+)+712xz(l3,0+)+7/131(3,
. (116)
0= =2 245(8.0%) ~ Blna + )| T2 8.0%)+ Bk 6.0°)
1] (ﬁ,OJr) — (Y2 +132)%5(B,07) + 123K

For B =0, xj(0,07) = K; and x5(0,0") = K, the equations (116) become

0= —V1 (0 07) — (121 + 131)K1 + 712Kz + 113K,
jﬁ (117)
0=-n 4B 2(0,07) + 11K — (N2 + 132) Ko + 123K
Therefore
dx} n 1
—(0,07) = — (= (n1 + 1) K1 + 712K + 113K3)
B
—2(0,0%) = — (y21K1 — (Y12 + 132) Ko + 13K3) .
ap )

The derivative of (116) with respect to B gives

2x>k o 2
0= |r1~27Lx1(8.0%) ~ Bl + ) ‘j,ﬂ;w,ow—z—l(d—l(ﬁmﬂ)

—(7’21+Y31)dﬁ (B,07) + ﬂjﬁz (B,07) +
= (B,0%),

(7’21+Y31)dﬁ (B,07) [3

0= 2200 - ﬁ<m+m>] B0 (d—@(ﬂ’m))z

dx*[
ap

~(a-+ 1) (8,00 dﬁzw 00)+ S H(B.07)

2(B,0%).

(ot 1) 2 (,0%)

dp
(119)
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Hence

2* d2

0= | =24x1(8.0%) - B + )| G52 (B.0) + B2 (B.0")

2
(d’”(ﬁ,o*)) a0 (B0 (14 70 2 (B.0%),

dp dp dp
2 * d2

0= [rz—z,';—";xzm,oﬂ—ﬁ(mm)} .07+ B p.0%)

(B.07)+ <1+m>"ﬁ (B,0%).

(120)

2
(d’g <ﬁ,o+>) <m+m>dﬁ

For B =0,x;(0,07) = K; and x5(0,0") = K>, the equations (120) become

d *
(0,0* ) —2(7’21+Y31)diﬁl(070+)

dﬁ (121)

dx}
—=(0,0* ) 2(Y12+Y32)d—[32(070+)

axy o o+ d_ + ;
where B (0,0%) and B 2(0,0%) are given by (118). Therefore
d2x1 2 dxi n L) dxi n 1 n
B (0,07) = (d[} (0,0 )) —Z(Yz1+7’31)£(070 )+Z(1+YI2)_[3(OO )s
> 2 (dx 2 2 dx; 1 dx;
+ 2 + _~ 2 + 1 +
100 =2 (92009) = 2t ) 200+ L a4m) ﬁ<o,o(1>2.2)

The sum of the equations in (122) give the second derivative of the total equilibrium.
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